
Calculus of Variations

Preliminary program of the course - 2022

(1) Classic functionals of the Calculus of Variations

(a) Euler-Lagrange’s equations

(b) Du Bois-Reymond’s equation

(c) Indirect methods and convexity methods

(d) Fermat’s principle for the geometrical optics

(e) Brachistochrone’s problem

(2) Semi-direct methods

(a) Functionals depending on the gradient

(b) Bounded slope condition

(3) Direct method of the Calculus of Variations

(4) Functional in Sobolev spaces

(a) Brief review on Sobolev spaces

(b) Convexity and lower-semicontinuity in W 1,p

(c) Existence of minimizers in W 1,p

(d) Examples

(e) Interior Sobolev regularity

(f) Schauder regularity and De Giorgi-Nash theorem (without proofs)

(5) Plateau’s problem

(a) The parametric formulation of Douglas-Radò

(b) Brief introductions to BV functions and sets with finite perimeter

(c) Plateau’s problem for sets with finite perimeter

(6) Γ-convergence and applications to phase transition

(a) Relaxation and Γ-limits

(b) Convergence of minima and minimizers

(c) Applications: Modica-Mortola functional and perimeter

(d) De Giorgi’s conjecture on the equation ∆u = −u(u2 − 1)

(7) The isoperimetric property of the sphere and its applications

(a) Steiner’s rearrangement

(b) Isoperimetric property of the sphere

(c) Quantitative version of the isoperimetric inequality

(d) The best shape of a drum: minimum eigenvalue for ∆u = λu

(e) Schwarz’s rearrangement and sharp Sobolev inequalities

(f) The Yamabe’s equation ∆u = −u
n+2
n−2

(8) Introduction to the theory of optimal transportation

(a) Monge’s problem

(b) Kantorovic’s formulation

(c) Brenier’s theorem

(d) Another proof of the isoperimetric inequality
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(9) Introduction to the theory of currents

(a) Brief review on exterior algebras. Currents, mass and boundary

(b) The Plateau’s problem for rectifiable currents

(c) Overview on the regularity of minimal surfaces. Simon’s cone

(d) Holomorphic manifolds are area minimizers
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