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Exercise 1 Compute in implicit form the (maximal) solution y ∈ C∞(a, b), −∞ ≤ a <
1 < b ≤ +∞, of the Cauchy Problem y′ =

y − x
y + x

,

y(1) = 0,

and draw a qualitative graph of y. Compute b and show that a > −1
2
e−π/2.

Exercise 2 (Gradient flow) Let f ∈ C2(Rn) be a function such that:

a) The sets {x ∈ Rn : f(x) ≤ λ} are compact for all λ ∈ R.

b) ∇f(x) = 0 if and only if x = 0.

Consider the Cauchy Problem{
γ̇(t) = −∇f(γ(t)), t ≥ 0,
γ(0) = x0,

where x0 ∈ Rn. Prove that:

i) The problem has a unique solution γx0 ∈ C2([0,+∞));

ii) lim
t→+∞

γx0(t) = 0;

Exercise 3 Let F ∈ C1([0,+∞)) be a function such that F (0) > 0 and F ′(x) ≥ 0 for all
x ≥ 0. Show that any solution y ∈ C2([0,+∞)) to the differential equation

y′′ + F (x)y = 0, x ≥ 0,

is bounded.

Hint. Show for x ≥ 0:

F (x)y(x)2 ≤ y′(0)2 + F (0)y(0)2 +

∫ x

0

F ′(t)y(t)2dt := Φ(x),

and then
Φ′

Φ
≤ F ′

F
.


