VANISHING OF SPECIAL VALUES AND CENTRAL DERIVATIVES
IN HIDA FAMILIES

MATTEO LONGO AND STEFANO VIGNI

ABSTRACT. The theme of this work is the study of the Nekovai—Selmer group I;T} (K, T
attached to a twisted Hida family TT of Galois representations and a quadratic number field
K. The results that we obtain have the following shape: if a twisted L-function of a suitable
modular form in the Hida family has order of vanishing r < 1 at the central critical point
then the rank of PNI} (K, T") as a module over a certain local Hida-Hecke algebra is equal to
r. Under the above assumption, we also show that infinitely many twisted L-functions of
modular forms in the Hida family have the same order of vanishing at the central critical
point. Our theorems extend to more general arithmetic situations results obtained by Howard
when K is an imaginary quadratic field and all the primes dividing the tame level of the Hida
family split in K.

1. INTRODUCTION

Fix an integer N > 1, a prime number pt 6N¢(N) and an ordinary p-stabilized newform
f = Z anq” € Sy (Fo(Np),wj)

n>1

of weight k > 2 (where w is the Teichmiiller character and j = k (mod 2)) whose associated
mod p Galois representation is absolutely irreducible and p-distinguished (see [20, p. 297]).
Let F':= Qp(an | n > 1) be the finite extension of Q, generated by the Fourier coefficients of
f and let Op denote its ring of integers. Write R for the branch of the Hida family where f
lives (see [20, §5.3]); then R is a complete local noetherian domain, finite and flat over the
Iwasawa algebra A := Op[1+ pZ,], and the Hida family we are considering can be viewed as
a formal power series fo € R[q].

For p € Spec(R) let R, denote the localization of R at p and set F, := R,/pR,. Hida’s
theory ([10], [11], [12]) shows that if p € Spec(R) is an arithmetic prime (in the sense of
[20, §5.5]) then Fj is a finite extension of F' and the power series in F}[q] obtained from fu
by composing with the canonical map R — F is the g-expansion of a classical cusp form
fp; in particular, f = f; for a certain arithmetic prime p of weight k. Furthermore, with
foo is associated a Gal (Q/Q)-representation T which is free of rank 2 over R and such that
V, := T®g F, is isomorphic to (a Tate twist of) the Gal (Q/Q)-representation attached to f,
by Deligne. The choice of a so-called critical character

O : Gal (Q/Q) — A*

allows us to uniformily twist T and obtain a Galois representation TT := T ® ©~! which is
free of rank 2 over R and such that for every arithmetic prime p of R the representation
VpT =Tt g F, is a self-dual twist of V}.

The general theme of this article is the study of the R-rank of Nekovai’s Selmer group
ﬁ}(K, T*) attached to TT and a quadratic number field K.

We first let K be an imaginary quadratic field K of discriminant prime to Np and define
the factorization N = NTN~ by requiring that the primes dividing Nt split in K and the
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primes dividing N~ are inert in K. We assume throughout that N~ is square-free. Moreover,
since the case N~ = 1 was studied in [13], we also assume that N~ > 1. We say that we are
in the indefinite (respectively, definite) case if N~ is a product of an even (respectively, odd)
number of primes. For every arithmetic prime p of R, the choice of © gives an F,*-valued
character x, of Ay whose restriction to A@ is the inverse of the nebentype of f, (here Ay, is
the adele ring of a number field L). Then the Rankin-Selberg L-function Lx (fy, xp,s) admits
a self-dual functional equation whose sign controls the order of vanishing of Lx(fy, xp,s) at
the critical point s = 1. We say that the pair (fy, xp) has analytic rank r > 0 if the order of
vanishing of Lx (fy, xp,s) at s = 11is 7.
A simplified version of our main results can be stated as follows.

Theorem 1.1. Let K be an imaginary quadratic field. If there is an arithmetic prime p of
weight 2 and non-trivial nebentype such that (fy, xp) has analytic rank one (respectively, zero)

then ﬁ}(K, TY) is an R-module of rank one (respectively, an R-torsion module).

Proposition 5.3 (respectively, Proposition 4.3) implies that if the pair (f,, xp) has analytic
rank one (respectively, zero) then we are in the indefinite (respectively, definite) case. Under
this assumption, we also show that (fy, x,/) has analytic rank one (respectively, zero) for all
but finitely many arithmetic primes p’ of weight 2; see Corollary 4.5 (respectively, Corollary
5.5) for details. These results represent weight 2 analogues (over K) of the conjectures on
the generic analytic rank of the forms f, formulated by Greenberg in [8], and the reader is
suggested to compare them with the statements in [20, §9.4] (in particular, [20, Conjecture
9.13]), where conjectures for forms f, of arbitrary weight are proposed. Theorem 1.1 is a
combination of Theorems 4.6 and 5.6, where more general formulations (involving the notion
of generic arithmetic primes of weight 2, cf. Definition 2.1) can be found. In the case of rank
one, the corresponding statement in the split (i.e., N~ = 1) setting can be proved using the
results obtained by Howard in [14, §3].

The proof of Theorem 1.1 given in Sections 4 and 5 relies crucially on the properties of
the big Heegner points whose construction is described in [20], where we generalized previous
work of Howard on the variation of Heegner points in Hida families ([13]). With a slight abuse
of terminology (cf. Definition 3.1), for the purposes of this introduction we can say that big
Heegner points are certain elements 3 € H'(K,TT) (indefinite case) and 3 € J (definite case)
defined in terms of distributions of suitable Heegner (or Gross-Heegner) points on Shimura
curves, where J is an R-module obtained from the inverse limit of the Picard groups attached
to a tower of definite Shimura curves with increasing p-level structures. Since the Galois
representation T can be introduced using an analogous tower of indefinite (compact) Shimura
curves, the construction of the elements 3 proceeds along similar lines in both cases. These
constructions are reviewed in Section 3. It turns out that the image of 3 in the F,-vector

space H'(K, VpT) (indefinite case) or J ®x F, (definite case) as p varies in the set of (weight
2) arithmetic primes controls the rank of ﬁ}(K ,TT). In fact, in light of Propositions 4.3 and
5.3, Theorem 1.1 tells us that knowledge of the local non-vanishing of the big Heegner point
3 at a single arithmetic prime p of weight 2 and non-trivial nebentype allows us to predict
the rank over R of the big Selmer group ﬁ}(K, T*).

Finally, by suitably splitting f[} (K, VPT) and considering twists of Hida families, one can
obtain results in the same vein as Theorem 1.1 for general quadratic fields K (not only
imaginary ones) from the results (over Q) proved in [14, Section 4]. This strategy does not
make use of the big Heegner points introduced in [20], and the input has to be an arithmetic
prime of t¢rivial character. We provide details in Section 6 (see Theorems 6.3 and 6.4).

Convention. Throughout the paper we fix algebraic closures Q, Qp and field embeddings
Q— Qp, Q, — C.
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2. HIDA FAMILIES OF MODULAR FORMS

Define I' :== 1 + pZ, (so Z; = p, 1 x I' where p,,_; is the group of (p — 1)-st roots of
unity) and A := Op[l']. Let R denote the integral closure of A in the primitive component
K to which f belongs (see [20, §5.3] for precise definitions). Then R is a complete local
noetherian domain, finitely generated and flat as a A-module, and if h29 is Hida’s ordinary
Hecke algebra over O of tame level I'g(/V), whose construction is recalled in [20, §5.1], then
there is a canonical map

¢oo hord
which we shall sometimes call the Hida family of f . For every arithmetic prime p of R (see
[20, §5.5] for the definition) set Fy, := R,/pRy. Then Fj is a finite field extension of F' and
we fix an F-algebra embedding F}, < @Q,, so that from here on we shall view F, as a subfield
of @p. Now consider the composition

or (boo
(1) MR ey RN

where 7, is the map induced by the canonical projection R, — Fj. For every integer m > 1
define ®,, :==T'o(N)NT1(p™). By duality, with ¢, is associated a modular form

fp = Z an(p)qn € Skp ((I)mpv %Wkﬂ_kpa Fp)a
n>1
of suitable weight ky, level ®,, and finite order character ¢y : I' — F,*, such that a,(p) =
¢p(Ty) € Fy for all n > 1 (here T, € hod is the n-th Hecke operator). We remark that if
tp is the smallest positive integer such that i, factors through (1 + pZ,)/(1 + p'*Z,) then
my = max{1,%,}. See [20, §5.5] for details.
Let Q(pp) be the p-adic cyclotomic extension of Q and factor the cyclotomic character

ceye : Gal (Qpty=)/Q) > 2

as a product €cyc = €tame€wild With €tame (respectively, eyilq) taking values in p,,_; (respectively,
I'). Write v — [v] for the inclusion I' < A* of group-like elements and define

O 1= AR 1 Gal (Q(py ) /Q) — A

tame

1/2

where €, is the unique square root of €yjq with values in I'. In the obvious way, we shall
also view © as R*-valued. We associate with © the character # and, for every arithmetic
prime p, the characters ©, and 6, given by

Q:ZX%GM( (1) /Q) =5 R,
Oy : Gal (Q(py)/Q) 5 R 5 X,

Op : Zy — G — Gal (Q(pp)/Q) O, Fr.
According to convenience, the characters © and ©, will also be viewed as defined on Gal (Q/Q)
via the canonical projection. If we write [], for the composition of [-] with R* — F,* then
(6p]1)% = []p, and for every arithmetic prime p of weight 2 the modular form fJ = fo®0,"
has trivial nebentype (see [14, p. 806]).
As in [14, Definition 2], we give

Definition 2.1. An arithmetic prime p of weight 2 is generic for 8 if one of the following
(mutually exclusive) conditions is satisfied:

(1) f; is the p-stabilization (in the sense of [14, Definition 1]) of a newform in S (I'o(NV), F})

and 0, is trivial;
(2) fy is a newform in Sy(To(Np), Fy) and 6, = w®=1)/2;
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(3) f, has non-trivial nebentype.

Let Geng(#) denote the set of all weight 2 arithmetic primes of R which are generic for 6.
Observe that, since only a finite number of weight 2 arithmetic primes do not satisfy condition
(3) in Definition 2.1, the set Gena () contains all but finitely many weight 2 arithmetic primes.

Before concluding this subsection, let us fix some more notations. If F is a number field
denote Ag its ring of adeles and write artg : A% — Gal (E*®/E) for the Artin reciprocity
map. Furthermore, let b, be the Op-Hecke algebra acting on the C-vector space Sa(®,,, C)
and write h2d for the ordinary Op-subalgebra of b,,, which is defined as the product of the
local summands of b, where U, is invertible (therefore h%d = l'glh‘;’éd, cf. [20, §5.1]). If M
is an h,,-module set M4 .= M . hord. Finally, define the ©!-twist of a A-module M
endowed with an action of Gal (Q/Q) as follows: let AT denote A viewed as a module over
itself but with Gal (Q/Q)-action given by ©~1 and set M := M @, A

3. REVIEW OF BIG HEEGNER POINTS

Let B denote the quaternion algebra over Q of discriminant N~. Fix an isomorphism of
Qp-algebras i, : B, := B ®g Q, ~ M>(Q,) and choose for every integer ¢ > 0 an Eichler
order R; of level p' Nt such that i,(R; ®z Z,) is equal to the order of Ma(Q)) consisting of
the matrices in M(Z,) which are upper triangular matrices modulo p! and R;y 1 C Ry for all
t. Let B and }A?t denote the finite adelizations of B and R; and define U; to be the compact
open subgroup of ]?Etx obtained by replacing the p-component of ]?itx with the subgroup of
(Rt ®z Zy)* consisting of those elements + such that i,(y) = ({4) (mod p*).

Fix an integer t > 0 and define the set

(2) X" = U\ (B* x Homg(K, B))/B*,

where Homg denotes homomorphisms of Q-algebras. See [20, §2.1] for details. An element

[(b,9)] € )A(:t(K) is said to be a Heegner point of conductor p' if the following two conditions
are satisfied.

(1) The map ¢ is an optimal embedding of the order O, of K of conductor p! into the

Eichler order b_lﬁtb N B of B.

(2) Let z), denote the p-component of an adele x, define Uy, to be the p-component of Uy,
set Opt p, 1= Opt ®z Ly, Ok p = Ok ®z Z;, and let ¢, denote the morphism obtained
from ¢ by extending scalars to Zj,. Then

&y (9p(O) ) N, UZby) = OF 0 (1+ 'Ok p) <.

For every t > 0 let H; be the ring class field of K of conductor p' and set L; := Hy ().

3.1. Indefinite Shimura curves. For every ¢ > 0 we consider the indefinite Shimura curve
X; over Q whose complex points are described as the compact Riemann surface

X¢(C) := U\ (B* x (C —R))/B*.

The set )A(/t(K) can be identified with a subset of X;(K??) where K®P is the maximal abelian
extension of K. For every number field E let

Gp = Gal (Q/E).

Then Gg acts naturally on the geometric points )Aft(Q) of )A(:t.
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3.2. Definite Shimura curves. For every ¢t > 0 we consider the definite Shimura curve
X, := U;\(B* x P)/B*
where P is the genus 0 curve over Q defined by setting
P(A) :={z € B®g A | z # 0, Norm(z) = Trace(z) =0} /A"
for every Q-algebra A (here Norm and Trace are the norm and trace maps of B, respectively).

There is a canonical identification between the set )?t(K)

)A(:t(K) of )N(t.
If E/K is an abelian extension then we define

G := Gal (K*/E);

in (2) and the K-rational points

in particular, Gx is the abelianization of the absolute Galois group of K. We explicitly remark

that this group is different from the group denoted by the same symbol in the indefinite case.

The set )?t(K) is equipped with a canonical action of Gx ~ KX /K> given by

[(b,9)]7 := [(bo(a), 9)],
where ¢ : K < B is the adelization of ¢ and a € K* satisfies artg(a) = o.

3.3. Constructions of points. In this and the next subsection our considerations apply
both to the definite case and to the indefinite case. Recall that in the former case the symbol
G stands for the Galois group Gal (K®P/E) of an abelian extension £ of K, while in the
latter we use G for the absolute Galois group of a number field E. Given a field extension
E/F (with E and F abelian over K in the definite case) and a continuous Gp-module M, for
every integer ¢ > 0 we let

(3) resg/p : H'(Gp, M) — H'(Gg, M), corg/p: H(Gg, M) — H'(Gp, M)
be the usual restriction and corestriction maps in Galois cohomology.

Denoting ay : Xt — Xt—l the canonical projection, [20, Theorem 1.1] shows the existence
of a family of points P; € Xt(K) which are fixed by the subgroup G, of Gx and satisfy

Up (15'5—1) =Qt <trLt/Lt—1 (]Bt)>

(here, for a finite Galois extension E/F, the symbol trg,p stands for the usual trace map).

Via the Jacquet—Langlands correspondence, the divisor group Div (f(t(K)) ®z OF is equipped
with a standard action of the Op-Hecke algebra b, (see [20, §6.3]). Define
~ ord
D; = (Div(X{") © Op)

(notice that here and below we are regarding © as a character of Gx via restriction). Taking
the inverse limit, we may define

Do := @Dt,
t
which is naturally an h%%-module. Finally, set
D:.= DOO ®hgcr>d R

The canonical structure of A-module on these groups makes it possible to define the twisted
modules ID)I, ]Dlo and Df.
Let H = Hy be the Hilbert class field of K, write

Pt € HO(gHw]D)D
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for the image of P, in D, (cf. [20, §7.1]) and define
P = CorHt/H(Pt) S HO(QH,]D)I)
Following [20, Definition 7.3|, we give

Definition 3.1. The big Heegner point of conductor 1 is the element

Py :=lim U, "(P,) € H(Gy, DY)
t

obtained by taking the inverse limit of the compatible sequence (Up* t(77t)) >, and then taking
the image via the map ID):LO — DF.

See [20, Corollary 7.2] for a proof that the inverse limit considered in Definition 3.1 makes
sense. Finally, set

(4) P = Pi = corpyx(Pu) € H(Gre, D).

3.4. Weight 2 arithmetic primes. We introduce some notations in the case of arithmetic
primes of weight 2. So fix an arithmetic prime p of R of weight 2, level ®,,, and character .
In order to simplify notations, in this subsection put m := my, and ¢ := v,. The action of

bgf)d on D%d factors through b%d, which, by the Jacquet—-Langlands correspondence, can be

identified with a quotient of the ordinary Op-Hecke algebra of level ®,,,. Define an pr -valued
character of Ay by

Xp(2) = Oy (artg(Ng q(2)))
and denote xo the restriction of x, to Aa. Then the nebentype wpwk+j_k¥° of fy is equal to
Xo. ; (see [14, §3] for a proof). In particular, since

(Z/pZ)* x (1+pZy)/(1 + p"*Zy) ~ (Z/p"Z)*,

the conductor of x ; is p'» unless o, is trivial. For o0 € Gal (K*/K) let 7, € A} be such
that artx (z,) = o and define x,(0) == xp(zo).
Since Oy factors through g@(%m)? we obtain the equality

(5) HO(gLnﬂDjﬂ) = HO(ng7Dm)‘

Using (5), the point P, € HO(gHm,ID,Tn) gives rise, by restriction, to a point resy, /g, (Pm)
in H°(Gy,,,Dy,). Since G(u,m) is contained in the kernel of Oy, the map X, can be viewed
as a character of Gal (L,,/K), so we may form the sum

(6) PXr = Z resy, . /i, (Pm)” ® Xp_l(a) € H(Gr,,, Dy @0, Fp).
o€Gal (Lm /K)

Via (5), we may also view P} as an element of H(Gy, D}, ®0y Fy). Moreover, for every
T € G we have

@7 = > P 06y (arto(Nkje(en)xy (07],) = O()ER,
oeGal (Lm /K)
so PN € HO(Gk, Dl @0, Fp).
We want to explicitly relate PXY and P,,. In order to do this, we note that, by definition,
there is an equality

Xp __
Ppy = corp,, /k oresy, /i, (Pm),
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where the restriction and corestriction maps are as in (3) with E := L,,, F' := H,, and
M =D}, ®op Fy. Therefore we get

Py = (corH/K 0 COTf,, /f © COTL, /H,, © resLm/Hm)(IP’m)
= [Lm = Hylcor gk (Prm)-
In the following we shall also make use of the module

(7)

its twist ]D); =D ®r F, and the image of P in H(G, Dg) via the canonical map D — Dy,
which we denote Py.

Remark 3.2. By extending Hida’s arguments in the proof of [12, Theorem 12.1] to the case of
divisors, it seems possible to show that the canonical map I — D, factors as
(8) D — Dy, ®0p Fy — Dy

Then one would obtain from the above discussion the formula P, = a,(p)™ Ly, : Hy]Pp in

H O(QK,DE). Instead of deriving such an equality at this stage, we will obtain two related
formulas (see Propositions 4.1 and 5.1) in specific situations when factorizations analogous to
(8) are available thanks to known cases of Hida’s control theorem.

4. VANISHING OF CENTRAL DERIVATIVES

Let the quaternion algebra B be indefinite and write p for a weight 2 arithmetic prime of
R of level ®,,, and character . Once p has been fixed, set m := my and v := 1)y.

4.1. Tate modules. For every integer ¢ > 0 let jt be the Jacobian variety of )?t. Define

T, := (Tap(jt) Rz, OF>Ord

where, as usual, the upper index ord denotes the ordinary submodule, then form the inverse

limit
Ty := @Tt.
¢
We may also define the twists ']I‘I and Tl By [20, Corollary 6.5], there is an isomorphism

of Galois representations. We fix once and for all such an isomorphism, and freely use the
notation T for the Galois module appearing in the left hand side of (9). Now set

V, =T @r Fp.

Then V;f =T @r F, is (a twist of) the self-dual representation attached to fg by Deligne.
Observe that the canonical map T — V, can be factored as

(10) T — Ty Q0p Fy —2 V.

This follows from Hida’s control theorem [12, Theorem 12.1] (or, rather, from its extension to
the current setting given in [21, Proposition 2.17]). Following [13, p.101], for every ¢ > 0 one
defines a twisted Kummer map

8, : HO(K,Dl) — H'(K, TI).
Taking the limit as m varies and using the canonical map Tl — Tt, we get a map

oo : H'(K, D) — HY(K,T").
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Recall the element P introduced in (4) and define
3:=05(P) € HY(K,TV).
Write 3, for the image of 3 in H(K, Vj) The map o gives rise to a map
8y : HY(K, D) — HY(K, V),
and the square

HO(K, DY 2= gY(K, T

l i

6
HO(K,D}) —" H'(K, V)

is commutative, so that 3, is also equal to d,(P,) (in the notations of §3.4). We may also
consider the class 6,,(PX}) € HY(K,T}, ®op Fp), where Py} € HO(K, D, ®o, Fp) is the
element introduced in (6) and d,, is extended by F)-linearity, and define X, to be the image
of 6, (PN in HY(K, VpT) via the map my,,, appearing in (10).

Proposition 4.1. The formula X, = ap(p)™[Lm : Hpn)3p holds in HO(QK,T‘T,).

Proof. We just need to review the above constructions. Thanks to factorization (10), the
class 0y(Pp) = 3y is equal to the corestriction from H to K of the image of U, ™6, (Pm) €

HO(Gy, Th) in H(G, VJ) under the map induced by the map labeled 7, , in (10). Since
the action of h%d on Vj is via the character ¢, defined in (1), one has

6p(Py) = Tmp (corH/K (ap(p)_mém(Pm))).
Finally, using (7) we find that

513(7)13) = ap(p)_m[Lm : Hm}_lﬂ'm,p (5m(P1>§1p)) = ap(p)_m[Lm : Hm]_l'%pa
and the result follows. O

Corollary 4.2. 3, # 0 <= X, # 0.
Proof. Immediate from Proposition 4.1. O

4.2. Non-vanishing results. Using the fixed embedding @, < C, we form the Rankin-
Selberg convolution Lg/(fy, Xxp,s) as in [15, §1]; note that if 1 is the trivial character then
Lk(fp,1,5) = Lk (fp,s). For the definition of the L-function Lk (f,,s) of f, over K and of
its twists the reader is referred also to [4, §2.1]. The results obtained in this subsection are
the counterpart in an arbitrary indefinite quaternionic setting of those in [14, Propositions 3
and 4], where the case of the split algebra My(Q) is considered. Although many arguments
follow those in [14] closely, for the convenience of the reader we give detailed proofs.

Proposition 4.3. Suppose p € Geny(0) satisfies either (2) or (3) in Definition 2.1.

(@) Li(fp, Xp,s) vanishes to odd order at s = 1.
(b) L (fps xp, 1) # 0 <= 3, # 0.

Proof. Let b denote the algebra generated over Z by the Hecke operators T,, with (n, Np) =1
and the diamond operators (d) with (d, Np) = 1 acting on the C-vector space of cusp forms in
S9(Py,, C). Write ey, for the idempotent in h ®z F, which projects onto the maximal summand
on which every T;, acts as ap(n) and (-) acts as Xa,;'

We apply the results in [15] with s = p™, ¢ = p™ and m = N. As recalled in [15, p. 829]
(cf. also [15, egs. (2.5), (2.6), (2.8)]), the sign of the functional equation for L (fp, Xp,s) is
—1, and this shows part (a).
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Let us prove (b). As in [15, §5.1], denote Hg the Hodge embedding defined in [27, §6.2].

We introduce the divisor
P= > P,®x ' (0)eDiv(X{)) @z F,
o€Gal (L /K)
whose image in D, under the canonical maps is P,. After fixing an appropriate embedding
K — B, the image Hg(P) of our divisor P in e, (Jm(Lm) Q7 Fp) is equal to the point Q, i
considered in [15, Theorem 4.6.2], hence
Hg(P) #0 <= Li(fp,xp, 1) # 0,

by [15, Theorem 4.6.2]. It remains to show that Hg(P) # 0 if and only if 3, # 0, or
equivalently, thanks to Corollary 4.2, if and only if X, # 0.

To prove this, we start by noticing that our hypotheses ensure that f, is a newform of
level Np™, so that Eichler—Shimura theory and multiplicity one show that the summand

ep(Tr @0, Fp) = € (Tap(jm) ®z, Fp)ord is sent isomorphically onto Vj, under the map in (10).
Using [25, Corollary 2.2 and Proposition 2.3], it can be checked that the Kummer map

Jm(Lim) @7 Fy — H" (L, Tay(Jm) @z, F)
is injective, hence the above identifications yield an injection
ep (Jmn(Lm) @7 )" — H' (L, Vp) = H' (L, Vy).
By definition, the image of Hg(P) under this map is equal to the image of X, under the

ord

restriction map H'(K, VpT) — HY(L, VJ), which is injective as its kernel is an Fj,-vector
space that is killed by [L,, : K]. This concludes the proof. O
Proposition 4.4. Suppose p € Geny(0) satisfies (1) in Definition 2.1.

(a) Li(fy,s) vanishes to odd order at s = 1.

(b) Lik(fy,1) #0= 3, #0.

Proof. In this case m = 1 and there is a normalized newform fg of level T'y(NN), with Fourier
coefficients agl(p), whose p-stabilization is f,. Moreover, X, is the trivial character 1. If ex
denotes the character of K then the L-functions of fg and f, are related by the equality

) (1-Z05) - (1= w2 ) Ll o) = Ll

The extra Euler factors on the left do not vanish at s = 1 because a,(p) # %1 (since a,(p) is
a root of the Hecke polynomial X2 — afj(p)X +p = 0, its absolute value is |/p), therefore the
L-functions of fﬁ and f, have the same order of vanishing at s = 1, which is odd in light of
the functional equation recalled in [15, p. 829] (here we apply again the results of [15] with
s =p, ¢ =p, m = N). This proves part (a).

By Corollary 4.2, to prove part (b) one can equivalently show that if X, = 0 then L', ( fg 1) =
0. Let X and X; be the (compact) Shimura curves over Q associated with the Eichler orders
Ry and Ry, respectively, so that

X;(C) = R\ (B* x P) /B*
for i = 0,1. There are degeneracy maps o, : X;(C) — Xy(C), with o the canonical

projection and 3 corresponding to the action of an element of norm p of R; normalising R}
(see, e.g., [19, §3.1]). These maps induce homomorphisms by Picard functoriality

o, B Jy — i
where Jy and J; are the Jacobian varieties of Xy and Xj, respectively. The maps o™ and SB*
are compatible with the action of the Hecke operators T, for (n, Np) = 1 and the diamond
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operators (d) for (d,Np) = 1. Write b for the Hecke algebra generated over Z by these
operators and denote e, the idempotent in h ®z F, associated with p, as in the proof of
Proposition 4.3. Define

ep Tap(J;) == ey (Tap(J;) @z, Fp)
for i = 0,1. Since the form f, is old at p, the idempotent e, kills the p-new quotient
Ji/(a*(Jo) ® 5*(Jo)) of Ji, hence by [2, §1.7] there is a decomposition

(12) ep Ta,(J1) = a*ey Tay(Jo) @ £ ep Tay(Jo).

The Hecke operator T}, acts on e, Ta,(Jy) as multiplication by agl(p) = an(p) and, by strong
multiplicity one, 7T}, acts on it as multiplication by aﬁ,(p). On the other hand, we have the
relations
Upoa™ =pp*, UpofB*=p"0T,—a".

A proof of the analogous formulas for classical modular curves is given in [3, Lemma 2.1], and
the arguments carry over mutatis mutandis to the case of Shimura curves attached to division
quaternion algebras. For a precise reference, see [9, p. 93].

It follows that U, acts on e, Tay(J1) via decomposition (12) with characteristic polynomial

(X2 — ()X +p)° = (X — ap(p))® - (X — p/ay(p))?

and is diagonalizable. Furthermore, the projection to the a,(p)-eigenspace corresponds to the
ordinary projection, because the other eigenvalue p/a,(p) has positive p-adic valuation. By
multiplicity one, the F,-vector spaces ep(Ta;rd(J1)®Zp F,) and e,(T1 ®0, Fy) can be identified.
Thus, as in the proof of Proposition 4.3, it follows from the Eichler—Shimura relations that
the map T1 ®p,, F, — V, arising from (10) takes the summand e, (T ®o, F}) isomorphically
onto V}. Since, as observed in the proof of Proposition 4.3, the Kummer map

Ji(L1) ®7 Fy — H' (L1, Tay(Jh) ®z, F)
is injective, using the above identifications we get an injection
7 rd
(13) ep(J1(L1) ®z )™ — H' (L1, V}).

If Hg is the Hodge embedding used in the proof of Proposition 4.3, the map in (13) sends
Hg(PPy) to X,. Taking into account the previous description of the ordinary projection and
the injectivity of (13), it follows that

(14) X A0 < <Up - C&) (epQ) # 0,
where _ N N
Q= Y PyeDiv(x("™)

o€Gal (L1 /K)
maps to P, under the ordinary projection (recall that the character xgp is trivial in this case).
To complete the proof we shall relate e,(), and thus X, to classical Heegner points on Xj.

Let P; denote the image of P; under the canonical map X; — X;. Thisis a Heegner point
of conductor p on the indefinite Shimura curve X; considered in [2, Section 2], and lives in
X1(Hy). Define also @ to be the image of @) in X, so that

Q:= Y P/ =|[L:H]PcDiv(Xi(H))
oc€Gal (L1 /K)
with
P:= ) P} eDiv(Xi(H)).
oeGal (H1/K)
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Since fpjj has trivial character, by Faltings’s isogeny theorem ([7, §5, Korollar 2]) there is an
isomorphism

ep Tap(jl) ~ e, Ta,(J1)

such that the Kummer maps identify the images of [H; : H| - Hg(e, P) and e Hg(Q). Using
(14), we thus conclude that

(15) Xp£0 = <Up - p) (epP) # 0.

ap(p)
Let au, B« : J1 — Jo be the maps between Jacobians induced from a and 8 by Albanese (i.e.,
covariant) functoriality. The relation 8,U, = po, combined with (15) then shows that

b
ap(p)

Now we relate the vanishing of e, P with special values of L-series. If p splits in K then let o
and o* denote the Frobenius elements in Gal (Hp/K) corresponding to the two primes of K
above p. Write u for half the order of Oy and consider the points «(P1), 8(P1) € Xo(H1). By
[20, Proposition 4.6], the point «a(P;) is a Heegner point of conductor p. Moreover, as already
pointed out, the map S is given by the composition of a with the Atkin—Lehner involution at
p (see, e.g., [19, §3.1]). Comparing with the constructions of [20, §§4.1-4.2] (see, in particular,
[20, eq. (12)]), it follows that 5(P;) is a Heegner point of conductor 1 living in Xo(Hp). The
Euler system relations in [2, §2.4] can then be applied, and we get

(16) X, =0 = <a* - >(epp) — 0.

T,(B(P1)) if p is inert in K

17 ¢ P =
(17) utrs/na(P) (Tp — o —o*)(B(P1)) if pis split in K

as divisors on Xo. Thanks to (17) and the relation u[H; : H| = p — ek (p), one has

Tp) —1—ex(p)
p—ex(p)

Combining (16) and (18) we see that if X, = 0 then

1 ap(p)—1—ex(d)) B
(apoa)‘ pp— )ﬁ*(P)‘O‘

(18) a.(P) = (8-(P)).

Since a,(p) is a root of the polynomial X2 — ag(p)X + p and ap(p) # £1, the coefficient
multiplying S,(P) is nonzero, hence we conclude that if X, is zero then j,(P) is zero too.
However, thanks to [26, Theorem C], this possibility is ruled out by our assumption that

[4((fb71)7é(l u

If p is an arithmetic prime of R of weight 2 then we say that the pair (f;, xp) has analytic
rank one if Li(fy, xp,1) =0 and L (fp, xp, 1) # 0.

Corollary 4.5. The following are equivalent:

1) there is a p € Gena(0) such that (fy, xp) has analytic rank one;

2) there is an arithmetic prime p such that 3, # 0;

3) 3 is not R-torsion;

4) 3, # 0 for all but finitely many arithmetic primes p;

5) (fp:xp) has analytic rank one for all but finitely many p € Gena(6).

(
(
(
(
(
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Proof. The implication (1) = (2) is immediate from Propositions 4.3 and 4.4. Now write ’]I‘};
for the localization of TT at an arithmetic prime p of R, so that the triangle

(19) HY(K, T —— HY(K, V)

e

HY(K,T))

is commutative. Observe that, localization being an exact functor, there is also a canonical
identification H'(K,T}) = H'(K,T),. As in [20, §10.1], define ag to be the annihilator in R
of the finitely generated torsion R-module H£|N* Hl(Kg, "JI“T)tOrs (cf. [23, Proposition 4.2.3]),
then choose a nonzero \ € ag. Let Selg, (K, T") ¢ H'(K,T') denote the Greenberg Selmer
group as defined, e.g., in [20, §5.6]. By [20, Proposition 10.1], X- 3 € Selg. (K, TT). According
to [23, Proposition 12.7.13.4 (iii)] plus [13, eq. (21)], the localization Selg,(K,TT), at an
arithmetic prime p is free of finite rank over Ry, so if (2) holds then diagram (19) implies
that X - 3 has nonzero, hence non-torsion, image in Selg, (K, ’]I‘Jf),g for some arithmetic prime
p. It follows that A - 3 is not R-torsion, hence 3 is not R-torsion as well. This shows that
(2) = (3). To prove that (3) = (4) one can proceed exactly as in the proof of the implication
(¢) = (d) in [14, Corollary 5]. Finally, the fact that (4) = (5) is a straightforward consequence
of Proposition 4.3, while (5) = (1) is obvious. O

Now let ﬁ}(K, T*) be Nekovéi’s extended Selmer group (see [23, Ch. 6]).

Theorem 4.6. Suppose there is a p € Geny(6) such that (fy, xp) has analytic rank one. Then
H}(K, T) is an R-module of rank one.

Proof. As in the proof of Corollary 4.5, choose a nonzero A\ € ag. In the course of proving
Corollary 4.5 we showed that the existence of an arithmetic prime p € Gengy(#) such that
(9p, Xp) has analytic rank one implies that the class A - 3 is not R-torsion. In other words,

under this analytic condition [20, Conjecture 10.3] is true, and then the R-module fI}(K ,TT)
has rank one by [20, Theorem 10.6]. O

5. VANISHING OF SPECIAL VALUES

Let the quaternion algebra B be definite and write p for a weight 2 arithmetic prime of R
of level ®,,,, and character v,. Once p has been fixed, set m := my, and ¢ := 1.

ord

5.1. Picard groups. For every integer ¢ > 0 define the hy"“-module

ord

J:=Op [Ut\éx/BX}ord =~ (Pic()?t) Qz OF)

and form the inverse limit

Joo := lim Jp.
t

Consider the R-component J := Joo ®yora R 0f Joo and define J, := JQr Fy. By [20, Proposition
9.1], J, is a one-dimensional F,-vector space. Note that the canonical projection J — J, can
be factored as

(20) J— I ®0p Fp 725 I,

This follows from Hida’s control theorem [12, Theorem 12.1] (or, rather, from its extension
[21, Proposition 3.6] to our present context). Using the natural maps

T]tZ]Dt—>q]]t
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arising from Picard (i.e., contravariant) functoriality, we get a map
nk : H(Gk, D) — I
Recall the point P introduced in (4) and define
J3:=nk(P) el
Let 3, denote the image of 3 in J,. The map nx induces a map
o - H(Gie, D)) — Jp,

and the square

(21) HO(G, DN 5 7

l

HO(Gg, D) —2> ],

is commutative, so that 3, is also equal to 7,(Py) (in the notations of §3.4). We may also
consider the class 7, (Py’) € H(K,J,®0, F,), where PyY € HO(K, D, ®0y Fy) is the element
introduced in (6) and 7,, is extended by Fj-linearity, and define X, to be the image of 7, (Px?)
in H'(K, J,) via the map 7, , appearing in (20).

The following result is the analogue in the definite case of Proposition 4.1.

Proposition 5.1. The formula Xy = ay(p)™[Ly, : Hin)3p holds in HY(G,Jy).

Proof. We argue as in the proof of Proposition 4.1. Thanks to factorization (20), the class
np(Py) = 3p is equal to the corestriction from H to K of the image of U, ™nm(Pm) €
H%(Gr,Jm) in H%(Gk, Jp) under the map induced by the map labeled 7, in (20). Since the
action of hggd on J, is via the character ¢, defined in (1), one has

Tlp (Pp) = Tm,p (COIH/K (ap(p)imnm (Pm))> .
Finally, using (7) we find that

77;:(77;:) = ap(p)im[Lm : Hm}ilﬂ'm,p (nm(]}bi(rf)) = ap(p)im[Lm : Hm]ilfm
and the result follows. O

We conclude this subsection with the counterpart of Corollary 4.2.
Corollary 5.2. 3, # 0 <= X, # 0.

Proof. Immediate from Proposition 5.1. 0

5.2. Non-vanishing results. Keep the notation of §4.2 for Lx (fy,s) and Lx(fy, Xp,S)-

Proposition 5.3. Suppose p € Gena(0) satisfies either (2) or (3) in Definition 2.1.

(a) LK(fp, Xps s) vanishes to even order at s = 1.
(b) L (fy,xps 1) # 0 <= 3p # 0.

Proof. As in the proof of Proposition 4.3, let h denote the algebra generated over Z by the
Hecke operators T, with (n, Np) = 1 and the diamond operators (d) with (d, Np) = 1 acting
on the C-vector space of cusp forms in Sa(®;,,C). Moreover, write e, for the idempotent in
h ®z F, which projects onto the maximal summand on which every T, acts as ap(n) and (:)
—1
acts as Xo,p-
We apply the results in [15] with s = p™, ¢ = p™ and m = N. As pointed out in [15, p.
829], the sign of the functional equation for L (fy, xp,s) is +1, and this implies part (a).
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Let us prove (b). Define
Jm = Op [U\B* /B*] = Pic(X,) ®z OF
and consider the divisor

Pi= > P,ax (o) €Div(X{)) @z Fp.
o€Gal (Lm/K)

Write @ for the image of P in jm After fixing an appropriate embedding K <— B, the
divisor @ is equal to the divisor @), considered in [15, Theorem 3.3.3]. Let ¢, be the (unique
up to nonzero multiplicative factors) modular form on B associated with f, by the Jacquet—
Langlands correspondence. Up to rescaling, one may view ¢, as an Fy-valued function on
Um\EX/BX. By a slight abuse of notation, we adopt the same symbol for the Fj-linear
extension of ¢, to I ®0, Fp. By [15, Theorem 3.3.3], we know that

p(Q) #0 <= Li(fp,xp, 1) #0,
so it remains to show that ¢,(Q) # 0 if and only if 3, # 0, or equivalently, thanks to Corollary
5.2, if and only if X, # 0.
To prove this, we compute ¢,(Q) as follows. Let e,@ be the image of @ in ep(Jy ®o, Fyp).
Since fp is a newform of level Np™, the same is true of ¢, and it follows, by multiplicity one,

that ey (Jm ®o, Fp) is one-dimensional. Therefore ¢,(Q) # 0 if and only if e, # 0. Now the
image of P in D, is Py, hence the image of @ in J, is X,, by the commutativity of (21). Finally,

notice that, by multiplicity one (cf. [2, §1.9]), there is an isomorphism ey (J,, ®o, Fp) ~ Jp
sending e, to X, which completes the proof. U

Proposition 5.4. Suppose p € Geny(0) satisfies (1) in Definition 2.1.

(a) Lk (fp,s) vanishes to even order at s = 1.
(b) L (fp1) #0 =3y # 0.

Proof. Part (a) follows as in the proof of Proposition 4.4, this time observing that, as explained
in [15, p. 829], the order of vanishing of Ly ( fﬁ, s) at s = 1 is even (here we apply again the
results of [15] with s = p, ¢ = p, m = N), equal to that of Lg(fp,s) by (11).

By Corollary 5.2, proving (b) is equivalent to proving that if X, = 0 then LK(fg, 1) =0.
Let Xy and X3 be the Shimura curves over Q associated with the Eichler orders Ry and Rq,
respectively, so that (with notation as in §3.2) one has

X; = RX\(B* x P)/B*

for ¢ = 0,1. There are degeneracy maps «, 3 : X1 — Xg where « is the canonical projection
and [ is the composition of a with an Atkin-Lehner involution at p (see, e.g., [2, §1.7]). The
maps «, 3 induce by Picard functoriality homomorphisms

Oz*,ﬁ* Jog— N1

where J; is the Picard group of X; for i = 0,1, so that J; = Z[]%X \B*/B*]. The maps o*
and (* are compatible with the action of the Hecke operators T,, for (n, Np) = 1 and the
diamond operators (d) for (d, Np) = 1. Write h for the Hecke algebra generated over Z by
these operators and denote e, the idempotent in b ®z F}, associated with p, as in the proof of
Proposition 5.3. Define
ein = ep(Ji X7, Fp)

for i = 0,1. Since the form f, is old at p, the idempotent e, annihilates the p-new quotient
Ji/(a*(Jo) ® B*(Jo)) of Ji, hence by [2, §1.7] there is a decomposition
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The operator T, acts on e, Jy as multiplication by agl(p) = an(p) and, by strong multiplicity

one, T, acts on it as multiplication by ag,(p). On the other hand, we have the relations

Upoa® =pB*, Upof*=p"0T,—a".

For a proof, see [16, Theorem 3.16]. It follows that U, acts on e,.J; via decomposition (22)
with characteristic polynomial

(X% = af(p)X +)" = (X —ap(0)* - (X —p/ay(p))”
and is diagonalizable. Furthermore, the projection to the ay(p)-eigenspace corresponds to
the ordinary projection, because the other eigenvalue p/a,(p) has positive p-adic valuation.
By multiplicity one, the F,-vector spaces e,.J; and epjl can be identified. Thus the map
J1 ®o, Fy, = J, arising from (20) takes the summand e, (J1 ®o, F}) isomorphically onto Jj.
Taking the previous description of the ordinary projection into account, it follows that

(23) X #0 = (Upaj],»)(epé) #0,

where
Q= Z P? € Div()aK))
o€Gal (L1 /K)

maps to P, under the ordinary projection (recall that the character xgp is trivial in this case).
To complete the proof we shall relate ep@, and thus X,, to classical Heegner (or, rather,
Gross—Heegner) points on Xj.

Let P, denote the image of ]51 under the canonical map X 1 — X;. This is a Heegner point
of conductor p on the definite Shimura curve X; considered in [2, Section 2]. Define also @
to be the image of @ in X7, so that

Q:= Y P/=[Li:H]PeDiv(x{")
oeGal (L1 /K)
with
P:= Y P eDiv(x™).
seCal (H, /K)
Thus, using (23), we conclude that

(24) Xp £ 0 = <Up - Jm) (epP) # 0.

Let oy, B« @ J1 — Jo be the maps between Jacobians induced from a and 8 by Albanese
functoriality. The relation 8,U, = pa. combined with (24) then shows that

B

(25) X =0 = <a* ap(p)> (epP) =0.

Now we relate e, P with special values of L-series. If p splits in K then let 0 and ¢* denote
the Frobenius elements in Gal (Hy/K) corresponding to the two primes of K above p. Write
u for half the order of Oj; and consider the points a(P1), 3(P1) € Xo(K). By [20, Proposition
4.6], a(P1) is a Heegner point of conductor p. Moreover, as already pointed out, the map 3
is given by the composition of o with the Atkin—Lehner involution at p. Comparing with the
constructions of [20, §§4.1-4.2] (see, in particular, [19, eq. (12)]), it follows that S(P;) is a
Heegner point of conductor 1. The Euler system relations in [2, §2.4] can then be applied,
and we get that

T,(B(P)) if p is inert in K
(26) utrp, ga(Pr) = {
(Tp — o — o*)(B(P1)) if p is split in K
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as divisors on Xo. Thanks to (26) and the relation u[H; : H] = p — ek (p), one has

Tp —1—e€x (p)

= (B«(P)).
p— ek (p) (5.(7)

Combining (25) and (27) we see that if X, = 0 then

( 1 ap(p) —1—ex(p)
Qap

(27) au(P) =

(p) p—eK(p) ) 'ﬁ*(epP):O.

Since a,(p) is a root of the polynomial X2 — ag,(p)X + p and ap(p) # =1, the coefficient
multiplying (. (epP) is nonzero, hence we conclude that if X, is zero then S, (e, P) = epf:(P)
is zero too. However, thanks to [27, Theorem 1.3.2], this possibility is ruled out by the non-
vanishing condition L ( fg ,1) # 0, which is equivalent to our assumption Lg(fy,1) # 0 (cf.
(11)). Indeed, write qﬁg for the (unique up to nonzero multiplicative factors) modular form
on B attached to fpjj by the Jacquet-Langlands correspondence. At the cost of rescaling, we
may view d)ﬁ as an Fp-valued function on EX\E */B*, and we use the symbol ¢, also for its
Fy-linear extension to Jy ®z F,. Then [27, Theorem 1.3.2] shows that qﬁﬁ(ﬁ*(P)) # 0 if and
only if L (ff,1) # 0. But ¢4(B.(P)) = epBs(P), and the result follows. O

If p is an arithmetic prime of R of weight 2 then we say that the pair (f;, xp) has analytic
rank zero if L (fy, xp,1) # 0.

Corollary 5.5. The following are equivalent:

(1) there is a p € Geng(0) such that (fy, xp) has analytic rank zero;

(2) there is an arithmetic prime p such that 3, # 0;

(3) 3 is not R-torsion;

(4) 3y # 0 for all but finitely many arithmetic primes p;

(5) (fp,Xxp) has analytic rank zero for all but finitely many primes p € Gena(0).

Proof. The implication (1) = (2) is immediate from Propositions 5.3 and 5.4. On the other
hand, the localization of J at p is free of rank one over R, by [20, Proposition 9.1], and the
implication (2) = (3) follows from this. If (3) holds then, since J is finitely generated over R,
[13, Lemma 2.1.7] shows that 3 ¢ p(J @ R,) for all but finitely many p, which proves (4).
Finally, (4) = (5) is a direct consequence of Proposition 5.3, while (5) = (1) is obvious. [

To conclude this subsection, we prove

Theorem 5.6. Suppose there is a p € Gena(6) such that (fy, xp) has analytic rank zero. Then
H}(K, Tt) is R-torsion.

Proof. Combining our assumption and Corollary 5.5, we see that (fy, xp) has analytic rank
zero for all but finitely many primes p € Geng(). For every arithmetic prime p of R let
H}(K , V;T) be the Bloch-Kato Selmer group, whose definition (in terms of Fontaine’s ring
Beris) can be found in [5, Sections 3 and 5]. A result of Nekovér ([24, Theorem A]) then shows
that H}(K, VJ) = 0 for infinitely many p € Gena(6). (Observe that, in the notation of [24],
X = ‘x Is our character x,, w is our character x ; and V ® x is our Galois representation
VpT.) Now one argues as in the proof of [20, Theorem 9.8]. Briefly, as explained in the proof
of [13, Corollary 3.4.3], for every arithmetic prime p of R there is an injection

(28) H} (K, TN, /pH}K, T, — HHE, V).

By [20, Proposition 5.5], for every p € Gena(6) there is an isomorphism

H}(K, V) ~ HHEK, V),
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hence the left hand side in (28) is trivial for infinitely many p. By [13, Lemma 2.1.7], this
shows that H}(K, Tt) is R-torsion. O

6. LOW RANK RESULTS OVER ARBITRARY QUADRATIC FIELDS

In this final section we give some complementary results in the spirit of Theorems 4.6 and
5.6 but whose proofs do not use the elements 3 introduced before and work for any quadratic
number field K (not necessarily imaginary). In fact, these results are essentially corollaries of
those obtained by Howard in [14, Section 4], and we add them here for completeness.

6.1. Splitting the Selmer groups. Fix a quadratic field K of discriminant D prime to
Np and let ex denote the character of K/Q. For each arithmetic prime p of R consider the
twisted Galois representation V,, ® e and the twisted modular form

froex =3 ex(m)an(p)g"
n>1

Since D is prime to Np, the form f, ® ex is again a p-stabilized newform, of weight £,
level ND?p and character 19,36% = wpwkﬂ —kp e%(, where £y is the weight of f, and we denote
S wpwk+j_kp the character of f, (so ¥, = (93 = X&; if p has weight 2). See [18, Theorem
9] for a proof of this fact (see also the discussion in the introduction to [1]). Since ex is
quadratic, we shall simply write 9, for 19pe%(, with the convention that ¥, is viewed as a
character of conductor Dp™» via the canonical projection (Z/Dp™Z)* — (Z/p"™7Z)*. Tt
follows that V,, ® € is the p-adic Galois representation attached to f, ® ex and V;f ® €x s
the representation attached to fg R €x.

Now let g be a weight 2, p-ordinary normalized eigenform on I'g(Mp) for some integer
M > 1 prime to p with (non-necessarily primitive) Dirichlet character v, and let ¢ denote
the primitive character associated with ). We say that g has an exceptional zero if 1[1(p) #0
and the p-th Fourier coefficient of g (which is equal to the eigenvalue of U, acting on g) is +1.
See [22, Ch. I, §15] for more general definitions and details.

Since we will need it in the following, we recall the definition of the (strict) Greenberg
Selmer group. Suppose that L is a number field, v is a finite place of L and D, C Gal (Q/Q)
is a decomposition group at v. Let M be a Gal (Q/Q)-module, which we require, for simplicity,
to be a two-dimensional vector space over a finite field extension £ of Q,. We also assume that
M is ordinary at all places v|p, which means that for all v|p there is a short exact sequence

(29) 0— M — M- M —0

of D,-modules such that M," and M, are one-dimensional E-vector spaces and the inertia
subgroup I, C D, acts trivially on M, . For v { p the Greenberg local conditions at v are
given by the group

HE Ly M) = Ker (H (Ly, M) — H'(LE™, M)

where L™ is the maximal unramified extension of the completion L, of L at v, while for v | p
the Greenberg local conditions at v are defined as

HE (L, M) = Ker (H (Ly, M) = H'(Ly, M;,) );

here, by a slight abuse of notation, we write 7 for the map in cohomology induced by the
corresponding map in (29).
The (strict) Greenberg Selmer group Selg, (L, M) is defined as

Selg, (L, M) := ker (Hl(L, ) L TT Y (L, M)/ HE (L, M)),
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where the product is over all finite places of L and the maps res, are the usual restriction
maps. The groups Selg (L, M) and H} (L, M) sit in an exact sequence

0— HY(L, M) — H(L,M) — ) H"(Ly,, M, ) — H}(L, M) — Selg:(L, M) = 0
vlp

(see [23, Lemma 9.6.3]).
For L =Q or L = K and v|p, we know that there is an exact sequence

(30) 0— (VE — Vi — vihy —o0

as (29) above for M = VJ. When L = Q we can twist (30) by ex to get a Dj-equivariant
short exact sequence

(31) 0— (Vi @ex)i — Vi @ex — (W ®eg), — 0

where (VpT ®e€ K)p (Vp ) ® e . Furthermore, since p is unramified in K, we have ex (o) = 1
for all o € I,. Therefore (31) is an exact sequece of type (29) for Vp ® €, hence we may

define Selg, (Q, VpT ® €x) by the previous recipe.
If f, does not have an exceptional zero then [13, eq. (21)] ensures that

H}(L, V) =~ Sel: (L, Vi)

for L =Q or L = K. Following [13, Lemma 2.4.4], we extend this isomorphism to the case of
the twisted representation V;,T ® €x.

Lemma 6.1. If f, ® ex does not have an exceptional zero then
HHQ, Vi @ ex) =~ Sel:(Q, V| @ exc).

Proof. For simplicity, put N := (VT®€ K)p - We only need to show that H %(@p, N) = 0. Recall

that D, acts on V;f by n©, L where 7 : D,/I, — F, sends the arithmetic Frobenius to the
eigenvalue oy of U, acting on f,. Hence D), acts on the twist N by neK@_l If H(Q,, N) #0
then nex©, 1is trivial on D,. Since ©, factors through Gal (Q,(pt,e<)/Qp), it follows that
nex is trivial on Gal (Qp/Qp(ftyec)). On the other hand, ney is unramified, so, since it factors
through the maximal abelian extension of Q,, it must be trivial. Thus oy = ex(p) and O, is
trivial too. Now we have

@p (k+5-2)/2 6(kp 2)/2 (@ij 1/2 )

= €tame wild €wild)»
so if ©y is trivial then k, = 2 necessarily. Finally, the fact that ©, is trivial implies that 60, is
trivial too, hence ¥, is trivial and the character of f, ® ex is ex. Since p is unramified in K,
ek (p) # 0. Therefore, by definition, f, ® ex has an exceptional zero. O

For lack of a convenient reference, we also add a proof of the following result, which is
certainly known.

Proposition 6.2. If p is an arithmetic prime of R such that neither f, nor f, ® ex has an
exceptional zero then there is a decomposition

H}(K, V) = HHQ.V{) & H}Q,Vy ® ex).

Proof. Our fixed embeddings Q — Q, allow us to define for every finite place v of L = Q or
L = K the decomposition group D, C Gal (Q/L) and its inertia subgroup I, C D,. Now let
v be a finite place of L and let ¢ denote the rational prime over which v lies. Thus D, C D,
with index 2 if £ does not split in K and D, = D, otherwise. If £ is split in K and ¢ = vv is
a factorization of ¢ into prime ideals v and ¥ of the ring of integers of K then D, = 7' Dyr
where 7 is the generator of Gal (K/Q). Moreover, I, C I; with index 2 if ¢ ramifies K and
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I, = I, otherwise. Since, by assumption, neither f, nor f, ® ex has an exceptional zero, [13,
eq. (21)] and Lemma 6.1 ensure that

ﬁ}(L, ‘/;JT) = SelGr(L7 V;JT)a ﬁ}(@> ‘/pT ® EK) = SelGr(@v V;JT @ EK)
for L=Qor L = K. A direct computation using the explicit description given above shows

that Selg; (K, VpT) is stable under the action of Gal (K/Q). Since Fj is a field of characteristic
zero and 7 is an involution on Selg, (K, V;JT), there is a decomposition

Selg, (K, V) = Sela: (K, Vi )" @ Selg, (K, Vi)~

where Selq, (K, V,;r)jE is the *-eigenspaces for 7. One has

Selay (K, Vi)t = Selg, (K, Vi) S /D 1 Selg, (K, Vi)™ = Selg, (K, Vi © e )G /D
(for the last equality use the fact that ex(7) = —1). Restriction maps give isomorphisms

resge : HH(Q, V) = HY(K, V)Gl (K/Q)
and
resg : H'(Q, V) ® ex) — H'(K, Vi ® )01 /),

a consequence of the fact that the relevant kernels and cokernels are 2-torsion groups as well
as Iy-vector spaces. To conclude, we have to show that the last two isomorphisms respect

the local conditions defining Selmer groups. We deal with both cases simultaneously, letting
V' denote either V;f or VPT ® €x. Thus we need to check that the isomorphism

resi : H'(Q,V) = HY(K, V)% (K/Q)

takes Selg,(Q, V) isomorphically onto Selg, (K, V)G (K/Q " Since, with notation as before,
D, C Dyand I, C Iy, the image of Selg;(Q, V') under resg is contained in Selg, (K, V'), hence in
Selq, (K, V)Gl (K/Q) | To prove surjectivity, fix ¢ € Selg, (K, V) (K/Q) and let ¢ € H'(K,V)
be such that resg(¢) = ¢: we want to show that ¢ € Selg,(Q, V). In other words, our goal
is to prove that resy(¢) € H{, (Qp, V) for every prime number ¢. First suppose that ¢ # p.
Since Iy = I, whenever ¢ is unramified in K, and since we already know that res,(c) = 0 in
H!(I,,V), we can assume that £ is ramified in K, in which case [I; : I,] = 2. But restriction
from I, to I, yields an isomorphism

HY (I, V) = HY (1, V)l/ 1

(kernel and cokernel are both 2-torsion groups and Fp-vector spaces) and res,(c) actually
belongs to H'(I,,V)%/!» which shows that resy(¢) = 0. Suppose now that v lies above p.
Since [D), : D] < 2, there is an isomorphism

HY(D,,V™) = HY(D,,V~)Pr/Dv

(again, kernel and cokernel are 2-torsion Fj,-vector spaces) and 7(c) actually belongs to
HY(D,,V~)Pr/Pv which gives (&) = 0. Therefore ¢ € Sela,(Q, V), as was to be shown. [

6.2. Twists of Hida families and low rank results. The representations V, ® ey, or
equivalently the cusp forms f, ® €, can be p-adically interpolated by a Hida family 7, of
tame level ND?, in the same way as the Vp and the f, are interpolated by ¢ (cf. [6, Section
7]); such a Hida family will play an auxiliary role in our subsequent considerations. More
precisely, if H%4 denotes Hida’s ordinary Hecke algebra over Of of tame level To(ND?) then

Yoo f)ggd — R
where R’ is the branch of the Hida family on which f ® ex lives. In particular, the ring R’

is a complete local noetherian domain, finite and flat over A, which is defined in terms of
projective limits of Hecke algebras of tame level N D?. As before, the Hida family 7., can be
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viewed as a formal power series goo € R'[q], whose specializations at arithmetic primes Q of
R’ will be denoted gg. It follows that if p is an arithmetic prime of R then f, ® ex = gy for
a suitable arithmetic prime P of R’ of weight k. In the following, whenever we deal with
an arithmetic prime p of R we shall use the symbol 8 to indicate the arithmetic prime of R’
such that gp = f, ® ex (and analogously for p’ and P’); more generally, we adopt lowercase
gothic letters to denote primes of R, while we reserve uppercase letters for primes of R’'.
One can attach to 7, a big Galois representation T’ in exactly the same manner as T is
associated with ¢o (see [20, §5.5]), and there are specializations Wy := T’ ®@g/ F§ of T at
arithmetic primes Q of R', where F} is the residue field of R" at Q. In particular, with the
convention introduced before, Wiz ~ V,, ® ei for every arithmetic prime p of R. Finally, write
T" for the © !-twist of T’, so that W% ~ V;,T ® ex for every arithmetic prime p of R, and

introduce the notion of generic weight 2 arithmetic prime of R’ in terms of an R’ *-valued
character 6" defined as in Section 2.

Theorem 6.3. Assume that there exists an arithmetic prime p of even weight and trivial
character such that

(a) (fp,1) has analytic rank zero;
(b) neither f, nor f, ® ex has an exceptional zero.
Then
(1) ﬁ}(K, TT) is R-torsion;
(2) (fy»1) has analytic rank zero for all but finitely many arithmetic primes p’ of even
weight and trivial character.

Proof. First of all, for every arithmetic prime q with trivial character there is a factorization
of L-functions

(32) LK(fCI’ S) = LK(fq, ]-’ S) = L(fq’ S) : L(fq R €K, 5)-
Now let p be as in the statement of the theorem. Since (fy,1) has analytic rank zero, it

follows from (32) that L(fy, kp/2) # 0 and L(f, ® ek, ky/2) # 0. Applying the results of Kato
([17]) to the Hida families ¢, and 7o as in the proof of [14, Theorem 7], and recalling that

W%, ~ VPT, ® €x, we obtain that
A Q) =0, HHQ V) ~ A} QW) =0

for infinitely many arithmetic primes p’ of R. Now Proposition 6.2 gives fl}(K , th) = 0 for
infinitely many p’, and for part (1) we conclude as in the proof of Theorem 5.6. To prove part
(2) we apply [14, Theorem 7] to the families ¢, and v, and get that L(fy,ky/2) # 0 and
L(fy ® €k, ky /2) # 0 for all but finitely many p’ of R of even weight and trivial character.
On the other hand, equality (32) with g = p’ implies that

Li(fo,ky/2) = L(fy Ky /2) - L(fy @ €K, ky [2),
and we are done. 0
Under narrower assumptions, we can also offer a result in rank one analogous to Theorem

6.3. Here w = =1 is the sign appearing in the functional equation for the Mazur—Tate—
Teitelbaum p-adic L-function (see [13, Proposition 2.3.6]).

Theorem 6.4. Assume that w = 1 and there exists an arithmetic prime p of weight 2 and
trivial character such that

(a) (fp,1) has analytic rank one;

(b) p € Gena(0) and P € Gena(6).
Then f[}(K, Tt is an R-module of rank one.
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Proof. Let p be as in the statement. In light of factorization (32), two possibilities can occur:

(1) L(fpal) # 0, L(fp ®6K71) =0 and L/(fp ®6K,1) # 0.
(i) L(fpv 1) =0, L(fp ®e€f, 1) # 0 and L/(fpv 1) # 0.

Suppose that we are in case (i). By [14, Theorem 7] applied to the Hida family ¢, the form
[y has analytic rank zero and ﬁ}(@, VPT,) = 0 for all but finitely many p’ € Geng(6). On the
other hand, by [14, Theorem 8] applied to the Hida family 7o, the form fy ® ex = gy has
analytic rank one and ﬁ}(@, V;E ® €x) =~ fl} (Q, W%,) is one-dimensional over Fyy = Fy, for
all but finitely many P’ € Gena(f') (see the proof of [13, Corollary 3.4.3] with Q in place of
K). Finally, Proposition 6.2 implies that fNI}(K ) V;r,) is one-dimensional for almost all p’, and

the theorem follows by arguing as in the final part of the proof of [13, Corollary 3.4.3]. Case
(ii) is symmetric to (i) and is left to the reader. O
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