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1. ANALISI REALE PER MATEMATICA — PRECOMPITINO — 7 NOVEMBRE 2012

EXERCISE 1. Let (X, M, 1) be a measure space.

(i) Recall that E € M is said to be of o—finite measure if it can be covered by a sequence of sets in

M of finite measure. Prove that for E € M the following are equivalent:

(a) E has o—finite measure.

(b) E can be written as a countable disjoint union of sets in M of finite measure.

(¢) E can be written as the union of an increasing sequence of sets in M of finite measure.

(ii) Prove that if S = {F € M : E has o—finite measure} then S is a o—ideal of M, that is, S is
closed under countable union and the formation of subsets (i.e., if E € S, F € M and F C F,
then F € S).

(iii) Recall that an atom of infinite measure is a set A € M such that pu(4) = oo, and for every
E € M with E C A we have either pu(E) = 0 or u(A \ E) = 0. Prove that if A is an atom of
infinite measure and E has o—{finite measure then u(E N A) = 0.

The questions that follow are not related to the preceding ones

(iv) Let (¢ )nen be an arbitrary sequence of real numbers, with ¢y = 0, and let fo € L} (R). If we
define, for n € N, f,,(z) = 2" fo(4"(x — ¢,)), then the formula

f@) =" falx)
n=0

defines for m—a.e. x € R a function f € L. (R): give a careful explanation, quoting the relevant
theorems (m is Lebesgue measure).

(v) Prove that if g € L} (R) then liminf, ,, |g(x)| = 0; find a continuous g € L. (R) such that
limsup,_, ., |[g(x)] = oo (and this limsup remains infinite even after modification of g on a set of
measure 0).

Solution. (i) (a) implies (b): if E = (Jg—, Ak, withA; € M, with the usual trick we make the union
disjoint, setting By = Ag and B = A U;:Ol Aj; clearly p(Bg) < p(Ag) < oo, for every k € N. (b)
implies (c): if E = J; oy Bk, with By, € M (disjoint or not) and p(By) < oo, setting A, = (U, B we
have A,, T E and by subadditivity p(A,) < > 5o u(Bk) < co. (c) implies (a): trivial.

(ii) If (Fm)men is a sequence of sets of o—finite measure, and E,,, = J A n, with each 4,,, € M
of finite measure, we have

neN

Ue-U(Usn)= U o

meN meN \neN (m,n)eENXN

a countable union of sets of finite measure, since N x N is countable. Any measurable subset F' of a set
E of o—finite measure is of course of o—finite measure: if £ = (J; oy Ar we have F' = (J, oy F'N Ay, and
p(F N Ag) < p(Ag) < 0.

(iii) £ N A has o—finite measure, being a subset of F, as just proved; since every subset of finite
measure of an atom of infinite measure has measure 0, £ N A is countable union of sets of measure 0, and
has then measure 0.

(iv) We have:

d
Il = [ 2 1fo(2'(o = ealde =2 [ 101 5 = 55 [ 1fotolae = Lo,
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so that the series Y.~ || fnll1 = 2[|foll1 is convergent. The theorem on normally convergent series says
that then the series of functions Y-, f,(z) converges a.e. an in L} (R) to an f € L;, (R). We also have
Jg f(x)dx =2 [, fo(x) da.

(v) If iminf, o |g(z)] = a > 0, given 8 € R with 0 < f < « there is a € R such that |g(z)] > 8
for every x > a. Then |g| cannot have a finite integral: [, [g] > [i 6 X[a,00] = 00. To construct g as
required we may take fy continuous with support in [0,1], e.g, fo(z) = (1 — |22 — 1]) V0, and ¢, = n;
since f,(z) = 2" fo(4"(z —n)) has [n,n + 1/4™] as support, the sum f =77, f, is continuous (on the
interval ] — m, m[ the function f coincides with Y f,, a finite sum of continuous functions, hence a
continuous function, see the figure). It is clear that limsup,_, . f(z) = 0o, and that changing f on a set
of measure 0 cannot destroy this fact (for every a > 0 the essential supremum of f on [a, oo is c0). We

set g = f.

FIGURE 1. Plot of g = f (not on scale).

O

EXERCISE 2. Let a: R — R be increasing; denote by p = da the Radon—Stieltjes measure associated to
a. A Borel measurable function f : R — C is said to be locally in L'(p) if for every compact subset K of
R we have f xx € L'(p). For such an f, assuming for simplicity that ¢ € R is such that « is continuous
at ¢, we define F': R — C by

F(z) = fd,u(z/ fdu) forx >¢, F(x)=-— fdp forz <ec.
le,x] [e,x]

Jz,c]

(i) Prove that F is right—continuous and has finite left limits at every point (use dominated con-
vergence: if z, x, € I and x, | x, resp x,, T x increasing strictly, then the sequence Y, of
the characteristic functions of the intervals of extremes ¢, z;,, tends to ...). Compute the jump
F(z) — F(z~) and prove that if « is continuous at x then also F' is continuous at z.

(ii) Prove that if f > 0, then F is increasing, and as such defines a Radon—Stieltjes measure dF' on
the Borel subsets of R. Prove that dF = f du.

From now on we assume that « is continuous. Recall that if F, G are right—continuous increasing functions
F,G : I — R we have the formula of integration by parts:

/] , Fz7)dG(z) + . G(z) dF (z) = F(b) G(b) — F(a) G(a),

for every a,b € I, with a < b, so that in particular, if F is as above, with f > 0 locally in L!(1) we have

b
) |, 6@ 1@ ) = OGO ~ @ G~ | Faact)
(iii) Prove that formula (*) holds for every f locally in L!(u), of any sign and also complex—valued,
and not only for f > 0.

Solution. (i) Assuming first x > ¢, let x, be the characteristic function of the interval |e, x,]; if ©,, | =
then x,, < Xle,zo]s and , converges pointwise everywhere to X]e,x]-

If 2, T 2 (with z,, strictly increasing) then x, < Xjca, for every n, and x, converges pointwise
everywhere to xjc 5. In any case | f x»| < |f| xx, with K compact (K = [c, 2o] in the first case, K = [c, z]
in the second case); since this function is in L' (1) we can apply dominate convergence to show that

n— oo n n—oo

lim F(z,)= lim [ fxn,da= /( lim fx,)da= / f(lim x,)da.
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If z,, | z, then as observed above we have limy, ;0 Xn = X]¢,z) SO that

lim F(z,)= /f (lim o, da—/ fda = F(x),
n—oo n—oo ]C,CL‘]

so that F' is right—continuous at x. And if z,, T = with z,, < z for every n, then

lim F(z,) f (lim xp)da = f day
n—oo n—oo ]C,IC[
this proves that F'(z7) = f]c o f do; then
F(z)— F(z™) = fda— fda= fda = f(z)(a(zt) —alz™));

Je,2] le,a] {=}
in particular F' is continuous wherever « is continuous. The proofs for z < ¢ are similar, we only have to
change some signs.
(ii) Clearly F is increasing : one easily sees that if 1 < zo, with 1, 22 € R then

F(z3) — F(z1) = / fda >0 (by positivity of f).

|z1,22]
Moreover, for every compact interval [a, b] we have
F(b)—F(a™) = fda,
[a,b]
so that the measure dF and f da coincide and are finite on compact intervals, and hence on every Borel

set, since the set of compact intervals is closed under intersection and generates the Borel o—algebra.
(iii) For real f we write f = fT — f~, and we have the formulae:

b
| 6@ £ @) duta) = FL0)GO) - Fe@Gla) ~ [ Fila) dG(a)

la,b]
b
t/G@N(@w&)ll@G@FJMQMKHF@Mmm,

where of course Fiy(x) = sgn(z — ¢) f]c,z] f*da. Subtracting the second formula from the first we get
the result. Similarly, for complex f we use real and imaginary parts: the general formula, for a non
necessarily positive f, is due to its linearity in f and F. O
EXERCISE 3. Let f : R? — C be defined by f(z,y) = e~ ¢ For a > 0 let E(a) = [0,a] x [0, 0],
E = [0,00[? the first quadrant.
(i) Prove that f € L'(E(a)) and that f ¢ L'(E).
(ii) Reduce the integral of f on F(a) to one dimensional integrals; compute then the limit
lim f(z,y) dxdy
a—00 E(a)
in terms of these integrals, and deduce from it the value of the generalized integrals:
h cos? dt; - sint dt
o Vi 0o Vi
(Fresnel’s integrals; they are not Lebesgue integrals, being non—absolutely convergent).
A careful application of the theorems of Tonelli and Fubini is required. It is useful to know that

o, 1/« g2 /°° dy m
e Widy==y/— (a>0) dy = = —.
/0 v=3ya @70 /0 1+ YT Ty 22

Solution. (i) The function f is continuous and hence Borel measurable. We have |f(z,y)| = e~ so

that o—a - ] -
/ |f(z,y)| dedy = / (/ e~ dy) dr = dr < oo for every a > 0,
E(a) =0 0 0 2V

while - \f
fa,y)| dedy =

|1yl 2

(i) is proved: by Tonelli’s theorem we have f € L'(E(a)) and f ¢ Ll(E).

dr = 00
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(ii) Since f € L'(E(a)) Fubini’s theorem applies and we get

Yy=0oo
f(z,y) dedy = / </ e ™ dy) o dy = Y~
E(a) =0 y=0
Yy=00 r=a ) 0 —(y —i)x r=a
(e [ e
y=0 z=0 0 y- = =0
0 | _ =7 ~i)a > dy % o—(y*—i)a
————dy = / . —/ —5—dy.
/0 Y2 —i o yr—i 0 Y2 —i
Notice now that e~ =De| = ¢=¥*a |gia| = ¢=v"a and that 1/|y* —i| < 1; as a — ~+oo the function

Y = e~ (Wi converges to zero for every y > 0 (its module is e_yZ“)7 and for a > 1 all integrands are
dominated by e~¥", which is in L*([0, 00[). Then

o0 o—(y*—i)a

a—o0 [ y2 —1
> dy 0 o= (¥’ +i)a
[ [,
o Yy —1 0 ym -
taking limits as a — +o00 we get

= dy + = —(141),
f y? —i o T+t T Ty 2\/5( 2

and equating real and imaginary parts:

Since

f(z,y)dzdy = ~5~

E(a)

Too

cosm /Too smx T
0 2

2. ANALISI REALE PER MATEMATICA — PRIMO COMPITINO — 17 NOVEMBRE 2012
EXERCISE 4. Let (X, M, ) be a measure space, and let u,, fn, v, be sequences in Llﬂ (X,R), pointwise
converging a.e. to u, f, v, respectively; assume that u,v € L*(u) and

Un(2) < fo(x) <v,(x) for every n € Nand ae. z € X;  lim / un:/ u;  lim / vn:/ v
X b

n—oQ b'e n—oo X

(i) Prove that in these hypotheses also f € Lt(X, R) and lim, o [y fn = [y f: use only Fatou’s
lemma for the proof, and not the dominated convergence theorem.

(ii) State the dominated convergence theorem.

iii e generalized dominated convergence theorem says that if f,,, g, are sequences in , point-

iii) Th lized dominated th that if in L'(p int
wise converging to f and g respectively, |fn| < g, and [y gn — [y g < o0, then f € L'(u) and
f x o — f + f. Prove this theorem using the previous result (i) on the three sequences.

Solution. (i) Clearly u(z) < f(z) < v(x) for a.e. x € X. Since u,v € L*(u) by hypothesis we have also
f € LY (u) (e.g. because —v < —f < —u, so that |f| = f V (—f) < vV (—u), and the V of two functions
in LY(u) is in L'(p); at any rate, it is clear that | f| < |u| + |v|, and this function is in L!(u) because u
and v are in L!(u) by hypothesis).

Apply Fatou’s lemma to f,, — u, > 0, obtaining

/ lim inf(f,, — uy) Sliminf/ (fn — up) = liminf (/ fn— / un> =
liminf/ fn— lim un = liminf/ fn —/ U
the left hand side is [, (f —u) = [y f — [ u, so that we get

/f—/ugliminf/fn /u<:> f<11m1nf/fn.
X X n—oo n—oo
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Now apply Fatou’s lemma to the sequence v, — f, > 0, obtaining
/ lim inf (v, — fn) Sliminf/ (vp, — fn) = liminf (/ / fn> =
X n—oo n—oo X n—oo
lim Uy, + lim inf (—/ fn> :/ v—hmbup/ fns
n—oo [y n—o00 X n—oo

the left hand side is [ (v — f) = [y v — [ f, so that we get

/y—/fg/v—limsup/ fn = limsup/ fng/fv
X X X n— 00 X n—00 X X

which combined with the previous result yields [y f = lim, o [ fn; (i) has been proved.
(i) See the Lecture Notes.

(iii) |fn] < gn is equivalent to —g,, < fn, < gy, if f, is a real valued function; we simply set u, = —g,
and v, = gn, and the hypotheses are all verified: clearly [y u, = — [y gn = — [y g, etc. For f, complex
valued, use real and imaginary parts. O

REMARK. Fatou’s lemma applies only to sequences of positive functions! Many applied the lemma
directly to the sequences u,, < f, < v,, a very serious blunder.
Moreover, some incorrectly presumed the following: if g, € L/i(X ,R) is a sequence converging a.e.

to g € L,(X,R), and [y gn — [y g, then [y |gn| — [¢lgl, or [y g5 — [y g%, or even more, g,
converges to g in L}L(X, R). This is in general not true when g, may change sign. Let X = [0, 1] with
Lebesgue measure m, and let g, = n? (X]0,1/(2n)] = XJ1/(2n),1/n])- Then g, € LY(m), limy, o0 gn(x) = 0
for every = € [0, 1], so that the limit function 0 is in L*(m); moreover f[O.l] gn = 0 for every n, so that

lim,, 0 f[O,l} Jn = f[o_” g = 0; but g =n? X]0,1/(2n)] and g,; = n? X]1/(2n),1/n] are such that

Jo#t = fo =3
gn: gn:7_>007
0,1] 0,1] 2

whereas, of course, lim, ;. g7 (x) = lim, s g, (x) = 0 for every z € [0, 1].

EXERCISE 5. Let p be a positive finite measure on the Borel subsets of R, 0 < u(R) = a < oo; we also
suppose that (] — 00,0[) = 0. Let F(z) = u(] — 0o, z]) be the right continuous distribution function of
W, with initial point —oco

(i) Under what condition on p is F(0) = 0?

(ii) Denoting by m the one-dimensional Lebesgue measure, compute p ® m(T'), where

T ={(z,y) eR*: 0 <y < u},

and deduce from it the formula
oo
/ xdu(z) = / (F(00) — F(z))dz (dz = dm(x)).
[0,00][ 0

Is it true that the identity function f(x) = z belongs to L!(u) if and only if z + (F(c0) — F(z))
belongs to L. ([0, 00[)?
(iii) Prove that the formula

o(z) = / cos(xt) du(t) defines a continuous function ¢ : R — R.
[0,00]

(iv) Assume that F(t) = F(oo) + O(1/t?) for t — co. Prove that then the function ¢ defined in (iii)
belongs to C*(R).

Solution. (i) Clearly F(z) = 0 for every & < 0, so that F/(0~) = 0; then the jump of F at 0, namely
F(0) — F(0~) = u({0}) coincides with F'(0): F(0) = 0 iff u({0}) = 0.

(i) T is closed in R?, hence Lebesgue measurable; both measures are o—finite, i even finite; then, if
TY={z eR: (x,y) € T} = [y,o00[ if y > 0, and otherwise TY = {:

u®m(T)=/

[0,00]

W(T) dmly) = [ (F(o0) ~ F(y ) dmly);

[0,00]
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The set of discontinuities of the monotone function F' is at most countable, hence of Lebesgue measure
0, so that F'(y~) = F(y) for m a.e. y € R, and

/ (F(oo) — F(y™)) dm(y) = / (F(0o) — F(y)) dm(y).
[0,00( [0,00[

Now we integrate exchanging the variables; for every z € R we consider the x—section of T, T,, = {y €
R: (z,y) € T} =10,2] if x > 0, otherwise T, = (). We get

pem@ = [ mE)due) = [ du).

[0,00] [0,00[

We have proved, as requested, that

pem() = [

[0,00]

(F(c0) - F(y)) dm(y) = / zdp(z).

[0,00]
Since p(] — o0, 0[) =0, f(z) = z coincides p—a.e. with f*(z) =|f(x)| = |z| on R, so that

/[Om] vdu(o) = [ Jol dute).

and the formula just proved implies that || f|l1 = [} (F(c0) — F(y)) dm(y); the answer is yes (notice also
that F'(co) — F(y) > 0, because F' is increasing).

(iii) The function @ ~ cos(zt) is continuous for every ¢, and | cos(zt)| < 1, with the constant 1 € L ()
since p(R) < oo. The theorem on continuity of parameter depending integrals then applies, and proves
continuity of ¢.

(iv) We have

ox

If t + |t| is in L' (), the theorem on differentiation of parameter depending integrals says that ¢'(z)
exists for every z € R, and

é(cos(:z:t)) = —tsin(zt), so that ‘ai(cos(xt))‘ = |t| | sin(zt)] < |¢].

o () = / (—t sin(at)) dp(t);

and then the continuity part of the theorem implies that this function ¢’ is continuous. In (ii) we have
seen that the identity function of R is in L!(p) if and only if ¢ — F(co) — F(t) belongs to L1 ([0, oo).
The hypothesis says that there is a constant £ > 0 and b > 0 such that 0 < F(oo) — F(t) < k/t? for
t > b; on [0,b] the function is of course bounded. Then t +— F(oo) — F(t) belongs to L. ([0, 00[). Thus
¢ € C1(R), and the derivative is obtained by differentiating under the integral sign. O

EXERCISE 6. Let (X, M, ) be a measure space. We say that a sequence f, of measurable functions
converges to 0 in measure if for every t > 0 we have lim, o u({|fn| > t}) = 0.

(i) Using Cebiceff inequality prove that if || f,||1 — 0, then f, converges to 0 in measure.
(ii) With X =[0,1] and p Lebesgue measure, let f, = nxjo,1/n]- Is it true that f,, converges to 0 in
measure? and in L'(p) also?
(iii) Assume now that f,, is a uniformly bounded sequence of measurable functions on X (that is,
there is a constant M > 0 such that || f,|lcc < M for every n € N), and that u(X) < co. Prove

that if f,, converges to 0 in measure then it converges to 0 in L!(u) (given & > 0 write

X {lfnl>e} {Ifnl<e}

and estimate separately the two terms).

(iv) A sequence f,, of real-valued measurable functions converges to 0 in measure if and only if the
sequence arctan f,, converges to 0 in measure.

(v) On a finite measure space a sequence f, of real-valued measurable functions converges to 0 in
measure if and only if the sequence arctan f,, converges to 0 in L!(u).

Solution. (i) For every t > 0 and every n € N we have u({fn > t}) < (1/t) [y [ful = (1/t) || fall1; letting
n — oo in this inequality we get lim, oo u({fn > t}) = 0.

(i) Given t > 0 we have that {|f,| >t} = {f, >t} =]0,1/n] for n >t (and {f, > t} = 0 for n < ¢)
so that u({|fn| >t} = 1/n tends to 0 as n — oo, and f,, converges to 0 in measure. On the other hand
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lfnlll = f[o 1 fndm =nm(]0,1/n]) = 1 for every n, so that f,, does not converge in L. ([0,1]) (to 0, or
to any other function).
(iii) Accepting the hint we write

(%) /\fn|=/ Ifn|+/ |fn|§/ M+/ C <
X [ fn]>e {Ifnl<e} | fn]>e {Ifnl<e}

<M p({|fnl > e}) +ep({lful <e}) < M p({|ful > €}) + € u(X);

by hypothesis lim,, o p({|fn] > €}) = 0, so that we may pick n. € N such that if n > n. then
u({|fn] > €}) < e/M; then

||fn||1:/X|fn|S(1+u(X))€ for n>n.:

the proof of (iii) is completed.

(iv) Since arctan is odd we have |arctan f,| = arctan(|f,|) for every real valued function f,,. Then,
if 0 < ¢t < w/2 we have {|arctan f,,| > t} = {arctan|f,| > t} = {|fn] > tant} (if t > 7/2 we
have {]arctan f,| > t} = 0). From this the result is immediate: if |f,| tends to 0 in measure then
limy, 00 p({|fn] > tant}) = 0 for every ¢ €]0,7/2[, implying that arctan f,, tends to 0 in measure. And
if arctan f,, tends to 0 in measure then for every ¢t > 0 we have lim,,_,o p({arctan|f,| > arctant}) = 0,
proving that |f,| tends to 0 in measure, since {|f,| >t} = {|arctan(f,)| > arctant}

(v) Simply combine (i), (iii) and (iv): if f, tends to 0 in measure then arctan f,, also tends to 0 in
measure, by (iv); since u(X) < oo, and |arctan f,,(z)| < 7/2 for every n € N and every x € X (iii)
implies that arctan f,, tends to 0 in L*(x). And if this happens, then arctan f,, tends to 0 in measure, by
(i), and by (iv) then also f,, tends to 0 in measure.

REMARK. In (ii) many write f[O,l] fn =nu(]0,1/n]) (correctly); then instead of saying that 1(]0,1/n]) =
1/n an hence that the integral is always 1, for every n, make complicated computations ending with the
conclusion that lim,,_, o f[O,l] fn =0

In the proof of (iii) many argue in the following way: passing to the limit as n tends to oo in (*) one
gets limy, o0 [y [fn| < €p(X), hence the limit is 0 because ”one can take € tending to 0”. This way of
arguing is of course incorrect, we cannot write lim,, .o f X | /| if we do not yet know that the limit exists.
A correct way of reasoning along these lines is: in the inequality

/X Ful < M ({1l > <)) + 2 ()

take the lim sup on both sides as n — oo, obtaining (since lim, o u({|fn| > €}) =0)

lim sup /X [l < limsup(M p({|fa] > £)) +2 (X)) = £ p(X).

n—oo

Since ¢ > 0 is arbitrary, this implies limsup,, ., [y [fn| = 0, hence also lim,_,o [y [fn] = 0, since

[x [fa] = 0.
O

ANALISI REALE PER MATEMATICA — SECONDO PRECOMPITINO — 21 GENNAIO 2013

EXERCISE 7. (10) Let B,, be the o—algebra of Borel subsets of R™, and let p : B,, — [0, >0] be a Radon
measure. We consider the set V = {V CR" : V open, u(V) =0} and set A =), V.

(i) [3] Prove that p(A) = 0 (caution: in general V is not countable. However, R™ has a countable
base for its topology ... ).

The closed set S = Supp(p) = R™ \ A is the support (topological support if emphasis is needed) of the
measure yu: S is the smallest closed set that supports p, in the sense that R™ ~\. S is null for pu.

(ii) [1] What is the support of Lebesgue measure on R"™?

(iii) [2] Let D € R™ be a countable set, let p : D —]0, oo[ be summable (i.e. > ., p(z) < 00) and let
v : B, — [0,00[ be defined by v(A) = > . s~p p(x). What is Supp(v)? (remember that it has
to be a closed set, with complement of null measure .. .).

(iv) [1] Give an example of two mutually singular measures, both having as topological support all
the space R™.
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(v) [3] Let f € L (R™) be positive, and define (E) := [}, f dm for every Borel set E. As usual we
set

Arf(x):]i( ]fdm for every z € R"” and r > 0.

Prove that if limsup,_,o, A, f(z) > 0 then 2 € Supp(u). Conversely, assuming = € Supp(u) does
it follow that limsup,._,q, A, f(x) > 07

Solution. (i) Given a countable base C for the topology of R™ (e.g. all open cubes with center in Q™ and
rational side length) we have V = |J{C € C: C C V'} for every open set V, so that

A=Jv= Jlcec:ccv}

Vey vey
now C' C V and p(V) = 0 implies u(C) =0, and C € C, u(C) = 0 implies C' € V. Tt follows that the set

{CeC:CCV, for some V € V},
coincides with the set {C € C: p(C) =0} =CnNV. Then

A=|J{cec: pc) =0}

and hence u(A) = 0 by countable subadditivity, because this last is a countable union.

(ii) Every non—empty open subset of R™ has strictly positive Lebesgue measure, as often remarked.
Then the support of Lebesgue measure is all of R™.

(iii) An open subset of R™ has v—measure 0 if and only if it is disjoint from D. Then A is the union of
all open subsets of R™ disjoint from D, and its complement, support of v, is D, the closure of D in R".

(iv) We may take Lebesgue measure m and v as above, v, with D = Q" dense in R", so that
Supp(v) = R, too. Since m(Q™) = 0 and v(R™ \ Q™) = 0 the measures are mutually singular.

(v) If the limsup is strictly positive then we have

u(B(x, r])

AT = B

>0 for every r > 0,

in particular p(B(x,r]) > 0 for every » > 0. Then x belongs to the support of u, since p(B(x,r]) =
w(B(z,r[) > 0 for every r > 0. But « € Supp(p) is exactly equivalent to u(B(z,r[) > 0 for every r > 0
and does not imply limsup A, f(z) > 0: take e.g f(z) = || on R' and x = 0; we have Supp(u) = R,
since every open non empty interval has clearly strictly positive measure; and since f is continuous

Tim_A,f(0) = £(0) = o] = 0.
O

EXERCISE 8. (10) For 1 < p < oo and § an open subset of R® we denote by L () the set of all

loc

measurable functions f : Q@ — K such that f xx € LP(Q2) for every compact subset K of Q.

(i) [4] Prove that L () is a vector subspace of the space of all measurable functions from 2 to K,
containing all bounded measurable functions and in particular all constants, and that if p < ¢

then L} () 2 L{ (Q) (for this last, you may assume n = 1).
(ii) [6] Given 1 < p < oo and f € LI (Q) we say that 2 € Q2 is a Lebesgue point for f, as a function
of LY () if

lim |f(y) = f2)[P dy = 0.
r—0+ B(z,r]
By imitating, mutatis mutandis, the proof given for L] prove that almost all points of Q are

Lebesgue points for f as a function of L} .

Solution. (i) Since m(K) < oo, spaces LP (K) decrease as p increases, and LP(K) D L*°(K) for every p.
If ¢ € Q we know that the function f,(z) = 1/|x — ¢|* is summable in a nbhd of ¢ iff & < n; then f, is
in LI (Q)iff ap<n <= a<n/p;ifn/qg <o <n/pthen f, € LI (Q)~ L (Q).

(ii) For every ¢ € K and f € LV (Q) the function z — |f(z) — ¢[P is in L{ (), so that, by the
differentiation theorem:

111%1+ Arlf — ¢l =|f(x) —c|P for every € R" \ E(c), where m(E(c)) = 0.
r—
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Let D be a countable dense subset of K, and let £ = |J..p £(c). Then m(E) = 0. Let’s prove that
lim, o+ fB (@] |f(y) — f(x)|Pdy = 0 for every x € QN E. Given x € Q \ E and ¢ > 0 pick ¢ € D such

that | f(z) — ¢|P < &; then

hmmqﬁ@ﬂV@)—ﬂ@?@éhmmm<ﬁmﬂ@ﬂw—d+c—f@ﬂ“@)—

r—0+ r—0+

lim sup <2P1 ]{9( } [f(y) =P dy + 277" e — f(af)lp> =

r—0t
2”’1limsup][ [f(y) =P dy + 27 |f(2) — o <
r—0t JB(z,r]
< U9 f(a) — P < e,
O

EXERCISE 9. (16) Let f : R — R be defined by f(z) = e~ if 2 < 0; fl@) = (1—=cos(mz))/2if0 <z < 1;
flz)=e @D if £ > 1.
(i) [3] Plot f. Describe the function T'(z) = Vj_o 1 f, plot it, and write f as the difference of two
increasing functions.
(ii) [1] Find a Hahn decomposition of the signed measure p.
(iii) [4] State the Lebesgue-Radon—Nikodym theorem, and find the decomposition for p into absolutely
continuous and singular part with respect to Lebesgue measure m.
(iv) [4] Given u(x) = z, compute all four integrals

/ui dp®  and also /udu.
R R

(v) [4] Define now g : R — R as f(x) above if « ¢ [0,1[, and for 0 < z < 1 set g(x) = ¢(x), where
¥ :[0,1] — R is the Cantor function with &,, = (2/3)™. How does the answer to (iii) change, with
v =dg? can you still compute (with u(z) = z, as in (iv))

/udz/?
R

(you may use the fact that fo x)dr =1/2).
Solution. (i) The plot of f is easy:

FI1GURE 2. Plot of the function f.

Since  — f(z) has limit 0 at —oo and is increasing in —oo, 0] we have T'(x ) flz)=¢e =% for z < 0.
Since f is right—continuous T is also right—continuous; moreover T'(0) = T(0%) = T(07) + 1 = 2, where
1 is the absolute value of the jump of f at 0. For xz € [0,1] we have T(x) = T(0) + ) f(O) =
24 (1 — cos(mzx))/2. Finally on [1,00[ f is decreasing so that T'(x) = T'(2) + f(2) — f(x) — e~ (@=1),
Here is the plot of T

Write A(z) = (T(z) + f(x))/2; we have A(zx) = e =" for z < 0, A(x) = 1+ (1 — cos(mx))/2 for
0<z<1and A(z) =2 for z > 1, while B(z) = (T(z) — f(z))/2is 0 for < 0,is 1 for 0 <z < 1, and
is3—e @D for x> 1.

Of course pu* = pa and p~ = pp. (ii) A Hahn decomposition is P =] — 0o, 0[U]0, 1], positive, with
complement @ = {0} U [1, oo, negative.

(iii) For the statement of Radon—Nikodym theorem see the Lecture Notes. The singular part of p is
—do, the regular part is f' dm, where f’ is the classical derivative of f where it exists, that is in R~ {0, 1}:

Fla)=—-22e" x<0; fl(z)= gsin(ﬂ'ac) O<z<1l; fla)=—e D z>1.
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FIGURE 3. Plot of the function T

B —

FIGURE 4. Plot of the functions A, B.

(iv) Since [ uddy = u(0) = 0 there is no contribution to the integrals from the singular part. Of

course ut (x) = z for x > 0, and u*(z) = 0 for < 0, while u~(z) = 0 for z > 0 and v~ (z) = —z for
z < 0. Then
! 11— cos(nx) 1 1
/u+d,u+:/m(f())dx—mf /f )—/ PN dr=1—- = = Z.
R 0 2 2 2
[utaw == [ a(r@)de = - r@l5 +/ F(r)dz = —0— f(1)] +1=2,
R 1
0
/u_ dpt = / (—z) f'(z)dz = [(—33) e " } —/ (—1)e ™ dz =0+ YT _ ﬁ
R -0 T=—00 oo 2 2
and, finally
/u_ du~ =0
R
Then

1
/udﬂz/u*du*—/u*d,u’—/u*d/ﬁ—k/u*du*:f— —ﬁ:—§—ﬁ.
R R R R R 2 2 22

(v) The singular part is now —dy + dip, where di) is the Radon measure of the Cantor function. The
only integral that may change is [, u™ du™, which is now f 0.1 % d. Using again integration by parts we
get

| wtv=—v@rT - [ wwdi=1-5 =3
[0,1] [0,1]
(unchanged!). O

ANALISI REALE PER MATEMATICA — SECONDO COMPITINO — 26 GENNAIO 2013

EXERCISE 10. Let f: R — R be defined by f(z) =1/(1-2)3ifx <0; f(z) = (z+¢(2))/2if0 <z < 1,
where 9 is the Cantor function with &, = (2/3)" ; f(z) =1 —1/2% if x > 1.
(i) Plot f. Describe the function T'(z) = V f(] — o0, z]), plot it, and write f as the difference of two
increasing functions A, B; plot A and B.
(ii) State a theorem which implies that any signed measure can be written as the difference of two
positive measures, and find a Hahn decomposition of the signed measure pu = df.
(iii) Find the decomposition for p into absolutely continuous and singular part with respect to
Lebesgue measure m.
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(iv) Determine the set of p > 0 such that u(x) = |z| belong to LP(|u|). Compute

/ wdlyl.
R

Solution. (i) The plot is very easy

Ficure 5. Plot of f.

Notice that f is right—continuous, so that 7T is also right continuous; we have T'(z) = g(z) = 1/(1 —x)3
forz <0, T(0) =2, T(z) =2+ f(z) =2+ (x +¢(z))/2 for x € [0,1], T(1) = 4, T(z) = 5—1/23 for
x> 1.

|
[N
N

FIGURE 6. Plot of T'.

We have A(z) = (T(z) + f(2))/2, and A(z) = f(z) = 1/(1 —2)3 for < 0, A(z) = 1+ f(z) for
0<uz1, A(x) =3 —1/23 for x > 1. For B(z) = (T(x) — f(z))/2 we have B(x) =0 for x < 0; B(z) = 1
for z € [0,1], B(z) =2 for x € [1,0].

(ii) For the statement see Lecture Notes, 6.1.3, the Hahn decomposition theorem. A Hahn decompo-
sition in our case is P =R~ {0,1}, Q@ = {0,1}.

(iii) The absolutely continuous part is f’(x) dm where

if x<0;f’(x):% if 0<x<1;f’(x):% if x>1.
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FI1GURE 7. Plot of the functions A, B.

the singular part is

dyp
kAN SRR
9 0 1
remember that ¢/(x) = 0 a.e. in R. (iv) The measure |u| is
d
ul = f dm + 7¢ + 60+ 6.

We have u € LP(|u|) if and only if u? € L' of each of these four measures. Clearly u? € L'(&y) (with
integral 0) and u? € L'(d;) (with integral 1) for every p > 0; moreover u? € L!(dy) for every p, since
u? is bounded on [0, 1], a set of di) measure 1 containing the support of dip. We have to find the set of
p > 0 such that u? € L*(f dm), the absolutely continuous part of |u|. This is equivalent to finding the
set of all p > 0 such that the integrals

1 0 o]
d 3d. 3d
/ 2? =, / 2l / e
0 2 —0o0 (1 71:) 1 €

are all finite. The first integral is finite for every p > 0; the second and third are finite iff 4 —p > 1 <=
p < 3 (as x — Foo the integrand is asymptotic to 1/|z|*~?). Sou € LP(|u|) if 0 < p < 3. For the integral:

1
/ud(5o+51):u(0)+u(1):1;/ xdﬁzl;
R o 2 4

0 oo
/ |$|74:(sett1ng1—x:t):/1 3(1_t)t7;

oo (=2
[
1 zt’

summing the last three integrals we get the contribution to the integral of the absolutely continuous part,

that is
1 dr 1 5
-+3 — =—-+1=-.
4+/1. x4 4+ 4

It remains to compute the integral f 0,1] % di /2; integrating by parts we get

and

/lecw:[wuné—/olw)dx:l_ 11

2 2
1 5 5
udlp|=1+-4+-=—.
/R il 4 4 2

Then

O

EXERCISE 11. Let (X, M, 1) be a measure space, and let F = F(u) be the ideal of sets of finite measure,
F={AeM: pu(A) < oo}; recall that F is a metric space under the metric

p(E,F)=uE A F)=|xe—xrl,
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provided that we identify sets E, F' with zero distance, i.e. such that u(E A F) =0. If f: X — K is
measurable and f xg € L'(u) for every E € F, we can define a set function v = vy : F — K by

v(E) ::/ fdu.
E
(i) Prove that v is countably additive, and that for E, F € F we have
()~ v(F)| = W F) - v(F~E) < [ |1ldn
EAF

(ii) Given f € L*(u), prove that v can be defined and that |v(F)| < ku(FE) for some k& > 0 and
deduce that v is Lipschitz continuous from F to K.

(iii) Assume now that f € LP(u) for some p, 1 < p < co. Prove that v can be defined, and that there
is k > 0 such that

W(E)| <k (u(E))Y? for every E € F;
(here ¢ = p/(p—1) is the exponent conjugate to p). Deduce that v is still a uniformly continuous
function from F to K.

(iv) Finally assume f € L'(u). In this case the formula v(E) = [}, f dp defines v on all of M. Prove
that on F of this function is still uniformly continuous.

A function f : I — K, where I is an interval of R is said to satisfy a Hélder condition of exponent «
(where 0 < a < 1) if there is a constant k > 0 such that | f(x2) — f(21)] < k |z —x1|* for every 1, x4 € I.

(v) Prove that if f : [0,1] — K is absolutely continuous and f’ € L2 ([0,1]), p > 1 then f satisfies a
Holder condition of exponent 1/¢ = (p — 1) /p.

(vi) Assume that f :[0,1] — R is absolutely continuous, f(0) = 0 and f’(z) = 1/(z (1 + log® z)) for
x > 0. Find f, and prove that f does not satisfy a Hélder condition, for no exponent o > 0.

Solution. (i) We have to prove that if (E,,),en is a disjoint sequence of sets of finite measure, with union
E = U, ey En still of finite measure, then v(E) = > ° (v(E,). Setting f, = f xg, and g = f xg, this

is equivalent to say that
gdp = / fn dp,
feom=2,

and this is an immediate consequence of the theorem on normally convergent series: since the f, are
pairwise disjoint, we have |g| = > > | f,| (pointwise), so that by the theorem on series with positive

terms we have
o0 oo
[ lsldn=> [ 1l du. cquivalently gl = 3" 14l
X n=0"vX n=0

which implies, as well-known, using the dominated convergence theorem, that the integral of the sum is
the sum of the series of integrals, exactly what required .
Trivially we have, for every E € F:

o) =| [ raul < [ 171n
E E
By additivity, for E, F' € F we have:

W(B) — v(F)| =|(W(E~ F) + v(ENF)) — (W(F ~ E) + v(ENF))| = [W(E~ F) — v(F ~ E)| <
SWEP+ DI < [ Afdes [ il [ i1
(ii) If f € L>(u) clearly fxg € L'(u) for every E € F, so that v is defined, and by (i)
W(E) - v(F)| < / Fldu < ||l 0(E 5 F) = k p(E, F),
EAF

so that v is Lipschitz continuous,with k = || f||cc-
(iii) Using Hoélder inequality applied to |fz| and the constant 1 on £/ € F we have, for E € F:

v < [ i< ([ Iflpdu)l/p (f 1qdu>1/qé (/. lflpdu)l/p (W(B) M = | £l (u(B))
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and arguing as above we get, for E, F' € F:
B B < [ Al [ fde= [ iflde
ENF F\E EAF
and, with & = || f||,

[E Al < 1 G o P = k(B )

This of course immediately implies uniform continuity of v: given € > 0 take § = (e/k)9.

(iv) In this case v : M — K is a finite measure, absolutely continuous with respect to u, and hence
also (g,d)—absolutely continuous; and this is exactly the needed uniform continuity; by the preceding
argument in fact we have

W(E) — v(F)| < /EAF |l dp = W|(E & F);

now given € > 0 we find § > 0 such that u(G) < ¢ implies |v|(G) < €, we are done (setting G = E A F)).
Recall the proof of (e,d)—absolute continuity, by contradiction: if there is e > 0 such that for every
n € N we find F,, € M with u(F,) < 2"+ and |v|(F,) > ¢, then setting F = limsup,, ., F,, we have
w(F) =0 and |v|(F) > ¢, a contradiction (Lecture Notes, 6.2.5.3,4).

(v) Since f is absolutely continuous we have f(zq) — f(xl) = f[arl,x2] f'(x) dz so that

[ r@al< [ ir@ds
[#1,z2] [x1,32]

and using the proof above given for (ii), with E = [x1, z2] we get

1/p
/ |f'(@)|de < kles — a1V k= |f]l, = (/ f'(ff)|pdff> :
[wl,wz] [1713172]

(vi) If f satisfies a Holder condition then f(x)/xz ought to be bounded for some o > 0; but we have,
for every a > 0:

[f(x2) = f(z1)] =

1 1
lim fz) _ = (Hépital’s rule) = lim ———— = oo,
=0+t T a z—0+ 2o (14 log® z)
recalling that lim,_,o+ ¢ long = 0 for every a > 0. It is not necessary to evaluate f, however the
integral is immediate:

r dt t= s

x) = —————— = [arctanlog t],_, = arctanlogx + —.

f(z) /0 t(1+10g2t) [ gt],—o g B
REMARK. Unfortunately the text given at the exam was with f’(z) = 1/(x log® z) instead of the correct
version above, so that we get f(xz) = 1/log(1/z); in fact f is not even absolutely continuous on [0, 1],
being not continuous at x = 1, so the solution is trivial in this case, and the exercise becomes too easy

and quite meaningless. I have given full credit to solutions, anyway.
One word on question (i): it is NOT true that v(E) — v(F) = v(E A F)! We have

V(E)—V(FN:‘/XfXE—/XfXF :‘/Xf(XE_XF)a

and now Yg — XF = XE-F — XF-E; What is true is that |xg — X#| = xpar so that we may argue as

follows
‘/f xe—xe)| < [ Ulhe—xel= [ lxeer= [

as required. But in general it is NOT true that [v(E) — v(F)| < |[v(E A F)|.

Many have also the strange delusion that if f € L'(u) then we have ‘fE fd,u‘ < ||fllh w(E) for every
set E of finite measure. This is clearly FALSE: assuming for simplicity f > 0 this implies that every
average of f is less than its integral on X, which in general is not true: consider e.g. f(x) = xj0,11/(2v/2)
in L'(R) with Lebesgue measure: we have ||f||; = 1, and if E = [0, a] with a < 1 we have

[ 1was= "5 —vas o= flime) (and ][Efdm—fn—fnl)
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What is true is of course an inequality like (0 < p(E) < 00):

][Efdu‘ < flleo = ‘/Efdu

(the average is less than the sup—norm of the function, equivalently the integral is less than the sup—norm
times the measure of the set on which we are integrating).

< I lloo 1(E)

O

EXERCISE 12. Let B, be the o—algebra of Borel subsets of R™, and let p : B, — [0,00] be a positive
measure (not necessarily a Radon measure). We consider the set V = {V C R™ : V open, u(V) = 0}
and set A=)y V.

(i) Prove that pu(A) =0 (caution: V is in general not countable ...).

The closed set S = Supp(u) = R™ \ A is the support (topological support if emphasis is needed) of the
measure y: S is the smallest closed set that supports p, in the sense that R™ ~ S is null for pu.

(ii) Let ¢ € R™ be given. Prove that the following are equivalent:
(a) ¢ € Supp(p).
(b) For every open set U containing ¢ we have p(U) > 0.
(¢) For every positive u € C.(R™) such that u(c) > 0 we have [, udu > 0.
(iii) Let (X, M, u) be a measure space, and let f : X — K be measurable. Let v : B(K) — [0, 00] be
the image measure of by means of f, that is v(B) = uf* (B) := u(f<(B)) for every B € B(K).
The essential range of f is, by definition, the support of v:

essrange(f) = Supp(uf©).
Prove that f € L*(u) if and only if the essential range of f is a compact subset of K, and that
in this case || f||cc = max{|z| : z € essrange(f)}.
(4 extra points) If E € M with 0 < p(E) < oo, and f : X — K is a measurable function such that
fxE € L*(p), then the average of f over E is defined as

Apf ::][Efdu ::/Ef%.

Prove that if (X, M, u) is semifinite and C' C K is a closed subset of K that contains all averages of f,
then C' contains also the essential range of f.

Solution. (i) (i) Given a countable base C for the topology of R™ (e.g. all open cubes with center in Q"
and rational side length) we have V = | J{C € C: C C V'} for every open set V, so that

A=Jv= lcec:ccvy

vev vev
now C' C V and p(V) = 0 implies u(C) =0, and C € C, u(C) = 0 implies C' € V. Tt follows that the set
{CeC:CCV, for some V € V},
coincides with the set {C € C: p(C) =0} =CNV. Then

A=|J{cec: ucC) =0}

and hence p(A) = 0 by countable subadditivity, because this last is a countable union (= the union of a
countable family of sets).

(ii) (a) is equivalent to (b): immediate by definition, an open set has measure p(U) = 0 if and only if
the support of p is disjoint from U. (b) implies (¢): If u(c) > 0 then U = {u > wu(c)/2} is an open set
containing ¢, so that u(U) > 0; and by Cebiceff’s inequality

2
,u(U)S—/ udp  so that also /udu>0.

(c) implies (b): given an open set U containing ¢, we get a positive function u € C.(R™) with Supp(u) C U
and u(c) > 0: in fact there is » > 0 such that B(c,7r] € U (U is open) and we can take u(z) =
max{r — |z —c|} V0, which has B(c, ] as support, and is such that u(c) = r > 0. Then [, u(x)du(z) > 0,
and this implies p(Coz(u)) = u(B(c,r[) > 0, and since U 2 B(e, r| we also get u(U) > 0.

(iii) We have f € L°(u) iff there is @ > 0 such that u({|f| > a}) = 0. This is equivalent to say
that Supp(v) C {z € K : |z] < a}, the closed ball of K of center 0 and radius . Then f € L*(u)
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iff Supp(v) is bounded, and since Supp(v) is closed, then f € L*°(u) iff Supp(v) is compact. Moreover
|| flloo is the minimum {a > 0} such that u({|f| > a})(= v({z : |z| > a})) = 0, the minimum radius
of a closed disc centered at the origin of K that contains Supp(v), and this of course coincides with
max{|z| : z € Supp(v)}.

We assume that ¢ € essrange(f) \ C, and get a contradiction. Since C' is closed, we find an open disc
centered at ¢ disjoint from C, say B(c,r[={z € K: |z —¢| < r}, for some r > 0. Since ¢ € Supp(v), and
B(c,r] is an open set containing ¢ we have 0 < v(B(c,r[) = p({|f — ¢| < r}); since p is semifinite there
is E € M with 0 < u(E) < oo and E C {|f —c| <r}. Then we have Agf € B(c,r|, so that Agf ¢ C,
contradicting the assumption that C' contains all averages of f; in fact

(the strict inequality is due to the fact that |f(x) — ¢| < r holds for every z € E, and u(E) > 0; clearly
fxE € L*(n) because f is bounded on E and E has finite measure).

|Apf —c =

O

ANALISI REALE PER MATEMATICA — PRIMO APPELLO — 5 FEBBRAIO 2013
EXERCISE 13. Let f : R — R be defined by f(z) = —e~2" if 2 < 0; f(2) = (22 + (2))/2if 0 < z < 1,
where 1) is the Cantor function with 6, = (2/3)" ; f(z) =1 —e @D if z > 1.
(i) Plot f. Describe the function T'(z) = V f(] — oo, z]), plot it, and write f as the difference of two
increasing functions A, B; plot A and B.
(ii) Find a Hahn decomposition of the signed measure pu = df.
(iii) Find the decomposition for p and ™ into absolutely continuous and singular part with respect

to Lebesgue measure m.
(iv) Determine the set of p > 0 such that u(z) = |z — 1| + |z| belong to LP(Ju|). Compute

/udm\.
R

Solution. (i) The plot of f is easy: Since f is right—continuous, so is T. We have T'(z) = e~ for x < 0;

1-

FI1GURE 8. Plot of f.

T(0T) =T(0) = T(07)+1, since the jump of f at 0is 1, hence T'(z) = T(0)+f(z)—f(0) = 1+ (2> +2(z))/2
for 0 < z < 1, since f is increasing on [0,1[, so T(17) = 3; and T'(17) = T(1) = T(171) + 1 = 4, since
the jump of f at 1 is —1; finally T(z) = T(11) + 1 — e~ @D =5 —e=(@=1 for £ > 1. The plot of T is
as follows:

Next we have A = (T + f)/2 and B = (T — f)/2 as follows

(ii) A positive set for u is clearly P = [0, 1{U]1, oo, with complement @ =] — oo, 0[U{1} a negative set,
so P, @ is a Hahn decomposition for u.

(iii) The absolutely continuous part of u* = p4 is as usual A’(x)dm, with A’(z) described as

Ax)=0 ifz<0; Ax)=z if0<z<1; Ax)=e @V ifl <

the singular part is dg + di/2. Similarly, the absolutely continuous part of u~ = up is B/(z) dm, with
B’(z) described as

Bl(z)=—2ze® ifz<0 B(z)=0 if0<az<1; B(z)=0 ifl<ua;

and the singular part is J;.
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5

FIGURE 9. Plot of T'.

FiGURE 10. Plot of the functions A, B.

(iv) Notice that u(x) =1 if 0 < z < 1; then

/[011} u? dlpl Z/ wd|p| = |ul([0,1]) = do([0,1]) + 61 ([0, 1])+/

[0,1] [0,1]

1 1
xdx—!—/ %:1—&-1—%7—1—7:3.
o 2 22

For z < 0 we have u(z) = —z + (—(x — 1)) = 1 — 2a; for > 1 we have u(x) = 2z — 1 we have to see the
values of p for which the integrals:

0 0 o)
/ (1 —2z)P(—2x e_'TZ) dx = 2/ (1 — 2x)P|x] e dr; / 2z —1)P e~ D dg
1

—co —0o0

are both finite; it is immediate that this happens for every p > 0 (because of the exponential factors, the
integrands are o(1/|z|*) for every a > 0, as & — £00). So f € LP(|u|) for every p > 0. It remains to
compute the last two integrals for p = 1. Changing z into —z the first is

2/ (222 4 z) e dx:/ 2we dx+4/ 22e " dy =
0 0 0

[—e‘xz} -2 {—xe‘”z} +2/ e dr =1+ 7.
0

0 0
For the second integral we have:

o0

/ (20 —1)e” @V dg = [7(233 -1) ef(zfl)ro + 2/ e @ Vdr =2+ [*67(171)} =3.
1 1 1 1

Collecting the partial results we get

/ud|u| =7+ /.
R
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O

EXERCISE 14. Let (X, M) be a measurable space, and let v : M — R=RU {—00,0} be a countably
additive function, that is, v is a signed measure.
(i) Prove that if v(E) = —oo (resp. v(E) = +o00) for some E € M then v(F) = —oo (resp.
v(F) = +o00) for every F € M with F D E; deduce from this that if v(E) = —oo for some
E € M then co ¢ v(M).
(i) Is it true that sup{v(E) : E € M} = max{v(F) : F € M}? and that inf{v(E): E € M} =
min{v(E) : E € M}?
Assume now that p : M — [0,00] is a positive measure, and that f : X — R is a measurable function
such that v(E) = [, f du, for every E € M.

(iii) What is a Hahn decomposition for v, in terms of f? and how can v* be expressed in terms of
f? under which condition on f is v a finite measure?

(iv) Assume that u is a o—finite measure and that f > 0, so that v is also a positive measure, and
that f € L'(u). What condition on f is equivalent to assert that there is a measurable g > 0
such that u(E) = [, gdv for every E € M?

Solution. (i) We have v(F) = v(E) + v(F N\ E). If v(E) = —oo (resp: v(E) = o0) then the sum
—00 + v(F \ E), if meaningful, can only have value —oco (resp: o0). Then v(F) = v(E); if some set has
measure —oo (resp: 00) then v(X) = —oo (resp: o0o0) so that v cannot assume both values.

(ii) There is a lemma that says that if a signed measure does not assume the value —oo, then there is
P € M such that v(P) = max{v(FE) : E € M}. Then the answer is affirmative: if v does not assume
the value oo the set v(M) has a maximum. If v(F) = —co for some E € M then —oco = minv(M); if
oo ¢ v(M) the the previously mentioned lemma applied to —v implies that for some Q € M we have
v(Q) = minv(M)(€ R). Clearly this concludes the question with an affirmative answer.

(iii) Trivially P = {f >0} with @ = X NP ={f <0}, or P={f >0} and Q = X \ P = {f < 0}.
Also

vt =v = Tdu, v = —-v = T dp.
(E) = v(P N E) /Ef di; v (E) = —v(QN E) /Ef dy

Clearly v is finite if and only if v* are both finite measures, that is iff

/f+du<oo, /ffd,u<oo
X X
equivalently f € L} (X,R).

(iv) Since f € L'(u) the measure v is finite, and positive since f > 0. By hypothesis i is o—finite, By
the Radon—Nikodym theorem g exists iff v(F) = 0 implies u(E) = 0. Now, since f > 0 we have, calling
Z =Z(f) = {f = 0} the zero—set of f

U(E):/Efdu:O — wWENZ)=0

Ten, for every E € M we have that pu(E ~ Z) = 0 must imply p(E) = 0; this is clearly true for every
E € M iff u(Z) = 0. In this case of course we have g(z) = 1/f(z) for x ¢ Z (and g(x) arbitrary for
x € Z,ie. g(xr)=0). O

EXERCISE 15. Let (X, M, ) be a probability space (that is, a measure space with u(X) =1).
(i) For g : X — K measurable and 0 < p < ¢, how do you compare |g||, and ||g||;? And what is
lim, o ||g|lp? (no proof required for this last question; simply state the result).
Assume that f € L) (X,R).

(ii) State Jensen’s inequality: if w : R — R is convex then w ([ f) < ... (complete the statement)
(iii) Prove that for every p > 0 we have

o ([ )= (o)

1 ~
(iv) Setting a(p) = ([ e?f@ du(x)) /p, prove that lim,_ ., a(p) exists in R and express it by some-
thing related to f. Is this limit necessarily finite?
(v) Prove that lim, ,o+ a(p) exists and is strictly positive.
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(4 extra points) Is it true that lim,_,o+ a(p) = exp (fX f)? if not, under which conditions on f does this
hold?

Solution. (i) We know that if p < ¢ then ||g]|, < ||g]l4: simply use Hélder’s inequality applied to functions
|g|P and 1 with conjugate exponents ¢/p and 1/(1 — (p/q)) = q/(q — p):

Joor<(/. <g|P>q/p)p/q:»( / |gp)1/ps (/. |g|q)1/q;

and limy, o ||g|l, = ||9]/c0, essential supremum of |g|.
(ii) For Jensen’s inequality see Weeks, eighth week.
(iii) Apply Jensen’s inequality to f, with w(z) = eP®, clearly a strictly convex function, obtaining

exp <p/deu) < /XeXP(pf)du > exp (/X f> < (/Xe”f(””) du(x)>1/p~

(iv) If we define g(x) = exp(f(z)) we have

olp) = [ err du(w)>l/p ~([rw du(x))l/p — gl

so that p — a(p) is increasing and its limit as p — 00 is ||glco, Which of course is e®***"Pf. Taking
X =[0,1] with Lebesgue measure, and f(z) = 1/(2y/x) we have f € L' with [, f =1, but erf@ ¢ L1
for no p > 0 (we have lim,_,o+ e?/(®) /2 = lim,_,o+ exp(p/(2y/x) —logz) = e® = 0), so that for every p
we have a(p) = c0).

(v) Since p — a(p) is increasing, we have that lim,_,o+ a(p) exists and coincides with inf{a(p) : p > 0};
and since a(p) > exp ([ f) > 0 for every p, this limit is strictly positive.

If a(p) = oo for every p > 0 then of course lim,_,o+ a(p) = oo; this happens for instance with
f(x) =1/(2y/x) on [0,1] as above, whereas exp ([ f) is finite by hypothesis. But if a(q) < oo for some
q > 0, then we have lim,_,o+ a(p) = exp ( / ¥ f): for a proof see Weekly, Eighth week, Geometric Mean
(Exercise 19). O

EXERCISE 16. Let I = [a,b] be a compact interval of R, and let f: I — R be a function.

(i) State the (e,d)—condition for the absolute continuity of the function f, and prove that if f is
Lipschitz continuous then it is absolutely continuous.
(ii) Assume that f is absolutely continuous, that f([a,b]) = J, and that g : J — R is Lipschitz
continuous. Prove that then the composition g o f is absolutely continuous on [a, b].
(iii) For o > 0 define f, : [0,00[— R by the formula f,(z) = |sin(z®)|. Find the values of o > 0 for
which f, is absolutely continuous on every compact subinterval of [0, co].

Solution. (i) See Lecture Notes, 7.3.2. If there is k > 0 such that |f(z2) — f(z1)| < k|x2 — 1] for every
x1, To € [a,b] then f verifies the (e,d)— condition of absolute continuity: given ¢ > 0 let § = ¢/k; if
(laj,b5])1<j<m is sequence of non-overlapping subintervals of [a,b] and 327", (bj — a;) <, then

SOy — fla) < S kb —ajl < kS <e.
j=1

Jj=1

(ii) Given £ > 0, let p = ¢/k; since f is absolutely continuous, we find § > 0 such that for every
sequence ([a;,b;j])1<j<m of non overlapping intervals with -7, (b; — a;) < & we have

“ €
SO 17(b) ~ Fla) < p =5
j=1
then we get
m m €
> lo(f (b)) = g(Flap)l < D k1)~ flaj)| <k - =e,
j=1 j=1
thus proving absolute continuity of g o f.
(iii) The function z® is locally absolutely continuous for every a > 0; in fact it is a C' function on

10, o¢], and clearly, if &« > 0 and x > 0 then

/ at® ldt =z thatis, f(z) = / f'(t) dt, for every z > 0.
0 0
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The function y +— |siny| is Lipschitz continuous, so f, is locally absolutely continuous by (ii), for every
a>0.
O

ANALISI REALE PER MATEMATICA — SECONDO APPELLO — 25 FEBBRAIO 2013
EXERCISE 17. Let F : R — R be defined by F(z) = ze~*"DU(z) 4+ e* U(—x), with U = Xj0,00[ the
characteristic function of the open half-line |0, cof.
(i) Plot F}; is F right—continuous?
Define p = dF (= ur) the Radon—Stieltjes signed measure associated to F'.

(ii) Find a Hahn decomposition for p, and find the decomposition for y* and p~ into absolutely
continuous and singular part with respect to Lebesgue measure m.

(iii) Find functions A, B such that u* = dA and u~ = dB; plot A and B.

(iv) Given a > 0 let T(a) = {(x,y) € R?: 0 < 2 <y < a} Compute

m@pt(T(a)) and m®p (T(a)),

(with m Lebesgue measure).
(v) Using (iii) compute

[ et [ e [ e,
[0,00( [0,00[ [0,00]

Solution. (i) Clearly F is continuous on R ~\ {0} and lim,_,q- F(z) = 1, while lim,_,g+ F(z) = 0;
F(0) = 0 so that F is right—continuous, but not continuous, at 0. The plot is easy (notice that F’(z) =
(1 —x)e” =Y for 2 > 0, so that F is increasing in [0, 1] and decreasing in [1, co]):

FIGURE 11. Plot of F.

(ii) A positive set for F' is P =] — 00, 0[U]0, 1[; the complement @ = {0} U [1, o0 is negative, so P, Q
is a Hahn decomposition for . Since F’(x) = e~ (1 —2) U(x) 4+ * U(—x), the absolutely continuous
part of ut is where F'(z) > 0, that is dA(z) = (e" U(—2z) + e~ @Y (1 — 2) xj0,1((2)) dz, and that of y~
is e (== (2 — 1) X[1,00[(%) d; we have u < m; the singular part of ™~ is do.

(iii) We have

A() =e"U(-z)+ (1+ze 7Y) X[0,11(7) + 2 X[1,00[(2); B(z) = xja(z) +(2—=2 e~ (=71 X[1,00[()-

1/

F1cURrE 12. Plot of the functions A, B.

(iv) Clearly the set T'(a) is a bounded Borel set, hence of finite m ® pu* measure. Using Fubini’s
theorem we get (with T, (a) = {y € R: (z,y) € T(a)} =], a] the z—section of T(a), for = €]0,a)]):

m® ut(T(a)) = / (1t (Tp(a))) dm(z) = /Oa(A(a) — A(z))dx = A(a) a — /Oa A(x) dx;

10,a]



REAL ANALYSIS EXAMS A.A 2012-13 21

now we have, for 0 < a < 1:

/ A(z) dx :/ (I+ze @ D)de =a+ [fxe*(mfl)}
0 0

=e+a—(a+1)e @D,

’ + / e @ Vdr=ag—ae @Y ye—e @7 =
0 0

so that m @ pt(T(a)) = (6> +a+1)e (@D —¢ for 0 < a < 1. Since ut(]1,00[) = 0 we have that
m @ pt(T(a)) =m e pt(T(1)) for a > 1; then
2 “@=D _¢ for 0<a<l1
+(T _ (a +a+ 1)6 e <
m® ' (T(a)) { 3—e for a>1

Next:

mep~ (T(a)) = /]0 ] (1™ (T (a))) dm(z) = /Oa(B(a) — B(z))dx = B(a)a — /Oa B(z) dx;

Now, for 0 < a < 1 we have B(a) =1 so that the preceding is a —a =0; if a > 1

aB(a) — / B(z)dx =a (2 —ae”(@71) — / (2—ze ®Vdy =
0 0

1 a
a(2—ae(@7Y) —/ dw—/ (2—ze N dy =
0 1
a2—ae @Yy —1-2a—-1)+ [—x e_(w_l)] + / e~ @ gy =
1 1

3—(1+a+a?)e @b,

Then
0 for O0<axl1

() —
m @ (T(a) { 3—(1+ata)e-@D for q>1.

(v) Integrating first in the x—coordinate and then in the y—coordinate we get (with T,(a) = {z € R:
(2,9) € T(a)} =J0,5] i 0 < y < a)
meut @)= [ @@y aa= [y,
and similarly

m® u (T(a)) = /] n(r,a) 4B = / ydB(y):

10,a]
by the dominated convergence theorem we have

/ ydA(y) = lim ydA(y) and ydB(y) = lim ydB(y);
10,00][

a—=+00 J19,q) 10,00[ a—=+20 J10,q)

but we have, for a > 1:
/ ydA(y) =m® p*(T(a)) =3 —e; / ydA(y) =m®@ p (T(a)) =3 — (1+a+a?)e Y,
10,a] 10,a]

so that, taking limits as a — +oo:

/ ydut(y) =3 —¢; / ydu~ (y) =3,
10,00 10,00

[ v = [ vacw+ [ yde ) =6
10,00] 10,00[ 10,00[

EXERCISE 18. Let (X, M, u) be a measure space.
(i) Assume that f, and f are measurable functions, that f,, — f a.e. on X, and that |f,| 1 |f]| a.e.
on X. Given p with 0 < p < oo prove that f € LP(u) if and only if sup{||f.|l, : » € N} < cc.
Does f,, also converge to f in LP(u), under this hypothesis?

and of course

O

We denote by S(u) the space of measurable simple functions contained in L' ().
(ii) Is it true that S(u) is dense in every LP(u), for p < oco? sketch a proof, or give a counterexample.
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(iii) Let 0 < p, ¢ < co. Assume that there is a constant C > 0 such that || f||; < C| fll, for every
f € S(p). Prove that then the same inequality holds for every f € LP(u), and that LP(u) C L(p).

Solution. (i) Assume M = sup{||full, : n € N} < oo. Then [ |f.|[" < MP? for every n. By monotone

COnVergenCe we haVe
(/szhm/WhWSMﬂ

|
so that f € LP(u). Conversely, if f € LP(y) then clearly we have, from |f,| < [f[, that [y |fa]? < [y |f]7,
so that sup{|| fnllp : » € N} <||f]|, < co. Clearly in these hypotheses we also have that ||f — f, |, = 0:

[f = ful? < (ST + 1)) < (F1+1FDP = 281517

and since 2°|f[P € L'(u) and |f — fn| — 0 pointwise a.e., we get that ||f — fu[5 — 0 by dominated
convergence.

(ii) Tt is well-known that S(u) is dense in LP(u) for every p < oo: we know that for every measurable
f + X — K there exists a sequence s, of measurable simple functions converging pointwise to f, and
such that |s,| 1 |f|. If f € LP(n) then (i) applies to say that s, € LP(u) and ||f — spll, — 0 as
n — 0o. Now, a simple function in LP(u) for p < co is of course also in S(u): simply note that a simple
function is always in L, and that L*(u) N L>(u) C LP(u) for every p > 1; trivially, in any case we have
ISk xagl” =300 lak|P xa,, if the Ay’s are pairwise disjoint, so that if 0 < p < co we have that a
measurable simple function is in L*(p) iff it is in LP(p).

(iii) Given f € LP(p). pick a sequence s, of simple functions as in (ii). We have |[|s,||; < C'||s,||pfor
every n; since |s,| 1 | f|, by monotone convergence the left-hand side tends to || f||4, the right-hand side to
I fllp- Then || f|ly < C||fllp for every f € LP(u), and this of course implies || ||, < oo, that is, f € LI(u),
so that f € L% (u) when f € LP(u), in other words LP(u) C L(u).

U

EXERCISE 19. The formula:
(*) F(z) = /Oo ﬂ dt
0 sinh ¢
defines a function F' : [0,00[— R (immediate, accept for the moment this fact).
(i) Using the theorem on differentiation of parameter depending integrals, prove that F' is smooth,
ie. F e C*(]0,00]).
We have, for ¢t > 0:

1 _ 2 _ o et 5 i o~ (2n+1)t
sinht et —e~t 1 —e 2 — ’

so that, for ¢ > 0:
(**) 1—e "

-9 1 — gt 7(2n+1)t.
sinh ¢ nz:%( e)e

(ii) Compute, for z > 0:
/ (1 . efzzzt) 67(2n+1)t;
0

is it possible to use the representation of the integrand in the series (**) to express F' as the sum
of a series of rational functions? in other words, can the series (**) be integrated termwise on
[0, 00[, if x > 07

(iii) Formula (*) defines F' on set D larger than [0,00[. Find D. Is F € C*°(D)?

Solution. (i) The integrand is f(z,t) = (1 —e~*')/sinht so that 9, f(x,t) = (t/sinht)e=, 92 f(z,t) =
(—t/sinht) e"**and in general
tn

n — (-1 n—1 —xt >1).
O fat) = (-1 e ()
For x > 0 we have
n tn
n )| = —xt <
10z (=, 1)] sinh ¢ e < sinht’

with the function ¢ — ¢"/sinht in L1 ([0, 00]), for every n > 1: in fact at ¢ = 0 this function is continuous,
and at oo it is dominated by a function such as e~*/2. This proves that F' € C*°([0, co]).
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(ii) The series has positive terms, so that it can certainly be integrated termwise (monotone conver-
gence). We get:

/00(1 _ e—act) e—(2n+1)t dt = /oo e—(2n+1)t dt — /oo e—(2n+1+x)t dt — 1 1
0 0 0

m+1l 2n+l+a

Then

> 1 1 = T
F<x>:§<2n+l_2n+l+w>:7;)(2n+1+$)(2n+1) (20).

(iii) The integrand is continuous at t = 0, for every z, so that there are no problems at 0. For ¢t — oo
the integrand is asymptotic to 1/sinht ~ 2e~¢ for x > 0, so that (as asserted) trivially ¢ — f(z,t) belongs
to L} ([0,00[) is © > 0. If 2 < 0 the integrand is asymptotic to e~**/sinht ~ 2e~(**+Dt as t — oo, so

that the integrand is in L ([0,00]) iff z > —1. In other words we have D =] — 1,00[. We still have
F € C*(D). In fact, given > —1, pick a with —1 < a < z; in the neighborhood [a, co[ of = we have:
tn
n — —xt < —at
10; f (1) sinht e = sinht¢ ©

REMARK. Even if it is not required, we observe that the series representation is valid also for x > —1,
i.e. for every x € D. In fact, the terms of the series become all negative if x < 0: for every ¢ > 0 and
x < 0 we have 1 — ™ < 0.

O

EXERCISE 20. Let (X, M, 1) be a measure space.

(i) Prove that the following are equivalent:

(a) There exists a sequence F,, € M with lim,, o, (F,) =0 and 0 < u(E,) for every n.

(b) There is a sequence Ay € M with 0 < u(Ag) < 1/2F for every k.

(c) There is a function f € L*(p) ~ L (p).

(d) There is a disjoint sequence By, € M with 0 < u(By) < 1/2% for every k.

((a) implies (b) easy; for (b) implies (c) prove that the formula f(z) = >, k xa, defines a.e. a
function f € L'(u) ~ L*(u); for (c) implies (d) consider a suitable subsequence of the sequence
E,={n<|fl<n+1}, with f € L'(u) ~ L>®(n) ...).

(ii) [3] Given a sequence By € M as in (d) above (0 < u(By) < 1/2F), set by, = u(By), and for a > 0
define the measurable function g, : X — R by go = > 3o bx ¢ X5, Given 0 < p < ¢ < o0, prove
that if 1/¢g < a < 1/p we have go € LP(u) ~ LI(u).

Solution. (i) That (a) implies (b) is trivial: if a sequence of strictly positive numbers tends to 0, then
there is a subsequence (u(Eyk)))ken such that p(Ey,g)) < 1/2%; simply set Ay = Eny-
(b) implies (c) The series > -,k x4, is a series of positive measurable functions, so that we have

[ =3k 3 5 <o,
X k=0 k=0
Then {f = oo} has measure 0, and f € L'(u) (to be more precise for the punctilious: f coincides a.e.
with a function in L!(x), which we still call f). And f ¢ L°(u): since all terms are positive, we have
f > kxa,,sothat {f >k} D Ax, hence u({f > k}) > u(Ax) > 0, for every k € N, and hence || f]|oo = 0.
(c) implies (d) Since f ¢ L°°(u), infinitely many E, have strictly positive measure. Moreover
lim,, 00 p(E,) = 0, since by Cebiceff’s inequality we have u(E,) < (1/n)||f|1; and the E, are pair-
wise disjoint. Some subsequence By = E,, () will then be such that p(By) < 1/2F.
That (d) implies (a) is trivial.

(ii) We have

oo o0 oo 1

D __ —ap _ 1—ap -

S ST O
k=0 k=0 k=0

where 3 =1 — ap > 0, by the hypothesis a < 1/p. Since the series Y- 1/(2%)F is convergent, we have

9o € LP(p). And
/ gL = b b= b =00,
X k=0 k=0

because 1 — aq < 0, so that limy_, bi_aq = 00. O
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ANALISI REALE — RECUPERO — 12 LUGLIO 2013
EXERCISE 21. Let F': R — R be defined by

F(x) = 2% X)— oo 0(%) + frac(z) xpo 3(2) + (2 = €*7%) X3 00( (),
where frac(z) = x — [z] is the fractional part of x.
(i) Plot F; find the points of discontinuity of F'; is F' right—continuous?
Define p = dF(= pr) the Radon—Stieltjes signed measure associated to F.

(ii) Find a Hahn decomposition for y, and find the decomposition for ™ and p~ into absolutely
continuous and singular part with respect to Lebesgue measure m.

(iii) Find right continuous functions A, B with A(0) = B(0) = 0 such that u* = dA and =~ = dB;
plot A and B.

(iv) Compute the integrals

/Re—\ml dut(z), /Re—\ml dp~ ()

(v) T = {(z,y) € R?: y < 2} compute
pt@m(T).

Solution. (i) The possible discontinuities for f are 0,1,2,3; but it’s easy to see that F' is continuous at
0 and 3, so that the only discontinuities are 1 and 2, with jumps op(1) = op(2) = —1. Plainly F is
right—continuous, because so is z — frac(z). The plot of F' is immediate:

20

FIGure 13. Plot of F.

(ii) A positive set for p is P =]0, 1[U]1, 2[U]2, oo, with negative complement | — oo, 0]U{1} U{2}. The
derivative F’(x) exists in R \ {0,1,2}, and we have

Fl(z)=2x 2<0; F'(2)=1 z¢€]0,3[~{1,2}; F/(x)=¢*>" z>3

(it is easy to check that F’(3) exists and that F’(3) = 1). The measure u* is absolutely continuous with
respect to m and we have

dpt = F' Xjo,00dm  so that u* (E) = m(EN]0,3[) + /Em[3 [egfz dz,

The absolutely continuous part of u~ is =2z x)_ 0 dx, the singular part is §; + d2, so that

@)= [ (2wt xe() + (@)

EN]—o00,0]
(ili) Clearly A(z) =0 for z <0, and A(z) =z for 0 < z < 3, while for = > 3:
Alw) = (0, =t (0,3 + ¥ (3al) =3+ [ et =3 [~ T =m0
3

For B we get

0

B(z) = —p ([=,0]) = 7/ (—2x)dr = —2* (r<0); Blz)=0 0<2<1;B(x)=1 0<z<2

B(z)=2 z>2.

(iv) We have

%) 3 o
/e*lw\ d;fr(w):/ e”lel F (x) dx:/ e d:r+/ e ¥ dy =
R 0 0 3
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1 o] e 3 1
_ —x13 3—2z _ -3 _
=[—e ]0+72[€ ]0 =1l—-e"+ 5 _1—263,

/Re_m du=(z) = /_O e 17l (=2z) dz + 61 (e7 1) + Gy (e 121y =

0
= [ex(_Qm)](ioo + 2/ ex dx + 6_1 —+ 6_2 =2 + 6_1 + 6_2

—0o0
(v) pT is finite and m is o—finite, so Tonelli’s theorem is applicable. Given z € R the z—section T'(x)
of T is of course | — 00, x|, with Lebesgue measure co. Then

ut @m(T /m — o0, z])dut( /ood/ﬁ*oo

REMARK. To confirm the result, we can integrate with respect to dm the u+—measure of the y—sections;
For every y # 0 the y—section T(y) = [y, 00[ of T has measure put(T(y)) = pt([0,00[\]0,y[) = 4 —
pt ([0, y[) =4 — A(y), so that

wrom(®) = [ ady+ [ - aw)ar=oot [T Aw)dy =

Some people interpreted 1" as contained in the first quadrant, that is they took
S={(x,y) eR?: 0<y <z}

instead of T' (because other times it was so!). I accepted this change. The p* ® m—measure of S is then

00 3 e}
u+®m(5)=/ (4—A(y))dy=/(4—y)dy+/ eV dy =
0 0 3
B 9 3—y00 _ 24—9 17
We can of course also integrate on [0, co[ the Lebesgue measure of the x—sections of S with respect to
ut; the z section is [0, z] with Lebesgue measure z, so that

oS 3 oo e
ut @m(S) :/ rdpt(z) :/ Zd:L'+/ et dr = ng [71'63793];04»/ 3% dr =
0 0 3 3
w1 1
371:] 5 1 7

0

2
O

EXERCISE 22. Let A be an algebra of parts of X, and let u : A — [0, 00] be a (positive) premeasure. Let
p* i P(X) — [0,00] be the outer measure associated to p in the usual way.
(i) Give the precise definition of p*(FE) for every E C X, and prove that p*(A) = u(A) for every
A € A. Where does countable additivity of u enter the proof?
If  : P(X) — [0,00] is an outer measure, and A, E C X, we say that A splits F additively (with respect
0¢)if p(E) =p(ENA)+ ¢(E\ A).
(ii) With g and p* as above, prove that B C X is pu*—measurable if and only if B splits additively
every A € A with u(A) < co. Deduce from this that every B € A is p*—measurable.
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Solution. (i) We have

oo

p(E) = inf{zu(An) tAne A AC An} :
n=0 n=0
infimum taken over all countable covers (A, ),en of E by elements of A. Given A € A since (4,0,0,...)
is a cover of A we have p*(A) < u(A) for every A € A. And if (A, )nen is a countable cover of A by
elements of A, then A = J;~,; AN A, so that, by countable subadditivity and monotonicity of u:

w(A) <Y AN Ay) <Y p(Ay),
n=0 n=0

which implies pu(A4) < p*(A4). We know that for positive finitely additive functions countable additivity
is equivalent to countable subadditivity; countable additivity has then just been used in the proof.

(ii) If B is p*—measurable, then it splits additively every subset of X, and not only the sets of A with
 finite. For the converse, assuming that B splits additively every A € F(u) = {A € A: u(A4) < oo}, we
have to prove that for every E C X with p*(E) < oo we have

W (E) > u* (BN B) + (B~ B).
Given e > 0 pick a cover (A, )nen of E by elements of A such that 07 u(A,) < p*(E) +¢e. Then

pi(B)+e> > u(An);
n=0

of course p(A,) < oo for every n € N so that by the hypothesis we have
1(An) = p(An N B) + p(An \ B),
and the preceding inequality yields
oo (oo} (oo}
p(E)+e> Y p(An) =Y wAnNB) + > u(A, N B);
n=0 n=0 n=0

by countable subadditivity , setting A = (J,—, A, we now get

> w(AnNB)=p (ANB); Y p(An~\B) > p* (AN B);

n=0 n=0

and by monotonicity
p(ANB) > p (ENB); (AN B)>p"(EN B).
We have proved that for every e > 0:
W () +¢ > u* (BN B) + u*(E~ B),

and since € > 0 is arbitrary we conclude.
Finally, if B € A then we have, for every A € A

n(A) = pu(ANB) + u(A N B),
by (finite) additivity of x on A. By (i) the preceding relation may be also written
p(A) = p* (AN B) + p* (AN B),
thus proving that B splits additively with respect to p* all elements of A, so that is p*—measurable.

REMARK. The argument used to prove (ii) is of course exactly the one that shows p*—measurability of
elements of A.

O

EXERCISE 23. (i) State the theorem on continuity and differentiability of parameter depending in-
tegrals (the version with general measure spaces).
(ii) Using the preceding theorem prove that the formula:

* pla) = [ e S
0 t

defines a function ¢ € C'*(]0, 00[, R).
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(iii) Give an esplicit formula for ¢'(x), not containing integrals, and deduce from it an analogous
expression for ¢(x).

Solution. (i) See Lecture Notes, 7.6.
(i) The derivative with respect to z of the integrand is —e~** sint. Given z > 0, let a = z/2 (or
simply pick any a with 0 < a < ), and let U = [a, 0o[. For y € U we have

| —e Y sint] = e V! |sint| < eV < e
of course t — e~ belongs to L'(]0, 0o]), since a > 0. Then ¢ € C*(]0, co[, and
(iii) (see formula for the primitive of e=*? sint):

—xt t=o00 1

o0
SDI(:E) — ‘/O (—e_wt Sint) dt = ﬁ(smt + COSt) o = m
Then we get
p(x) = arccotanz + k (x > 0);

but one easily sees that lim,_, . ¢(x)

[ e *tdt = 1/x), so that

0 (e.g., by dominated convergence; or simply because |p(z)| <

p(x) = arccotan x (x > 0).

REMARK. Nobody seems to be able to verify the hypotheses of the theorem in this particular case, and
apparently many have not even understood the statement.

O

EXERCISE 24. Let (X, M, u) be a measure space..

(i) Assume that L'(u) is contained in L>(u). Prove that then we also have LP(u) C L% (u), for
every p >0
(ii) Prove that the hypothesis L'() C L (1) implies that the spaces LP(u) increase with p (that is,
if 0 < p < ¢ then LP(u) C L()).
(iii) Assume that there is f € L!(u) \ L>(u). Prove that then there is a disjoint sequence E,, € M
with 0 < p(E,) < oo and lim, o u(E,) = 0. Conversely, the existence of such a sequence
implies the existence of a function f € L*(u) ~ L>(u).

Solution. (i) Recall that f € LP(p) is equivalent to |f|P € L'(u), if 0 < p < co. But clearly |f|P € L>(u)
holds if and only if f € L®(u) (|f|P < M < |f| < M'/P).
(i) If 0 < p < ¢ < oo we have |f|7 = |f]97P|f? < ||fI%P |f|P; integrating both sides we have
A1 < UFISPUFNE = 11Fllg < PSSP/ I1F 15/

If f € LP(u) then also f € L°(u) by the hypothesis made and (i), so that the right—hand side is finite,
forcing finiteness of the left—-hand side. That is f € LP(u) implies f € L9(u), as desired.
(iii) See the exam of February 25, 2013. Everybody ought to look at previous exams!

(]

ANALISI REALE PER MATEMATICA — RECUPERO — 3 SETTEMBRE 2013
EXERCISE 25. Let F': R — R be defined by
F(z) = €* X)—oo,00(2) + [#] X[0,31(x) + (3 = €*7%) X[3,00( (@),

where [z] is the integer part of z.
(i) Plot F; find the points of discontinuity of F’; is F' right—continuous?
Define = dF(= pr) the Radon-Stieltjes signed measure associated to F.

(ii) Find a Hahn decomposition for y, and find the decomposition for ™ and p~ into absolutely
continuous and singular part with respect to Lebesgue measure m.

(ili) Find right continuous functions A, B : R — R with A(—o0) = B(—o0) = 0 such that u™ = dA
and u~ = dB; plot A and B.

(iv) ] Compute the integrals
/eiam d/l,+($), / eiaw d,u_(;v)
R R

(o € R is a constant).
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(v) T = {(z,y) € R?: 0 <y < |z|} compute
lul @ m(T)
in two ways, by integrating the measures of both x— and y—sections.

Solution. (i) Characteristic functions of upper half-open intervals are right—continuous, and = — [z] is
right—continuous, so F' is also right—continuous, as the sum of three right—continuous functions. We have
F(07) = 1, F(0)* = 0, 50 up({0}) = —1; F(17) = 0, P(1*) = F(1) = 1, so pup({1}) = 1; F(2") = 1,
F(27) =2 and pp({2}) = 1; there are no other points of discontinuity besides {0, 1,2}. The plot is easy.

3

]

FIGURE 15. Plot of F.

(ii) La derivata di F esiste in R \. {0,1,2,3} ed in tale insieme coincide con
F'(2) = € X]—o0,00(%) + > Xj3,00[(2):
Posto P =] — 00,0[U]0,00[ ed N = {0}, la coppia P, N & una decomposizione di Hahn per p. Si ha
,qu :F/(IE) d$+(61+62), /L7 :(;0,
dove ovviamente F'(x)dx & la parte assolutamente continua e d; + do quella singolare; p~ ha parte
assolutamente continua nulla.
(iii) Since A(x) = p*(] — oo, x]) we get
Alxz)=¢" z<0; Alz)=1 0<z<1l; Alx)=2 1<z<2;A(x)=3 2<z<3;
Alx)=4—-¢*"" 3 <.

_

FIGURE 16. Plot of A.

And B(x) = pu~ (] — 00, 7]) coincides with X[g,o[, the Heaviside step.

(iv) We have
/ e du” (z) = / e doy = "0 = 1.
R R

And
. . 0 . . . o0 .
/6zaw d[l,+(ZL') _ / 62aw(Fl(x) dr + d(51 + 52)) :/ e(zanrl)w dr + ' + 62104 +/ 63+(zafa:) doe =
R R —oo 3
6(iaz+1)x 0 N io N 2ie N 3 e(iafl)ac e 1 N io N 2in e3ic
- (& € & = € € — .
o +1 o a—1 |q 1o+ 1 1o —1

(v) The z—section [0, |x|] has Lebesgue measure |z|, so that

|u\®m(T):/R|x|d|u|:A|x|dA(m)+A|x|d60(x):/ (—m)ezda;+1+2+/3mxe3—rdx=

0
—0o0
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0 00
[—xe‘"”](ioo—l—/ erdm+3—[aze3_m]§°+/ S Tdr=0+1+3+34+1=8.
3

The y—section is empty for y < 0, and is T'(y) =] — oo, —y] U [y, oo[ if y > 0, with measure |u|(T(0)) =
|u|(R) =44 1 =5, whereas for y > 0 we get:
(T () = u™(T(y)) = u* (] = 00, —y]) + ™ (ly, 00) = A(—y) + (4 = A(y"));
then

1l @ m(T) = / T (T ) dy = / T Ay dy+ / T A ) dy =

e 1 2 3 [eS)
/ eydy+/ (4—1)dy+/ (4—2)dy+/ (4—3)dy+/ (4—(4—e¥Y)dy =
0 0 1 2 0
1+3+2+1+1=8.
]

EXERCISE 26. Consider the sequence of functions f,, : R — R, where fo(z) = (1/2)x[0,1/2] — X[1/2,1[ and
fal@) = (1/n) fo(z/n) for n > 1. Plot fo, f2, f3, fr, evaluate f(x) = lim, o fn(z), compute the integrals
Jg fn(x) dz and notice that
[s@r> s [ g dn
R R

n—oo
why does this not contradict Fatou’s lemma (3 points)? Let now (X, M, u) be a measure space.

(i) Assume that f, : X — R is a sequence of functions in L!'(u) that converges uniformly to
f € L'(w). Is it true that lim, [, fn = [y f? if not, can you give a counterexample? what
hypothesis can be added to p to ensure that this holds?

(i) Let u, be a sequence in L/, (X,R) which converges pointwise a.e. to u € L, (X,R), and is such
that lim,, [\ u, = [y u; let f, € Li(X, R) be a sequence with u,, < f, a.e., for every n € N.

Prove that
/ liminf f, <lim inf/ fn-
X X

Solution. Notice that the plot of f,, is obtained from the plot of fy by a dilation of ratio n in the direction
of the x—axis, and one of ratio 1/n in the direction y, so that the plots are as in the following figure.

NI AT

FiGure 17. Plots of some f,.

Since || fnlleo = 1/n for n > 1 the sequence f, converges uniformly to the identically zero function,
whose integral is 0. The integral of fj is clearly 1/4 — 1/2 = —1/4; and setting = nt we have

/an(x)dx:/an(nt)ndt:/R%fo(nt/n)ndt:/Rfo(t)dt:—i.

Fatou’s lemma is not violated because it concerns positive functions.
(i) Not true: the above is a counterexample. If ;1(X) < oo then uniform convergence of L! functions
implies convergence in L' (), according to the inequality:

||f—fn||1:/le—fnlduﬁ/xllf—fnl\oodu:||f—fn|\oou(X)~
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(ii) We have f,, — u,, > 0, so that Fatou’s lemma may be applied to the sequence f,, — u,; we get:

(*) /X liminf(f, — u,) dp < limninf/X(fn — Uy du;

n

But since lim,, u, (z) = u(x) exists for a.e. z € X we get a.e in X:
liminf(f,(z) — u,(x)) = liminf f,(z) — u(z),

and since lim,, |  Un exists and coincides with / U we also have

liminf/ (fn—un):hminf/ fn—/ u,
n X n X X
so that (*) is

/(liminffn—u)gliminf/ fn—/ U = / liminffn—/ ugliminf/ fn—/u,
x n noJx X x n X noJx X

ad cancelling — [, u we conclude. O

EXERCISE 27. (i) Using the theorem on differentiability of parameter depending integrals prove that
the formula:

(*) o(z) :/Re’ﬁ’m dt

defines a function p € C'(R,R), whose derivative is

o' (z) = -/]R(—t)e_752 e "t dt.

(ii) Integrating ¢’ by parts, find a differential equation verified by ¢, and from it deduce an explicit
expression of ¢, not containing integrals.
(iii) The explicit formula for ¢(z) can also be easily obtained directly (complete the square ... ).

Solution. (i) It is clear that for every given z € R the integrand is in L1, (R), so that ¢ is defined. We have
Op(e=" =) = (=t) e~ ~*'. Given x € R, the function (t) = e~*" el=+ DIl is in L}(R) and dominates
eV foryefzr—1,2+1) and t € R. Then ¢ € C'(R), and

o' (x) = /]R(—t) e e gt

(ii) Integrating by parts in the preceding formula we get

—t2 t=o0 +00
/ € —xt z —t?q —at z
= d 2 S .
o' (x) [ 5 € ] + 5 [ e e "t dt 5 o(x);

t=—o0
Then ¢’ satisfies the differential equation ¢'(z) = (2/2) ¢(z); since ¢(0) = /7 we have
o) = Vre® /4 (x € R).

(iii) We have —t? —at = —(t> + at) = — (2 + ot + 2% /4 —22/4) = —(t+2/2)? + 22 /4, so that (recalling
also translation invariance of the Lebesgue integral)

o) = [t [t g ot [ o et
R R R

EXERCISE 28. Let (X, M, u) be a measure space.
(i) If g € L}, (X, C) give a careful proof of the fact that

/gdu=/ lg| dpe
X X

holds if and only if g(z) = |g(z)| for a.e. x € X.
(ii) Given g € L},(X,C) find a bounded measurable function u : X — C such that

/gudu:/ 9| dp-
X X

Let p,q > 1 be conjugate exponents, 1/p + 1/q = 1, and fix a nonzero g € L(u).
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(iii) Prove that the formula
py(f) = / fgdp
X

defines ¢4 as a (trivially linear) continuous map of LP(u) into C, of (operator) norm |l¢,|| not
larger than ||g||,.

(iv) Accepting the following fact: if f,g € L(X) and 0 < ||f|l, < o0, 0 < ||g|lq < oo then || fg|1 =
I£1l» lgllq holds if and only if there is a constant k > 0 such that |g(z)|? = k|f(z)|P for a.e.
7 € X, prove that [[p,| = lgly, and find a € L2() with |lall, = 1 and @,(@) = g,

Solution. (i) Sufficiency is trivial. For necessity, write g = u + i v, with u = Reg and v = Im g. We get

ol =L

Since fX lg| is real, we have fX v = 0, so that the preceding equality writes

/XUZ/XIQI;

now of course we have u < |u| < |g| so that the equality implies
/ (lgl—u)=0 and since |g| —u > 0, this holds iff |g(z)| = u(x)(= Reg(z)) for a.e. z € X;
s

and since the modulus of a complex number equals its real part iff this number is real and positive, we
are done.

(ii) To ensure equality we simply take w in such a way that g(z)u(z) = |g(z)| for every = € X;
since g(z) = sgng(z)|g(z)|, we have g(x)sgng(x) = |g(x)|; so we set u(x) = sgng(z), recalling that
[sgng(x)| =1 or 0, so that u is bounded. Measurability of u follows from the fact that the sign function
sgn : C — C, although not continuous, is Borel measurable, as we have seen.

(iii) Simply use Holder’s inequality:

o)) = ] /X fgdu] < /X \Faldi=11£oll < IF1lo llla = (lglla) £l

this shows that ||g||q is a Lipschitz constant for ¢4; the operator norm is the smallest such constant.
(iv) To get ||f glls = IIfll» lg]ly we have to use f such that |f|P = k|g|?, hence | f| = k'/P|g|/? = p|g|9~!
with p > 0 a constant. We have to make such an f of LP—norm 1, so that:

1/p -1/p
1= (/Xp”lgl(q””du> = p= </X glqdu> =1/|lgl|¢".

Finally to make ¢4 (f) = || fgll1 we have to make

/ng=/X|fg|;

so we take f(z) = sgng(w)|g(x)|*""/llgllg~".

ANALISI REALE PER MATEMATICA — III RECUPERO — 24 SETTEMBRE 2013
EXERCISE 29. Let F': R — R be defined by
X]—OO,O[(CU) r + ()
1—a3 2

where 1 is the Cantor function with §,, = (2/3)™.

(i) Plot F; find the points of discontinuity of F’; is F' right—continuous? Plot T'(z) = VF(] — o0, z])
Define p = dF(= pr) the Radon—Stieltjes signed measure associated to F.

(i) Find right continuous functions A, B : R — R with A(—o00) = B(—00) = 0 such that p* = dA

and u~ = dB; plot A and B.
(iii) For pu* and pu~ write the decomposition into absolutely continuous and singular part.

X[l,oo[(x)

Fle) = TH(e- D7

Xjo,1((®) +
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FIGURE 18. Plot of F.

Solution. (i) The plot is easy. It is clear that 0 is the only jump point, and that F is right—continuous.
By piecewise monotonicity of F, it is clear that we have

T(x)=F(z) = T3 for x <0
T(x)z?—i—%w(x) for 0<z<1;
1
— —_—— < .
T(z)=4 TF@_1)p for 1<z

Notice that T(07) =1, T(0") = 1 + 1 = 2. The plot is easy:

FIGURE 19. Plot of T'.

(iii) It is boring but easy to plot A = (T'+ F)/2 and B = (T'— F')/2, for which y* = dA and = = dB;
we do not give the expressions

2

FIGURE 20. Plot of A (left) and B.

(iv) The absolutely continuous part of u* = dA is

L) ar (1 _$3)2X]*oo,0[ €T 2X]0,1[ T x;

the singular part is di//2. For pu~ the singular part is dg, the absolutely continuous part is
3(x —1)?

B'(z)dx = —(1 - 1)3)2)([1,00[

(z) dz.

EXERCISE 30. In this problem L? = LP (]0,1]), with m Lebesgue measure. For n = 3,4,5,... set
fn = (n/logn) X]0,1/n]-

(i) Plot f3, fu, fz and prove that f,, converges everywhere on [0, 1] to a function f; find f.

(ii) Find all p € [1, 00] such that f, converges in LP.
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(iii) Find all p € [1, 00] such that the series

. n
7;) 7logn X]1/(n+1),1/n]

converges in LP; prove first that this series converges pointwise everywhere on [0, 1] to a function
g; plot g.

(iv) Deduce from the above that a sequence of positive functions can converge pointwise and in L!
without being dominated by a function in L.

Solution. (i) The plots are easy.

N
o=
o
~

FIGURE 21. Plot of some f,, (not on scale).

Given z € [0, 1], if x = 0 we have f,(x) =0 for all n > 3, and if z > 0 for n > 1/x we have f,(z) = 0;
the sequence converges everywhere to the zero function, f(z) = 0 for every = € [0, 1].

(ii) We have
1 D p p
) P dp— " 1:: n )
an”p /O log;ﬂ n X]0,1/n]) AT Ing nn logp n’

if p > 1 we clearly have lim,, o, n?~1/logPn = oo, for p = 1 we have lim,, ,o,(1/logn) = 0. For p = oo
we have ||fn]lco = n/logn, with limit co for n — co. Then the sequence converges in L? only for p = 1,
to the zero function.

(iii) The important fact is that the intervals |1/(n + 1),1/n] are pairwise disjoint so that the series is
pointwise convergent to the function g : [0,1] — R defined by g(z) = (n/logn) if 1/(n +1) < x < 1/n,
for n > 3, and g(x) = 0 for all other . We also have

)= Z og? n XL/ (nt 1.1/

(for every given x € [0, 1] there is at most one term in the sum which is nonzero!) so that, by the theorem
on termwise integration of series of positive functions:

-1

= nP 1 1 = nP~1
P — _— _— = B ——
gl nz::glogpn (n n+1> ;::3 (n+1) logfn

For p = 1 we have the series

Z n—|—1 ) logn’

which is not convergent (use the integral test: 1/((n+1) logn) ~ 1/(n logn) and the integral [,~ dz/(xlog z)
diverges); for p > 1 we have, if n is large enough:

nP1 1 . nP—1
> in fact  lim =00,
(n+1)logPn ~n+1 n—oo logf n

so that the series is divergent. So the series never converges in L?, for no p with 1 < p < oo; and since
the sum is not in L*°, it does not converge in L, either.
We observe next that we have, for every z € [0, 1]

9(x) = sup{fn(z) : n = 3};
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in fact the sequence n +— n/logn is increasing for n > 3:
n n+1

1 1 1)1 1 1™ < logn™*!
logn<log(n+1) < nlog(n+1) < (n+1)logn < log(n+1)" <logn =

1 n
= (n+1)" <logn"t = <1+> <,
n

certainly true for n > 3, since (1+1/n)" < e < 3. Then there is no function h € L' such that f,(z) < h(z)
for every n > 3.

FIGURE 22. Plot of g (not on scale).

O

EXERCISE 31. (i) Using the theorem on differentiability of parameter depending integrals prove that
the formula:

(*) p(z) = /1Oo e;zt dt

defines a function ¢ € C*(]0, 00, R).
(ii) Find for ¢’ an expression not containing integrals.
(ili) What are the limits

. o )
dim o(z); - lim o(z)!

(iv) Prove that for every a > 0 we have ¢ € L'([a, o0[) and espress the integral [ ¢(z)dz by means
of ¢(a) (use Fubini — Tonelli’s theorem ... ).

Solution. (i) Clearly ¢t — e~%!/t belongs to L!([1, 0o|) for every x > 0, so ¢ is defined for z > 0. We have
Du(e™/t) = —e~™t. Given z > 0, let U = [1/2,00[; the function y(t) = e~ (#/21 is in L'([1, 00[) and

e V(=] —e ) <~(t) for every y € U and ¢t > 1. By the theorem on differentiability we get
) e e_xt t=00 o
stor= o= [Meman [ T2
1 1 G T

We have also solved (ii).

(iii) Notice that for fixed ¢ > 1 the function @ +— e~**/t is decreasing on 0, oo[ (trivially). If z; | 0
we then have that the sequence f;(t) = e~*i!/t is increasing and converges to ¢ — 1/t. By the monotone
convergence theorem we then have

/ fi@®)dtt / % =00 in other words lim ¢(z) = oco.
1 1

xz—0t
And if z; T oo then f;(t) = e~%i'/t is dominated by fo € L([1, 00[) and converges pointwise to 0 so that,
by dominated convergence:

o0
lim / fi(t)dt =0 in other words lim ¢(z) = 0.
1

j—ro0 T—00

Of course we can also argue like that: e™*!/t < e™*¢ for ¢t > 1, so that

—T

0 < () g/ e "t dt = e—,
1 X
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and e”*/x — 0 as x — +o0.
(iv) We have to compute

/aoocp(x)dx:/:o (/100 e_:tdt> dz:

all spaces have o—finite measure and the integrand is measurable and positive; so the iterated integral
obtained by exchanging the order of integration coincides with the given one:

T=00

[ee] oo —xt ] o _—xt [ee] —xt
/ (/ < dt) dm:/ (/ < dm) dt:/ {e} dt =
a 1 13 1 a 13 1 —t2 r=a

[e%¢) e—at e—at t=o00 o e—at
= / 5— dt = (by parts) = {— ] +a / dt =e " +ap(a);
1 i t t=1 1 t

we have obtained:

/:O o(z)dz = e~ + ap(a).

EXERCISE 32. In R™ let z; be a sequence converging to x € R", and let r; > 0 converge to r > 0.

(i) If Xk = XB(xs,r,] then xx converges a.e. to X = XB(x,r|-
(ii) Prove that if f € LL (R™) then

loc
lim/ kadm:/ fxdm
k—o0 n R™

(hint: if R = sup,{ry + |x — x|} then B(xg,rs] C B(z, R] for every k € N...)
(ili) Assume now that f € L'(R"), and define g : R™ — K by

o) = | L fam

Then g is continuous, and lim|,|_, g(x) =7

Solution. (i) and (ii) are Exercise 7.1.1.1 of the Lecture Notes, and the solution shan’t be repeated here.

(iii) Continuity of g is clear from (ii), keeping r = 1 fixed. Clearly the limit is 0: if z; is a sequence
in R™ with limg |zx| = oo, the sequence fr = f XB(s,,1) is dominated by |f| € L'(R") and converges to
0 a.e. (given z € R", if |zk| > |2| + 1 then fr(x) = 0). By dominated convergence the limit of g(zy) is
0. O



