REAL ANALYSIS EXAMS
A.A 2011-12

GIUSEPPE DE MARCO

ANALISI REALE PER MATEMATICA—-PRECOMPITINO 21 NOVEMBRE 2011

EXERCISE 1. Let (X, M, 1) be a measure space.

(i) For f € LT(X) define the integral of f, and making use of this definition prove that [, f =0
ouly if ju({f # 0}) = 0.

(ii) Prove that if f,g € L}L(X, R) then f = g a.e. if and only if [, f = [, g for every E € M (hint:
consider E = {f < g} ...).

(iii) Prove that if f, g € L}L(X, C) then f =g a.e. if and only if [, f = [, g for every E € M.

(iv) Define Dynkin classes and state Dynkin’s theorem.

(v) Let &€ C M be closed under intersection, assume that M(E) = M, and that X is covered by
a countable subset of £. Assume that f,g € L'(u) are such that Jpf = [gg for every E € €.
Prove that f =g a.e.

¢ < f, ¢ simple}. If [, f =0 then [ ¢ =0 for every
= {f > 1/n} then (1/n)x () is a simple function under
)) = 0, which implies p(E(n)) = 0; since

{f¢0}7{f>0:U ), we have p({f > 0}) =0.

Solution. (i) Definition: fX =sup{[y¢: 0
positive simple ¢ under f; in particular, if E(n

<
)
f,s0 that [ (1/n)xg@m) =0, that is (1/n)u(E(n

(ii) From [, f = [, g we get [L(g — f) = 0; but we have g(x) — f(z) > 0 for every x € E, so that
fE g — f) =0 implies u(FE) = 0. In the same way, if F = {f > g} we get u(F) =0, so that f = g a.e. in
X.

(iii) 5 f = [p g is equivalent to [, Re f = [,Reg and [, Im f = [,Img. By (ii) this happens for
every measurable F iff Re f = Reg and Im f =Img a.e., that is f = g a.e.

(iv) See Lecture Notes, 3.4.1

(v) The proof mimics the proof of LN, 3.4.3. Given a set E € £ consider the set Eg = {FNE: F €
E={GCE:Geé&}),andtheset Cx ={AeM: ACE, [,f=[,9} Thisset is a Dynkin class
of parts of FE, as is easy to check: closure under countable disjoint union is countable additivity of the
integral: if f € L'(p) and (A(n))nen is a countable disjoint sequence of elements of M, then Y | f X g(n)
is a normally convergent series in L (u), so fU A(n) f XA(n) = ZZOZO fX fXam) = fo:o fA(n) f; same for
g.- Andsince [, f= [ f— [, f for every measurable subset A of E, and the same for ¢, we also have
closure under complementation. Since this set Cg contains £g, it contains the Dynkin class generated by
it, and since £g is closed under intersection, by Dynkin’ s theorem Cg contains the o—algebra generated
by g, which is Mg = {A € M : A C E}. Now X can be written as a countable union of members

of £, say X = (J,cn Er; by the usual technique (Fy = Ex \ (Uf;ol EJ)) we can write X as a countable
disjoint union of members F, of M(E) with Fy, C Ej; given A € M(E) we have A = [J;— AN Fy, a
countable disjoint union, and fAka f= fAka g for every k, since AN F, € Mg,. O

REMARK. Of course, considering h = f — g, (i),(iii),(iv), (v) may be stated as [, h = 0 for every E € ... implies
h =0 a.e.. The statement:

. If f,g € LT(X) are such that [, f = [, g for every E € M, then f =g a.e.

is FALSE unless some additional hypothesis is made on pu: take an uncountable set X with the c—algebra of
countable or co—countable subsets, and the measure p that is oo for co—countable, and 0 for countable sets: the
constants 1 and 2 have integral 0 on countable and co on co—countable sets, but are never equal. We can prove
(but the proof is much more complicated than (ii) above, owing to possibly infinite integrals):

. If wis semifinite, and f,g € LT (X) are such that [, f = [, g for every E € M, then f =g a.e.
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Proof. Let A = {f < g}; it is enough to prove that u(A) = 0 (an analogous proof will work for B = {g < f}).
Given n € N, let E(n) = {g <n} N A. Then p(E(n)) = 0; in fact, if not, by semifiniteness we get E C E(n) with
0 < u(E) <oco. Then [, f= [,9< [yn=nu(E) < oco; it follows that [,(g— f) =0, but g(z) — f(z) >0
for every z € E, impossible if u(E) > 0. Then u(E(n)) = 0 for every n, so that u({g < oo} N A) = 0 (since
{g <o} =Ur_ {9 <n}). If p({g = oo} N A) > 0 we still get a contradiction: notice that since f(x) < oo for
every € A we still have {g = oo} N A =J;—_,{g = co} NAN{f < n}; unless these sets have all measure zero
we can get E C {g = co} N AN{f < n} with 0 < pu(E) < oo; then [, f < nu(E) < oo, but [, g = co. Then
p(A) = p(An{g <oo}) + u(An{g=oo}) =0. O

EXERCISE 2. (i) Let U be an open subset of R™. Prove that U is a countable union of compact
intervals (or even compact cubes).
(ii) Prove that if X is an open subset of R™ then the o—algebra of Borel subsets of X is generated
by the compact intervals contained in X.
From now on U and V are open subintervals of R and ¢ : U — V is a C! diffeomorphism (a C*!
bijective map with C! inverse).

(iii) We define on the o—algebra B of Borel subsets of U the set functions:

W(E) = AX@(B)):  v(E) = /E 16/ ()] dA(a),

where of course A = A; is the one dimensional Lebesgue measure. Prove that p and v are
measures, and that 4 = v on B.

(iv) The measure p can be considered as an image measure, in which way? Using this fact prove that,
for every f € L} (V,K) we have the change of variable formula:

/ f(y) dy = / F(6(2)) |6 (2)] de
A% U

Solution. (i) Consider the set of all closed cubes Q(c,7] = {x € R : ||z — ¢||loc < 7} with centers
¢ € Q" and half-sides r € Q> which are contained in U: this is a countable set of compact cubes, whose
union is U. In fact, given a € U, pick ¢ € Q™ such that ||a — ¢||c < d = dist(a,R™ \ U)/3, where
dist(a,R* \U) = inf{|la — y||eo : ¥ € R® N\ U}. Picking a rational number r such that d < r < 2d we get
a€ Qe,r] CU.

(ii) The compact intervals are Borel sets, so they generate a o—algebra contained in the Borel sets
of X. But as shown in (i), every open set is a countable union of compact intervals, so the generators
of the Borel o—algebra are all contained in the c—algebra generated by compact intervals, and so these
o—algebras coincide.

(ili) Answering now to part of (iii) we can observe that u = A¢~'* is the image measure of the
Lebesgue measure on V, by means of the map ¢~! : V — U( see LN, 3.3.7.2). Anyway the direct
verification that u is a measure (thanks to the fact that ¢ is a homeomorphism) is trivial. We know
that v is a measure (the one with density |¢'| with respect to Lebesgue measure), owing to countable
additivity of integrals of positive functions (LN, 3.3.5.2). Remember now that a diffecomorphism between
intervals of R has necessarily a derivative always strictly positive or strictly negative: it cannot vanish,
and intervals are connected. If [a, b] is a compact subinterval of U we have ¢([a,b]) = [¢#(a), p(b)] if ¢ is
increasing (¢'(x) > 0), and ¢([a,b]) = [¢(b), ¢(a)] if ¢ is decreasing (¢'(x) < 0). And we have

1+

b
[ 1¢@lde == [ 60 de = £60) - ola).
[avb] a
where + holds if ¢ is increasing, — in the other case. Then u and v coincide and are finite on compact
intervals, a class of sets closed under finite intersection which generates the o—algebra B, with U also a
countable union of compact intervals; so the measures coincide on B (we are using the uniqueness result

in LN, 3.4.3).
(iv) We have seen that = A¢~1; then for g € LT(A¢p~1) we have

[ s @) = [ 9067 ) drw)
U v
on the other hand, since dA\¢~1*" = |¢/| d\ we have also (see LN, 3.3.5.2):

/ g(z) drs™ (z) = / o) |6/ (2)] dA(2),
U U
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so that, equating the right—hand sides of the two preceding equations:

| 9067 wixw) = [ gla)16 )] aa),
1% U
for every g € LT (U); and setting f(y) = go ¢~ (y) we get g(x) = f o ¢(x), and we conclude. O

EXERCISE 3. Let (X, M, ) be a measure space.
(i) State the dominated convergence theorem.
(i) Prove that if f,g € L™, then (g — /)T < g.
(iii) Let f, in LT(X) converge a.e. to f € L*(X), and assume that all integrals are finite and
Jx fn = [x | < co. Prove that then f, converges to f in L'(u), i.e. ||f — fulr — 0 (by (ii) we

have (f — fn)™ < ..., then apply (i) ...).
(iv) We now assume that f, in LT (X) converge a.e. to f € LT(X), that f, < f for every n, and that
all integrals are finite. Is it true that f,, converges to f in L'(u)?

Solution. (i) See the Lecture Notes, 3.3.2. (ii) If (¢ — f)™(x) = 0 the assertion is trivial, since g(z) > 0
for every x € X. If (9 — f)*(z) > 0, then (g — f)*(z) = g(x) — f(x) > 0; and since f(z) > 0 by the
hypothesis f € LT(X), we conclude that (g — f)*(z) = g(z) — f(z) < g(=).

(iii) If all integrals are finite then all functions are in L' (1), being all positive. Then (f — f,,)T < f is
a sequence which converges to 0 a.e and is dominated by f € L'(u). By dominated convergence we have

lim, [ (f — fu)* = 0. But then, since (f — fn)™ = (f — fu)t = (f — fn) we get

1@&@@)@{LU@VLU.M)lyﬂunﬁéfﬂwﬁnm

hence also
li J n| — lim n J Jn =0.

(iv) Since all integrals, including that of f, are finite, we have that f € L!(u); since 0 < f,, < f,
dominated convergence is applicable (one-sided limits, 3.3.17.6), hence we have convergence in L' (u).

REMARK. Of course (iii) can also be obtained from the generalized dominated convergence theorem; in
fact, the proof suggested here follows essentially the same route as the proof of that result (LN, 3.3.17.7).

O

ANALISI REALE PER MATEMATICA— PRIMO COMPITINO, 26 NOVEMBRE 2011

EXERCISE 4. Let (X, M, u) be a measure space.

(i) State Fatou’s lemma.
(i) Using Fatou’s lemma prove the monotone convergence theorem for functions in LT (X).
(ili) Let g : [0, 00[— [0, o0[ be continuous. Given a > 0 let

Mo ={f € L'(1) : lg(IfDll1 < a}.

Prove that M, is closed in L(u) (if f, € M, converges to f in L'(u), then some subsequence
converges to f also ...).

Solution. (i) LN, 3.3.6.

(ii) If f, € L*(X) and f, 1 f, Fatou’s lemma says that [, f < liminf, [, f,. But the sequence f,
is increasing, hence also the sequence [ « [n is increasing, so that lim, / « [n = sup, / « Jn exists. Then
the preceding assertion implies [y f < lim, [y fn; and since [ fn < [y f for every n, we have also
lim, [y fn < [y f, and hence equality, lim,, [ fn = [y f-

(iii) If f, € M, converges to f in L!(u), then some subsequence converges to f also a.e.; let’s assume
that the entire sequence converges a.e. to f. Then |f,| converges a.e. to |f|, and by continuity of g on
[0, 0] we have that g(|f,(x)|) converges to g(|f(x)|) if | fn(x)| converges to |f(x)|. Then Fatou’s lemma

says that
/go|f|§liminf/go|fn|§a,
X n X

so that f € M,, and M, is closed in L*(p).
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REMARK. (ii) Many have proved monotone convergence by applying Fatou’s lemma to the sequence
[ — fn to get the inequality limsup,, [ v fn < S « J; this not only makes the proof uselessly longer, it is
strictly speaking an incomplete proof, because it excludes the case | ¢ Jn = 0.

O

EXERCISE 5. Let (X, M, u) be a measure space.
(i) Prove that if f € L'(u) then for every a > 0 we have [|f|; > f{lf\>a} |f], and prove that

limy 00 f{lf\>a} |f] =0 (i.e. prove that for every sequence o, — 0o we have lim,, f{\f|>a y 1 fl=

0).
(ii) If f € L>=(u), given € > 0 there is § > 0 such that u(F) < § implies ’fE f‘ < g (trivial, 1 point).
Prove that the same is true if f € L' (u): given € > 0 and o > 0 write

’/E f‘ = /E 1= /Em{flza} I /Eﬂ{|f<a} 71

and estimate separately the two terms.
(iii) State and prove Cebiceff’s inequality: p({|f] > a}) < ..., and use it to prove that if f, is a
sequence in L'(u) converging to f in L(u) then, for every a > 0:

Jim p({|f = ful 2 a}) = 0.

Solution. (i) Clearly |f| > | f| Xas if Xo is the characteristic function of the set {|f| > a}. Then

/{f|2a}|f| :/lelxa /{f|2a}|f| < /lel = £]1-

If a(n) tends to oo, then |f|Xxa(n) — 0 everywhere, and |f| X (n) < |f| for every n, so that dominated
convergence implies lim,, f{|f\>a(n)} |f| = 0.
(ii) Clearly we have

‘/ f‘ < / Vi g/ Ifllso = 1 flloo (E) for every E € M of finite measure,
E E E

so that given € we simply take § = /|| f||co. Following the hint, we write

/ 7l < / 1+ / £l
E En{|f|>a} En{|fl<a}

given € > 0 we first pick « > 0 so that f{|f‘>a} |f| < e/2. Then we have also

/ |f|§/ |f] <e/2 for every E € M.
En{|f|za} {If1za}

Keeping now « fixed we have, if u(E) < 4§

/ I < au(EN{|f] < a}) < an(E) < ad,
En{|fl<a}

so that we need only to pick § = &/(2«) to conclude.
(iii) The inequality is u({|f] > a} < (1/a)| f|l1, and the proof is immediate, the first part already

done in (i):
= > > = > .
£l /X |fl = /{f|>a} |fl = /{f|>a}a ap({lfl = a})

w1 — fal > a}) < é 1f = fulli = 0 for n — oo.

Then we have

REMARK. (i) Many wanted to use monotone convergence, or the fact that E — [, |f] is a measure; this
is possible if a,, 1 0o. Now this can be assumed without loss of generality. In fact we have:

. Let ¢ : D — R be a function, and assume that ¢ € R is an accumulation point for DN] — oo, c[. Then
lim,_,.- p(x) exists and is £ if and only if lim,_, o @(x,) = £ for every increasing sequence x,, € D with
x, Tc.
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In fact we know that lim,_, . ¢(z) exists and is £ if and only if lim,—, - @(x,) = £ for every sequence
T, € D with x,, — ¢; now every real valued sequence has a monotone subsequence, and if z,, < ¢ and
xy — c this subsequence must be increasing, since it has ¢ as limit.

This fact, applied to ¢(a) = f{lf\>a} | f| shows that we can assume «,, T co. But a proof ought to be
given.

It is however impossible to prove (i) using Cebiceff’s inequality, or vague arguments such as

tim =/
" J{If1zan} {Ifl=cc}

stated without proof. In this respect also notice that, by definition, functions in L*(p) are finite valued,
so that {|f| = oo} is empty for f € L'(u1), and not only of measure zero: this is a minor point, but is
worth noticing.

O

EXERCISE 6. Let F, G : R — R be increasing and right continuous; recall that we have the formula of
integration by parts, if a,b € R and a < b then

" /]a,b] F@)dG(x) + / G(z) dF(z) = F(h)G(b) — F(a)G(a).

la,b]
In the sequel we assume also F(—o0) = G(—o0) = 0.
(i) Prove that
/ F(z7)dG(z) + / G(z) dF(z) = F(00)G(o0)
R R
(infinite values are possible),
(a): directly using Tonelli’s theorem
(b): using formula (*) and passing to the limit with a | ... and b1 ....
(ii) Prove that if F and G do not have a common point of discontinuity then we may replace F(z~)
with F(z) in the preceding formula.
iii) Assuming F' bounded and continuous prove that
g

/F(:c) dF (z) = % (F(00))>.
R

Now we take F'(x) = X[0,00] the Heaviside step, and

(iv) Plot the graph of G and compute
/F(xf)dG(z); /F(x)dG(z).
R R
(v) Compute (dG—dF)(Ja,b]) for every a,b € R with a < b. Prove that there is a function p € L (R)
such that (dG — dF)(E) = [, pdA for every Borel E C R, and find it.

Solution. (i) (a) We compute dF @ dG(T), where T' = {(z,y) € R? : = < y}. Since all measures are
o—finite, and T is a Borel subset of R%, hence measurable, Tonelli’s theorem is applicable and gives
(Te ={y €eR: (z,y) € T} =] — o0, 7])

dF®dG(T)/R</Tm dG) dF(:c)/R</]_OO7Z] dG) dF(x):/RG(:c)dF(z);

reversing the order of integration (7Y = [x, +00]):

dF © dG(T) = / ( /T y dF) dG(y) = /R (F(00) — F(z~))dG(z),

R
so that

/G(x)dF(z) :/(F(oo) — F(27))dG(z).
R

R
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Caution: we cannot say that [,(F(oo) — F(27))dG(z) = F(o0)G(o0) — [ F(z7)dG(x) because of
possible infinities. Adding to both sides [; F(z7)dG(z), which certainly exists since  +— F(z7) is
positive measurable, we get that

/R Fla) dG(z) + /R Glz) dF (z) = /R Fla=) dG(z) + /R (F(00) — F(z~))dG(z) = /R F(o0) dG(z) =
F(00)G(00).
(b) Let a,, | —oco and b, T co. Then f,(z) = F(27) Xjapab,] a0d gn = G(Z) Xjana,b,] are increasing

sequences of positive functions such that f,(x) T F(z7) and g,(z) T G(x), for every z € R. Then
monotone convergence implies that

/andGJr/RgndFT/RF(x*)dG(x)+/RG(:E)dF(x),
and since

/fndGJr/gndF:/ F(zf)dG(z)Jr/ G(z) dF(z) = F(by) G(by) T F(00) G(c0)
R R Jan,bn] lan,bn]
we conclude.
(ii) Clear: discontinuities of F' are a countable set of dG measure 0, so that F'(z) and F(z~) are
dG—almost equal.
(iii) Is a trivial application of the second formula, given continuity of F'.

3

FIGURE 1. Plot of G
(iv) Notice that & + F'(27) = X]0,00[- Then

/ F(z™)dG(z) = / dG(z) = dG(]0, 0[) = G(c0) — G(0) =3 — 2 = 1.
R

10,00]
/F(x) dG(z) = / 4G = G(oo) — G(0~) =3 —1=2,
R [0,00][
(v) We have
(dG — dF)(la,b]) = dG(]a,b]) — dF(Ja,b]) = G(b) — G(a) = (F(b) — F(a) = (G = F)(b) = (G — F)(a)
for every pair a,b € R with a < b. Observe that H = G — F' is still an increasing function: we have

z fi 0
H(:I:): e » or < :
2—e¢ for >0

then dG — dF = dH is the Radon—Stieltjes measure associated to H. And we have

e~ —e for 0<a<b
(dG — dF)(Ja,b]) = H(b) — H(a) = {2 —e bt —e™ @ for a<0<b.
el — e for 0<b<O

It is clear that H is a C! function: it is continuous, and its derivative is e® for < 0, while H'(z) = e~

for > 0, so that H’(0) = 1 also exists; we have that H'(z) = e~ 1*l for every 2 € R, so the density
function is p(z) = e~ *.
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FIGURE 2. Plot of H = G — F, a function of class C'.

REMARK. (i), part (a): A more elegant solution has been found by a student: write the first term of the
formula to be proved as [, F(y~)dG(y); then, since F(y~) = dF(] — oo,y[) = jifoo ol dF(x) we have

/RF(y*)dG(y) :/R (/}Ooﬁy[dF(z)> dG(y) = /SdF(X)dG(:c,y) where S = {(z,y) € R? : 2 < y}.

For the second term we get

/G(z) dF(x) :/ (/ dG(y)) dF(z) = / dF ® dG(z,y) where T = {(z,y) € R? : y <z},
R R ]7001:6] T
so that, observing that R? = S U T, disjoint union of the two half-planes S, T

/R F(z™)dG(z) + /R G(z)dF(z) = /S dF ® dG(z,y) + /T dF ® dG(z,y) = /R dF ® dG(x,y) =

(F(00) = F(=00)) (G(o0) = G(=00)) = F(00) G(c0).

1. ANALISI REALE PER MATEMATICA—SECONDO PRECOMPITINO 18 GENNAIO 2012

EXERCISE 7. (i) Define a signed measure v : M — R. If v(A) is not finite, and B D A, is v(B) also
not finite? and if B C A is v(B) also not finite? or what else can be said ?(of course A, B € M)
(ii) Prove that a signed measure can assume only one of the values +oo.
(iii) Prove that if A9 C A; C ... is an increasing sequence in M, and A = UZO:O A, then

nh—>nolo v(A,) =v(A).

Is there an analogous proposition for decreasing sequences? if so, state and prove it.
(iv) Assume that v(X) € R. Is it true that (M) has a maximum? and a minimum?

Solution. (i) Let (X, M) be a measurable space. A signed measure is a function v : M — [—00, c0] such
that v(@) = 0, and which is countably additive, that is, for every disjoint sequence (A,)nen of M we

have
v (U An> = ZV(AH).
n=0 n=0

If B D A we have v(B) = v(A)+ (B~ A); if v(A) = 400, any meaningful addition v(A) + ¢, with ¢ € R
has v(A) as the resulting sum, so v(B) = v(A). Similarly, if B C A we have v(A) = v(B) + v(A \ B);
v(B) may be finite, but then we have v(A \ B) = v(A) = too.

(ii) Since X D A and X € M, as seen above we have v(X) = v(A) when v(A) = +oo.

(iii) We can write A = (J,— (A, — An—1), disjoint union, so that by countable additivity we get,
setting A_; = ()

v(A) = Z v(Ap N Ap_1) = mlgnoo Z v(An N Ap—q) =
n=0 n=0
(by finite additivity, since (J_o(An N\ An—1) = App)
A,

The statement for decreasing sequences requires the additional hypothesis that v(A,,) be finite for some
m (hence, by (i), also for all n > m):
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. Let Ag 2 A1 2 A D ... be a decreasing sequence in M, with intersection A. If for some m € N the
measure V(Ay,) is finite, we have v(A) = lim;, o0 V(Ay).

Proof. Tt is not restrictive to assume v(Ag) finite, re-indexing if necessary. Then, by (i), every A,, and
A have finite v—measure; the sequence Ag \ A, is increasing and has B = Ay \ A as its union, so that,
by the result on increasing sequences we get v(Ag \ A) = limy,_,o0 V(Ao \ Ay). Since every set involved
has finite v—measure we get v(Ag \ A) = v(Ag) — v(A) and v(Ag \ A,) = v(Ag) — v(Ay); then we have:

v(Ag) —v(A4) = HILII;O(V(AO) —v(Ay)) =v(4y) — nl;rrgo v(4,) = v(4) = nhﬂn;o v(Ay,).
O

(iv) If v(X) is finite, by (i) every A € M has finite v—measure. If we consider a Hahn decomposition
for v, let’s say X = P U Q, with P positive and @ negative, v(P) and v(Q) are both finite and they
are respectively max v(M) and minv(M): v(A) = v(ANP)+v(ANQ) < v(ANP) < v(P) (because
v(ANQ) <0and v(P~ A) > 0); and also v(A) =v(ANP)+v(ANQ) > v(ANQ) > v(Q) (because
v(ANP)>0,and v(Q \ A) <0).

(]

EXERCISE 8. (12) Let (X, M, i) be a measure space.

(i) [1] Assume that g : X — C is measurable and such that |g|l; < oo for some ¢ > 0. Then

lim, o0 ||g]lp = ... (no proof required, simply state the result).
(ii) [7] Let f € LT(X) be such that [, f™ is finite for n € N large, and

lim [ f"=acR.
n—oo X

Prove that then f € L% (u), find the possible values of ||f||c, and prove that f™(x) converges
a.e. in X to a function g to be described. Is this convergence also in L*(u)?

(iii) [1] In R with Lebesgue measure give an example of an f for which the preceding limit is a given
a > 0.

(iv) [3] In (ii) we remove the assumption that f > 0, we assume f real-valued but of arbitrary sign,
leaving the other hypotheses intact. What can you say about f and the sequence f™7

Solution. (i) 1m0 lgllp = 19l

(ii) If ¢, = ||f|ln, we gave that ¢, < oo for large n, so that ¢, — ||f|lco- But by hypothesis ¢
has a finite limit ¢ € R. This implies that either ||f|lcc = 0 or ||fllc = 1. In fact, if ||f|lcc > 1, and
1 < a < flloo, then e < ¢, for n large, and then o™ < ¢} for n large, implying that ¢ — oo, against the
hypothesis. Then || f|looc < 1. Then we have 0 < f(z) < 1 for a.e. z € X, implying that for a.e. z € X
we have either f™(x) — 0 (if f(z) < 1) or f™(x) = f(z) =1 for all n. In other words

f"(x) converges pointwise a.e. in X to x¢, where C = {f = 1}.

Morever the sequence is decreasing, fO > f! > f2 > f3 > ...; if m € N is such that f™ € L'(u) then
dominated convergence (or decreasing monotone convergence) says that f™ converges to its pointwise
limit x¢ also in L*(p). In particular we have

a:li}}n/xf":/x)(():,u(c):M(Jﬂ_{l})?

Notice that if || f||cc < 1 then p(C) = 0 and hence a = 0.

(iii) Simply take for f the characteristic function of any set of measure a, e.g, x[o,o]- The sequence f"
is constantly f, then also f « f" = a is constant.

(iv) We have that f2" = (f?)" verifies the hypotheses of (i), then || f2||o < 1, hence also || |l < 1, and
12" converges decreasing and in L!(u) to the characteristic function of {f?2 =1} ={f =1} U{f = —1}.
If this set has measure 0 then ||f|« < 1, and the entire sequence f™ converges to 0, pointwise and in
L'(p). Otherwise this set has a positive measure a = limy_o [ f2*. We claim that the limit lim,, [ f"
exists and is a iff u({f = —1}) = 0. In fact, if f = f* — f~ we have, for k > 1:

f2k _ (f+)2k + (f—)Qk_ f2k—1 _ (f+)2k—1 o (f—)Qk—l_

I I
now the sequences (fT)" and (f~)" are exactly in the situation of f in the hypotheses in (i): that is,
they are in L!(u) for n large enough and converge decreasing to X{f=1} and x{r—_1} respectively; then
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1i]£n/Xf2k*1:hl£n </X(f+)2k1/X(f )2k= 1) fhm/ (f)2k-1 hm/ )2kl
p({f =1}) — n({f = —1});

and analogously

hm/ £k —hm/ (f+)% +hm/ p({f =1} +p({f = —-1}),

and the two limits coincide if and only if u({f = —1}) =0.

Summing up: the limit lim, f /" exists finite for f real measurable of arbitrary sign if and only
if |f(z)] < 1for aex € X, f* € L'(u) for n large, and moreover u({f = —1}) = 0; the limit a is
p({f = 1}), the limit function is a.e. x{y=1}, and convergence to this function is also in L' (). O

EXERCISE 9. Let F': R — R be defined as follows:
—e® ifx <0
F(z) =4{V1—22 ifo<z<1

1—e® fl1<z

(i) Find T'(z) = VF(] — 00, z]) and plot it.
((11 Plot T*(z) = (T(x) £ F(x))/2.

(iv) Find the absolutely continuous and the singular parts of u = dF.
(iv) Let G(z) = z be the identity of R. For every integer k > 0 compute the integral

/ G(x) dF (),
|—k,k]

both directly and with the partial integration formula:

Gla) dF(z) = G(O)F(b) — G(a)F(a) — / F(z)dG(z).

Ja,b]
/ G(z) dF (z)
R

)
)
Find a Hahn decomposition for the measure u = dF'.
I
)
)

Ja,b]
(v) Find

Solution. We plot also a graph of F:

FI1GURE 3. Graph of F.

(i) Since F is decreasing in | — 0o, 0] we have T'(z) = e® in this interval. The jump of F at 0 is 2, so
T(0) =T(07)+2 = 3. Again F is decreasing in [0, 1] so that VF([0,z] = F(0) — F(z) =1 — 1 — 22
in this interval, hence T'(z) = T(0) + 1 — V1 —22 = 4 — V1 — 2?2 for z € [0,1[. Next we get T'(1) =
T(17)+1—1/e=5—1/e (the jump at 1is 1—1/e). Finally VF([1,z]) =1—e "= (1—-1/e) =1/e—e™ %,
so that T'(x) =5 —e~* for > 1.

(ii) We get
0 if <0 e’ if <0
TH(x) =142 it 0<z<1; T () =¢2—+v1—212 if 0<z<1.
3—e " if 1<z 2 if 1<z

(iii) A positive set for p is P = {0} U {1}U]0, oo, its complement is a negative set.
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L | .
1 1

FIGURE 5. From left to right: graphs of T, T~

(iv) The absolutely continuous part is of course F'(z) dx, where F’ is the derivative of F', which clearly
exists in R \ {0,1} and is

—e® if <0
F'(z) = ¢ —x/V/1— 22 if 0<z<1.
e " if 1<z

The singular part is 29 + (1 — 1/e) d;.
(v) We have directly, using the Radon—Nikodym decomposition

k
/ m@ﬂmw:/ Q@mem+/ G(z)d(260 + (1 — 1/e) ;) =
1—k,k] 1=k k]

—k

0 1 k
—x
z(—em)dqu/ xidqu/ re Pdr+1—e ! =
/—k o V1—a? 1
(in the first integral we put ¢t = —z, in the last ¢t = x)
k 1 2 k
1—2°-1
teftdt—i—/ 7dac+/ tetdt+1—1/e=
/0 V1 —2? /
1—1/e+/ te” tdt+2/ teftdth/ \/1fx2dzf/
0

\/1—3@2
(una primitiva di te™t & —(1+t)e™?)
L= 1e+ [-(1+t)e ] +2[~(1+t)e ]+§ g:
l—e =21 +k)eF+2e 41+ =2+ —2(1+k)e*’t£

1

4 e

With the partial integration formula we get, calling for simplicity I(k) the required integral
2

10 = k() = (K F(-R) = [ P)do=k(=cF = e ) -

—k
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/Ok(em)dx/olm&r/f(lex)d:c

k
1

™

— T m —z
k(172€ k)+[e]gk—z—[z+e } 2
1 —k s
24 - — 21+ ke - 7.

(vi) We have that G, = G xj_y) converges to G on R. And G € L*(u), because ze~|*l € L!(m)
(more on this below). Then by dominated convergence we can we just take the limit:

:k(1*2€7k)+1767k kfefk+1+é:

/ G(z)dF(z) = lim Glz)dF(@) =2+ 1 - T,
R k— oo |-k, k] e 4

The function G is a continuous function, hence Borel measurable and bounded on compact subsets of
R; the measure p is finite on compacta, hence for every compact subset K of R we have that G € L}L(K ).
We need to prove that G € L), (R~ [—a, a]), where a > 0, say a = 2. On the open set | — o0, —a[U]a, co[ the
measure || = dT is absolutely continuous, with d|u|(x) = e~1*l dz, as is easy to see. Then G' € L'(|u|) if
and only if |z| eIl € L} (] — 00, —a[U]a, oo]), where m is Lebesgue measure. And this is immediate. [

ANALISI REALE PER MATEMATICA— SECONDO COMPITINO—28 GENNAIO 2012

EXERCISE 10. Let (X, M) be a measurable space, and let v : M — R be a signed measure; as usual v+
and |v| are the positive/negative parts and the total variation of v.

(i) Define the notion of positive/negative set for v, and prove that positive sets form a o—ideal of

M (closed under countable union and formation of subsets).

(ii) Assume that A € M contains no negative subset of strictly negative measure. Is it true that
then A is a positive subset?

(ili) For A € M we have v(A) e R < |v|(A) < co. True or false? Is the fact that X is covered by
a sequence of sets in M of finite v—measure equivalent to o—finiteness of |v|?

(iv) Assume that g : M — R is another signed measure. Define mutual singularity of ;¢ and v. Is it
equivalent to mutual singularity of |u| and |v|?

(v) Let A : M — R be a third signed measure; assume that A < || and X\ < |v|, and that p L v. Is
it true that A = 07

Solution. (i) A € M is said to be positive/negative for v if for every B € M contained in A we have
v(B) > 0/v(B) < 0. Given this definition, trivially the set P of positive sets is closed under the formation
of measurable subsets. And if (A, )nen is a sequence of positive sets, making the union A of these sets
a disjoint union of sets (B, )nen with the usual trick, B, = A, ~ UZ;& Ag, each B, is positive, being a
subset of the positive set A, and if B C A then B = J, (BN B,), a disjoint union, so that

v(B) = Z v(BNB,) >0 because v(BN By) > 0 for every n € N.

n=0

(i) Let PUQ be a Hahn decomposition for v; consider ANQ); then we have v(ANQ)(= —v~ (ANQ)) = 0,
since otherwise A N Q would be a negative set of strictly negative measure contained in A. Then A =
(AN P)U(ANQ), the union of the positive set AN P and the null set AN Q, is a positive set.

REMARK. We have proved a lemma, preparatory to the Hahn decomposition theorem, which says that
if oo ¢ v(M) then a set which does not contain positive sets of strictly positive measure is a negative
set. One can apply this result in the opposite direction, but we need to know that —oo is not a value
assumed by v. It is simpler to apply the Hahn decomposition: strictly speaking there is a circularity of
arguments in the case —oo ¢ v(M), which needs however not concern us.

(i) We know that if #(A) € R then every measurable subset of A has finite measure, in particular
v(AN P) and v(A N Q) are finite, so that v (A) are both finite, hence |v|(A) = v+ (A) + v~ (4) < oo;
since [V(A)| < |v|(A) the converse is trivial. This of course immediately implies that the answer to the
second question is yes.

(iv) We say that p and v are mutually singular if there is a partition X = MUN, M, N € M, with N
null for x4 and M null for v. Since a set null for a signed measure is clearly null also for its total variation
as we show immediately after, the two conditions are clearly equivalent.
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If M is null for v then it is also null for |v|; in fact (always assuming that PUQ is a Hahn decomposition
for v) we have vt (M) =v(M NP)=0and —v~ (M) = —v(M NQ) = 0, so that v (M) = 0, hence also

v|(M) = 0.
(v) Clearly true: |u|(N) = 0 implies that N is null for A, and |v|(M) = 0 implies that M is null for .
Then X = M U N is null for \. O

EXERCISE 11. Let f, g : R®™ — K be Borel measurable functions, with f € L!(R") and g € L*(R") (we
consider Lebesgue measure on all spaces R™).

(i) Prove that the formula
() frgl@)= [ fle=y)gly)dy
defines a function f * g : R™ — K, and prove that || f * gllcc < [|f|l1 ||g|lcc- Prove also that
frgl@)=gxf(z)= . f(t) gz 1) dt.

(i) Assume that g € C1(R™) N L°°(R") and that also all derivatives drg belong to L°(R™), for
k=1,...,n. Prove that then f* g € C*(R") and that Ox(f * g) = f * (Oxg).
We now assume f € LP(R™) and g € LY(R™), with p,q > 1 conjugate exponents, i.e. 1/p+1/q =1.
(ili) Prove that formula (*) defines a function f % g : R* — C, and prove that || f * gllco < || fllp19llq-
(use Holder’s inequality ... ).
Finally assume that f, g € L'(R").

(iv) Prove that the formula (*) now defines a.e. on R™ a function fxg that is Borel measurable, belongs
to LY(R™), and || f*g|l1 < ||f]l1 llgll1 (consider F : R™ x R™ — K given by F(z,y) = f(z—y) g(y)
and apply Fubini-Tonelli’s theorem ... ).

Solution. (i) Trivially we have

|f *g(x)] = /Rn(w—y)g(y)dy S/Rn If(w—y)g(y)ldyﬁ/Rnlf(w—y)lllglloody;

Now the change of variables t = x — y says that

[ ta=wlds= [ 1rolda=,

(remember that we are in R™, so the coordinate change is t, =z —yr <= yr =z —tr 1 < k < n,
an affine self diffeomorphism of R", with jacobian matrix —1,,, opposite of the identity matrix, hence
determinant (—1)™, with absolute value 1). Then

[f*g(a)] < /Rn [f(@ = y)lllgllec dy = [l lglloc == IIf * glloc < £l 1gllco-

The change of variables t = x — y above considered says also that

flx—y)gly)dy= | f(t)g(xz—1t)dt.
R R

(ii) We use the second expression for f * g:

Frat) = [ ) gt~ v)dy

we have 9
5. W gz —v)) = fy) dg(z —y);
T,
moreover | f(y) Okg(x — y)| < |09l | f(¥)]; since y +— [|0kg|loo |f(y)| is in L'(R™) the theorem of differ-

entiation under the integral sign applies to say that

OuF )= [ 1) Ohole =) dy = (1 Oha))

and the theorem on continuity of parameter depending integrals says that these derivatives are continuous.
(iii) We have. for every x € R™:

Fro@l=| [ 1e-nawa) < [ 1=l <

R
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<([ise—vra)” ([ owra)” =it lol,

(the usual change of variables t = x — y says that [, |f(z — y)[” dy = || f||}) which immediately implies
the thesis.

(iv) Let us prove that F belongs to L'(R™ x R"). Clearly F is Borel measurable, since so are f and
g. And the iterated integral:

L ([ 1s=tisiac) = [ ol ([ 1= lde) do= [ lot 17y =151 gl

is finite. By Tonelli’s theorem F' € L*(R™ x R™). Then Fubini’s theorem says that for a.e z € R" the
integral

frg(x)= . flx—y)gly)dy

is finite, the resulting a.e. defined function is Borel measurable, and moreover, since

/Rn f(w—y)g(y)dy‘ < /Rn |f(z—y) g(y)| dy

1real= [ \reg@lars [ ([ 1= nowlay) as

and since |F| : (z,y) — |f(x —y) g(y)| belongs to L*(R™ x R™) this iterated integral is the double integral
over R™ x R™ of |F|, just computed above, with value || f||1 ||g||1- O

|f *g(x)| =

we have

EXERCISE 12. Let F : R — R be defined as follows:
e+l ifr< -1
F(z)=<X —=z if —1<z<1
e~ (@=1) Hfl1<zg

(i) Plot the graph of F; find T'(x) = VF(] — o0, z]) and plot it.
(ii) Plot T*(z) = (T'(x) + F(z))/2. What are u*(R) and p~(R)?
(iii) Find a Hahn decomposition for the measure y = dF.
(iv) Find the absolutely continuous and the singular parts of u = dF.
(iv) Let G(z) = cos(ax), where a > 0 is a constant. For every a > 1 compute the integral

/]M] G(z)dF(x) = /]] G(z)dp™ — /]] G(x)dp~,

(compute both integrals) , and also by the partial integration formula

Gla) dF(z) = GO)F(b) — G(a)F(a) — / F(z)dG(z).

la,b] ]a,b]

(v) Prove that G € L'(u) and find
/ G(z) dF(x).
R
Solution. (i) Graph of F is easy; note that there is only one jump at 1, F(17) — F(17) = 2.

1+

FIGURE 6. Plot of F.
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We have (notice that F is increasing in ] — 0o, —1], and that T'(—oo) = 0 so that T'(z) = F(x) in this
interval; T is decreasing in [—1,1[ so that VF([-1,z]) = F(-1) — F(z) = 1 + « for € [-1,1], and
T(1)=TQ1")+ (F(1T) = F(17)), etc):

A for < -1
T(x)=4¢2+z for —1<z<1,
6 —e (@1 for 1<z
consequently
SR for =< —1 0 for < -1
TH(z)=<1 for —1<z<1 T (z)=<1+z for —1<z<1.
3 for 1<z 3 — e (@1 for 1<z
51 e
3,
1,
- 3 ]

FIGURE 7. Plot of T.

FIGURE 8. Plot of T+

Since T*(00) — T*(—00) = 3 — 0 we have u*(R) = 3, hence |u|(R) = 6.
(iii) A Hahn decomposition is P =] — oo, —=1] U {1}, @ = [-1,1[U]1, o0].
(iv) The derivative F’(x) exists for every x € R~ {—1,1} and we have
ertl for z<-—1
F(z) =< -1 for —1<z<1;
—e~(@-1) for 1<z

The singular part is clearly 201 so that dF = F' dm + 2 4;.
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(v) Clearly dut = X _joo,—1] €" ' dx + 261 so that

-1 a
/ G(z)dp™ (x) = / cos(ax) e* T dx +2G(1) = 2cosa + e/ cos(at) e " dt;
1—-a,d] 1

—a

A primitive of e~! cos(at) is e !(a sin(at) — cos(at))/(1 + a?) so that

(*) /1a cos(at) et dt = [1 i:oﬂ (a sin(at) — cos(at))} 1 =
Tra2 (a sin(aa) — cos(aa)) — a2 (a sin(a) — cos(a)),
and
el_“ . 1 ]
/}_a,a] G(z)du™ (z) = o a2 (o sin(aa) — cos(aa)) — m(a sin(a) — cos()) + 2 cos a.

We have next, since du™ = (xj—1,1] + e~ (-1 X]1,00]) dx:

sin «v

+/ cos(ax) e~ da;
1

-1 (67

1 a
/ G(z)du~ = / cos(ax) dx +/ cos(ax) e @V dg =2
]—a,a] 1
the last integral has already been computed (see (*)). Taking the difference:

/ G(z) dF(z) :/ G(x) d,qu—/ G(z)dy~ =2cosa — 2222,
]—a,a] ]—a,a]

]7a7a] @

By partial integration:

/]_ ] G(z)dF =G(a)F(a) — G(—a)F(—a) — / F(z) a sin(az) dx =

]—a,a]

—1 1 a
/ " o sin(ax) da +/ (—z)a sin(ax) dx +/ e o sin(ax) da;
1

—a -1

the first integral and the third cancel; we are left with:

sin o

/1 (—z) asin(az) dx = 2/01 xz(—a sin(ax)) de = 2 [z cos(az)]é -2 /01 cos(ax)dr = 2cosa — 2 -

—1

(vi) The entire space has finite measure, |u|(R) = 6. Every bounded measurable function is then in
LY (u) = LY(|p]), in particular G € L' (u). Clearly we have

sin «v

/GdF:/ GdF =2cosa — 2
R [—1,1] «

(the integrals over | — oo, —1[ and |1, co[ are finite, and cancel with each other).

ANALISI REALE-PRIMO APPELLO—7 FEBBRAIO 2012
EXERCISE 13. Let (X, M, ) be a measure space, and let Lt = LT(X, M) denote the set of all M—
measurable functions from X to [0, c0] (as usual).

(i) Prove that if f € LT and [y f < oo, then u({f = oo}) = 0. If [, f =0, what can we say about
{f>0}?

(ii) State Fatou’s lemma.
From now on f,, is a sequence in L' that converges pointwise everywhere to f € L™.

(iii) Assume that {f = oo} has strictly positive measure. Then lim, o [y fn = 0o: true or false?
. . Lo o

) ) n — .
(iv) Suppose that there exists g € L™, with finite integral, such that f,(z) < g(z) for every x € X

Then fx f=1lim, fX fn-
(iv) Assume now that there is a constant a € [0, oo[ such that, for every n € N

/fo\/...\/fnga; prove that then lim fn:/f
x n—oo |y X
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Solution. (i) if E = {f = oo}, then for every n > 0 we have n xg < f so that nu(E) = [ nxe < [y [,
which clearly implies p(E) = 0 (otherwise we may choose n > [ f/u(E)). If the integral of a positive
[ is zero, then p({f > 0}) = 0: in fact nf is an increasing sequence of functions in L™, all with zero
integral, whose pointwise limit is the function constantly co on {f > 0}; by monotone convergence this
pointwise limit has integral 0, hence finite, and so its infinity set has zero measure. Otherwise, every
measurable positive simple function dominated by f has integral 0, hence {f > 1/n} has measure 0 for
all n > 1, hence {f > 0} = {J,,~,{f > 1/n} has measure 0.

(ii) See the Lecture Notes.

(iii) By Fatou’s lemma we get (recalling that liminf,,,« fn(2) = lim,— 00 fn(z) = f(x)):

f < hmlnf/ fns

n—o0

since {f = oo} has strictly positive measure we have [, f = co; then oo < liminf, o [y fn, clearly
equivalent to lim, o [ fn = 00.

(iv) This is essentially the dominated convergence theorem; the only difference is that f,, and g might
be infinite valued, so we simply set all the f,, f and g to be 0 on the set {g = oo}, which has measure 0
by (i): no integral has been modified, and all functions are now in L*(u).

(v) Setting g, = fo V-V fn, gn is an increasing sequence of functions in LT, with integrals all
dominated by a; then g, T g, and f + 9 < a < oo, by the monotone convergence theorem. We are now in
the hypotheses of (iv), since clearly f,, < g, < g for every n. O

EXERCISE 14. Let (X, M, ) be a measure space. Given ¢, with 1 < ¢ < oo and a > 0 consider
aB={feLi(u): |fllg <a} (the closed ball of center 0 and radius a > 0 in L9(p)).

(i) Prove that if the sequence f,, € a B converges pointwise a.e. to f, then f € a B (Fatou’s lemma

)

(ii) Let E € M be a subset of X of finite measure. Prove that for every p € [1,q[ and every f € a B

we have:
1/p
([isran) " <upreoa
E

where the exponent «(p, ¢) is to be found (hint: consider |f|? and 1, with convenient conjugate
exponents ... ).

(ili) Deduce from (ii) that for every ¢ > 0 there is 6 = d(¢) > 0 such that for every E € M with
w(E) <4, every f € a B and every p € [1, [ we have

1/p
(Lirra) <
E

From now on X is assumed of finite measure, pu(X) < oo.

(iv) State the Severini-Egoroff’s theorem on almost uniform convergence. Assume that the sequence
fn € a B converges pointwise a.e. to f. Using this theorem and (iii) prove that f, converges to
fin LP(u), for every p € [1,q|.

Solution. (i) If f,, converges a.e. to f, then |f,|? converges a.e. to |f|?, and Fatou’s lemma says that:

o (= [ imiutinfe) < mine [ 1500 < a
x x n—roo n—oo [y

(ii) We use ¢/p and (q/p)/(q¢/p—1) = q/(q¢—p) as conjugate exponents, and consider E as the ambient
space, obtaining

Jur<(/ |f|Q)p/q (f 1q/<q-p>)(qp)/qu<E>1—p/q ([ Iflq)p/qéu(E)l_p/q (/. |f|Q)p/q;

taking p*™ —roots of both sides we get

1/p
(Lirran) " <u@ro=inil, < we e
E

(iii) Immediate: since 6'/P~1/% q has to be smaller than & we get § < (¢/a)P?/(4=P); any such ¢ will do.
(iv) For the statement we refer to the Lecture Notes. Next, by (i) we have f € a B; considering f — f,
in place of f we can assume that f = 0, and we have to prove that ||f,||, has limit 0. Given € > 0 we
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find 4 such that p(F) < § implies (fE |fn|p) 1/p < ¢ for every n € N; since the convergence to 0 is almost
uniform we can find a set E such that u(E) < ¢ and on X \ E the sequence converges uniformly to 0.
Then, if ||fllx<g = sup{|fn(z)|: € X N E}:

/ fal? = / Fal? + / Fal? < &2 4 [l (X N E) < €+ || ful & 1(X);
X E X~\F
since limy, 00 || fnl|% g = 0, we conclude. O

EXERCISE 15. Assume that f € LP(R™), with 1 <p < co.
(i) Prove that

lim [fIP dm = 0.

r—00 || >

We now define F': R" — K by
F(z) = / f(y)dy where, as usual, B(z,1[={y € R": |y — z| < 1}.
B(z,1]

(ii) Prove that the preceding formula effectively defines a function F' : R — K; prove that F is
continuous and bounded, and find an estimate for || F||o involving || f||,.
(iii) Prove that limy_ oo F'(x) = 0 (use (i)).
Solution. (i) By definition of LP(R™) we have |f|P € L'(R"); clearly |f|? xg~,p tends to 0 as r — oo, and
is dominated by |f|?, so that the limit of integrals lim, f\w\>T |f|? dm = 0 by dominated convergence.

(ii) If p = 1 there is nothing to prove. If p > 1 the usual estimates for L? spaces on sets of finite measure
give (we apply Holder’s inequality to |f| and 1 of B(z, 1], with conjugate exponents p and ¢ = p/(p—1)):

1/p
*) F(2)] < /B OE ( /B ( 1[|f(y)|p> (m(B(z, 1DY7 < 0/ | £,

which immediately implies
1Else < o/ [1f 1]
In other words, we have proved the well known fact that if f € LP(R™) then f € LL (R"). We know that

loc
if z; tends to z in R™ then Xp(.,,1[ tends a.e. t0 Xp(z,1, and the sequence is dominated by xB(z,1+R]

with R = max;{|z — z;|}. Then F is continuous, by the dominated convergence theorem.
(iii) By (i), given € > 0 there is r(¢) such that f{|x|>r(€)} |[fIP < eP. If |z] > r(e) + 1 we have that
B(z,1[C {|x| > r(e)} so that, for these z:

1/p 1/p
@< ([ 1wer) e su ([ ) <
B(x,1] {lzlzr(e)}

EXERCISE 16. For every n=1,2,3,... and every z € R define F,(z) = [ nt" ™! x0,1)(t) dt.
(i) Plot some F, and the limit function F(z) = lim, o Fy(x). What is the measure p = up?
(ii) Setting u, = pp,, compute
Jim g (] —o00,a]) (0 <a<1); lim pn([0,1));  lim g, ([0, 1]).

(iii) Assume that f : R — R is bounded and Borel measurable. Prove that f € L(u,) for every n,
and moreover, if f is also left—continuous at 1 then:

tim [ fdu = £(1) (z / fdu)
(prove first that if f(1) = 0 then the limit is 0; split the integral in ji_oo at f]a ;) and use (i)).

Solution. (i) We have F,,(z) = 0 for x < 0; F,,(z) = 2" for 0 < 2 < 1 and F(z) =1 for 2 > 1. Then
F(z)=0for z <1, and F(z) =1 for 1 <z; F is the characteristic function of [1, co[, and hence u = d1,
unit mass at 1. Notice that all these measures are supported by [0, 1].
(ii) Clearly, if 0 < a < 1
pn(] —00,a]) =a™ —0=a" sothat lim p,(] —oc0,a]) =0;

n—oo
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1k

FIGURE 9. Plots of some F,,.

and we have p, ([0, 1]) = n([0,1]) = 1, so that the limit is 1.
(iii) Since (R, Bg, ) is a finite measure space for every n, all bounded measurable functions are in
LY(py) for every n. Next, if f is left continuous and 0 at 1, given ¢ > 0 find a €]0, 1] such that |f(z)| < e

if x € [a, 1] so that
<[ Afldis [ 1fldn, <
[0,a[ la,1]

IREE ],

[ dpn
[0,1]

fdun+/[ ]fdun
a,l

‘ [0,a]

sllflloo/[ ]dun+/ ity = | flloea™ +2 (1= a™),
0,a a,l

)

since this expression has limit € as n — oo, we conclude that

/R £ dpn

for f bounded left continuous and zero at 1. For f bounded left continuous at 1 we simply write
f=[f—f()+ f(1) and note that [, f(1)du, = f(1) for every n, while by what just proved we have

lim
n— o0

=0,

lim [ (f = f(1)) dpn = 0.

n—oo R

ANALISI REALE- SECONDO APPELLO—28-02-2012

EXERCISE 17. (10) Let (X, M, i) be a measure space

(i) [2] Assume that f,g: X — R are measurable, that F € M, that f(z) < g(x) for every z € E,
and that f,g € L, (E). Prove that if [, f < [ g iff u(E) > 0.
(ii) [2] Let E € M be such that 0 < u(E) < oo, and let f € L'(u) be real valued. Prove that there

exists x € F such that )
S][fduzz—/ I du;

more precisely, prove that the set {z € F: f(z) < fE f du} has strictly positive measure.

This expresses the intuitively obvious fact that not all values of f on E can be larger than its average on
E: not everybody can be above the mean!

(iii) [2] Let now f, g € L*(u) be real functions. Prove that f(z) < g(x) for a.e. € X if and only if
I f < [ g for every E € M (consider E = {f > g} ...).

(iv) [4] For f,g,h € LT (X, M) assume that f?(z) < g(z)h(x) for a.e. z € X. Prove that then, for
every E € M we have

2 (1) = (o) ()

( f? < ghis equivalent to f < g'/? h'/2; apply a convenient inequality ... ).
Solution. (i) We have

/f</g<:>/g f>0<:>/g ) xe >0;

by hypothesis (g — f)(z) = g(x) — f(z) > 0 for every x € E, so that Coz((g — f) xg = F; we know that
a positive measurable function has integral 0 if and only if its cozero set has measure 0, so we conclude.
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(i) Setting for simplicity ¢ = f f, if there is no 2 € E such that f(z) < ¢, then ¢ < f(x) for every
z € E. Since u(E) < oo, the constant ¢ is in L, (E), so that (i) is applicable and gives that

/Ec</Ef<:>cu(E)</Ef<:>c<]gf:c,

a contradiction. Since we can alter f on any subset of E of zero measure without altering the average c,
the set {x € E: f(z) < ¢} must be of strictly positive measure.

(iif) If f < g a.e. then [, f < [, g, by isotony of the integral, as is well-known. And if it is not true
that f(z) < g(z) for a.e. x € X, then if E = {f — g > 0} has strictly positive measure; by (i)

/f>/%
E E
contradicting the hypothesis.
iv) Integrating over E the inequality f < g'/2 h1/2 we get
g g q y g g

[ e [ g
E E

By Cauchy—Schwarz inequality for integrals we have

fome< (o)™ ()
for= (o) ()™

and squaring both sides we conclude.

so that

EXERCISE 18. (12)
(i) [2] State the Radon-Nikodym theorem.
(ii) [4] Let (X, M) be a measurable space, and let p,v : M — [0,00] be positive measures, both
o—finite. Prove that the following are equivalent:
(a) We have v < pand p < v.
(b) p and v have the same null sets.
(c) There is p € L (X, M) such that p(z) > 0 for every z € X and

v(E) = / pdu for every E € M.
E

Let now (X, M, i) be a measure space.
(iii) [4] Assume that there exists f € L'(u) such that f(x) # 0 for every z € X. Prove that then X
has o—finite measure. Conversely, if X has o—finite measure then there is f € L'(x) such that
f(x) >0 for every € X, and [y fdu=1.
(iv) [2] Prove that if (X, M, p) is o—finite there exists a measure v : M — [0, co[ such that v(X) = 1,
v pand p <L v.

Solution. (i) OK
(ii):(a) <= (b) is by definition of absolute continuity. And by Radon—Nikodym theorem, since all

measures are o—finite we have that (a), more precisely the hypothesis v < p, implies the existence of
p € L*T(X, M) such that

v(E) = / pdu for every E € M.
E

But since v(E) = 0 implies also u(E) = 0, the set Z = {p = 0}, having v—measure 0, has also y—measure
0; we can the alter p on this set, e.g. set p(z) =1 for x € Z, and make p(z) > 0 everywhere.

(iii) Any f € L'(u) has the cozero set of o—finite measure (Coz(f) = U, ~1{|f] > 1/n}, and pu({|f| >
1/n}) < n [y |f]). And if a measurable set A € M has o—finite measure then it is the cozero set of a
positive measurable function with integral 1; simply write A as a disjoint union of a sequence of sets of
finite nonzero measure, A = J;~_, An, and consider f: X — R defined by

> 1
= nz:;) 27 p(A) X
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(iv) is now obvious: take dv = pdu where p € L'(u) is everywhere positive with integral 1; p exists
by (iii), by (i) we have p < v. O

EXERCISE 19. (11) Let (X, M, u) be a measure space.
(i) [2] Compute
lim n log(1 + (¢/n)%),
n—oo

for t > 0 and o > 0. Hint:
n log(1l+ (t/n)*) = n(t/n)"

What is the limit for ¢ = 07

Let now f be a positive function in L!(u1), and assume that ¢ = fX f > 0. We want to compute

log(1l + (t/n)* log(1
M' remember that lim M =...

(t/n)e ’ u—0 U

(*) lim fn du

n—oo

for various values of & > 0, here f,(2)(= fan(z)) = nlog(l + (f(x)/n)*) forn=1,2,3,... and z € X.
(ii) [1] Compute g(z) = (9o () =) limy 0o frn(x) (distinguish the cases 0 < a < 1, a =1, a > 1).
(iii) [3] Suppose that 0 < a < 1. Prove that in this case Fatou’s lemma is applicable and gives (*).
(iv) [2] Prove that log(1+t*) < at for every a > 1, t > 0 (consider at —log(1 +t*) and differentiate

(v) [3] Compute the limit (*) for « =1 and for o > 1.
Solution. (i) Recall that lim,_,olog(1 4+ u)/u = 1; then:

i og(1 4 (¢/n)) = lim o o/n) 20 EC) iy e e B0 L),
since limy, oo log(1 + (t/n)%)/(t/n)* =1 we get

00 for 0<axl1
ILm nlog(l+ (t/n)*) =4t for a=1
0 for a>1

For ¢t = 0 all the terms are 0, so the limit is 0.

(ii) By (i) we have, for 0 < a < 1 that g(z) = liminf,, o fo(2) = lim, e frn(z) = 00 if f(z) >0
and 0 if f(z) = 0. Then g, = 00 Xcox(f), for 0 < a < 1. For a = 1 we have g; = f. For a > 1 we have
o = 0.

(iii) By Fatou’s lemma (notice that all functions f,, are positive, since 1+ (f(x)/n)* > 1)

/g<hm1nf/ -
n—o0

Since [ f > 0by hypothesis, we have that (Coz(f)) > 0, and hence [, g = oo, so that lim inf,, o [y fn =
00, which implies lim,,— f  Jn = 0.
(iv) Differentiating we get

a—1 a—1

at
— >0 <= 1> ——0o
1+t 1+t

clearly true if ¢ > 0 and a > 1 because 0 < ol <t < 14t ift > 1, whileif 0 < ¢t < 1 then
to=1 <1 < 1+ ¢* Then the function at — log(1 + t%) is zero at 0, continuous in [0, cc[, and strictly
increasing on |0, co[, so that at — log(1+¢*) > 0 for ¢t > 0( if a > 1).

(v) By (iii) we have 0 < fo(z) < n(a(f(z)/n)) = a f(z), so that dominated convergence may be
applied. For « = 1 we have, by (ii):

fa) = lm_fu(a),

so that limy o0 [y fn = [x [ = ¢. For a > 1 we have lim, o fr(x) = 0, so that the required limit is
0. O

EXERCISE 20. (12) Let p: By — [0, o¢] be defined by pp = (e —1) Y>>~ , e~™§,,, where §,, is the unit mass
at n, and Bj is the o—algebra of Borel subsets of R.

(i) [2] Find p(R) and the smallest closed set that supports p. Is p singular with respect to Lebesgue
measure m = A\’
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(ii) [3] Find a formula for the distribution function F(x) = u(] — oo, x]), and plot F' (it is convenient
to express F' with the integer part function [z]).

Let now v be the Radon measure defined on By by dv = x)_« 0)(x) dz/(z—1)*, and consider the measure
A=v+pon Bj.

(iii) [2] Find the absolutely continuous and the singular part of A (with respect to Lebesgue measure
m), find A*, and also a Hahn decomposition for \.

(iv) [2] Find a formula for the total variation function T'(z) = |A|(] — oo, 2]), and plot T.

(v) [3] Given f(z) = x, determine the set of p > 0 such that f € LP(|A|). Compute the integral

/de/\(z)

if this integral exists (it may be useful to know that Y o2, nz""! =1/(1 — 2)? for |z| < 1).
Solution. (i) We have

() = =13 " = (e~ Do =1

Plainly pu(R ~ N~) = 0, and every larger set has strictly positive measure. Since N~ is closed, it is the
required set. Since m(N~) = 0, we have p L m.
(il) We clearly have F'(z) =0 for < 1. If x > 1, we have F(z) = F([z]), and

[«]

11—e ]
(e _ N _ (o _ 1) —1_ ¢ l=l
F([z]) = (e 1);6 = (e 1)6171/6 l—e
The plot is easily done.
177137 —
1-:127
1-- L
1 2 3 g 5

FIGURE 10. Plot of F' (not on scale).

(iii) By its very definition v is absolutely continuous with respect to m, and p is singular, so that v is the
absolutely continuous part and y the singular part. Next, v is negative (notice that xj_oc,0)(7)/ (x—1)2 <0
for every x € R), so that A= = —v and AT = p (since also v L p). A Hahn decomposition for A is for
instance N~ U (R . N7), the first set positive, the second negative.

(iii) For < 1 we have

T@) = W0 —oe.sl) = v =) == [ x-wag

assuming x < 0 this integral is

[ R

then T'(0) = 1/2 and T'(x) = 1/2 for « € [0,1]. For x > 1 we have T'(x) = 1/2 + F(z).
(iv) We have that LP(|\|) = LP(AT) N LP(A\~) = LP(u) N LP(—v). Thus f € LP(|)]) iff

R S 1 o
/ m dZC, ane
- n=1
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FIGURE 11. Plot of T' (not on scale).

are both finite. The second series converges for every p € R (e.g. by the root test), while the integral is
finite if and only if 3 —p > 1 <= p < 2: in fact the function is continuous and hence locally summable
on ] — 00,0], and at —oo it is asymptotic to 1/|x[3>7P. So the answer is: for 0 < p < 2. The integral is

0 o0 x=0 0 0o
T —x 1 dx 1 1
" d E - | z % 4z E
/,Oo (x —1)3 z+n:1ne {2(3@ — 1)2] *3 /,OO (x —1)2 e nzlne"—l

L el 0 LS S B S
2 |z —1]_ e(1-1/e)2 2 (e—1)%

ANALISI REALE PER MATEMATICA — APPELLO DI RICUPERO — 18 LUGLIO 2012

EXERCISE 21. Let (X, M, 1) be a measure space.

(i) Let g, € Lt be a sequence of measurable positive functions; assume that [  9n < o0 for every
n € N. Consider the following statements:
a) The series of functions > oo x) converges to a finite sum for a.e. z € X.
(a) n=09n g
(b) The series Y, . [y gn Of the integrals is convergent, that is Y - [ gn < 00.
Are these statements equivalent? or does (b) imply (a)? or conversely does (a) imply (b)? Give
proofs, or counterexamples.
(ii) Given any function g € LT (R), with [ ¢ = a > 0 (the measure is Lebesgue measure), and a
sequence ¢, € R, prove that the formula

fz) =

NE

9(2"(x = cn))

n=0

defines for a.e. z € R a function f € L'(R). What is the integral of f?

(iii) Let the function g in (ii) be log™ (1/|z|) = max{—log|z|,0}, with g(0) = 0, and let n + ¢,, be a
bijection of N onto the set of rational numbers. Plot g, and prove that for every a > 0 and every
non—empty open interval I of R the set {z € I : f(x) > a} has strictly positive measure.

Solution. (i) It is true that (b) implies (a), but not the converse. If hy, = Y o' gn, then hy, € LT,

and the sequence hy, is increasing to a limit ~ with h(z) = 37 gn(x); by the monotone convergence
theorem we have

h = lim hp = lim /gn: /gn<oo by (b));
fon=dm [ = tim 3 =3 | (o

then fX h < oo implies that F = {h = oo} has measure 0; and F is exactly the set of all x € X such
that ZZO:O gn(x) = oo. Pointwise convergence everywhere of the series does not ensure convergence of
the series of integrals: take e.g. gn(z) = g(x —n), where g = x[0,1].

(i) The change of variable t = 2"(x — ¢,,) <= = =t/2" + ¢,, reduces the integral to

dt  a

@ =cde= [ g5 = 5
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so that the series of integrals of the given series is
a —_—
on = 2a,

Z /Rg(Q"(ac —cp))dx = Z

and by (i) the series the converges pointwise a.e. to a measurable positive function f with fR f(z) dz = 2a.
(iii) The plot is easy.

Ficure 12. Plot of g

If I is non—empty open interval, by density of Q there are infinitely many n € N such that ¢, € I, and
if n is such that 27" < m(I) (m Lebesgue measure) then either the right or the left half of the interval
Jen — 1/2™, ¢, + 1/2™] are contained in I. Since the series has positive terms, f(z) > « is ensured if
9(2™(z — ¢,)) > « for at least one n; and

92"z —cp)) > a = 2Mr—cp <eTY = ¢ —e Y2 <x <+ /27,

so that the set {f > a} NI has measure not less than e~ /2™.
O

EXERCISE 22. Let (X, M, 1) be a measure space.

(i) Let S € M be closed under union (that is, A, B € § imply AUB € S). Let s =sup{u(4): A €
S}. Prove that there exists an increasing sequence Ag C A; C ... of elements of S such that
1t (Upen An) = s. Prove that if S is closed under countable union then s = max{u(A4) : A € S}.

Given Ee M let S(E)={AeM: ACE, u(A) < oo}, and set puo(E) = sup{pu(A): A€ S(E)}.
(ii) Prove that S(E) is closed under union, and that the following are equivalent:
(a) po(E) = max{p(4) : A€ S(E)}.
(b) 1o(E) < .
(¢) S(E) is closed under countable union.
Let’s call atomn in a measure space (X, M, u) any A € M such that 0 < u(A) < oo, and for every B C A,
B € M, we have either p(B) = 0 or u(B) = p(A). Prove that if for some E € M we have 11o(E) < u(E)

then E contains an atom of infinite measure.

Solution. (i) There is of course a sequence S,, € S such that sup,, u(S,) = s. Set A, = SoU---US,.
Then A,, € S because S is closed under union, and clearly A, is increasing. We have u(S,) < u(A,),
and p(A,) < s because A,, € S. Then

s = sgp,u(Sn) < nh—>rr<>lo w(Ap) <s sothat s= nl1_>n010 w(Ap) =p <nL6JN An> .
Trivially we then have s = max{u(A) : A € S}if (J,cn4n € S.
(ii) Subadditivity implies immediately that S(E) is closed under U: pu(A U B) < p(A) + p(B) < oo if
both u(A) and pu(B) are finite. Let us next show that (a) implies (b) implies (c¢) implies (a):
(a) implies (b) Since S(FE) is closed under union, there is an increasing sequence Ag C A; C ...
of elements of S such that u(U,cyA4n) = s; then s = po(E) = 1 (UpenAn); if 1o(E) < oo then
Unen An € S(E), and s = max{u(A) : Ac S(E)}.
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(b) implies (c) Since S(F) is closed under finite union, we only have to prove that the union of an
increasing sequence in S(E) belongs to S(E). If Ag C A; C ... is such a sequence we have p1(A,,) < po(F)
for every n; if A = J,cn An we then get p(A) = limy, 0 u(An) < po(E), so that p(A) < po(E) < oo;
thus A € S(E).

(c) implies (a) is immediate by (i).

Last question: if po(E) < p(E) then certainly ug(E) < oo; if u(E) is finite, then trivially po(E) = p(F)
so that the hypothesis implies uo(E) finite and p(E) = oo; by (ii) there is A C F such that p(4) =
po(E) = max{u(B): B € S(F)} Then E \ A is the required atom; it clearly has infinite measure, and if
B C E ~\ A has finite measure then AU B € S(F) and u(A) = pu(A) + p(B) implies p(B) = 0 (otherwise
w(AU B) > u(A) = uo(E), a contradiction)

(I

EXERCISE 23. Let (X, M, 1) be a measure space.
(i) If 0 < p < g, for every f € L(X) we have

1£1lg < IR AP

Prove it, and say when equality holds, assuming the right—hand side finite and nonzero.
On every set X the spaces 7 = (P(X,K) are defined, and also || f||,, is defined for every f: X — K.

(ii) Explain how these spaces can be defined within the general theory of LP spaces (that is, they are
LP(X, M, ) for some o— algebra M on X and some measure p). Prove that || f|lo < ||f|lp for
every p > 0, and determine the functions f for which equality holds. Prove that if 0 < p < ¢ < o0
then |[fllg < [I]p-

(iii) Prove that if ¢?(X) = ¢4(X) for p,q > 0 and p < ¢, then X is finite (remember that >~ 1/(n+
1% is in P(N) iff pa .. .).

Solution. (i) For a.e. © € X we have

() [f @) = @) [f@)*" < |F@)P[FIESP integrating

/|f|q</ Sl p(/xmp) Tise

taking g—th roots of both sides:
1£llg < BTN FIP

To avoid trivialities we consider the case in which the right-hand side is finite and nonzero. When
integrating in (*), the inequality becomes an equality if and only if the set

{z e X |f(@) <|f(x)P|IfI145P} has measure 0;

this set is clearly contained in the cozero set {|f| > 0} of f, and coincides with

{z e X [f(@)]>0, [f()"" <|FIE"
and clearly it has measure 0 if and only if |f(x)| is constantly a.e. equal to its esssupnorm on {|f| > 0},
in other words |f| = || fllco Xcox(f); and for the right-hand side to be finite we need ||f|lc < oo and
1(Coz(f)) < co. To sum up: the inequality is an equality with finite nonzero sides if and only if | f] is of
the form r x g, with r > 0 and 0 < p(E) < cc.

(ii) We know that /(X)) = LP(X, M,u) if M = P(X), the power set of X, and p the counting
measure on P(X). It is trivial to see that ||fllec < || fl|p for every p with 0 < p < oco: for every
c € X one has [f()]P < X cx|f(@)P = [[flh, so that [f(c)| < [ fll, for every ¢ € X, and then
| flloc = sup{|f(c)| : ¢ € X} < ||fllp. Equality holds when || f|j«c = oo or when f = 0; excluding
these cases ||f||, has to be finite; then | f|lco = max{|f(z)] : € X}; if ||f|looc = |f(c)] > 0, then we
must have f(z) = 0 for all x € X ~ {c}; if not we have [|f[|5, = [f(c)]? < [f(c)lP + [f(x)]P < [Ifb
when f(z) # 0. Then equality holds in non—trivial cases iff the cozero set of f is a singleton. Finally,
from (i) we get || fllq < ||f||§/q ||f||(1,;p/q if 0 < p < g < oo; and since ||flleo < ||f|l, we conclude that

£l < IFIE N A2 = 1 £l

(iii) If X is infinite, then X contains a countably infinite subset N = {zg, z1, ®2,...}. Given a > 0
we consider the function f=1fa:X —>Rgivenby f(z) =0if z € X ~\ N, and f(z,) = 1/(n + 1)~
Clearly f € ¢P(X) iff pa > 1; the conclusion is immediate. O
EXERCISE 24. Define o : R — R by a(z) = 1/(1 — z) for 2 < 0, a(0) = 0, a(z) = e~ [1/*] for x > 0 (as
usual, [t] is the integer part of t, for every t € R).
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(i) Find all points of discontinuity of «, the jump of « at these points, and determine left or right
continuity of o at these points.
(ii) Plot v and the total variation function 7'(z) = Va(] — 00, z]); compute u(R), where u is the total
variation measure |\, | of the measure A, determined by «. Find the largest open set null for A,.
(iii) For A, find a Hahn decomposition, and describe the absolutely continuous and singular part with
respect to Lebesgue measure m on B;.
(v) Given f(z) = 27 = max{z, 0}, determine the set of all p > 0 such that f € LP(u). Is it true that

fel>u)?

Solution. (i) Clearly o is continuous on | — 00,0[. For z > 1 we have [1/z] = 0 so that a(z) = 1 for
z > 1. We have [1/z] =n € Niff n < 1/x < n+1, that is iff 1/(n +1) < 2 < 1/n. Then on the
left—open interval |1/(n + 1),1/n] the function o has the constant value e™"; « is discontinuous at all
points 1,1/2,1/3,..., and at these points it is left continuous, with a(1/n) = e™" = limg_, (1 /)~ (),
while lim, (1 /n)+ a(z) = e~ ™7Y; the jump at 1/n is then o4 (1/n) = e~ Y —e™ = e7"(e — 1).
Another point of discontinuity is 0, with lim,_,o- a(z) = 1, and lim, .o+ a(x) = 0 = a(0); at 0 we have
right continuity, and 0,(0) = —1.

FIGURE 13. Plot of «

FIGURE 14. Plot of T

(ii) With the previous information the plot of « is easy. For T since « is increasing on | — oo, 0] and
0 at —oo, for < 0 we get T'(z) = a(x) = 1/(1 — ), while T'(0) = 2; next we get T'(z) = 2+ S(x). where
B :]0, oo[— R is the right—continuous modification of a; T'(+00) = 3 = pu(R). Sets null for A, are those of
|Ao|—measure 0; it is quite clear that the largest open set of y—measure 0 is |0, 00[~\{1/n: n > 1} (any
larger open set will either contain a point 1/n, with measure pu({1/n}) = e "(e — 1), or 0, with measure
1({0}) = 1, or an open interval I of | — oo, 0], with measure a(sup I) — a(inf I) > 0).

(iii) The function « is increasing on | — 0o, 0] and on ]0, oo[, so that both these are positive sets; and
{0} is a negative set. Thus a Hahn decomposition is P = R*, N = {0}. The absolutely continuous part
is (X]—oo,0(/(1 — x)?) dm (or the measure associated to the monotone function z — 1/(1 — z) for 2 < 0,
x +— 1 for > 0); the singular part is the measure —dg + > ", e ™(e — 1) d1 /5.

(iv) Clearly the integral of f? is

[ £7@) duta) = 3= e = 1)

this sum is clearly finite for every p > 0. Then f € LP(u) for every p > 0. And it is easy to see that
f € L>(u): the set {f > 1} =]1, oo[ has clearly p—measure 0 (it is also easy to see that || f|lcc =1). O
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EXERCISE 25. Let (X, M, u) be a measure space; as usual we denote by LT (X) = L}, (X) the set of all
measurable functions with values in [0, oo].
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(i) Given f € LT(X) which of the following two statements is correct?
(a) If [ f is finite, then f € L'(u).
(b) If [ f is finite, then f coincides a.e. with a function g € L'(u).
(i) In X = R with Lebesgue measure consider the sequence f,, = X[n,o[- Notice that f, is a
decreasing sequence in L (R), and find the limit f; is it true that [, f = lim,, [ f,?
(iii) State Fatou’s lemma. Next, state and prove the analogous of Fatou’s lemma for limsup (with
the necessary modifications).

Solution. (i) The correct statement is (b). Functions in L™ (X) may assume the value +o0; we know
(LN, 3.3.5, corollary) that if the integral is finite then {f = oo} is measurable with zero measure.

(ii) The limit function f is identically 0, with zero integral, whereas [ f, = oo for every n, so that
also lim,, [, fn = o0

(iii) For Fatou’s lemma see LN, 3.3.6. We were reminded, from (ii) that for a decreasing sequence of
functions to have passage to the limit under the integral sign an hypothesis of finiteness of the integral
has to be added. Then we can state:

. Let f,, be a sequence of functions in LT (X). Assume that for some m € N the integral of f;, =\, fn

is finite. Then
/ limsup f, > lim sup/ fn
X n n X

Proof. The sequence f; is decreasing, converges pointwise to f* = limsup,, f, and | « J7 is finite as soon
as k > m; then [ f* =limp_o [y fi (LN, 3.3.6.2; alternatively, dominated convergence); since fi > f;
for I > k we have [ fr > [y fi for every I > k, hence also [ fi > sup;>y, [y fi; passing to the limit in
this inequality as k — oo we get

/X I (z /X hmfupfn) > limsup /X feo

as required. 0

REMARK. The hypothesis that f;, has finite integral for some m is equivalent to the hypothesis that
some function in Ll(u) dominates a.e. all functions fi for & > m: combined with Fatou’s lemma for
liminf the above in fact gives the dominated convergence theorem (another proof of)

O

EXERCISE 26. Let (X, M) be a measurable space and let p, v : M — [0, 00] be positive measures on it.
(i) Define absolute continuity of v with respect to u, v < p.
The £ — § notion of absolute continuity is the following:

Definition. The measure v is said to be € — § absolutely continuous with respect to u if for every € > 0
there is § = §. > 0 such that (|v(E)| =)v(E) < ¢ for every E € M with u(FE) < 6.

(ii) Prove that € — ¢ absolute continuity implies absolute continuity.

(iii) With X = R and M = B(R), Borel o—algebra of R, let u = m=Lebesgue measure, and dv =
2% dm. Prove that v < m, but that v is not € — § absolutely continuous with respect to m.

(iv) On a measure space (X, M, ) let p be a positive function in L>°(p), and let dv = pdu. Prove
that v is € — ¢ absolutely continuous with respect to p.

(v) Prove that if v is a finite measure, and v < p then v is also € — § absolutely continuous with
respect to p.

Solution. (i) For every E € M, if u(E) = 0 then also v(E) = 0. (ii) If u(E) = 0, then pu(E) < § for every
0 > 0 so that v(E) < ¢ for every € > 0, hence v(E) = 0.
(iii) We compute v([a,a + §)):

3 = (1+6/a)® —1).

For a — +o00 we have v([a, a + d]) — oo, and the € — ¢ condition cannot hold.
(iv) Trivial: for every E € M of finite p—measure we have

u<E>:/ de:/ngS/ lolloo dis = l|plloo 1(E),
E E E

a+é 31a=a+d 3_ 43 3
V([a,a+5]):/ z?dm = [x_] W:%

r=a
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so that, given & > 0 we take 6 = ¢/||p||oo and we get v(F) < e if u(FE) < 4.
(v) See LN,6.2.5.3: when v is finite then v < p implies that v verifies also the € — ¢ condition.
O

EXERCISE 27. Let (X, M, ) be a finite measure space, 1(X) < co. Assume that 0 < p < ¢ < 00
(i) Prove that there exists a constant C(p, ¢) > 0 such that for every measurable f : X — C we have

1fll> < C,a) 1 £1l;

and find such a constant.

(ii) We have LP(u) D L9(u), and convergence of a sequence in L7(u) implies convergence of the
sequence in LP(u), to the same limit; prove these statements.

(iii) Prove that LP([0,1]) 2 L9([0,1]), and that L>([0,1]) & (My<p<oo LP([0,1]); the measure is
Lebesgue measure.

Solution. (i) Remember (LN, 5.1.8) that we have

1l < w274 £ g,

for every measurable f € L(X). In fact, assuming first ¢ < oo, and applying Holder’s inequality to the
pair of functions |f|P,1 with conjugate exponents q/p, q/(q — p) we get:

[ = [ (] Iflq)p/q (/. 1q/<q-P>)(q_p)/q=u<X>1-P/q 1£12.

so we need only to take p—th roots of both sides. For ¢ = oo the inequality is immediate.

(ii) Is now trivial: f € L9(u) means that f is measurable and that || f||, < oo; the preceding inequality
says that then also || f]|, < o0, so that f € LP(u). Similarly, f,, — f in L9(u) means that || f — fn|lq = O;
since for p < ¢

1f = Fally < OV f = fallg
this implies ||f — ful|lp = 0 and hence f,, — f also in LP(u).
(iii) The function fu(z) = 1/z% is in LP([0, 1]) iff pa < 1; if pav < 1 but gae > 1, that is for o €]1/¢,1/p|

then fo € LP \ L. And logz is in (o, o, LP([0,1]) ~ L=([0, 1]). O
EXERCISE 28. Define F: R — R by F(z) = —e~1#l for 2 < 0, F(x) = /(22 — 22)* for 2 > 0 (as usual,
(22 — 2%)* = max{2z — 22,0} is the positive part of 2z — 22, for every x € R).

(i) Plot F.

(ii) Find the total variation function T'(z) = VF(] — o0, z]), the positive and negative variation Fl
of I, and plot all these functions.

(iii) For the signed measure v = pup associated to F describe a Hahn decomposition, and describe the
Lebesgue-Radon-Nikodym decomposition of v+ with respect to Lebesgue measure m on B;.

Let now f : R — R be defined by f(z) = 2% = max{z,0}.

(iv) Compute
Iz
R

(v) Prove that f € L°(|v|) and compute || f|| in this space.

Solution. (i) Easy:
(ii) We have T'(z) = e for x < 0; T(0) =2; T'(x) =2+ V2x — 2?2 for 0 <z < 1; T(x) =4 — 2z — 22
for 1 <z <2;T(z)=4forx>2. AndwehaveFi( )= (T(z) £ F(x))/2 so that
Fi(z)=0 (z<0);Fi(x)=14+v2x—22 (0<z<l1);Fi(x)=2 (1<)
F_(z)=¢" (m<0);F_(x):1 0<z<L;F(x)=2—+/(x—222)" 1<z
(in particular, F_(z) = 2 if 2 < x).
(iii) We can take P = [0,1] and @ = R~ P. Also
1-—2z z—1

/72$ ) X]O,l[(x) dSC; dv™ =¢e” X[—oo,O[(l'> dx + \/ﬁX]LQ[(z)

dvt =6p + dx.

) We have

/fd|1/| /fdu +/fdu / mdw—i—/ m
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=1 1 =2 2
{z\/Qz—zQ} —/ \/Qxfxzder[—z\/Qz—zﬂ +/ V2r —x?dx =
=0 0 r=1 1
1 2
17/ \/Qxfxzd:chle/ V2x —x2dx = 2.
0 1

(v) Since |v|(]2, +o0]) = 0 we have || f||cc = 2.

FIGURE 15. Plots of F (left) and T (right).
(the plots of Fy are omitted). O
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EXERCISE 29. Let (X, M, ) be a measure space; for simplicity we consider only real valued functions
on X, in particular here L!(u1) consists of real-valued functions only.

(i) Define (real valued) measurable simple functions, and prove that such a function f is in L!(u) if
and only if its cozero—set {f # 0} has finite measure.
We call S(p) the set of all simple functions which belong to L!(u).
(ii) Prove that a positive measurable function f : X — [0, 00[ is in L' () if and only if it is the limit

in L'(u) of an increasing sequence of positive simple functions in L!(u), and deduce from this
that S(u) is dense in L' (u).

Assume now that (X, M, u) is the Carathéodory extension of a premeasure (still called i) defined on an
algebra A of parts of X.
(iii) Prove that if E € M and u(E) < oo then for every € > 0 there is A € A such that u(A A F) <¢;
deduce from this fact that the subspace of .A—simple functions in S(u) is still dense in L!(p).

Solution. (i) A simple function is a function with finite range; real-valued measurable simple functions
are then functions f of the form f = Y/" | a X gk, where {E(k) : k =1,...,m} is a finite partition
of X into members of M, and {ai,...,an,} is set of m different real numbers (we are here talking of
the standard representation). The absolute value of such a function is then |f| = >°;" | || xp(x), and
by definition the integral of such a function is [y [f| = >_;-; |ax| u(E(k)); this is a finite value if and
only if u(E(k)) = oo implies |ax| = 0, that is, on a set of infinite measure the simple function must be
identically zero. The cozero—set of f is {|f| > 0} and is U{E(k) : |ax| > 0}; s0 f € LY(u) <= |f| €
L' (p) <= u({|f| > 0}) < oo has been proved.

(ii) Recall that every positive measurable function f is the pointwise limit of an increasing sequence
of positive measurable simple functions ¢, (LN, 3.2.3). If f € L'(u) then clearly ¢, € L*(u), and by
monotone convergence [ f =lim [ ¢y, which implies

Hf—@nHlZ/X(f—wn)Z/Xf—/chn%O for n — co.

Clearly any L' limit of a sequence of functions in L! is in L!. Given a real f € L*(u) we simply split fas
f = ft— f7;if @n,v, are sequences of simple functions converging in L'(u1) to f* respectively, then
©n — Yy, converges to f in L(u).
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(iii) The first part is LN, 2.3.4. Given a simple function in L'(u), f = >, ax Xgr) (where now
the value 0 of f, if present, is omitted so that oy # 0 and u(E(k)) < oo for every k € {1,...,m}) and
e > 0 we can pick for every k € {1,...,m} a set A(k) € A such that u(E(k) A A(k)) < e/, where
a=3 " lagl. If g= 37", o xa then g is A—simple, belongs to L*(y), and

If— gl :/ If — gl :/ ZakXE(k) *ZakXA(k) S/ Z|04k||XE(k) *XA(k)| =
X X k=1 k=1 X k=1

}jmu/Nmm»fmmn:EjMMME@»AA@DSa
k=1 X k=1

Then the closure of the set of A—simple functions in L!(u) contains S(u), which is dense in L!(1); then
this closure is all of L'(u).

REMARK. A more direct proof of the above is in LN, 3.3.15.
O

EXERCISE 30. Let (X, M, 1) be a measure space.
(i) What does it mean that E € M is of o—finite measure? when is the measure space called
o—finite?

An atom in the measure space (X, M, pu) is a set A € M with p(A) > 0 such that for every £ € M
contained in A we either have u(E) =0 or u(A\ E) =0.

(ii) If A, B € M are atoms, then either y(AN B) =0, or (AN B) = u(A) = u(B).

(iii) Prove that in a o—finite measure space an atom has finite measure.
Two sets A, B € M are said to be almost disjoint if n(AN B) = 0.

(iv) Let (An)nen be a sequence of pairwise almost disjoint sets in M, and let A =
that

nen An. Prove

pA) = 3 p(An).

(v) Prove that in a o—finite measure space a family of pairwise almost disjoint atoms is at most
countable.

Solution. (i) Lecture notes, 2.2.8. (ii) If u(AN B) > 0, then (AN (ANB)) =u(B~N(ANB)) =0
because A and B are atoms. Then p(A) = p(ANB) + pu(A~ (ANB)) = u(AN B) and u(B) =
(AN B) + u(B~ (AN B)) = u(AN B) by finite additivity; by transitivity u(A4) = u(B)(= (AN B)).
(iii) We can reproduce the argument given above that o—finiteness implies semifiniteness; at any rate, if
A, € M is an increasing sequence of sets of finite measure with union X, and A is an atom, we also have
ANA, T A, sothat if u(AN A,) =0 for every n we get u(A) = 0, a contradiction; then u(AN A,) >0
for some n, which implies p(A ~ A,) =0, and p(A) = u(ANA,) + p(AN An) = u(ANA4,) < oo.

OlAj). We have B C Ay,

(iv)Let’s apply the usual trick for making a disjoint union, By, = Ag \ (UzC

and if the Ay’s are pairwise almost disjoint then p(By) = u(Ag): in fact Ag \ B = A N (U?;& Aj) =
k-1

Uj—o Ak N A; is a finite union of sets of measure zero, and has then measure zero.

(v) Assume that E C X has finite measure, and let (A))aea be a family of almost disjoint atoms
contained in E; we prove that -, u(Ax) (:= sup{>_,cp #(Ax) : Fa finite subset of A}) < u(E); this
implies that A is countable (Lecture Notes, lemma 1.2.4). In fact, for every finite subset F* C A we have,
by (1), Yser #(Ax) = 1 (User Ax) < u(E). We have proved that any subset of X of finite measure
contains an at most countable set A(E) of pairwise almost disjoint atoms; since X = |J,,cy En, where
(En)nen is an increasing sequence of sets of finite measure, we have that A(X) = U,cnA(En) is a
countable union of countable sets, hence countable.

(]

EXERCISE 31. Let (X, M, 1) be a measure space, and let f € L(X) be a measurable function.
(i) Prove that
lim inf || fll, > [|f]lo
pP—00

(given 0 < a < || f||oo use Cebiceff’s inequality for LP to prove that liminf, . || f|l, > a).
(ii) Assuming f € LP(u) for some p > 0 prove that limsup,,_, . [|f[lp < [|f]lco-



30 GIUSEPPE DE MARCO

(iii) Find a Lebesgue measurable function f : R — R such that lim,_, || f||, exists, but is not equal

t0 || flloo-
i /°° e \Y"
nooo \ Jy  (L+a2)m

(iv) Compute the limit
and deduce from it the value of lim, . ((2n)!/(n!)?)'/" (use the Beta and Gamma functions to
evaluate the preceding integral; do this last part only if you spare some time).

Solution. (i) and (ii): LN, 5.1.1. (iii) Take the constant 1: its p—norms are all infinite, but ||1]|s = 1.
(iv) Clearly all p—norms are finite, so that the limit is the L>—norm of f(z) = 1/(1 + 22) in [0, o],
which is 1. To compute the integrals: first use the change of variables 22 = ¢, which gives
> d 1[0 ¢1/2 1 1 1(1/2)T(n—1/2
/ 71':_/ 7dt:—B(1/2,n71/2):— (/) (TL /)
o (A+a2H) 2/, (14t 2 2 I'(n)
We have T'(1/2) = 7'/2 and

n—1/2)I'(n—1/2 I'n+1/2 2n)l 4,

([ ) - Go) -1 000 ()™

as n — oo the left-hand side tends to 1, and also (n7/2)"/™ tends to 1; then the required limit is 4. [

so that

EXERCISE 32. Define F: R — R by F(z) = sgna e~ 7.
(i) Plot F.
(ii) Find the total variation function T'(z) = VF(] — oo, z]), the positive and negative variation Fy
of F', and plot all these functions.
(iii) For the signed measure v = up associated to F' describe a Hahn decomposition, and describe the
Lebesgue-Radon-Nikodym decomposition of v+ with respect to Lebesgue measure m on B;.

Let now f: R — R be defined by f(z) = |z|.
[,
R

(iv) Compute
Solution. (schematic) The plots are easy and we omit them. The total variation is T'(x) = €” for x < 0,
T(0) =2, T(x) =4—e * for > 0. The positive variation is F. () =0 for x < 0, FL (0) =1, F}y (z) =2
for z > 0; the negative is F_(z) = e” for x < 0, F_(z) =2 — e~ * for > 0. A Hahn decomposition is
P = {0} and Q@ = R~ {0}. The singular part is 2y, the absolutely continuous part is —e~1*l dm. We
have

for every p > 0
(v) Is it true that f € L>(|v|)?

/|f|”d|y| = 2|f(0)|1’50+/ lz[P e 1=l dm(z) :2/ e Tdr =20 (p+1).
R R~{0} 0

Then f € LP(|v|) for every p > 0. Clearly f is not in L*(|v)): for every o > 0 the set {z € R: |z]| > a}
is the union of the two half lines | — 0o, —a[U]a, 0o, of |v|—measure 2 exp(—a) > 0.
(]



