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Introduction

Let Q € R"™2 n € N, be an open set and let " :  — R be a continuous function.
An equation of the form
F(z,y,y,....y™) =0 (0.0.1)
is called ordinary differential equation of order n. Here, x is a real variable, y is a
real valued unknown function, and v/,...,y™ are its derivatives.
A function ¢ € C™(I) is a solution of the differential equation if:

i) I C R is an open interval;
i) (z,y(z),...,y™ (x)) € Q for all x € I;
i) F(x,y(x),...,y"™ (x)) =0 for all z € I.
The main problems concerning ordinary differential equations are:

1) Existence of solutions;

2) Uniqueness of solutions (with suitable initial conditions or boundary value
data);

3) Regularity and stability of solutions (e.g. dependence on the initial condi-
tions, large time stability, higher regularity depending on F' or on parame-
ters);

4) Computation of solutions.

The existence of solutions can be proved by fixed point theorems, by approxi-
mation and compactness, by variational methods (minimization and critical point
theorems), by the implicit function theorem in Banach spaces, by Functional Ana-
lysis techniques. The problem of uniqueness is typically more difficult. Only in very
special cases, it is possible to compute the solutions in some explicit form.






CHAPTER 1

Some methods of resolution

1. First order linear equations

1.1. First order linear equations. Let I C R be an open interval and let
a,b € C(I) be two continuous functions. A first order differential equation of the
form

v +alx)y=>0b(z), zel, (1.1.2)

is called linear. In the case b = 0, the equation is said to be homogeneous
v +alx)y=0, zel. (1.1.3)

We solve the homogeneous equation, first. Assuming y # 0, e.g. y > 0, the differential
equation (1.1.3) has the form y'/y = —a(z). A primitive of 3//y is logy. Then,
denoting by A a primitive of a, i.e., A'(z) = a(x) for all = € I, we have

—A=logy+d,

for some constant d € R. It follows that y = exp(—d — A) and letting ¢ = e~¢ we find
the solution
y(x) =ce 1 wel (1.1.4)

This function is a solution to the homogeneous equation for any ¢ € R (i.e., the
restriction y > 0 can be dropped).

Now we look for a solution of the form (1.1.4) for the non homogeneous equation
(1.1.2), where now ¢ € C*(I) is a function that has to be determined (this method is
called “Variation of constants”). Plugging 3 = c'e=4 — ace™ into (1.1.2) we get

de ™ =b, thatis ¢ = be’.

Integrating this equation on some interval (zg,z) C I we get

c(x) = c(xg) + /m b(t)eVdt,

and we find .
y(z) = (c(a:o) + / b(t)eA“)dt)e—A(x), rel, (1.1.5)

where ¢(zg) € R is a real number and z, € I.

PROPOSITION 1.1.1. Let zg € I and A be a primitive of a. Then the function
in (1.1.5) is a solution to (1.1.2). Moreover, any solution of (1.1.2) is of the form
(1.1.5) for some c(zy) € R.
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PROOF. The first statement is a computation. Let z € C'(I) be a solution to
(1.1.2) and let

w(z) = e z(z) — /33 b(t)eVdt.

zo
For we have
w = (az + 2 )e? —bet =0,

the function w is constant on I, and the second claim is proved.

2. Separation of variables

Let I,J C R be two open intervals and let f € C(I) and g € C(J) be two
continuous functions. We look for solutions to the first order differential equation

y' = f(x)g(y). (1.2.6)

Let xg € I and yo € J. If g(yp) = 0 for some y, € J, then the constant function
y(x) = yo, © € I, is a solution to the differential equation (1.2.6). Assume that
9(yo) # 0. Then it is g # 0 in a neighborhood of yy and we can divide the equation
be ¢g(y) (separation of variables). We find

y'(z)
S0 f(x). (1.2.7)
Let G € C'(J;) be the primitive of 1/g(y) (in the variable y), defined in some interval
Ji containing 3. The function G is strictly monotonic, because G'(y) # 0, and thus
invertible. Moreover, let F' € C*(I) be a primitive of f. Upon integrating (1.2.7), we
get
G(y(z)) = F(z)+C, =z €I, (1.2.8)

for some interval Iy C I. Here C' € R is a real constant. The general solution of the
differential equation is then

y(x) =G Y(F(z)+C), z€l, (1.2.9)

where G™1 : G(J;) — J; is the inverse function of G. The constant C is uniquely
determined by the initial condition y(zo) = v, i.e., C = G(yo) — F (o).

This argument identifies two kinds of solutions to the equation (1.2.6): constant
solutions and solutions such that g(y) # 0. There could be other solutions (see Section
5). If e.g. g € C*(J), however, there are no other solutions (see Chapter 2).

ExAMPLE 1.2.1. We look for the solution to the Cauchy Problem
, 1+ 2z
~ cosy (1.2.10)
y(0) = .

The differential equation is of the form y' = f(z)g(y) with f(z) = 1 + 2z and
g(y) = 1/cosy. ular, g is defined for cosy # 0, i.e., for y # 7/2 + kr with k € Z.
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Separating the variables we get 3/ cosy = 1 4 2z, and integrating we find the general
solution in implicit form

siny = x4+ 2> + C,
where C' € R is a constant, which is determined by the initial condition y(0) = m,
i.e., C' =siny(0) = 0. The function

z(x) = arcsin(z + 2?)

is not, however, the solution to (1.2.10) because z(0) = arcsin(0) = 0. In order to
determine the correct solution, notice the arcsin is the inverse function of sin when
restricted to [—m/2,7/2], whereas y takes values in a neighborhood of 7. Letting
w(z) = y(x) — 7, we have w(0) = y(0) — 7 = 0 and sinw = sin(y — 7) = —siny =
—(z + 2*). Now we can invert the sine function, obtaining w = — arcsin(z + 2%) and
thus

y(z) = 7 — arcsin(z + 2?).

The solution y is defined in a suitable neighborhood of the origin.

3. Equations of homogeneous type

A differential equation of the form

=1

is called of homogeneous type. Here f : I — R is a (continuous) function in some
interval I C R. With the change of variable y = xz, where z is the new unknown
function, we get ¥’ = z + x2’ and the differential equation transforms into

zZ + 2 = f(2).
This equation can be solved on separating the variables.
For instance, the following differential equation is of homogeneous type (see Ex-
ercise 77)
a2
y —_=
Ty

:f(%), with f(t):%th.

4. Bernoulli’s equations

A differential equation of the form

Y +a(x)y =b(z)y*, zel, (1.4.11)
where « is a real parameter such that a # 0, 1 is said to be of Bernoulli type. Letting
1 o
Yy = zﬁ’ y/ = ZEZ/,
l—a

the equations transforms into
24+ (1 —a)a(r)z = (1 — a)b(x).

This is a linear equation.
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5. Exact equations

Let Q C R? be an open set and f,g € C(Q) be continuous function. We look for
a solution y € C'(I), I C R open interval, of the differential equation

f(@,y) +g(z,y)y =0, (1.5.12)

satisfying the condition y(zg) = yo for some (z,y0) € Q with zo € I.
To this aim, consider the differential form w in €2

w = f(z,y)dz + g(z,y)dy, (1.5.13)
where dz, dy is the dual basis of the basis e; = (1,0) and e; = (0,1).
DEFINITION 1.5.1 (Exact forms). The differential form w is exact if there exists
a function F € C*(Q) such that
oF oF
w=dF = —dr+ —dy in .
ox dy
The function F'is called a potential of w. In this case, the differential equation (1.5.12)
is called exact.
THEOREM 1.5.2. Assume that w is an exact form with potential F' such that
OF (0, y0)
dy

Then the equation F(x,y) = F(xq,vo) tmplicitly defines a function y € CY(I) for
some open interval I containing xo solving the differential equation (1.5.12) along

£0. (1.5.14)

with the condition y(xo) = yo. This solution is unique on the interval I.

PROOF. Assume w.l.g. that F(zg,14) = 0. By the implicit function theorem,
there exist ,7 > 0 and y € C'(xg — 0, 29 + ) such that

{(x,y) EQ:|'CE_370| <57|y_y0’ <77,F(l‘,y) :O} = {(,T,y(.T)) GQ:|£Ij_xl)| <5}

(1.5.15)
Differentiating the identity F(z,y(x)) = 0 we get
d OF (z,y(x))  OF(z,y(x)) ,
g —F et
0 dx (@, y(2)) oz * oy 7 (@) (1.5.16)

= f(xa y(ﬂf)) + g(x, y(x))y’(a:),
i.e., y is a solution of the differential equation, and moreover y(zq) = yo.

On the other hand, if = € C*(I) is a solution to the equation (1.5.12) such that
z(xg) = yo, then the same argument as in (1.5.16) shows that

d
T F (@, 2(2)) =0,
and therefore F(z,z(z)) = F(xo,2(x0)) = F(zo,y) = 0. By (1.5.15) it must by

z=1. 0
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DEFINITION 1.5.3 (Closed forms). Assume that f,g € C*(2). The differential
form w = fdx + gdy is closed in € if
Of(z,y) _ 9g(z,y)
Ay ox

An exact differential form in an open set 2 with a potential F' € C?*(Q) is closed

for all (z,y) € Q.

in 2 because mixed derivatives are equal by Schwarz theorem

O*F O*F
axay(x7y)_M(xay)v (xay) € Q.

The converse is also true if 2 is simply connected.

THEOREM 1.5.4. If Q C R? is a simply connected open set, then any closed dif-
ferential form in € is exact.

Convex and starshaped open sets are simply connected. In particular, closed forms
always have a potential locally.

If o € C(N2) is a function such that ¢ # 0 in 2, then the differential equation
(1.5.12) and the differential equation

oz, y){f(z,y) + g(z,y)y'} =0, (1.5.17)

have the same solutions. For a suitable choice of ¢, the differential equation (1.5.17)
may happen to be exact, even though (1.5.12) is not exact. The function ¢ is then
called integrating factor (or multiplier). If f,g € C*(f2), a necessary condition for a
function ¢ € C*(Q2) to be a multiplier is

%(pf = 5%(‘09 in Q. (1.5.18)
ExAMPLE 1.5.5. The differential equation
vty —axy =0 (1.5.19)
is not exact. In fact, with f = 2y* + y and g = —x, we have
%xy,y) =2zxy+1 and 89(89: y) =—1.

We look for a function ¢ such that (1.5.18) holds. We try with the ansatz ¢ = ¢(y),
i.e., ¢ depends only on y. We get the necessary condition

¢ () (@Y +y) + o(y)(2zy +1) = —p(y),

that is implied by y¢’ + 2¢ = 0 (this equation does not depend on z). A solution for
this linear equation is p(y) = 1/y?. Now the differential equation
/
T+ L % =0
Y Y
is exact, where y £ 0. A potential F' for this exact differential equation can be found
on solving
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1

An integration yields

2

F(a:,y):%+§+6', CeR

The equation F(z,y) = 0 implicitly defines solutions to the differential equation
(1.5.19) (for  # 0 and y # 0).

6. Second order linear equations with constant coefficients

Let f: I — R be a continuous function on the interval I C R and let a,b,c € be
real numbers such that a # 0. The differential equation

ay" + by’ +cy=f(z), xel, (1.6.20)

is a second order linear differential equation with constant coefficients. When f =
0 the equation is called homogeneous. The general solution of the homogeneous
equation

ay’ +by +cy=0, x€R, (1.6.21)
is of the form ygy = Ciy1 +Csys where C, Cy € R are real numbers and yq, y» are two
solutions of (1.6.21) which are linearly independent, i.e., such that for real numbers
a,f€R

ayy + Py =0inR = a=pF=0.

The general solution of the inhomogeneous equation (1.6.20) is a function y €
C?*(I) of the form y = you + yp, where yp € C?*(I) is a particular solution of the
inhomogeneous equations. We describe some practical methods to compute yogy and
yp. The general theory is dealt with in Chapter 3.

6.1. Homogeneous equation. The solutions to the homogeneous equation
ay”" +by +cy=0 (1.6.22)

are a real vector space, i.e., any linear combination of solutions is still a solution.
We shall prove in Chapter 3 that this vector space has dimension 2. It is therefore
sufficient to find two linearly independent solutions to the equation. We look for
solutions of the form y(z) = e** for some complex number A € C. Inserting y,v', 3"
into (1.6.22) we get e**(aA?+bX +c) = 0. Since e’ # 0, the complex number A must
solve the characteristic equation

aX* + b\ +c = 0. (1.6.23)
According to the sign of A = b*> — 4ac we distinguish three cases.

Case 1I: A > 0. In this case the characteristic equation has two real (simple)

b+ VA \ b= VA
B 2a = 7 20

solutions

Al

IMANCA TESTO
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The general solution of the homogeneous equation (1.6.22) is
yar(x) = CreM” 4+ Coe”,
where C, Cy € R are real constant.

Case 2. A = 0. In this case the characteristic equation a\? 4+ bA + ¢ = 0 has
one real double solution A = —b/2a. The ansatz yields only the solution y; () = .

Az is also a solution which

A direct computation shows that the function yo(z) = xe
is linearly independent from the first one. The general solution of the homogeneous
equation (1.6.22) is then

you () = N (0 4 Cox),

where C}, Cy € R are real constants.

Case 3: A < 0. In this case the characteristic equation has two complex conjugate
solutions

A
M =a+if and N =a—iff, where oz:—i, 6= | ‘
2a 2a

We get the complex valued solutions
21(z) = eTPT — 2% (cos(Ba) + isin(f),
z(z) = @77 = 2% (cos(Bx) — isin(Bx),

and the real valued solutions
1
y1(z) = 5(21 () + z2(x)) = € cos(fz),
1 :
(z1(x) — 29(x)) = e**sin(Px).
The general solution of the homogeneous equation is

2
you(r) = e (C’1 cos(fz) + Cy sin(ﬁx)),

where C7, Cy € R are real constants.

Yy2(x) =

6.2. Inhomogeneous equation. Similar solutions. Consider the inhomoge-
neous equation (1.6.20), where the right hand side is a function f : R — R of the
form

f(x) =e (Po(x) cos(fx) + Qo(x) sin(ﬁx)),
for some a, # € R and real polynoms F, and Q).

We describe a practical method to find a particular solution yp to the differential

equation
ay’ + by’ + cy = f(z). (1.6.24)
A more systematic method is given in the next section.

Consider the real or complex number A = « + i3 and denote by m € {0, 1,2} the
multiplicity of A as a solution of the characteristic equation (1.6.23). The case m =0
means that A is not a solution, the case m = 1 means that A is a simple solution, the
case m = 2 means that A is a double solution.
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It is always possible to find a particular solution yp for the inhomogeneous equa-
tion (1.6.24) of the form

yp(z) = 2™ (P(x) cos(Bz) + Q(x) sin(Bz)),

where P and () are unknown polynoms with degree equal to the maximum of the
degrees of Py and ()p. These polynoms can be determined inserting yp, yp, yp into
(1.6.24) and comparing the coefficients of the trigonometric functions in the left and
right hand side.

6.3. Inhomogeneous equation. Variation of constants. We look for a par-
ticular solution of the inhomogeneous equation (1.6.20) when f : I — R is any
continuous function on some interval I C R.

The general solution of the homogeneous equation (1.6.21) is of the form

y = Ciyr + Caya, (1.6.25)

where C, Cy are two real constants and y; and s are two linearly independent solu-
tions of the homogeneous equation. These solutions are known.

The method of the variation of constants consists in letting C, Cy be functions
of the variable . We look for a particular solution y of (1.6.20) of the form (1.6.25),
where now C; and (5 are functions. We have to determine C; and Cs. On differen-
tiating y, we get

y' = Clyr + Cry + Chya + Coys. (1.6.26)
We impose on ] and CY the condition
Cly + Clyn = 0. (1.6.27)
On differentiating 3’ we find
y" = Cyy + Cryy + Coys + Cays. (1.6.28)

Plugging (1.6.25), (1.6.26), (1.6.28) into the inhomogeneous equation (1.6.20) we find
a(Cryy + Cyya) = [(2). (1.6.29)

We also used (1.6.27) and the fact that y;,ys are solution to the homogeneous equa-
tion.
As y; and g9 are linearly independent, it is

det £0. (1.6.30)

Y1 Yo
! !
1 Yo

This fact follows from Exercise ??. Then it is possible to solve the system of equations

/ /
w1+ Coya =0
! : 1.6.31
{erH%%zf@Vw ( )

Finally, the functions C and Cy can be computed on integrating C] and C%.
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7. Euler’s second order equations

Let f: I — R be a continuous function on the interval I € R* and let a,b,c €
be real numbers such that a # 0. The differential equation

az®y’ +bry +cy = f(x), =z €I, (1.7.32)

is a second order differential equation of Euler’s type. We consider only the case
f =0, i.e., the homogeneous equation

az®y" +bxy +cy=0, ze€RF. (1.7.33)

The differential equation is singular at x = 0 because the coefficient of y” vanishes.
We look for solutions on the half line RT = (0,+00). For the differential equation
is linear, solutions are a two dimensional vector space. We look for two linearly
independent solutions of the form

y(l’) _ x)\ _ e)\log(x) _ e(aJrzﬂ)logx _ .Ta(COS(ﬂ lng) + isin(ﬁlogw)),

where A\ = o + i is a complex parameter. Plugging v, v = \z*', and 3’ =
A= 1)z* "% into (1.7.33) we get 2*(aA(A— 1) +bA+c) = 0. Because 2* # 0, A must
solve the characteristic equation

al? + (b—a)\+c=0. (1.7.34)

According to the sign of A = (b — a)? — 4ac we distinguish three cases.

Case 1: A > 0. In this case the characteristic equation has two real (simple)
solutions A1, Ay € R and the general solution of the homogeneous equation (1.7.33) is

y(x) = Cra™ + Cya?,
where C7, Cy € R are real constant.

Case 2. A = 0. In this case the characteristic equation has one real double
solution A € R and we get the solution y;(x) = 2*. A direct computation shows that
the function y,(z) = 2 log z is also a solution which is linearly independent from the
first one. The general solution of the homogeneous equation (1.7.33) is then

y(x) = 2Oy 4+ Cylog ),
where C}, Cy € R are real constants.

Case 3: A < 0. In this case the characteristic equation has two complex conjugate
solutions

M =a+if and I =a—1if.
We get the complex valued solutions
z1(z) = 27 = 2 (cos(Blog x) + isin(Blog z)),
2o(x) = 27 = 2*(cos(Blog ) — isin(Blog z)),
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and the real valued solutions

yi(z) = %(zl(x) + z5(x)) = 2% cos(fBlog x),

yo(x) = %(21(3:) — z(x)) = 2% sin(Blog x).

The general solution of the homogeneous equation is
y(z) = 2°(C) cos(Blog ) + Cysin(flogz)),

where C;, Cy € R are real constants.



CHAPTER 2

Existence and uniqueness in the Lipschitz case

1. Banach fixed point theorem

DEFINITION 2.1.1 (Contraction). Let (X,d) be a metric space. A mapping T :
X — X is a contraction if there exists 0 < A < 1 such that d(T(x),T(y)) < Ad(z,y)
for all z,y € X.

THEOREM 2.1.2. Let (X, d) be a complete metric space and let T : X — X be a
contraction. Then there exists a unique x € X such that x = T'(z).

PROOF. Let zg € X be a given point and define =, = T"(xg) = T o ... o T'(xg),
n-times. The sequence (z,),en is Cauchy. In fact, by the triangle inequality we have

for all n,k € N

k k
ATk 20) <Y Aoy Tosn) = Y _ d(T" (o), T" ()
h=1 h=1

k 00
< d(T (o), m0) Y A < Xd(T (), 0) D A
h=1

h=1
The series converges and A\ — 0 as n — oo, because A < 1. For X is complete, there
exists x € X such that z = lim 7" (z).

n—oo

We show that = T'(x). The mapping T is continuous and so we have

r = lim T"(x¢) = nh—{{olo T(T" ! (xp)) = T(JLIEO T Yxp)) = T(x).

n—oo

Finally, we prove that the fixed point is unique. Let z € X be such that z = T'(z).
Then we have

d(z,7) = d(T(2), T(%)) < Md(2,7) = d(z,7) =0,

because A < 1, and thus z = 7.

O

THEOREM 2.1.3. Let (X, d) be a complete metric space and let T : X — X be a

mapping such that T™ is a contraction, for some n € N. Then there exists a unique
x € X such that v =T (z).

PROOF. There exists a unique x € X such that 7"(z) = x. Then we have for
some 0 <\ <1

d(z,T(x)) = d(T"(2), T(T"(x))) = d(T"(x), T"(T'(x))) < Md(x, T(x)),
17
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and thus d(z, T(x)) = 0, which is equivalent to T'(x) = x.
Now assume that for some y € X it is y = T'(y). Then we also have y = T"(y)
and thus x = y, because the fixed point of 7™ is unique. [l

2. Excursus. Other fixed point theorems
Some fixed point theorems are based on the notion of convexity.

THEOREM 2.2.1 (Brouwer). Let K C R" be a closed ball and let T : K — K be
continuous. Then there exists x € K such that T'(z) = x.

For an analytical proof, see Evans, Partial Differential Equations, p.441. Brouwer’s
theorem extends to the infinite dimensional case.

THEOREM 2.2.2 (Schauder I). Let (X, || -]|) be a Banach space and let K C X be
a nonempty, convex, and compact set. Any continuous mapping T : K — K has at
least one fized point in K, i.e., there exists x € K tale che T'(z) = x.

See Evans, Partial Differential Equations, p.502. The assumption on K to be compact
can be be transferred to the mapping 7T'.

THEOREM 2.2.3 (Schauder II). Let (X, | - ||) be a Banach space and let K C X
be a nonempty, convex, closed and bounded set. Let T : K — K be a mapping such
that:

(i) T is continuous;
(ii) T is compact, i.e., T(K) C K is precompact.
Then there ezists x € K such that T'(z) = x.

Tarki’s Fixed Point theorem relies upon the notion of partial order.

THEOREM 2.2.4 (Tarski). Let (X, <) be a partially ordered set such that any subset
Y C X has a supremum. Let T : X — X be an order preserving mapping, i.e., a
mapping such that
z<y =T(x) <T(y)
Then there ezists x € X such that x = T'(x).

The proof of Tarki’s Lemma is an exercise.

3. Cauchy Problem. Introduction

In R*! = R x R", n > 1, we introduce the coordinates x € R and y € R™. Let
Q C R™! be an open set and let f € C(£2;R") be a continuous function. Given a
point (x,yo) € Q we consider the Cauchy Problem

/
{ v =1y) (2.3.35)
y(z0) = Yo
A function y € C(I;R") is a solution to the problem if:

i) I C R is an interval such that xy € I;
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i) (z,y(x)) € Q for all x € I;
iii) ¢'(z) = f(x,y(x)) for all x € I (the differential equations is solved);
iv) y(zo) = yo (the initial datum is attained).

We are interested in the following questions:

a) Existence of solutions;
b) Uniqueness of solutions;
c¢) Dependence of solutions from zg, yo, and f (regularity and stability).

Integrating the differential equation ¥’ = f(x,y) on the interval with end-points
xo and x we get the integral equation

y(2) = o + / " F(ty(t)) di = Ty(x), (2.3.36)

where y +— Ty is a mapping defined on a suitable functional space. A solution to
the Cauchy Problem is then a fixed point of the mapping 7. On the other hand, if
a continuous function y solves the fixed point equation (2.3.36) then y is of class C*
and solves the Cauchy Problem (2.3.35).
We fix the functional space. For a § > 0 consider the real vector space
V =C([xo — 6,20 + 0]; R"). (2.3.37)

Endowed with the norm

Iyl = max fy(z)|, yeV, (2.3.38)

z€[xo—08,20+9)

the vector space V is a Banach space, because any Cauchy sequence in V' converges
to a function in V. For any € > 0, the subset X of V'

X ={yeV:ylx) =0, ly—woll <&} (2.3.39)

is closed because both conditions y(z¢) = yo and ||y — yo|| < € are preserved by the
uniform (pointwise) convergence. Then the metric space (X, d) is complete w.r.t. the
metric d(y, z) = ||y — z||.

We shall see that for a suitable choice of § and € the mapping T : X — X

Ty(z) = yo + / " F ey () di (2.3.40)

is well defined, i.e., it is Ty € X for all y € X.

4. Local existence and uniqueness under the Lipschitz condition

DEFINITION 2.4.1. Let © C R™™! be an open set. We say that a function f €
C'(2;R™) has the local Lipschitz property in y if for any compact set K C 2 there
exists a constant L > 0 such that

|f(z,91) = fz,92)| < Llyy — w2l (2.4.41)
for all (z,11), (z,y2) € K.
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THEOREM 2.4.2. Let Q C R™™ be an open set, (xg,y0) € Q, and let f € C(;R")
be a function with the local Lipschitz property in y. Then there exists § > 0 such
that the Cauchy Problem (2.3.35) has a unique solution y € C*(I;R") in the interval
I = [$0—5,I0+5] .

PROOF. Let § > 0 and € > 0 be such that K = [zg — 0,20 + 0] X {y € R™ :
ly —yo| < e} € Q. Let H C Q be any compact set such that K C int(H). For f is
continuous on H, the number

M= sup |[f(z,y)] <+oo
(z,y)eH

is finite. Let X be the set introduced in (2.3.39) and let 7" be the mapping (2.3.40).
For any y € X we have for z € 1

Ty(o) — ol < | [ 15t u®)ldt] < Mo~ 0] < 501,

In fact it is (¢,y(t)) € K for all t € I. Possibly choosing a smaller 6 > 0 (this does
not affect M), we can assume that 0M < e. With such a choice, it is Ty € X for all
y € X. The choice of § > 0 is independent from zy and ¥y, as long as K C int(H).

We prove that the mapping 7' : X — X has a unique fixed point. It is enough to
show that, for some k € N, the iterated mapping T* is a contraction. Let v,y € X
and z € I. We have (with e.g. x > x)

Ty(e) = Tote) = | [ (7le.00) = (e gt0) ]
< [ 1#teut) - st g0

SL/me—MMMSLu—mwm—m«
xo

Here, L is the Lipschitz constant for f relative to the compact set H. Analogously,
it is (e.g. x > xg)

[72y(w) — Tg(a)| = | [ (7 Ty(0) — 100 To(0)de

SL/%WMﬂ—Tmmﬁ

T 2
_ r—x _
< Ply=gl [ - m)a < 2220y g,
zo
By induction, we get for any k € N and x € |
_ LF|x — xol* _
T*y(x) — Try(x)| < — vyl
which implies
(Lo)*

Ty = Tl < =3~y — 3l
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Because
_(Lo)

=0,

there exists k € N such that % < 1. For such a k, the mapping T is a contraction.
Then T has a unique fixed point y € X. Then it is y € C*([zg — 0, 2o + 0]; R") and y
solves the Cauchy Problem (2.3.35). O

5. Peano’s example

Consider the Cauchy problem

y'(@) =2/ly(x)], zeR,
{ 2(0) =0 (2.5.42)

The function f(z,y) = 2\/@ is not locally Lipschitz in the variable y. The Lipschitz
property (2.4.41) fails in a neighborhood of y = 0 and the assumptions of Theorem
2.4.2 are not fulfilled. The Cauchy Problem could have more than one solution.

In fact, a solution is the constant function y = 0. A second solution can be found
separating the variables: 2 = 3/ \/m . Integrating this equation on the interval
between 0 and x € R we get

x:/x Y () g y(x)  q J :{2\/3/(:(;), if y(z) >0
o V@I b VI —2/=y(), i y() <0,

In the change of variable z = y(t) we used the initial datum y(0) = 0. Then we find
the solution y € C*(R)

2?2 if x>0,
y(:v)—{ B

—z% if x <.
On the other hand, for all real numbers o < 0 < 3, the function

Yap(x) = 0 if o <z <f,
—(z—a)? ifr<a

is of class C''(R) and solves the Cauchy Problem (2.5.42). So there is a continuum of
solutions.

6. Maximal solutions

Let f € C(Q;R") be a function satisfying the local Lipschitz condition (2.4.41)
and let (zo,yo) € Q.

PROPOSITION 2.6.1. Under the hypotheses of Theorem 2.4.2, let Iy and Iy be two
open intervals containing Ty and assume that y; € C1(I1;R™) and yo € C'(Iy;R") are
solutions to the Cauchy Problem (2.3.35). Then it is y3 = yo on Iy N Is.
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PROOF. The set A = {x € [; N L1 : y1(x) = yo(x)} is relatively closed in I N Iy
because y; and yy are continuous. We show that A is also open in Iy N 1,. Since I; N1
is connected it then follows that A = I; N I.

Let Zo € A and 3o = y1(Zo) = y2(Tp). By Theorem 2.4.2 there exists ¢ > 0 such
that the Cauchy Problem

{ _ fl@ ’_ v) (2.6.43)
y()zy

has a unique solution y € C'(I; R") with I = [Ty — 6, T + d]. For a small § > 0 it is
I C I} N 15. Tt then follows that y = y; = y2 in I, and thus I C A. O

Consider the family A of all pairs (J,y;) where J C R is an open interval contain-
ing 7o and y; € C'(J;R") is a solution to the Cauchy Problem (2.3.35). By Theorem
9.4.2, it is A # 0.

Let I C R be the interval I = (JJ, where the union is over all intervals J such
that (J,y;5) € A. Let y € C(I;R"™) be the function defined by

y(x) =yy(x) if xzeJ (2.6.44)

The function y is well defined because by Proposition 2.6.1 it is y; = y;» on J N J'.
Moreover, y is a solution to the Cauchy Problem (2.3.35).

DEFINITION 2.6.2 (Maximal solution). The function y defined in (2.6.44) is called
maximal solution to the Cauchy Problem (2.3.35).

THEOREM 2.6.3 (Continuation criterion). Let I = (ag, by) C R be an open interval
with —00 < ag < by < 400, Q@ =1 xR", and f € C(Q;R") be a function satisfying
the local Lipschitz property in y. If y € C'((a,b); R™) is the mazimal solution to the
Cauchy Problem (2.3.35), for some interval (a,b) C (ag,by), then we have either

i) b= by, or,
ii) 111%1|y(x)| = +00.
There is an analogous statement for a.

PROOF. Assume by contradiction that b < by and there exists a sequence ) €
(a,b), k € N, such that

lim zy =0 and suply(xr)| < Mo,
k—+oo keN

for some constant My < +oco. Letting gx = y(zx) € R™, possibly taking a subsequence
we can assume that
kl_l){l:loo Yk = Yo
for some o € R™.
We study the Cauchy Problem

2 () = flw, ()
{ (22) = G (2.6.45)
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Fix a compact set H C Q such that (b,7p) € int(H) and let

M = max |f(z,y)| < +oo.
(z,y)eH

For some ¢ > 0 and for some large enough k£ € N, the compact set
K = [zp,2b — x| x {y e R" : |y — x| < &}
is contained in H. Let us introduce the functional space
X ={z€C(xp, 2b — z; R") : 2(zp) = i, ||z — Gkl < €}

For large enough k € N we also have 2(b — x;)M < e. Then, the integral operator

z) = i + / " At ()t

maps X into itself, i.e., T : X — X.

As in the proof of Theorem 2.4.2, some iterated of T' is a contraction on X and
therefore by Theorem 2.1.3 there exists a unique solution z € C*([zy, 2b — z]; R") to
the Cauchy Problem (2.6.45).

On the other hand, the function y solves the same Cauchy Problem on the interval
[z1,b) and by uniqueness it is y = z on [z, b). This shows that y can be continued as
a solution to the Cauchy Problem (2.3.35) beyond b. This contradicts the maximality
of y. O

7. Gronwall’s Lemma

LEMMA 2.7.1. Let I C R be an interval, xo € I, and ¢ € C(I) be a non negative
@ > 0 continuous function. If there exist o, f € R, o, 3 > 0, such that

) <a+ 5/ o(t)dt, for all x € I with x > x, (2.7.46)
then
o(x) < @) for all x € T with x > xq. (2.7.47)

PRroOOF. Let ® : I — R be the function

)= [ ot

It is ® € C'(I) and moreover, ®'(x) = Bp(x) for all z € I, by the Fundamental
Theorem of Calculus. From (2.7.46) it follows that ®'(z) < 8®(z) for = € I, because
3> 0. The function ¥(x) = e~ #@=70) () satisfies

W(x) = G PP () + e Y () = ) (— Ja(e) + @'(x)) <0
and U(xg) = ®(z) = a. It follows that U(z) < a for x > zy, i.e.,
®(z) < el @—ro)

for all z € I with > x. This implies (2.7.47), because p(z) < ®(x), by (2.7.46). O
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8. Existence in the large

THEOREM 2.8.1 (Global solutions). Let I = (ag, by) with —oo < ag < by < 400,
Q=1xR", and f € C(2;R"™) be a continuous function satisfying the local Lipschitz
assumption (2.4.41). Assume that for any compact set K C I there exists a constant

C > 0 such that
|[f(z,y)| < CA+y|]), foralze K andy e R". (2.8.48)

Then the Cauchy Problem (2.3.35), with xq € I and yo € R™, has a (unique) global
solution defined on 1.

PROOF. Let y € CYJ;R"™) be the maximal solution to the Cauchy Problem
(2.3.35), with J = (a,b) C I. Assume by contradiction that b < by. By Theorem
2.6.3 it is

lim ly(x)| = +o0. (2.8.49)
Let K = [zg,b] and C' > 0 such that (2.8.48) holds. From
= Yo +/ ft,y(t x € J,

we get for x € J with x > z

y(@)] < lyol + C / (L y(0))dt < lyol + Cb - 20) + C / () de.

o

By the Gronwall’s Lemma it follows that
ly(x)] < {lyo| + C(b — 20)}e““™™) 2 € (x0,b),
and therefore (2.8.49) cannot hold. O



CHAPTER 3

Linear systems

1. Introduction

Denote by M, (R), n > 1, the vector space of n X n matrices with real entries. If
A = (aij)ij=1,.n € My(R) and y € R, we denote by Ay the standard matrix-vector
product where y is thought of as a column vector, and precisely

n
aip - Qin Y1 ijl a15Y;j

n
Qp1 -+ Qpn UYn Zj:l anjyj
The matrix norm of A is

| Al| = max|Ay|.
ly|=1

The matrix norm has the following properties:

i) [Ay] < || Allly] for all y € R™;
ii) ||A+ B|| < ||A]| + || B]| for all A, B € M, (R);
iii) ||AB| < [|A|| - || B|| for all A, B € M,(R).
Let I = (a,b) C R be an interval. A function A : I — M, (R) is continuous if
A(x) = (a;i(x))ije1,.n for x € I and a;; € C(I) for all i,j =1,...,n.
Let A: I — M,(R) be continuous and let b : I — R" be a continuous mapping.
A system of differential equations of the form

y = A(z)y + b(x) (3.1.50)
is called linear. The function f: I x R* — R"

f(@,y) = A(z)y + b(x).
has the following properties:
1) feC( xR"R™);
2) f has the local Lipschitz property in y;
3) for any compact set K C I there is a constant C' > 0 such that

[fle,y) <CA+y[), forallze K, yeR"
In fact, for any compact set K C [ it is L = max,ex ||A(x)| < +oo and thus
[F (e, 91) = F2,92)| = [A(2)yr — Alx)ye| = [A(@) (91 = v2)|

<|JA(@)||yr — 2| < Llyr — yo]
25
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for all x € K and y;,y2 € R™. This shows 2). Moreover, let M = max,cx |b(x)| and
C =max{L, M}. Then we have

[f (@, y)] < [A(z)y| + |o(2)| < C(ly[ +1), =€ K, yeR"
By Theorem 2.4.2, the Cauchy problem
y(xo) = yo

has a unique local solution, for any zp € I and y, € R". On the other hand, by
Theorem 2.8.1 the maximal solution of the Cauchy Problem (3.1.51) is defined on the
whole interval I. In the following, by solution of the differential equation (3.1.50) we
mean a maximal solution.

2. Homogeneous equations

A differential equation of the form (3.1.50) with b = 0 is called homogeneous.

THEOREM 3.2.1. Let A : I — M,(R) be continuous. The set of solutions of the
differential equation

y = A(x)y, z€l, (3.2.52)

s a real vector space of dimension n € N.

PROOF. Let S = {y € C'(I;R") : y is a solution of (3.2.52)} be the set of solu-
tions. If y, 2 € S, then ay + Bz € C*(I;R") is also a solution, for any «, 3 € R:

(ay + B2) = ay + 2 = aA(z)y + fA(x)z = A(z)(ay + B2), z €l

Then S is a linear subspace of C'(I;R").
We show that the dimension of S is n. For some fixed xq € I, define the mapping
T:5—R"
T(y) = y(wo). (3.2.53)

T is linear: T'(ay+pBz) = ay(xo)+LBz(xo) = o1 (y)+ 6T (2). T is injective, i.e., T'(y) =
0 implies y = 0. In fact, y solves equation (3.2.52) with initial condition y(z¢) = 0.
The solution to this problem is unique and 0 is a solution. Then it is y = 0. Finally,
T is surjective because for any yy, € R"™ the differential equation (3.2.52) with initial
datum y(zg) = yo has a solution y € C'(I; R"). O

PROPOSITION 3.2.2. Let S C C'(I;R™) be the space of solutions to (3.2.52) and
let y1,...,yn € S. The following are equivalent:

i) Y1, ...,y are a basis of S;

ii) det[yi(zo), ..., Yn(xo)] # 0 for all xy € I;
iii) det[y1(xo), ..., Yn(z0)] # O for some xq € I.

By [y1, ..., yn] we mean the n x n matriz with columns yi, ..., y, € R™.
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DEFINITION 3.2.3 (Fundamental matrix). If one of the three equivalent conditions
of Proposition 3.2.2 holds, then the functions 1, ..., y, are called a fundamental system
of solutions of the differential equation ¢y’ = Ay. The matrix Y = [y1, ..., y,] is then
called a fundamental matrix for the equation.

PROOF OF PROPOSITION 3.2.2. i)=ii) Let xy € I, and let 7" : S — R” be the
isomorphism defined in (3.2.53). Then y;(x¢) = Ty1, ..., yn(xo) = Ty, form a basis
for R™. This is equivalent with ii).

iii)=-1) Let 2¢ € I be such that iii) holds and let T": S — R" be the isomorphism
(3.2.53) relative to xg. Then T—!: R" — S is also an isomorphisms. It follows that
y1 =T y1(x0)), - Y = T yn)(x0) is a basis of S. O

DEFINITION 3.2.4 (Wronski determinant). Let yi,...,y, € S be solutions to the
differential equations (3.2.52). The function w € C'(I;R™)

w(z) = det[y(z), ..., yn(2)], =€, (3.2.54)
is called Wronski determinant of v, ..., y,.

THEOREM 3.2.5. The Wronski determinant w of y1,...,y, € S solves the differ-

ential equation
w =trA(z)w, x€l, (3.2.55)

.....

where trA(x) = Z a;i(x) is the trace of the matriz A(z) = (aij(z))ij=1.. n-
i=1

PrOOF. If yi,...,y, are linearly dependent then w(x) = 0 for all z € [ and
equation (3.2.55) trivially holds. Assume that y,...,y, are linearly independent,
i.e.,, w(x) # 0 for all z € I. Denote by Y : I — M,(R) the fundamental matrix
having as columns the solutions v, ..., y,. Letting y; = (y1, ..., yYnj)*, 7 =1,...,n, we
have

V() = (yi(2))ij=1,.n, €L
We check equation (3.2.55) at the point ¢ € I, i.e., we show that w'(x¢) = trA(zo)w(zo).
To this aim, let z; € C*'(I;R™) be the solution to the Cauchy problem

l: A

{ ¢ = Alz)z (3.2.56)
(o) = €5,

where e; = (0,...,0,1,0,...,0) with 1 at the jth position. The functions z, ..., z, are a

basis for the space if solutions to the differential equation 2’ = Az. Letting, as above,

Z(x) = (2j(2))ij=1,.0, T €I,
there exists an invertible matrix C' € GL,(R) such that
Y(z)=CZ(z), xze€l.
We show that the function v(z) = det Z(z) solves v'(xg) = trA(zp). In fact, we have

V(z) = % o0 [T oo (@) = D (07 ) oy (@) [ ] 2o (),

0ESy i=1 o€Sy j=1 i#]
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where
H Zio(i)(®0) = 0 unless o = Id,
i#£]

and

255 (20) = (A(wo)2;(w0)) Za]k x0) ki (To) Zajk 20)0kj(x0) = a;;(xo).

k=1

Then it is v'(xg) = trA(zg). Now the general result follows on differentiating the
identity
w=detY =det(CZ) = det C'det Z = det Cv.
In fact,
w'(xg) = det OV (z0) = det C'trA(xg) = trA(zo)w(zo),

because v(zg) = 1. O

3. Inhomogeneous equations

Consider an inhomogeneous linear differential equation of the form
y' = A(x)y + b(x), (3.3.57)

with A € C(I; M,,(R)) and b € C(I;R™) for some open interval I C R.

Let Y be a fundamental matrix for the homogeneous equation y' = A(x)y,
ie., Y = AY and detY # 0 on I. Then, any solution y to this equation is of
the form

y(x) =Y (x)e, xe€l, (3.3.58)

for some (column) vector ¢ € R™. We look for a solution to (3.3.57) of the form
(3.3.58) with ¢ € C'(I;R™). This method is called “variation of constants”. In this
case,

Y =Yc+Yd=AYc+Yd =Ay+Y[c.

Plugging this identity into (3.3.57), we get Y¢ = b. Being Y invertible, by an
integration over an interval [xg, x| we find

c(z) = co + /gﬁ Y ()" 'b(t)dt,

o
for some ¢q € R™. Thus we find the solution
y(z) =Y (x) (co +/ Y(t)—lb(t)dt). (3.3.59)
Zo

THEOREM 3.3.1. Let Y be a fundamental matrix for the homogeneous equation
= Ay. For any ¢y € R" the function y in (3.3.59) is a solution to (3.3.57).
Moreover, any solution to (3.3.57) is of the form (3.3.59) for some ¢y € R".
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PROOF. The first statement is an easy computation. Let y be the function (3.3.59)
and let z € C''(I;R™) be a solution to (3.3.57). Then

(z—y) =2—y =Az+b— (Ay+b) = A(z — y).

It follows that z — y = Y¢; for some ¢; € R™ and the claim follows. OJ

4. Exponential of a matrix

For a matrix A € M, (C) define the exponential matrix e? € M,(C) on letting

+oo Lk
Ao A
k!
k=0
In order to prove that the series converges, we show that the sequence of matrices

(Bi)ren C M, (C)
k Ah
Bk - Z ﬁ’ k S N,
h=0

is a Cauchy sequence in the norm || - ||. In fact, for any € > 0 there exists IV € N such
that for all £ > N and for all p € N we have

k+p Ah k+p ||A||h
By = ull = | 3 Fp)l < 2 <
h=k+1 h 1

Notice that the normed space (M, (C), || - ||) is complete.

We list some properties of the exponential matrix.

4.1. Exponential of the sum. If A, B € M,(C) and AB = BA, then
eMB = B, (3.4.60)
The proof of this fact is left as an exercise.

4.2. Diagonal matrix. Let A\, ..., A\, € C. The exponential matrix of a diagonal
matrix A € M,(C) of the form
)\1 0 6)\1 0
A= . is GA = .
0 A, 0 ern

This follows directly from the formula for the exponential.

4.3. Block matrix. Let A; € My, (C) for j = 1,...,p, with ky +... + k, = n. The
exponential matrix of a block matrix A € M,,(C) of the form

Ay 0 e 0
A= . is eA — .
0 A, 0 eAr

This also follows directly from the formula for the exponential.
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4.4. Fundamental Jordan block. Consider a matrix A € M, (C) of the form

A1 0 0 1 0
A= A . A=)\, +J, with J= 0 ,
o o1
0 A 0

and A € C. The matrix A is called fundamental Jordan block of order n relative to
A € C. Later, we shall use the notation A = J,,(\).
We show that for any ¢ € R we have

1 ¢ /2! ... " /(n-1)!
1t :
et = N 1 t2/2! . (3.4.61)
. t
0 1

The matrix J* = J...J k-times, k = 0,1,....n — 1, has 1 on the (k + 1)-th left-right
downwards diagonal and 0 otherwise. Moreover, it is J¥ = 0 for £ > n. Then we
have

+oo tkAk

R

k=h
oo)\ n— ltp
_Z A p;ﬁ‘]p

4.5. Conjugation and exponentiation. Let A, B € M, (C) and C € GL,(C)
be matrices such that A = CBC~!. Then we have

k=0

= CePC .
In fact
—+o0 “+o0 +oo _
Ak CBC CBFC1 B o1
e D PLCERR I o
k=0 k=0 k=0

5. Linear systems with constant coefficients
Let A € M,(R) be an n X n matrix and consider the differential equation
y =Ay, zeR (3.5.62)

This is a linear, homogeneous system of differential equations with constant coeffi-
cients. The solutions are defined on R and the set of solutions is a real vector space
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of dimension n. For some zy € R, fix the initial data y(z¢) = yo € R™. The solu-
tion to the differential equation with this initial data is a fixed point of the mapping
T:X—-X

Ty(x) = yo +/ Ay(t) dt = yo + A/ y(t)dt, xeR, (3.5.63)

xo Zo
where X = {y € C(R;R") : y(x¢) = yo}. We can interchange integral and A, because
A has constant coefficients.
The fixed point is unique and can be obtained as the limit of 7%y for k — +o0,
for any y € X. In particular, we can choose the constant function y = yg. In this
case we have

Ty(z) = yo + (x — z0)Ayo,

and, in general, we find for any k£ € N

~ (z —a0)"
k _ — o) 4n
Try(e) = —r AW
h=0
This formula can be checked by induction. It holds for £ = 0,1, with the convention
AY = [, the identity matrix. Assume it holds for k. Then we have

Ty (x) = T(TFy) (x) = yo + A /x Thy(t) dt

:y0+AZAhyO/ ( xO) dt

h=0 *o h!
k k+1
(95 - Io)hH h (v — xo)h
_ Vgt = N0 gk
Yo + tho (h+ 1) Yo tho i Yo

For any compact set K C R, the sequence of matrices

k . h
Bux) =Y wy, keN,
h=0 ’

converges uniformly for x € K. From the theory of power series, it follows that the
function ¢ : R — M,(R)

400 h

o(z) = e@m04 = Z (&~ zo)" _h‘%) Al
h=0 '

is of class C'*°, and in fact it is analytic.

PROPOSITION 3.5.1. Let A € M,(R). For any xy € R and yo € R", the function
y € C*(R;R")
y(x) = ey,

is the unique solution to the Cauchy Problem y' = Ay and y(xo) = yo.
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PRrROOF. The function y is the unique fixed point of the mapping 7" in (3.5.63).
Alternatively, the function y can be differentiated term by term, because the series
of the derivatives converges uniformly on compact sets. Then we find

, X (z —z) X (z— o),
y'(x) = WA yO:AZWA yo = Ay(x), z€R.
h=1 ’ h=1 :
Moreover, y(x¢) = yo. M

DEFINITION 3.5.2 (Jordan block). A matrix A € M, (C) of the form

T, (A) 0
A = c. . ,
0 Ji, ()

where A € C, ki + ... + k, = n, and Jy, (A), ..., Ji, (A) are fundamental Jordan blocks,
is called Jordan block of orders ki, ..., k, relative to A € C. We denote A = Jkl,__kp(/\).

The exponential of a Jordan block can be computed using the rules of Section 4.

By known results from Linear Algebra, for any matrix A € M, (R) with complex
eigenvalues \i, ..., \,, € C there exists a matrix C' € GL,(C) such that A = CBC™!,
where B is the Jordan normal form of A, i.e.,

Tt (A1) 0
B= , (3.5.64)
0 T km (Am)

with b + ..+ &y, + o+ A + o+ kL = nand Jig g (A1), kg, (An) are
Jordan blocks relative to the eigenvalues \q, ..., \p,.

PROPOSITION 3.5.3. Let A € M,(R), A= CBC~" where C € GL,(C) and B is
as in (3.5.64). A fundamental system of solutions of the homogeneous linear equation
y' = Ay is given by the columns of the (real) matrix

zJ

k ()‘1)

1 1
1...kp1

0
A = C cl, zeR

0 =g, (Am)

ProoF. This follows from Proposition 3.5.1 and by the computation rules of
Section 4. O

6. Higher order linear equations

Let f,ar, € C(I), k = 0,1,....,n — 1, be continuous functions in some interval
I C R. We transform the linear n-th order differential equation

Y™ a1 (2)y ™Y + L ay(2)y +ao(z)y = f(z), zel, (3.6.65)
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into a linear system. Consider the mapping T : C"(I) — C*(I;R")

Y

y/
Ty = :
y(n_l)
The vector of functions z = T'y satisfies the system of equations

! __ y —
2= Ziy1, t=1,...,n—1,

2, = f(z) — Z ar () 2141,

k=0

which can be written in the following way

0 1
0 1 0
Y =Az+F, with A= 0o . and F = 0
! f
—Qp —ap Ce —Qp—1
(3.6.66)

PROPOSITION 3.6.1. Let y € C™(I) and z = Ty € CYI;R"™). Then y solves
equation (3.6.65) if and only if z solves system (3.6.66). Moreover, the set of solutions
y € C"(I) of equation (3.6.65) with f =0 is a real vector space of dimension n.

The proof of this proposition is straightforward.

7. Higher order linear equations with constant coefficients

We solve the differential equation (3.6.65) in the homogeneous case f = 0 and
with constant coefficients ag, ay, ..., ar € R. Equivalently, we solve the linear system

0 1
0 1
Z=Az, with A= 0 . € M,(R). (3.7.67)
1
—ap —Q e —Qp—1

We establish some algebraic properties of the matrix A. The characteristic polynomial
in the variable A € C of the matrix A is

p(A) = det(A — \I) = (—=1)" i ap\®,
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with a,, = 1. In fact, we can develop the determinant in the last row:

-2 1
-2 1
p(A) = det —A
1
—Qp —ap coe —Ap-_1 — A
— (1) g — (— 1) 2ay (— A — = (1) (g + A)(—A)

= (—1)”(@0 + a1/\ + ...+ (CLn_l + /\))\n—l)

The geometric multiplicity (i.e., the dimension of the eigenspace) of any eigenvalue
A€ Cof Ais 1 and a corresponding eigenvector is

1
A
vy = , : (3.7.68)
A";l
Indeed, let v = (v}, ...,v™)! be an eigenvector of A, Av = \v. If v* = 0 then it follows
that v = 0. We can then assume v' = 1 and from v**! = M\’ we deduce that v = v,
as in (3.7.68).

A Jordan chain of vectors vg, v1, ..., v,_1 relative to the eigenvector v with eigen-
value A of algebraic multiplicity » > 1 is defined through the recursive relations vy = v
and (A — Nviy = v, @ = 0,1,...,r — 2. Jordan chains will be used to transform A
into its Jordan normal form.

In our case, a Jordan chain relative to the eigenvalue A € C of algebraic multi-
plicity 7y is given by the vectors

1 ,
Ui = ﬁDf\v)\, 1=0,1,...,m\ — 1,

where D} is the i-th derivative operator w.r.t. A. Explicitly, we have

1 0 0
A 1 0
Ux0 = A Uzl = 2 y U2 = 1 , ete.
Al (n _ 1))\71—2 (n—l)g(n—2) A3

(3.7.69)
We check that (A — AN)vy;r1 = vy, for all i = 0,1,...,7y — 1. Let us introduce the
following notation:

_ 1 n\t J 1yj—1
vn: = (v, .., u)", v = HD N7

Then we have to check that

n—1

J+1 J . . k+1 n _.n .

vig, — A =v;, J=1,..,n—1, —E apviy — Mg, =, 1+ 1<ry—1
k=0
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The last equation is equivalent with
n—1
0= ZakDi+1>\k + /\Di+1)\n71 + (Z + 1)D1)\n71
k=0
n—1
_ Z CLkDi—H/\k + Di+1)\n

k=0
_ Z akDi+1>\k _ (—1)”Di+1p()\).
k=0

The equation D" p()\) = 0 is satisfied as soon as i+1 < ry — 1, because it is p(\) = 0
with (algebraic) multiplicity ry.

Now we determine the Jordan normal form of the matrix A. Let A, ..., A\, € C be
the eigenvalues of A and vy, ..., vy, the corresponding eigenvectors. Denote by ry; the
algebraic multiplicity of A;, for j = 1,...,p. Finally, let U’jj with & = 0,1,...,ry, — 1
be a Jordan chain relative to vy, =1 .

Let C' € GL,(C) be the matrix

C = [vgl...vf\il_l...v?\p...v:;”_l

Then A has the Jordan normal form

JT,\l ()‘1)

A=C . c
Jmp (/\p)

where J;, (A1),..., Jr, (Ap) are fundamental Jordan blocks. The exponential of A is
then

ea:J,-/\l (A1)

ezA — C - C_l,

el’Jr)\p (Ap)

where the exponential of a fundamental Jordan block is computed in (3.4.61).

The column of the matrix e*AC are a fundamental system of complex valued
solutions for the system of equations 2z’ = Az. The n functions appearing in the first
row of the matrix e4C are thus n linearly independent complex valued solutions of
equation (3.6.65) with f = 0. Then the following functions are a system of n linearly
independent complex valued solution to the equation

Ax Ax 7’)\1—16)\1x A

x ApT
e, e, L Y A S/ i A

LTt (3.7.70)

In order to get real valued solutions notice that A € C is an eigenvalue for A if and
only if X is an eigenvalue, because A has real coefficients. Complex valued solutions
are thus coupled, and by linear combinations we obtain real valued solutions.

THEOREM 3.7.1. Leta € R, £k =0,1,...n—1, and a,, = 1. Let pi1,...,uq € R
and Ay = ay + i1, ..., \p = @y + By, A1, .y Ay € C\ R be the real respectively complex
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solutions of the equation

Z ak)\k =0.
k=0
Let r,, > 1 be the algebraic multiplicity of p;, and let vy, > 1 be the algebraic multi-
plicity of \; (and so also of S\j). A basis of solutions to the differential equation
v+ g™V ay +ay=0, zeR, (3.7.71)
s given by the functions

1z 1z Ty, —1 1
e xeM® . xTmT el

eHa® gela® | xTua~leHa®
along with
e sin(Byx), xe®® sin(Byx), . . ., 2™ e ® sin( B x)
e cos(Byx), ze®® cos(B1x), . .., x™ " 1e1T cos(Fx)

e sin(B,1), we®® sin(B,7), . .., 2" " te® sin(B,1)
e cos(B,1), 2e® cos(B,x), . . ., " e cos(B,1).



CHAPTER 4

Regularity of solutions

1. Higher differentiability of solutions

PROPOSITION 4.1.1. Let Q C R™™! be an open set and let f : Q@ — R™ be locally
Lipschitz continuous, i.e., for any compact set K C () there exists a constant L > 0
such that for all (z,y),(Z,y) € K

[f(z,y) = f(Z,9)| < L{lx = z[ + [y — g))- (4.1.1)

Then any solution y € C*(I;R"™), with I C R compact interval, of the differential
equation y' = f(x,y) is in CLYYI;R™), ie., v exists and is Lipschitz continuous on

I.
PRrOOF. The graph of y is a compact subset of 2. Then we have
M = max| f(z,y(@))] < +ox.

It follows the Lipschitz estimate for y

ly(z) —y(7)] <

/ f(t, y(t))dt' < Mz —1|,

for all z,z € I. Using (4.1.1) we obtain
' (z) = y'(@)] < |f(2,y(2)) — f(,y(2))]
< L(le — 2| + [y(z) — y(7)])
< L1+ M)|x —z|,
forall z,z € I. O

THEOREM 4.1.2. If f € C*(;R™), k > 0, then any solution of the differential
equation y' = f(x,y) is of class C**1.

PROOF. The proof is by induction, the case k = 0 being clear. If f € C*(Q)
then y is at least of class C*, by the inductive assumption. Then the function x
f(z,y(x)) = 3/(x) is also of class C*. The function y is then of class C**1, O

2. Analytic solutions

THEOREM 4.2.1. Let Q C R™™ be an open set. If f € C®(Q;R™) is a real analytic
function then any solution of the differential equation y’ = f(x,y) is also real analytic.

37
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PrOOF. Without loss of generality we assume that (0,0) € Q. We show that a
solution y € C*°([—4, 6]; R™) to the differential equation y' = f(z,y) with y(0) = 0 is
real analytic, provided that 6 > 0 is small enough.

Because f = (fi, ..., fn) is analytic (i.e., each component is analytic), there exist
n > 0 and v > 0 such that

+00
005 f(0)
fy) =2, 3, — oy’ forlel <2n,lyl <2v. (4.2.2)

m=0p+|q|=m

We are using the following notation: p € Ny, ¢ = (¢1,...,qx) € NY, |q| = ¢1 + ... + Gn,
¢ =aq!. . .q), 0 =000 and y? =y ...yl
We have to prove that there exists 6 > 0 such that for |z| < 0

S y™(0)
y(a) = k; cu®, with o, = I €R" ke N, (4.2.3)

The coefficients ¢, € R™ can be recursively determined by f and its derivatives at the
origin, e.g. cg, c1, and ¢y are given by

Co = ?J(O) = 07

C1 = ?Jll(o) = f(oi7 1 (4.2.4)
&2 = 538"(0) = o (£(0) + £,0)5/(0)) = 3 (£:0) + ,(0)/(0), ete.
Here, f,(0)£(0) is a matrix-vector multiplication.
Assume that the series

o(z) = chxk (4.2.5)
k=1
converges for |z| < §. Then ¢ is an analytic function in the interval (—6,4). The
function ¥ (x) = ¢'(z) — f(z,¢(z)) is thus also analytic and moreover ¥*)(0) = 0
for any k& € Ny. This can be recursively proved using (4.2.4). It follows that ¢ = 0,
i.e., ¢ is a solution of the differential equation y' = f(x,y) with ¢(0) = 0. By the
uniqueness of the solution to the Cauchy problem it follows that ¢ = y.
In order to prove the theorem, it is enough to show that the series (4.2.5) converges
in (—0,0) for some 6 > 0. To this aim, assume there exists an analytic function
F € C*(U;R), where U C R™"! is a neighborhood of 0, such that

1020 f:(0)| < 0R0IF(0) forallp € Ngand ¢ € Ny, i=1,....,n. (4.2.6)
Moreover, assume that the solution Y = (Y7, ..., Y,) to the Cauchy Problem

Y/(2) = F(z,Y(2)), i=1,..,n,
{ Y0) =0 (4.2.7)
is analytic in (—0,9), i.e.,
+00 (k)
Y, (0) :
Yi(z) = E X "zl <o, i=1,..,n. (4.2.8)

k=1



3. CONTINUITY W.R.T. THE INITTIAL DATA 39

From (4.2.4) and (4.2.6) it follows that |yi(k)(0)| < Y®(0) for all k € Ny. The
convergence of the series (4.2.8) implies the absolute convergence of the series (4.2.5)
in the interval (=4, ).

We look for a function F' satisfying (4.2.6). Because the series (4.2.2) converges
absolutely for x| < n and |y| < =, there is M > 0 such that

P £(0)

sup | —L——aPy?| < M forall p € Ny, g € Ny,
|lz|<n,ly|<vy pq:
and then
o fO)] < L9 0, for all p € Ny, g € NI
oran (O)’_W , forall p € Ny, ¢ € Nj.

The function

O o (e e o R R}

p€No,qeNg
n Y Y

is analytic in |#| < n and |y| < v and moreover GZ0IF(0) = %M. In other words,

F satisfies (4.2.6). The solution of the Cauchy Problem (4.2.7) can be computed with
the Ansatz Y, = ... =Y, = Z, i.e.,

M
7 = Z(0) = 0.

(1-D0-3)"

On separating the variables, we find

it (n+1)Mn x
Z(a:):’y(l— \/1+flog<1—ﬁ>>.

The function Z is analytic in an interval (-4, d) for some § > 0. O

3. Continuity w.r.t. the initial data

Let  C R™™! be an open set and f € C(Q;R"™) be a function which is locally
Lipschitz in y. For (§,n) € Q consider the Cauchy Problem

Y (z) = f(z,y(x))
{ y(§) = 1. (4.3.9)

The problem has a unique solution in some interval I, containing {. We denote this
solution by ye, € C'(Ig,; R"). Now fix a point (xg,yo) € Q. For some § > 0, the
solution ¥y, is defined on the interval I = [zg — 0,29 + ¢]. If ({,n) € Q is a point
such that |£ — x| + | — yo| < r for some small enough r > 0, the solution v, is also
defined on the same interval I = [xg — 0,z + 6]. Le., we can assume that I, = I for
all such ¢ and 7, and for some small enough § > 0.
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THEOREM 4.3.1. With the notation and the assumptions stated above, let ye, €
CH(I;R™) be the solution to the Cauchy Problem (4.3.9) and let y,,y,, € C'(I;R™) be
the solution with initial data y(zo) = yo. Then we have

lim  max|ye, () — Yugyo (z)] = 0. (4.3.10)

§—zo,n—yo v€l

PRrROOF. There is h > 0 such that |ye,(z) — yo| < h for all x € I and for all

(&,m) € Q such that |§ — xo| +|n —yo| < r, for some small r > 0. We can also assume
that K =1 x{y e R" : |y — yo| < h} C Q. Let

M = max |f(z,y)],

(z,y)eK

and let L a Lipschitz constant for f relative to K, as in (2.4.41). Then we have
y&?(x) - ywoyo(x) =1—Yo + /'E f(tv yﬁﬁ(t))dt - / f(t> ywoyo(t))dt
zo

- /g " F(t yeolt))dt + / L (b yen(£)) — F(E Yoo (£)) } et

and by the triangle inequality (with £ < zy < x) we get

19en(2) — Yaogo ()] < 17 — o + /g |t e ()1t + / 1 F (. yen(8)) — £t o (D)l

< In = ol + Mg = ol + L [ [ty (8) = s (0.
o
Now Gronwall’s Lemma implies

[Yen () = Yaouo ()] < (10 = yol + M€ = wol)e =01,
for all x € I, and the uniform convergence follows. 0J
REMARK 4.3.2. Let I = [z9 — §,29 + 6] and B = {y € R" : |y — yo| < 6}. Define
the mapping ® : [ x I x B — R" on letting ®(z,¢,n) = ye,(z). We show that & is
continuous. In fact, fix (zg, &y, m0) € I X I x B and let ¢ > 0. Then we have
‘(I)(x7£7n) - (I)(x07£07770)‘ S ’(I)(:E7€777) - (I)(:C7€07 770)| + ’q)(x7 §07 770) - @(1‘07 §07 770)|7

where |®(x,&,n)—P(x, &, no)| < e/2 for all £, n such that |£—&| < 61 and [n—ng| < 05.
Here, 6; > 0 is a suitable number which does not depend on x € I, by Theorem 4.3.1.
Moreover, we have |®(z, &y, o) — P(x0, &, M0)| < £/2 as soon as |z — x| < Jz, because
x — ®(x,&, o) is continuous.

4. Higher regularity
Let @ C R™™! be an open set and let f € C(£;R™) be a function such that

%5;3’) e C(LRY), i=1,..n. (4.4.11)
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In particular, f is locally Lipschitz continuous in y. For a given (£,n) € 2 let ye, be
the (unique) solution of the Cauchy Problem (4.3.9). We assume that yg, is defined
in the interval I = [xy— 0, xo + 0], for some zy € R and ¢ > 0 independent from (&, 7).
In this section, we show that the mapping (&,7) — yg,(z) is of class C', under the
assumption (4.4.11).

Before stating the result, we compute the derivatives of yg, formally. First, we
have

9 0 o 0 0 0 0
Sy () = 5o vne) = e a(2) = S (o)) v

In this formal computation, we also assumed that we can interchange a% and 6%.

Now we compute, 83;2’7 (x) at the point x = . From the fact that yg,(§) = n for

all £ € 1, it follows that the derivative of the function £ +— yg,(€) vanishes. Thus, by
the chain rule

0= Weon(ey y Weald)|_ Wewoy pie e (o)),

o€ or |, 0§
In other words, the function ¢, : I — R"
Oyen()
ey () = %, zel,
is the solution of the linear Cauchy Problem
V'(x) = Fey(z)ih(x)
4.4.12
L0~ He @ )
where I, € C(I; M,(R)) is the matrix valued function
of
Fey(x) = a_y(xayén(x»- (4.4.13)

Problem (4.4.12) has (always) a unique solution.
Now we compute formally the derivatives of yg, w.r.t. n. For ¢ = 1,...,n we have

9 0 R 0 _of 9
a—xa—mygn(m) = 8771‘ axy£n<x> - 877 f(x,ygn(x)) - ay (xvyﬁﬁ(x))amyﬁn(x>'

7

Moreover, from yg, (&) =n for all £ € I it follows that

Wen 1oy _ o
€)== (0,.,1,.,0)

In other words, the function ¢g¢,; : I — R"

_ Oy
W&w(iv) - anl (I')

is the solution of the linear Cauchy Problem

{ jg)) _ Sn(xm(x)’ vl (4.4.14)
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THEOREM 4.4.1. Let  C R"™! be an open set, (xg,yo) € Q and f € C(2;R™) be
a function satisfying (4.4.11). For § > 0 let I = [xg — 6,29+ 6] and B = {y € R™:
ly — yo| < 0}. Then there exists 6 > 0 such that the mapping ® : I x I x B — R"
@(x, 57 7]) - y@?(*r)a

where ye, € CYI;R™) is the solution of the Cauchy Problem (4.3.9), is of class
CHI x I x B;R™). Moreover,

o0 (x,&,n)
73

where Ve, and e, ; are the solutions of the Cauchy Problems (4.4.12) and (4.4.14).

0P(x,¢, A
= gy(x) and % = epi(z), i=1,..n,

PROOF. If § > 0 is small enough, then the map @ is well defined and it is contin-
uous, by Theorem 4.3.1 and Remark 4.3.2.

We prove that ® is continuously differentiable in 7. It is enough to consider the
case n = 1, i.e., n is one dimensional. For x,{ € I, n € Band h € R with 0 < |h| < hg
small enough

Yen+h(T) — Yen(2) — % {17 +h+ /; f(t, yeprn(t)) dt —n — /j J (&, yen(t)) dt]

h
1 /m f(tayf,n-i—h(t))h_ fyen(t)) o,

_ “Yenin(t) —ye () O
=1 Jr/g - 9 (t, yn(t)) dt.

(4.4.15)

In the last line, we used the mean value theorem, providing us some g (t) € (Yen+n(t), vey (1))
such that

f(t, y£7n+h(t)) - f(tayin(t» = (y£7n+h(t) - yén( )) ay( , In(t)).

Let ¢ € C'(I;R) be the solution of the Cauchy Problem (4.4.14). We drop the
index ¢, because n = 1. We also drop the dependence on £ and 1. The initial data
reads ¢(£) = 1. Then ¢ solves the integral equation

o) =1+ /£ o5 (1) e (4.4.16)

Subtracting (4.4.16) from (4.4.15) we obtain

R(z,h) : = yg,n+h(1')h— Yen () — ()

! (4.4.17)
_ Yen+h(t) — yey(t) Of of
_/5 ( 3 3 = (t,7n(t)) — go(t)a—y(t,yén(t))) dt,

h Jy

where we dropped the reference to ¢ and 7.
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We claim that there exists a constant C' > 0 such that for any € > 0 there exists
h > 0 such that |R(z,h)| < Ce for all 0 < |h| < h and for all x € I. The constant C
does not depend on x,&,n. This will show that

]llin% ?Js,n+h(17>h_ Yen () = p(z), (4.4.18)

with convergence uniform in x,&,7. The uniform convergence implies in particular
that
0% (x,&,n)
on
Indeed, adding and subtracting gp(t)g—’yc(t,gjh(t)) inside the integral in the right
hand side of (4.4.17), we get

vof . of of
"o moren i o (Semm) - Suw) @

There exists a constant M > 0, which is uniform in a neighborhood of (&, 7), such
that

exists and is continuous.

R(z,h) =

of

gy (LI < M.

Moreover, for 0 f/Jy is continuous in €2, it is uniformly continuous on compact subsets

sup|e(t)] <M and  sup
tel |h|<ho,tel

of Q2. Thus there exists ¢ > 0 depending on ¢ such that

St - G ()] <

as soon as [Ye n+n(t) — Yen(t)| < o. By Theorem 4.3.1, this estimate holds for all ¢ € 1
as soon as |h| < h for some h > 0 depending on o.
Eventually, for all || < h and = € I there holds

\R(z, h)] §255M—|—M‘/ IR(t, h)
3

and by Gronwall’s Lemma it follows that |R(z, h)| < 2e§MeMI==¢l. This finishes the
proof of (4.4.18).
Now we show that

lim yf”“"(”)h_ Venl®) _ ), (4.4.19)

where 1 is the solution to the Cauchy Problem (4.4.12). We have

vehal) 065 L [ g0y [ S

h
/ fty§+hn ) F(t Yen(t)) dt—% :Mf(t,y&h,n(t))dt

. y&-l-h,n()_yn()af IR
= [ peall 208 e |

S, Yesnny(t)) dt,
(4.4.20)
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for some (new) Gn(t) € (Yesnny(t),yen(t)). Let v € CY(I;R) be the solution of the
Cauchy Problem (4.4.12). Then 1) solves the integral equation

bla) = — (€ yenl€ /¢ (1, yeo 1)) . (4.4.21)

Subtracting (4.4.21) from (4.4.20) we obtain

S(:Ij’ h) yf-i—’”]( ) yfﬁ(x) _w(x)

h
T Yerna(t) — yen(t) O of
_/s (é gy yh(t))_¢<t)a—y(tvysn(t))) di+
1 [&th
i [ S seana) = e s}

g of of of
= [t mie) — v (5 a0 = G 4 3m(0) des

E+h
‘% /£ {F(t yesnan(t) = F(E yen(€))} dt.

Now, using the uniform continuity of f and %v we have as above that for any ¢ > 0
there is A > 0 such that for all |h| < h and z € I there holds

1S(2, h)| < 266(M + 1) + M) /5 1S(t, 1) dt‘,

where M is now a bound for ¢ and g—fyc. The claim follows. O

5. Flow of a vector field

In this section we change our notation. We denote by t € R the “time variable”
and by x € R" the “space variable”. By % we mean the derivative of v w.r.t. ¢.

A vector field in R™ is a mapping F : R"™ — R". The vector field is Lipschitz
continuous if there exists a constant L > 0 such that

|F(z1) — F(xg)| < L|xy — 29| for all 21,29 € R™. (4.5.22)
In this case, the Cauchy Problem

¥ =F(v)
{ 0 = (4.5.23)

has a unique (local) solution v € C! for any x € R™, by Theorem 2.4.2. By Theorem
2.8.1, the solution is actually defined for all ¢ € R because |F(z)| < |F(0)| + L|x| for
all z € R". We denote by 7, € C*(R; R") the unique global solution to the Cauchy
Problem (4.5.23).

DEFINITION 4.5.1 (Flow). The flow of a Lipschitz continuous vector field F :
R™ — R™ is the mapping ® : R x R* — R" defined by ®(¢,x) = ~,(t), where
7. € CH(R;R™) is the solution of (4.5.23). For any ¢ € R, we define the mapping
¢, : R" — R" by &;(z) = (¢, z).
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PROPOSITION 4.5.2. Let ® be the flow of a Lipschitz continuous vector field F'.
Then:

i) @ is locally Lipschitz continuous, i.e., for any compact set K C R x R" there
is L > 0 such that for (t1,x1), (t2,22) € K
|(I>(t1,l'1) — (I)(tg,l'gﬂ S L(|t1 - t2| + |I1 - J}Ql) (4524)

Moreover, if F € C*(R™;R") then ® € C*(R x R™ R").

ii) It is ®(0,2) = x for allx € R™, i.e., y = Id.

iii) The flow has the group property ®yy s = &0 Dy for all s,t € R. In particular,
we have ;1 = d_;.

PRrROOF. The first statement in i) follows from Gronwall’s Lemma. We leave the
details to the reader. If ' € C' then ® € C! by Theorem 4.4.1.
The group property iii) follows from the uniqueness of the Cauchy Problem. [

DEFINITION 4.5.3. The Jacobi matrix of a mapping ® = (@4, ..., ®,) € C*(R";R")
is the n X n matrix
o - (2282
(x) 8:1,’]- i,j=1

The divergence of a vector field F = (Fy, ..., F,) € CI(R"; R™) is
OF(x) OF,(x)
P TR T
PROPOSITION 4.5.4. Let ® be the flow of a (Lipschitz) vector field F € C*(R™; R"™).

Then the Jacobi determinant w,(t) = det(JP(z)) solves for any x € R™ the differ-
ential equation

.....

divF(z) = trJF(x) =

W, (t) = divF(Py(z))w,(t), teR. (4.5.25)

PrROOF. We prove (4.5.25) in the case ¢ = 0 first. In this case, ®o(x) = = and
thus w,(0) = det(JPo(z)) = 1. We have to show that

9 det(Ju(z))

pr =divF(z), zeR", (4.5.26)

t=0

where
det(Jdy(x) = Y (~1)=(@ H a :
oES, ZL’U(
and therefore

n

o en(o 88@ 0, (t,
9 det(a(a)) = Y (1 ;(at s )H St

oESH

For ®(z,0) = z, we have

H =0 if 0 € S, is not the identity.
8xa
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Moreover, for any j = 1, ...,n the function

0®;(t,z) /t 0d(s,x)
gr 1+ i VE;j(®(s,x)) D, ds

is differentiable in ¢ and
0 0P(t,x)
ot ai[}j
The claim (4.5.26) follows.

Now let ¢ € R. Using the group property for the flow ®; () = O4(P4(x)) we get
JO s(x) = JP(Py(x))JPy(x) and thus

da(t) = lim det(J Py s(z)) — det(JPy(2))

s—0 S

= det(J®y(x)) lim det(J Py (®y(2))) — 1

= det(J Py (x))divE (Dy(x)).
In the last equality we used (4.5.26). O

_ OFy(z)
=0 Ox; ‘

- VE (. 0) T




CHAPTER 5

Existence of solutions under the continuity assumption

In this chapter, we prove some results concerning ordinary differential equations
which rely on Ascoli-Arzela theorem.

1. Existence of solutions by polygonal approximation

THEOREM 5.1.1. Let f € C(I x R™;R"™), I = [a,b] C R, be a continuous function
such that

M= sup |f(z,y)] < +oc. (5.1.27)
(z,y)eIxR™

For any vy € I and yo € R™ there exists a solution y € CH(I;R™) to the Cauchy
Problem

y = flz,y)
{ y(x0) = Yo- (5.1.28)

PRrROOF. Without loss of generality we assume that I = [0, 1] and o = 0. For any
keNandt=0,1,....k — 1 let

T, = z and I = [z}, 2}

Then we have [ = IPU...UT ,’j_l and the intervals meet only at consecutive end-points.
We define recursively ¢t : I; — R™ in the following way

pu(@) =yo + (= 20) f(xo,y0) withw e
o5 () 902_1(952) + (z — x}) f(a}, goz_l(xfc)) withzeli, i=1,.. k-1,

and then we let ¢, : I — R™ be the polygonal function

or(z) = ¢k (z) if and only if x € I}.
Let v : [0,1] — R™ be the function

{ Yr(§) = f(xq,yol) ' it € —7137 ‘
V(€)= fla, ) H(ah)) if € e faf,a)f ), i=1,. k=1,

with [257%, 1] replacing [#F7,1). Then we have the identity

or(r) = yo+/£ Vp(§)dE, x €L (5.1.29)

This identity can be checked recursively.
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By (5.1.27), it is |[¢x(§)] < M for all £ and for all £ € N. It follows that the

sequence of functions (¢ )ren is equi-Lipschitz. In fact,

jor(o) = ua)| < | [ wn(€yae| < dlo a1,

Because (o) = yo for all k& € N, the sequence is also equibounded.
By Ascoli-Arzela Theorem, there exists a subsequence - which is still denoted by
(@) ken - which converges uniformly to a function y € C(I; R™). We claim that

Jim @) = f(@.y() (5.1.30)

with uniform convergence on [0,1). Taking the limit in the integral identity (5.1.29)
we then get

y() = yo + / " peye))de,

showing that y € C'(I;R"™) is a solution to the Cauchy Problem (5.1.28).
We preliminarly notice that

fer(o) — ol < | [ wnerae] < v

and then, with K = I x B(yg, M), we have (x, ox(z)) € K for all x € I and k € N.
The set K is compact and f is continuous on K. It is therefore uniformly continuous
on K, i.e., for any € > 0 there eixsts ¢ > 0 such that

=z <o Jy—ygl <o = [flx,y) - fz9)|<e

Now fix k such that 1/k < o, M/k < o, and |pp(z) — y(z)| < o for all z € I and
for all £ > k. This is possible thanks to the uniform convergence. Take x € I and
assume that z € I;. Then we have

[ (2, y(@)) — (@)l = (2, y(@)) = f(zh, 0 (21)]
< |f(@y(@)) = f (@) or(@)] + | f @, ek (@) = f 2k 07 (@),

where |z — zt| < 1/k < o and

<o.

|<Pk:($) — Yk l(xk” = |90k($) - ‘sz(%” < M|x — m1<;| < T

It follows that |f(x,y(x)) — v (x)] < 2¢ for all k > k and for all z € [0, 1).
0

THEOREM 5.1.2. Let Q C R™"! be an open set and let f € C(;R™) be a contin-
uous function. For any (xg,yo) € Q there exist 6 > 0 and y € C([zg — 6, 9 + J]; R")
solution to the Cauchy Problem

Yy = f(x,y)
{ y(z0) = yo- (5.1.31)
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PROOF. Fix n > 0 such that [zg — n,z0+ 7] X {y € R" : |y — yo| < n} C Q. Let
I =[xg—mn,z0+n]. We define g : I x R" — R" in the following way

f(z,y) if [y — ol <7
9w y) = Fzmo+ =) it ly = ol = n.

[y — Yol
The function ¢ is continuous and bounded. The Cauchy Problem 3’ = g(z,y) and
y(zo) = yo has a solutions y € C'(I;R"). For § > 0 small enough and = € [zy —
3, o + 9], it is |y(z) — yo| < 1. Then y solves (5.1.31) on the interval [zg — §, zo + 4.
U

2. Maximal and minimal solution
In this section, we consider only the case n = 1.

THEOREM 5.2.1. Let f € C(I x R;R), I = [a,b] C R, be a continuous function
such that

sup | f(z,y)| < M < +o0, (5.2.32)
(z,y)eIxXR

and let xo € I and yo € R. Then there exist two solutions y©,y~ € CY(I;R) to the
Cauchy Problem
y = f(z,y)
5.2.33
b 5239
with the following properties:
i) Any solution y € C'(I;R) to the Cauchy Problem satisfies y~(z) < y(z) <
yT(x) for allx € 1.
ii) For any point (x1,11) € I x R such that y~(z1) < y1 < y*(z1), there exists
a solution y € C*(I;R) to the Cauchy Problem such that y(z1) = y;.

PROOF. The proof of the theorem is based on the following construction. Assume
w.lg. that I = [0,1], 290 = yo = 0, and M = 1. Then the graph of any solution
y € C'([0,1];R) of the Cauchy Problem is contained in the rectangle [0,1] x [—1, 1].

Forn e N, i€ {0,1,...,2" — 1} and j € Z define the squares

" [2 i+1> [j j+1>
L=, X | —, .
1] 2n 2n 2n 2n

We agree that for ¢ = 2" — 1 (resp. j = 2" — 1) the half open interval in z (resp. in
y) is replaced by a closed interval.

Then we have

on_1 971
Q=01x[-11=) U @
i=0 j=—2n

We also define the rectangles R: = Q7;_, U Q7 U Q7 and we define the numbers

my; = inf f(z,y), M= sup f(z,y).
J (w)eRzg-( / (m,y)eR;;< )
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These numbers satisfy —1 < mj; < Mz < 1. The function [ is uniformly continuous

on compact sets. Then there is an increasing function w : Rt — RT such that
w(t) = 0ast— 0" and

ME —ml < w(1/2") (5.2.34)

foralneN,i=0,1,..,2" —1and j = —2°, ..., 2" — 1.
Now choose numbers yf; € [m7;, M| and define the functions f, : @ — [~1,1] on
letting

fa(z,y) = pi;  if and only if (z,y) € QF.
From (5.2.34) it follows that

lim  sup |fu(z,y) — f(z,y)| = 0. (5.2.35)

=0 (2y)eQ

Now consider the Cauchy problem

yqlz:fn(xvyn)v LS [071>
{ o (5.2.36)

This problem has a unique solution. The solution y, : [0,1] — R is a function
which is piecewise of class C'. The solution is actually a polygonal curve. The
differential equations is solved for all z € [0,1) but for a finite number of points. In
fact, f.(z,yn(z)) is a step function. Integrating the differential equation we get the
integral equation

Yn(z) = /Ogc fult,yn(t))dt, neN. (5.2.37)

Because |f,(x,y)| < 1, the solution vy, is 1-Lipschitz continuous, i.e., |y,(z1) —
Yn(22)| < |x1 — To| foOr all 1y, 29 € [0,1).

The sequence of functions (y,)nen is equibounded and equi-Lipschitz on [0, 1].
Then there exists a subsequence — by abuse of notation we denote it by (y,)nen —
which converges uniformly to a 1-Lipschitz function y : [0, 1] — R, i.e.,

lim sup |y,(z) —y(z)| =0. (5.2.38)
n—-+o00 xe[O,l)
By (5.2.35) and (5.2.38), we can pass to the limit in the integral in (5.2.37) and we
obtain

y(z) = / iy dt, e 0,1

Then y € C*([0, 1]; R) is a solution to the Cauchy Problem. The solution depends on
the choice of the numbers yj’;.

We denote by vy the sequence obtained with the choice piy = M3, and by yT the
corresponding limit functions. We shall see later that this limit function is unique,
i.e., it does not depend on the subsequence given by Ascoli-Arzela theorem. We
denote by y,, the sequence obtained with the choice pj; = mj;. The limit function is

denoted by y~.
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We claim that for any solution y € C([0,1];R) to the Cauchy problem, there
exists a choice of the numbers 4 such that the corresponding sequence (Yn)nen
converges uniformly to y.

For a fixed n € N consider the points p; = (z;,y;) € @ with z; = /2" and
yi = y(z;), 1 =0,1,...,2". Notice that

pi€QRy = pi €RL=Q1 1 UQLUQR .
More precisely, in this case we have {(z,y(r)) € Q : ; < ¥ < w51} C Rj;. This

follows from y' = f(x,y) with |f(z,y)| < 1.
Assume that p; € Q7. By Lagrange theorem there exists &; € [z;, z;41] such that

Y@ =@ ey - ope y(e), i=0.1,..20— 1,

Tit1 — T4

Moreover, we have (&;,y(§;)) € Rf; and thus we can choose
iy =y (&) = (&, y(&)) € [miy, M.
We also let i, = p';41 = pij- This choice is also admissible. The choice of y7’, for
j #7—1,7,7+11is free.
The polygonal curve y, : [0,1] — R has then the property y,(i/2") = y(i/2") for
alln € Nand for all i =0,1,...,2". Then
a) yn(i/2™) — y(i/2™) as n — +oo, for all m € Nand i =0, 1,...,2". In fact,
it holds y,(i/2™) = y(i/2™) for n > m.
b) The sequence (y,)nen has a subsequence which converges uniformly.
It follows that v, — vy uniformly as n — 4o0.
Now we have y, <y, <y for all n € N. This implies that y~ <y < y*. This
argument also shows that y~ and y* are unique. This finishes the proof of statement
i).

In order to prove ii), consider the (left) Cauchy Problem

I = <zr<
{ Yy f(xvy)7 To>T > 71 (5239)
y(x1) = 1.
A solution y must intersect y~ or y. A gluing argument provides the desired solution.

O

3. Comparison theorem

Let f,F :[0,1] x R — R be two continuous functions and consider the Cauchy
problems

{y/ = f(@.y) (5.3.40)
y(0) = yo,
and
{Y, = Fla.Y) (5.3.41)
Y (0) = Yy,
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where o, Yy € R.
THEOREM 5.3.1. Lety,Y € C*([0,1]) be solutions to the Cauchy problems (5.3.40)

and (5.3.41). Assume that:

i) The solution to the problem (5.3.40) is unique;
11) F(z,y) >0 for all x € [0,1] and y € R;
i) |f(z,y)| < F(z,ly|) for all z € [0,1] and y € R;
iv) F(z,y1) < F(x,y) for all0 <y < yp and z € [0,1];
v) |yo| < Yo

Then it is |y(z)| < Y (x) for all x € [0, 1].
PRroOOF. For k € N define recursively the function y; : [0,1] — R
Yo lfIL'E[O,l/k’],
yr(z) = Tk . , , ,
wt [ HEWONE o€ ki D/H =Lk L
0

We show that |y,(z)| < Y (z) forallz € [0,1] and k € N. The proof is by induction
oni=0,1,...k—1, with z € [i/k, (i + 1)/k|. For i = 0, we have by ii) and v)

()] = lyol < Yo < Yo+ / "R Y (©)de = Y (x).

Assume the claim holds for all z € [0,4/k] and let « € [i/k, (i4+1)/k]. Then, by ii)-v)
we get
lye()] =

yo+ / T R )| < ol + / TR () e

1
k

< Yo+ / TP el©))de < Yo+ / TR Y (©)de
< Yo+ / "R Y (€)de = Y (a).

The sequence of functions (y)ken is uniformly bounded. Moreover, there exists
M > 0 such that |f(x,yx(z))| < M for any x € [0,1] and all & € N. The sequence
is therefore equi-Lipschitz. By Ascoli-Arzela theorem there exists a subsequence that
converges uniformly to a continuous function y : [0,1] — R. This functions satisfies
ly(x)] <Y (x). We assume that (yx)ren converges to y.

The function y is the unique solution of the problem (5.3.40). In fact, we have
y(0) = yo and using the uniform continuity of f on compact sets, we obtain

1
TTE

y(o) = lim g(e) = g0+ lim [ () = o + / " pey(e))de,

k—o0 k—o0 0

i.e., y € C'([0,1]) solves the differential equation. O
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4. Periodic solutions

DEFINITION 5.4.1. A function f : R x R — R” is peridodic in the variable z if
there exists T' > 0 such that

flz+T,y) = f(z,y)

for all z € R and y € R". The number 7 is said to be (a) period of f in the variable
z.

THEOREM 5.4.2. Let f : R xR — R be a function such that:

i) f is continuous and locally Lipschitz continuous in y;

ii) f is periodic in the variable x.
Then, the differential equation y' = f(x,y) has periodic solutions if and only if it has
bounded solutions.

PROOF. Periodic solutions are clearly bounded. Assume that there exists a func-
tion y € C*(R) which solves the differential equation and such that |y(z)| < M for
all x € R and for some M < +oco. Define the sequence of function (y,),en on letting
Yn(z) = y(x +nT) for x € R and n € N. Here, T' > 0 is the period of f in z. Thanks
to the periodicity of f, we have

yn(x) = y'(x +nT) = f(z +nT, y(z + nT)) = f(,yn(z)).

Consider the functions y and y;. There are two cases:

1) there is zg € R such that y(zo) = y1(z0) = vo;
2) we have y(z) # y1(z) for all x € R.

In the first case, both y and y; are solutions to the Cauchy Problem
y = flz,y)
y(xo) = yo-

Because of i), the solution is unique and thus y = y;. It follows that y is T—periodic,
ie, y(r+7T)=y(z) for z € R.

In the second case, we have y; < y or y < y; on the whole real line. Assume
e.g. that y1(z) < y(x) for all x € R. Then we have for any n € N and x € R

Y1 () = y1(& +nT) < y(a +nT) = ya ().

Because |y, (z)] < M for all n € N and for all z € R, we can define the function
Yoo : R — R

Yoo() = lim yn ().
For any k € N and |z| < k we have

(@) = F @) < | max | [f(,2)] < +oo,

because f is continuous.
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The sequence (y,)nen is then equicontinuous and equibounded on the interval
[—k, k]. By Ascoli-Arzela Theorem, the sequence (y,)en has a subsequence converg-
ing uniformly on [—k, k]. As (yn)nen is already converging pointwise, it follows that
Yn — Yoo @s n — oo uniformly on compact sets. In particular, it is yo, € C(R).

Each y,, n € N, solves the integral equation

ya(@) = ya(0) + / CFEm(©)de, weR. (5.4.42)

The function f : [—k, k]| x[—M, M] — R is continuous, and thus uniformly continuous.
It follows that all € > 0 there is § > 0 such that for (z,y1), (z,y2) € [k, k] x [-M, M]
we have

|y1_y2| S(S = |f($,y1)—f(:v,y2)| Sf‘:

By the uniform convergence of (y,)nen there exists N € N such that for n > N and
|z| < k we have |y, (z) — yso(z)| < 9 and thus

)A%ﬂ&%@%ﬁ@%@%%ﬁ%hfmwmkmngN

Taking the limit as n — oo in (5.4.42) we obtain

yqﬂ=w®+év@%KW§xeR (5.4.43)

Then it is Yo € CY(R) and ¥, = f(T, Yoo)-
Finally, we show that the function y., is periodic with period 7"

Yooz +T) = lim yp(x +T) = lim yp41(2) = Yoo ().
0

EXAMPLE 5.4.3 (Small perturbations of periodic solutions). Let f € C'(R"™2;R")
be a function such that for some 7" > 0

flx+T,e,y) = flx,e,y), z€R, R, yeR", (5.4.44)
and for n € R™ consider the Cauchy Problem
y/ = f(x7 87 y)
5.4.45
{ y(0) = . ( )

Here, ¢ is a real parameter which is “small”. Denote by ¥., the solution of the Problem
depending on ¢ and 7.
Assume that:

i) For some yo € R™ we have yo,, (1) = yoy,(0) = o, i.e., for yo and € = 0 the
solution of the Cauchy Problem is periodic with period T". This follows from
(5.4.44). In particular, the solution is defined for all = € R.

ii) For some ry > 0 we have y., € C'([0,T];R") for all || < ry and for all
n € R™ with |n—yo| < 7, i.e., the solutions are defined on the whole interval
[0, 7.
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Then we can define the function F' : {|e| < ro} x {|n] < m0} — R™ on letting
F(e,n) = yey(T) —n. The function F has the following properties:

a) F(0,y0) = 0, by ii).

b) F € C'({|e| < ro} x {|n| < ro};R™). This follows from Theorem 4.4.1. The
differentiability with respect to the parameter € is left as an exercise. In
particular, ¢., = 0ys,/0n is the solution of the Cauchy Problem

/ Of(x,€,Yen)
S R (5.4.46)
©en(0) = I,,.
Then we have,
0F(e,m)  Oyn(T)
on Oy

— 1, = @e(T) — I,,.
Now assume that:
iii) The matrix @o,, (1) — I,, is invertible.
Then, by the implicit function theorem there exist § > 0 and g € C'((—46,d); R"),
with ¢(0) = o, such that F(e, g(e)) = 0 for all € € (=9, 9).
Conclusion: under the assumptions i), ii), and iii), for small perturbations of the
function, there still exist periodic solutions of the differential equation.






CHAPTER 6

First order partial differential equations

1. Quasilinear differential equations

Let Q C R™™ be an open set and let a;,b € C(Q), i = 1,...,n, be continuous
functions. A first order partial differential equation of the form

Lu = Z a;(z,u) g;i = b(x,u) (6.1.1)

=1

is called quasilinear. The differential operator L is called quasilinear, as well.
A function v € C'(U) is a solution of the quasilinear equation (6.1.1) if:
i) U C R" is an open set;
i) gr(u) = {(z,u(z)) e R"' : 2 € U} C
iii) Lu(z) = b(z,u(x)) for all z € U.
The differential equation (6.1.1) has the following geometric interpretation. De-
note by a = (ay, ..., a,) € C(Q;R"™) the vector of the coefficients of £. Then equation
(6.1.1) can be written in the following way

((Vu,-1), (a(z,u),b(z,u))) = 0, (6.1.2)

where Vu is the gradient of u in the variable z. The function g € CY(U x R),
g(x,y) = u(x) — y, is a defining function for the graph of u, i.e.,

gr(u) = {(z,y) € U xR : g(z,y) = 0}.

Then, the gradient of g in the variables x, y, i.e., the vector N = (Vu, —1), is orthog-
onal to the graph of u. In fact, a basis of tangent vectors to the graph of u is given

by

ﬂ:(amﬂwwuéﬁ> i=1,..n,
ith
and we have (N,T;) = 0 for all i = 1,...,n. By (6.1.2), the vector field X € C(U x
R; R"*1), defined by
X = (a(z,u),b(z,u)) (6.1.3)

is tangent to the graph of u. We call X the characteristic vector field of the equation
Lu =Db.

DEFINITION 6.1.1 (Characteristic curves). The integral curves of the vector field
X = (a(x,u),b(z,u)), i.e., the solutions of the ordinary differential equation 4 =
X (%), are called characteristic curves of the differential equation Lu = b.
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DEFINITION 6.1.2 (Integral surface). A C' hypersurface S C Q of the form S =
gr(u) = {(z,u(z)) € Q: x € U} for some u € C1(U), U C R" open set, is called
integral surface for the equation Lu = b if the vector (a(z,u(z)),b(z, u(z)) € R™™ is
tangent to S at the point (x,u(z)) € S for all z € U.

PROPOSITION 6.1.3. Let u € C*(U), U C R™ open set. The following statements
are equivalent:

i) The function u solves the differential equation Lu =b;
ii) The hypersurface S = {(z,u(z)) € Q: x € U} is an integral surface for the
equation Lu = b;
iii) For any xy € U there is 6 > 0 such that any characteristic curve vy €
CH((=6,6); R™Y) of X with (0) = (z, u(zo)) € S is contained in S.

PROOF. i)=ii). This is the discussion made above. ii)=-ii) The Cauchy problem
4 = X () with v(0) = (2o, u(zo)) has a solution defined on the interval (—¢,0). Let
us write y(s) = (z(s), 2(s)) € R" x R. Then we have

{ #(s) = a(y(s)), 2(0) =z

(s) =b(v(s)),  2(0) = u(xo).

Consider the function ¢ € C*(—4,0), ¢(s) = u(x(s)) — 2(s). We have ¢(0) = 0 and
() = (Vu(z(s)), i(s)) — £(s) = ((Vu((s)), —1), (a(7(5)), b(7(s))) = 0,

)
because N = (Vu(z(s)), —1) and X = (a(v(s)),b(y(s)) are by assumption orthogo-
nal. It follows that ¢(s) = p(0) =0 for all s € (—4,d) and this implies v(s) € S for
all s € (—0,9).

iii)=i) For any xy € U, let v = (z,2) be a curve as in iii). Then we have
u(z(s)) — z(s) = 0 for all s € (—6,0) and differentiating this identity at s = 0 we get
Lu(xg) = b(xg, u(zo)). O

2. Cauchy Problem for quasilinear equations

Let I' C R" be a hypersurface of class C*. By definition, for any x¢ € I' there are
an open set V' C R an open set U C R" with xp € U and a bijective mapping
® € CY(V;UNT) such that the Jacobi matrix J®(v) has maximal rank for all v € V.
Then the vectors

0P (v) 0P (v)

ovy 7 Ovpy_g

are linearly independent and are a basis for the tangent space of I' at the point
®(v) € T'. @ is called C'-parameterization of U N T.

Let ¢ : I' — R be a function of class C''. This means that the function ¢ o ® :

e R"”

V — R is of class C? for any (local) parameterization ® of I'. We write ¢ € C'(T).
We are interested in the Cauchy Problem
{ Lu(x) =blx,u) xeU

u(z) = ¢(x) rel'nU (624)
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where U is an open subset of R™.

DEFINITION 6.2.1 (Noncharacteristic manifold). Let I' € R"™ be be a C' hy-
persurface and let ¢ € CY(T'). The pair (T, ) is noncharacteristic for the quasi-
linear differential operator £ = Y " a@-(a:',u)% at the point xy € T, if the vector
a(xg, p(xg)) = (al(azo, ©(x0)), ..., an(To, go(xo))) € R™ is not tangent at I' at the point
xg.

Equivalently, the pair (I', ¢) is non characteristic at xy = ®(v) for L if

3@(1}0) 8@(1}0)
det [ 81}1 s 81),1,1 ,Cl([BO, QO($0)):| 7& 07 (625)
where the vectors in [...] are thought of as column vectors.

THEOREM 6.2.2. Let £ = > | @i(:v,u)a%i be a quasilinear differential operator
in the open set @ C R"™! et T' C R™ be a hypersurface of class C' and p € C1(T)
with (xo, o(x0)) € Q. Assume that:

i) b,ay,...,a, € CHQ);

i) The pair (I, ) is non characteristic at xy € I' for L.
Then there exists u € CH(U), U C R"™ open neighborhood of xq, solution to the Cauchy
Problem (6.2.4). The solution is unique in a neighborhood of x.

PROOF. Let X = (a(z,u),b(z,u)) be the characteristic vector field of the equa-
tion Lu = b, and let & : V — U NT be a parameterization of I' in a neighborhood of
zo € U. We can w.l.g. assume that V = (—n,n)""! for some n > 0 and ®(0) = x.
For any p in a neighborhood of (xg, ¢(zg)) € R™*! consider the Cauchy Problem

() = X(1(5)
0on (020

The solution 7, is (uniquely) defined on the interval (—d,d) for some ¢ > 0 indepen-
dent from p. Because a € C*(Q;R") and b € C*(Q), the mapping (p, s) — 7,(s) is of
class C', by Theorem 4.4.1.

By abuse of notation, we define -, to be the curve v, with p = (®(v), o(®(v)) € I'x
R for v € V. The mapping (v, s) — 7,(s) is of class C!, because it is the composition
of C' mappings. The curve 7, is of the form 7,(s) = (2,(s), 2,(s)) € R" x R, where

To(s) = a(n(s)), .(0) = (v)
Z(s) =b(n(s),  2(0) = o(2(v)).
Define the function F': V x (=4,0) — R"
F(v,s) = z,(s).
Then we have F' € C*(V x (—4,6); R") and moreover

aa_f(v, s) = dy(s) = a(7,(s)),
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and fors=0andt=1,...n—1

OF _ 01,(0)  0P(v)
8_w<v’0> T

In particular, at the point v = 0 and s = 0 the Jacobi matrix of F' satisfies

oo 9% _(0).a(en. pla)] #0

det Jp(0) = det Do —(0),...
because the pair (I', ¢) is non characteristic for £ at the point x¢ € T'.

By the Inverse Function Theorem, the mapping F' : V x (—=0,0) — U = F(V x
(—4,0)) C R" is a diffeomorphism of class C!, provided that 6 > 0 and n > 0
are small enough. The inverse function F~' : U — V x (—4,0) is of the form
F~Y(z) = (v(z), s(x)), where the functions x — v(z), s(x) are both of class C?.

Define the function u : U — R on letting u(x) = zy(z)(s(x)), € U. Then:

’ avn—l

i) We have u € C*(U), because it is a composition of C'! functions.
ii) If 2 = ®(v) € I' then s(z) =0 and v(z) =v € V. Thus

u(x) = z(0) = p(®(v)) = p(z).
iii) The graph S = {(z,u(x)) € R*™ : z € U} is the union of integral curves of
the characteristic vector field X. In fact, we have
v =F(F(2)) = F(u(x),s(z)) = 2o (s(2)),
and thus

(,u(7)) = (2o(a) ((2), 20(@) (5(2))) = Vo) (5(2)).

This shows that for any x € U, the integral curve of X passing through the
point (x,u(x)) lies entirely in the graph of w. Then, by Proposition 6.1.3 we
have Lu(x) = b(x,u(z)) for all x € U.

We proved that w is a solution to the Cauchy problem (6.2.4). The solution is

unique, because of the uniqueness of the characteristic curves of the equation Lu = b.
O

EXAMPLE 6.2.3. We look for a solution u € C*(U) for some open set U C R?
with 0 € U (and possibly the largest one) of the Cauchy Problem

ou Ou
U£+8—y—0, (m,y)eU

u(z,0) =z, (z,0)eU.

The quasi linear differential operator

is known as Burgers’ operator. The vector of the coefficients is a(x, y,u) = (u, 1), w
have b(x,y,u) = 0, and the characteristic vector field of the equation is X = (u, 1,

)
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We have I' = {(z,0) € R* : # € R} and ¢(z) = 2. A normal vector to I' is the
constant vector N = (0,1). For any (z,0) € I' we have

(N, al(2,0), ¢(x))) = 1 £ 0.
Then the pair (I, ¢) in non characteristic for the equation Lu = 0 at any point of T.

By Theorem 6.2.2 we can find a (unique) local solution.
For a fixed (z9,0) € I consider the Cauchy problem

v = X(’V)a 7(0) = (370? 0, (p(x()))'
The system of differential equations is
"71 = 73, ’72 = 17 ’3/3 = Oa
which yields, along with the initial conditions,
71(8) = sp(x0) + 0 = (s + )70, 72(8) = 573(5) = (20) = Z0,
where s € R. The solution u to the Cauchy problem satisfies
u(n(s),72(s)) = s(s) & (s + 1)z, s) = @(z0) = o
Letting © = (s + 1)xp and y = s we find
T
Cy+ 1
The “maximal” solution u of the Cauchy problem is defined in the half plane U =
{(z,y) eR*:y > —1}.

u(z,y)



