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ABSTRACT. We consider self-similar iterated function systems in the sub-Rieman-
nian setting of Carnot groups. We estimate the Hausdorff dimension of the excep-
tional set of translation parameters for which the Hausdorff dimension in terms of
the Carnot-Carathéodory metric is strictly less than the similarity dimension. This
generalizes a recent result of Falconer and Miao from the Euclidean space to Carnot

groups.
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1. INTRODUCTION

1.1. Preliminaries. One of the most common ways to construct and describe fractal
sets (cf. [11], [16]) is by the action of a system of contractions—known as an iterated
function system (IFS)—on a metric space. Let (X, d) be a complete metric space
and f = {f1,..., fu} be a finite set of contraction mappings on X. That is, for each
j=1,...,M, the map f; : X — X satisfies

d(fi(x), f;(y)) <rjd(x,y) (1.1)

for all z,y € X and some r; < 1. Then the (unique) nonempty, compact set K =
K¢ C X which satisfies

Ufj(K) =K

is called the invariant set of f; in most cases it is a fractal.

When equality holds in (1.1) for all z,y € X, the mapping f; is called a similarity
transformation of X with similarity ratio r;. In this case the underlying invariant
set is self-similar. The Hausdorff dimensions of self-similar invariant sets can be
calculated using the celebrated Moran—Hutchinson theorem [14], [11]. According to
this theorem, if f satisfies the so-called open set condition, i.e., there exists a nonempty
open set U C X with the property that fi(U),..., fa(U) are disjoint subsets of U,
then the Hausdorff dimension of K, dim K, is equal to the similarity dimension of f:

dim K = d.

Here the similarity dimension d = dg is defined as the (unique) positive number
satisfying

M

d __
g T =1.
j=1

In its original formulation [14] this theorem was set in the Euclidean space X = RY.
It continues to hold in the more general setting of metric spaces satisfying a doubling
condition, see [2].

In the Euclidean case, similarities are precisely described by the formula

f(z) = Az + q, (1.2)

where A is a linear map in the conformal group R, -O(N) and a € R” is a translation
vector. By results of Falconer and Solomyak [10], [12], [18], the equality of Hausdorff
and similarity dimensions persists almost surely for generic IFS. More precisely, let
f={fi,..., fu} be a self-similar IF'S with maps f;(z) = A;z + a; of the form (1.2)
and let a := (ay,...,ay) € RV, Denote the associated invariant set by K = K,.
According to [10] and [18], if r; = ||A4;|] < 1/2 for j = 1,..., M then the equality
dim K, = d holds for LM a.e. a € RVM,



EXCEPTIONAL SETS FOR SELF-SIMILAR FRACTALS IN CARNOT GROUPS 3

In a recent paper [8], Falconer and Miao estimated the size of the exceptional set of
parameters a € RVM for which the equality dim K, = d fails. To recall their result,
let us denote by

E(s) = {a € R"™ : dim K, < s}.
Then according to the main result of [8], the estimate

dimE(s) < NM — (N —s) (1.3)

holds for 0 < s < d < N. We emphasize that the setting of [10], [12], [18] and [8] is
significantly more general, encompassing arbitrary self-affine fractals: we have merely
stated the special case of their results covering the self-similar situation.

The purpose of the present paper is to generalize (1.3) to the sub-Riemannian
metric setting of Carnot groups. Our main theorem is Theorem 1.1. Recent years
have seen a rapid development of geometric measure theory in the setting of Carnot-
Carathéodory spaces, where Carnot groups play a major role. Carnot-Carathéodory
spaces themselves have a fractal nature as their Hausdorff dimension is typically
strictly greater than the topological dimension [13]. The metric in these spaces is de-
fined by vector fields satisfying the Hormander condition and are useful for describing
various nonlinear phenomena as seen e.g. in [17].

In the context of Carnot groups different aspects of geometric measure theory have
been studied recently by various authors. Strichartz [19] and Balogh, Hofer-Isenegger,
and Tyson [1], [3], considered questions of fractal geometry in the special setting of
the Heisenberg group. More recently Balogh, Tyson and Warhurst [4], [5] extended
the results of Falconer and Solomyak to the more general setting of Carnot groups.

We shall recall next these results and fix notation to be used throughout the paper.

1.2. Statement of the main result. Let g be a finite dimensional, stratified, nilpo-
tent Lie algebra of step S > 2 and dimension N. We denote by [, -] the commutator
in g. Then there are vector spaces gy, ...,8s C g such that

g=01® - Bgs, (1.4)

and for alli =1,...,S we have

it lf’L:].,,S—l,

{0} ifi=s5. (15)

l91,9i] =

We denote by m; > 1 the dimension of g;, i = 1,...,5, and we let N = my+---+mg.
According to (1.4), any element = € g has the unique decomposition

with 2 € g;, i =1,...,5. For any r > 0, the linear mapping 8, : g — g
6 (z) = ra®M + ... 4 7529 (1.7)
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is a Lie algebra automorphism, which is called dilation by r > 0.

The Baker—-Campbell-Hausdorff formula provides a group operation *: g x g — g
which makes G = (g, %) a nilpotent and stratified Lie group of step S. Such groups
are called Carnot groups. More details can be found in section 3.

We fix on G a distance function d with the following properties:

i) d(z*xx,zxy) =d(x,y) for all z,y,z € G (i.e. d is left invariant);
ii) d(6,(z),6,(y)) = rd(z,y) for all z,y € G and r > 0 (i.e. d is 1-homogeneous
with respect to the dilations d,).

Any such metric we will call a Carnot-Carathéodory (CC) or sub-Riemannian metric
on G. The existence of such metrics is well-known. For instance, one may use the
metric constructed by taking the infimum of lengths of horizontal curves, see [13] or
[6]. Other more explicit sub-Riemannian metrics can be constructed directly (such as
the Koranyi metric on the Heisenberg group). For our purposes the precise choice of
the metric is not important since all sub-Riemannian metrics on a given Carnot group
are bi-Lipschitz equivalent and the results of this paper are bi-Lipschitz invariant. Any
sub-Riemannian metric d on G is complete. Note that the topological dimension of
(G,d) is equal to N (the dimension of the underlying Lie algebra). On the other
hand, the Hausdorff dimension of (G, d) is equal to

Q = my +2my 4+ Sm, (18)

the so-called homogeneous dimension of G.

Let us note the discrepancy between the Hausdorff dimensions () > N of the metric
space (G, d) and the underlying Euclidean space RY. This discrepancy persists for ar-
bitrary subsets A C G. A quantitative description of this dimension discrepancy was
presented in [5] in terms of certain piecewise linear dimension comparison functions
B+ : [0, N] — [0,Q]. More precisely, it was shown [5, Theorem 2.4] that

f-(dimg A) < dim.. A < ;(dimg A) (1.9)

for every A C G. Here we denote by dim.. the Hausdorff dimension in the metric
space (G, d), i.e. with respect to the Carnot-Carathéodory metric, and by dimg the
Hausdorff dimension in the usual Euclidean metric on the underlying space RY.

Furthermore [5, Theorem 2.6], the estimates in (1.9) are sharp as shown by explicit
examples constructed using IFS on G. This observation is closely related with di-
mension formulae for generic IFS generalizing the above Falconer-Solomyak theorem.
The existence of a self-similar dilation structure (4,.),~o on Carnot groups which inter-
acts well with the group law and the left invariant metric makes such spaces natural
settings in which to study self-similar IFS.
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To be more precise we consider a system of similarities f = {f1,..., f;} in G of
the form
fi(x) = a; * 0, (x), (1.10)
j=1,...,M, where a = (a1,...,ay) € GM is an M-tuple of translation vectors
and 0 < ry,...,7ry < 1 are contraction ratios. The self similar set K¢ depends on
aand r = (ry,...,ry). Fixing the radii, we denote this self similar set by K, with
no reference to r. We associate to K, the Carnot-Carathéodory similarity dimension
d = d, satisfying the equation Z i1 r] =1, and we write K, for the invariant set of
the IF'S f. Then (see [5, Theorem 2.8]) the following dimension formulas for K, are
valid for almost every a € GM (with respect to the M-fold product Haar measure
on GM, which is equivalent with the Lebesgue measure LN on GM = RVM): if
deandrj<lforallj:1 ..., M, then

(a) dim.. K, < d for all a € GM,
(b) dimg K, < 8-%(d) for all a € GM,
(c) dime. K, = d for a.e. a € GM,
(d) dimg K, = 8-'(d) for a.e. a € GM.

The most interesting statements above are (c¢) and (d) which give almost sure di-
mension formulas in terms of the Carnot-Carathéodory and also in terms of the Eu-
clidean metric. In particular, K, is almost surely a horizontal set (in the terminology
introduced in [5]).

Our goal is to prove a result analogous to the estimate (1.3) of Falconer and Miao
on the size of the exceptional set of parameters a € G for which estimate (c) above
fails. To do so, we introduce for s < d < () the exceptional set

E(s) ={ac G :dim, K, < s}.

According to the preceding discussion, the (M )-dimensional CC Hausdorff measure
(equivalently, the (VM )-dimensional Euclidean Hausdorff measure) of E(s) vanishes
for all s < d. The primary result of this paper is the following theorem.

Theorem 1.1. Let G be a Carnot group of step S. Fiz M positive real numbers

0<r; < %, J=1,..., M, and let d be the corresponding similarity dimension. Then
dime. E(s) < QM — (N — 5-1(s)) = QM — 57(Q — 5) (1.11)

fors <d<Q.

Corollary 1.2. We have dim.. E(d) < QM — :1(Q — d).

Since in the Euclidean case @ = N and - = 4 = id|pn] the above statement

generalizes the Falconer-Miao estimate (1.3). For the second equality in (1.11) we
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observe the identity
Q-Bi(a)=F (N-a), 0<a<A,

which follows easily from the definitions of 5_ and (3, (see (5.1) and (5.3)). Note also
that 3_ : [0, N] — [0, Q] is an increasing homeomorphism, thus 3~*(s) < N whenever
s < Q. Corollary 1.2 improves on the result from [5] by showing that the dimension
of the exceptional set F(d) is bounded away from QM whenever d < Q.

To conclude this introduction we briefly explain the idea of the proof of Theorem
1.1. We note first that the points in K, can be parameterized by words as follows.
Denote by W ar the set of all words w = wywews - -+ with countably many letters w,,
each selected from the alphabet {1,..., M}, and define the projection map m, from
Weo, v to Ky by

Ta(w) = eli_}r& fu, 00 fu,(20), (1.12)
where x( is any point in G. The mapping 7, does not depend on xy. Our approach
follows the one of Falconer and Miao [8] and goes back to the idea of Falconer [10]. The
main point is to realize a transition from the parameter space onto the dynamical
space. More precisely, for any pair of words w,v € W p such that wy = 1 the

transition map T, = (T} ,,... . T)%) : GM — G is defined by
. (W) txma(v)  for j=1,

1 () = § ™) ) for (1.13)
’ a; for j#1,

forall j=1,..., M.

In the Euclidean case [8], the transition map is an invertible linear map with norm
bounded from below by a positive constant independent of the words w and v, as
soon as w; # vy. In our case the transition map is nonlinear and is not bi-Lipschitz
continuous with respect to the product metric on GM that is generated by the Carnot-
Carathéodory metrics of G. The main technical difficulty of our work is to deal with
the complex nonlinearity of the mapping. The solution of the problem is that we will
show that T}, is bi-Lipschitz continuous on G with respect to the Euclidean metric.
Passing from the Euclidean metric to the Carnot-Carathéodory metric is done by a
covering argument akin to the technique used in [5]. The discrepancy between the
two metrics resurfaces in the appearance of the dimension comparison functions (G4
in the statement of Theorem 1.1.

The paper is organized as follows. In the second section we present results on
symbolic dynamics and of potential theoretic nature which will be used in the proof.
In section three we develop an iterated version of the Baker—Campbell-Hausdorff
formula in order to deal with the infinite products appearing in the formula for the
transition map as seen in (1.12) and (1.13). The results obtained in this section

may be of independent interest in the theory of Carnot groups. In the fourth section
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we prove the main properties of the transition map culminating in its Euclidean bi-
Lipschitz continuity. In section five we prove Theorem 1.1. The last section is for

comments and open questions.

Acknowledgements. Much of the research for this paper was conducted during
visits of the third and fourth authors to the Institute of Mathematics at the University
of Bern. The authors would like to thank the institute for its gracious hospitality.

2. SYMBOLIC DYNAMICS, ENERGY AND HAUSDORFF DIMENSION

2.1. Symbolic dynamics. We review the language and notation of symbolic dy-
namics for iterated function systems. The material in this section is mostly standard.
A useful reference is Kigami [15].

We may parameterize the points of the invariant set of an iterated function system
in a natural fashion by taking into account its dynamical construction. To this end
we define abstract word spaces. For £, n € N, we define the following three sets:

Wiy = {u |u:{1,2,... 0} — {1,2,...,n}},
W*,n = U Wf,n U {6 : @ — {172,...,72}},

leN

Woon ={w|w:N—{1,2,...,n}}.

The notation has a natural generalization to the case n = oo.

An element u € Wy, is called a finite word of length ¢(u) = ¢, where e is the so
called empty word of length zero. Elements of W, are called infinite words. The
set W, is the collection of all finite words. The kth letter wy of a word w is simply
the value w(k). We will write

u = U1U2 e uz
for uw € Wy,, and

for w € Wy ,,. Concatenation of a finite word with a finite or infinite word is defined
in the obvious way: if u = wjug---up € W, ,, and w = wywy - -- € W, , U Wy, then

UW = ULU2 * * - UpW1W2W3 * * + .
The longest common prefix v A w of two words v,w € W, ,, U W, is defined by

(& if U17é’w1
vAw=<qu if v=w'and w=uw and v] # w]

v if v=w.
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The shift operator o : Wu , — Wo , and its n right inverses o : Weg , — Wog p, are
given by the formulas o(wjwows - - - ) = wowswy - - - and o (W wews - - - ) = jwiws - - -.

Foru=wuy---uy € W,,, we set o, := 0y, 0---00y,.

1
The space W, of infinite words is naturally topologized with the product topology
coming from the discrete topology on {1,2,...,n}. This topology is metrizable, an
explicit generating metric being
2-HvAw) i g £ ),
doo(V,w) 1= 7
0 if v=w.
By the Tychonoff Product Theorem, (Woo,n, doo) is compact.
To each word u € W, ,, we associate the cylinder set

Q, = {uw € Won |we Woo,n}.

We observe that every open ball in (Woo,n, doo) coincides with a cylinder set €2, for
some u € W, ,,.
Let o : W, ,, — [0, +00) satisfy the consistency relation

n

a(u) = 3 a(uj) (2.1)

J=1

for all w € W, ,,. Then there exists a unique Borel measure A : P(Woo,n) — [0, +o0]

whose value on cylinder sets is given by
A(Q) = afu) for all w € W, ,,.

In particular,
A Weon) = ale). (2.2)
Let £ = {f1,..., fu} be an iterated function system defined on a complete metric

space (X, d). For each j, 1 < j < M, let r; be the contraction ratio associated to f;.

For u = wjug - - - uy € Wy we define a map f, : X — X and a real number r, by

fu=Jfumofu, 0 0fuy, and 1, =71y Ty, Ty,

We denote the invariant set for f by K¢. We equip W, as with the product topology
as described in the previous section.
The map 7¢ : Weo air — K given by
me(w) == eh—>I(I>lo froywaw, (Z0), (2.3)

where x( is an arbitrary point in X, is continuous and surjective. It is easy to check
that 7¢ is independent of x5. We observe the key relation

g 0 0y = fu O Ty, uec Wep. (2.4)
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The similarity dimension for the iterated function system f is the unique nonneg-
ative real number d for which

Zr?: 1.

M
j=1
This value depends only on the vector r = (ry, ..., 7)) of contraction ratios associated
to f. We write d, for the similarity dimension of f. Define a : W, py — [0, 400) by

the formula «(u) := r%. This function satisfies (2.1) since

M M M
Za(uj) = ’/’Z; = rir Zr?‘“ =% = a(u).
=1 j=1 j=1

Hence there exists a Borel measure A\, on W 5 with

() =1 (2.5)

u

for all w € W, . By (2.2), A, is a probability measure.

2.2. Energy and Dimension. Let (X, d) be a complete metric space and s a positive
real number. The s-energy of a mass distribution v supported on a compact set
K C X is defined to be

ek ) = [ [ den) avio) dvty).

The following theorem relates these energies to Hausdorff dimension. For a proof,
see [9].

Proposition 2.1 (s-energy versus Hausdorff dimension). Let K C X be a Borel set
and let s be a positive real number. Then the following holds:

(a) If the s-energy Es(K, v) is finite for some mass distribution v supported on K,
then dim.. K > s.

(b) If H*(K) > 0, then for each t, 0 <t < s, there exists a mass distribution v
supported on K whose t-energy E(K,v) is finite.

Let G be a Carnot group. Denote by 7, : G — G the operation of left translation
by a € G, i.e., 7,(p) = a * p. Fix positive real numbers r; < 1, j =1,..., M, and let
Tmaz < 1 denote the largest of these values. We denote by d, the similarity dimension
for the M-tuple r = (r1,...,7y). We will always assume that M > 2 which implies
that d, > 0.

For a = (ay,...,ay) € GM we denote the self-similar set for the iterated function
system {7, © 0 ..., Tay © Ory, + by Ka. Let m,y be the symbolic representation map
from Wy i to K, as in (2.3).
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Proposition 2.2 (Finiteness of the s-energy). Let s < d, be a positive real number.
If there exists a measure p on GM such that the inequality

/B d(mal). ma(w) " du(a) < L, (2.6)

holds for all R > 0 and all distinct words v,w € Wy with constant L = L(G, R)
independent of v and w, then dim.. K, > s for p-almost every a € GM .

Proof. Since dy > 0, we know that S i1 ]2d‘" < 1. We consider the Borel measure

Ar on W ar described in subsection 2.1. The product measure A\, @ A, on the set
A = {(v,w) € WZ 5, | v = w} vanishes, because A C |J Q, x Q, for each ¢
and therefore

Me@A)(A) < 30 a@)P= 3 = (Z) w0 (@)

UGWAJ\J ’UJGWZ’M

”LLGW(,]M

Using this fact and (2.6) we get

/ / Ta(0), ma(w)) " du(a) dA @A) (v, w) < L(G, R) / @A) (0, ).
oo IVI I/Vozo,M\A
The integrand ¢(v,w) = 7,2, in the latter integral has the property that

® (WOQOM\A) = {T;S | u € W*,M}

is a countable subset of R, since W, js is countable. Thus

/ e dOe @A) w) = S PO @A) ({(0,w) € W2\ AluAw =1ul})

WEO,M\A ueWi v
< Z 7 (A @A) (Q) = Z Z e A(Q
ueEWy m LeN ueWy u
< Z rmax(dris)g Z )‘r(Qu) = Z Tmaz(dris)e
leN UGW[,]\/[ LeN

7)\1'( ooM) 1

which is finite since s < d, and r,,,, < 1. Applying Fubini’s theorem, we see that
/ / / d(ma(v), ma(w)) ™ dAp(v) dA(w) du(a) (2.8)
BM Woo m Woo,m

is finite. The image measure v, = (7a)x(\y) is a mass distribution supported on K,,
since 0 < A\e(Wooar) = 1 < +00. From (2.8) it follows that the s-energy

[ [ dw.) s vy doaty / [ (o), maw)) ) dretw)

Ka Ka oo M Woo M
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is finite for p-almost every a € B¥. The result now follows from Proposition 2.1,
after passing to the limit as R — oo. U

3. ITERATED BAKER—CAMPBELL-HAUSDORFF FORMULA

Let g be a finite dimensional, stratified, nilpotent Lie algebra of step S > 2. For
any word w € Wy, s,n € N, we define the nested commutator or nested bracket of s
elements chosen from zy,...,z, € g and specified by w in the following way

(X1, Tn)w = [Ty [+ - [Trou_ys Twa] - - -] (3.1)

The number s € N is the length of the commutator.

Lemma 3.1. Any bracket of s elements chosen from xi,...,x, € g is a linear com-
bination with coefficients 1 of nested commutators of the form (xq,...,xy,), with
w e Wy,

Proof. The easy proof of this lemma relies upon the Jacobi identity (see e.g. [6, p.
12]). The proof is by induction on the length of the commutator and the induction
basis is the identity [[x1, 22|, [23, 24]] = [24, 23, [11, 22]]] — [73, [22, [21, 22]]]- O

The Baker—-Campbell-Hausdorff formula provides a Lie group structure on the Lie
algebra g. From now on, the number S > 2 is fixed and we let

Vo=WipU---UWg,, n €N,

v.=Jva

neN

and

Theorem 3.2 (Baker—Campbell-Hausdorff formula). There ezists a choice of con-
stants ¢, € Q, w € Vi, making the operation x : g X g — @

X1k To = Z Cow (21, 224y (3.2)

weVa

an associative group law on g.
For a proof of this theorem, see e.g. [7, Theorem 1.2.1].

Example 3.3. When the step S is equal to 2, formula (3.2) reads

T1 ¥ Ty =21 + Ty + §[x1’ Ta). (3.3)
When the step S is equal to 3, the formula reads
1 1
Ty * T = T1 + Tg + §[$1, o] + E[xb (21, 22]] — E[ﬂ% (21, 72]], (3.4)
le.cp =co =1, c19 =1/2, co1 =0, c112 = 1/12, ¢915 = —1/12, whereas all other

constants vanish.
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From now on, the constants ¢, for w € V5 are given by Theorem 3.2. We are not
interested in their precise value. We are rather interested in the following iteration of

the formula.

Theorem 3.4 (Iterated Baker-Campbell-Hausdorff formula). For any S > 2 there
exist a finite set A C Q and constants ¢, € A, w € V,, such that for any stratified
nilpotent Lie algebra g of step S we have

(((xl*x2)*m3)) * X, = Z Co(T1, o T (3.5)

”LUGVn

forall zy,...,x, €g, n>2.

The brackets on the left hand side of (3.5) can be dropped since the operation x is
associative. We shall denote the iterated product on the left hand side by K T =

T1 %k Ty

Example 3.5. When S = 2, formula (3.5) reads

n

=1

1<i<j<n 1<i<j<k<n

Z Z Li, xzaxj 12 Z Z Ly $]7xk

=1 i<j<n =1 i,k>j5

(3.6)

This formula can be proved by induction on n > 2 starting from (3.4).

Proof of Theorem 3.4. We define recursively subsets A, C Q, n € N, in the following
way. Let A; = {0, 1}, fix the constants ¢, w € V5, as in Theorem 3.2, and let

AQI{CwEQ:wE‘/Q}. (3.7)

Now assume that A; C Ay C --- C A, are already defined. Let £,,; = (nS)° and
define

n+1

Ap1 = {Zdhdo ndip - dip|dy € {£1},dop € Azydip, ... dip € Ay, i <5 — 1}-

(3.8)
For any n € Nand m =1,...,n, we denote by V™ the set of all words w € V,,, with
w=w; ---w; for somei=1,...,5, such that the set

{wy,...,w} C{l,...,n}

contains exactly m distinct elements.
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We claim there is a choice of constants ¢,, € Q for all w € V, such that (3.5) holds
for any x4, ...,x, € g and moreover that

Ccw €Ay forallw e V" 2 <m < min{n, S}. (3.9)

The claim implies Theorem 3.4. Indeed, suppose that the claim holds. Then the set
A = Ag is finite and by (3.9) the formula (3.5) holds with constants ¢,, € A. In fact,
commutators of more than S elements vanish by (1.5), and thus the sum in (3.5)
ranges only over those w € W* with m < §.

The proof of the claim is by induction on n. The induction basis is n = 2. In this
case, (3.5) reduces to (3.2). Now assume that (3.5) holds for n, i.e. there are constants

cw € A, such that the formula holds for any n elements xi,...,z, € g. Moreover,
assume that (3.9) holds. Let zy,...,z,41 € g and set x = z1 % --- * x,,. Here and in
the sequel, we use the notation x,, = (z1,...,x,),. By the inductive hypothesis,
x = Z CowTo (3.10)
weVn

with ¢, € A,,. By (3.2) and by the associativity of the operation %, we obtain

n+1

K TR = D Ty = Z Co( Ty Tpy1)w- (3.11)
veEVa
For any word v € V,, with v = vy ---v; for some 1 =1,...,5, we let

lvly = card {h € {1,... i} v, = 1}.
Then we define the word v € Vj,|,41 in the following way:
i) The |v|; indexes 1 in v are progressively relabeled to 1,...,|v|y;
ii) The i — |v|; indexes 2 in v are relabeled to |v|; + 1.
We denote the resulting word by v. For example, if v = 11221211 then v = 12663645.
Using this notation, we have

(xawn—i-l)v = (xa-'-axaxn—l—l)ﬁ: Z Cuy "'Cw|v|1 (xw17~-'7xw‘v‘17xn+1)ﬁ-
|’U|1 wlv---vwlvhevn
By Lemma 3.1, there exist constants d57w17---7w|v|1 € {0,£1}, u € V41, such that
(Tars o Ty s Tn1) 5 = Y oy, (15 Tt (3.12)
uEVpt1
From (3.11) and (3.12), we finally obtain
n+1
K= Z CulT1y oy Trg1 s (3.13)
uEVn+1
where

—_ U
Cu = Z Z CoCuy *- 'wandv,wl,m,wm € Ans1.

vEVS wl,...,w‘v‘IEVn
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In the sum, there are at most £,11 = (n5)% summands.

Now we show that ¢, € A, for all u € V71, with 2 < m < min{n + 1, S}. Assume
that in (z1,...,%,.1), there appear at most m < S distinct elements chosen from
T1y. .oy Tpyr (ifm > Sthen (xy,...,2,41) = 0by (1.5)). From (3.12), we deduce that
in the commutator (wa e Ty yan)a there appear at most m distinct elements
chosen from i, ..., z,,1. On the other hand, x,,.; must appear at least once. If this
is not the case, then we have either (z,z,41), = 0 or v € Wj 5 and there would be
nothing to prove. It follows that in each commutator z,,,, . .. s Tuy,, there can appear
at most m — 1 distinct elements chosen from z1,...,x,. Then, by induction we have
Cwrs -3 Cuypy, € A,,—1. This shows that ¢, € A,,. O

Fori=1,...,5, let us introduce the ordered pairs of words
Gipn=WinxW,s and G, =G, U---UGg,. (3.14)
For any pair (w, k) € G,,, define
1y @)oo = [0V [ [xq(f;:ll), xg"’:)] K (3.15)

see (1.6) for the notation used here. The first word w = wy - - - w; of the pair (w, k) in
G, selects i elements out of n elements 1, ..., 2z, € g. The second word k = k; - - - k;
selects corresponding strata in the Lie algebra decomposition (1.4). We also define
the weight of a word k € W, g to be

k| = ky+ -+ kj.

Corollary 3.6. Let x = a1 % --- x x, with x1,...,2, € g, and z = M + ... 4 25
with % € g;. Then, for any i =1,...,5 we have

2 = Z Cow(T1, o T)wk- (3.16)
(w,k)eGn
|k|=i

Proof. First notice that if w € W;,,i=1,...,5, then

(T1y ey T = Z (1, oy Tn)wk-

kGWLS

Then by Theorem 3.4 we obtain

xr = Z Co(T1, o Ty = Z Co(T1s oy Tn)w k-

weVy (w,k)eGn

On the other hand, from (1.5) it follows that for all 4,j > 1
[gia g]] C gi+j7
and thus (z1,...,2,)wk € g if |k| = i. Formula (3.16) follows. O
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4. TRANSITION MAP

Let us recall that we have identified the group G and its Lie algebra g via the
Baker—Campbell-Hausdorff formula. Throughout this section, we write g in place of

G to conform with the notation of the previous section.

Let ay,...,ap € g and rq,...,7ry > 0. Throughout this section, we assume that
1
Tmaz = Max{ry,...,ry} < 3 (4.1)

Let f; : g — g denote the contraction f;(x) = a; * 0,,(x), j = 1,..., M. Denote by
K, the invariant set of £ = {f1,..., far}, where a = (ay, ..., ay) € g™ is the M-tuple
of translation vectors. The projection 7y : Woo pr — Kjy is

Wa(w) = Zlggo fLUl ©...0 fwg(o)'

For w,v € Wy 1, define the transition map T,,, = (T2, ... ,Tme) cgM — gM

w,v?

Ta(w) P xma(v) for j=1

T, (a) = (4.2)

’ a; for j=2,..., M.
In what follows, we will make use of words in Wy, ps indexed by words chosen from
another symbol set W, .. For this reason, in the remainder of this section we denote
elements of W, ps by Greek letters. The aim of this section is to prove the following

theorem.

Theorem 4.1 (Euclidean bi-Lipschitz continuity of the transition map). Let w,v €
Woonr be such that 1 = wy # vy. For any compact set K C g™ there exists a constant
C = C(K) > 1 independent of w and v such that T, |k is C-bi-Lipschitz continuous
on K with respect to the standard metric.

By standard metric, we mean any metric on the vector space g™ which is induced
by a norm, e.g., the Euclidean metric. Under the aforementioned identification of g

and G, this corresponds to the Euclidean metric on G

4.1. Projection map. Our first task is to compute an explicit formula for the map-
ping m,. Recall that, according to (3.14), we have

s
Gu = U Wim x Wis.

i=1
We use the following notation. For (g, k) € W,y x W; g we let
a = [aé’fl), [.., [aé’ffll), agf’i)] ) (4.3)

This is consistent with (3.15). Moreover, for any w € W s, v € W oo and k € W g
we let
ayr(w) = [aV, ..., [ak-1) qFD] . (4.4)

Wy Wy 1 7 Wy
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For any g € W, s and w € W a1, let Wy(w) C W, o denote the set of all v € W,
such that

(awvl,...,awvi) = (ag,...,aq). (4.5)
Finally, let r,,..c,, = 7w, * - * Tw,, Where we stipulate that the empty product is equal
to one. For w € W, v € W oo and k € W, g let

rop(w) = Hrf’;._wvhfl. (4.6)
h=1

Lemma 4.2 (Representation Formula for m,). For any w € Wy we have
Ta(w) = Z Yo,k (W)ag i, (4.7)
(g,k)EGM
where the coefficients v, ,(w) € R are given by
Yorw) = D crr(w). (4.8)
veEW,(w)

Here, the constants ¢, € R are given by Theorem 3.4.

Proof. We prove by induction on n € N that for any w € W,y and = € g we have

(5“-/1“‘“’]971 (awk) * 6rw1mwn (x) (49)

For n = 1 this is the definition of f,,. Using the properties ,(0,(a)) = 0,0, (a) and
dp(a) % §,(b) = 6,(a*b), we get

Juy 0000 fwn+1($) = fo 00 fu, (fwn+1(37))

n
= kil 57’w1---wk_1 (a’wk) * 6Tw1-v-wn (a’wnJrl * 5T“’n+1 ('T>>

n+1

- kil 57'w1~--wk71 (a’wk) * 67'w1~-~wn+1 (x)

for 00 fu(a) =

k=1

This is (4.9) for n + 1. Choosing x = 0 in (4.9), we obtain

Ty 1= fwl 0...0 fwn (0) — ; 5"‘“’1"'“’1@—1 (awk)’

k=1

Using the notation (4.6) and (4.4) and beginning from (3.16), we obtain
Ty = Z Colu g (w)ay k(w), (4.10)

(v,k)eGn

(A, ) D =7t @ §=1,...,5. Formula

where we also used the property ¢, o Qhs

wy W
(4.10) can be rearranged in the following way

T = Z Vor(W)agk,

(g9.k)eG M
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where the coefficients 7}, (w) € R are given by
V(W) = Z CoT (W)
vEWR (w)
Here W;'(w) is the set of v € W, for which (4.5) holds. Letting n — oo yields
(4.7). 0]
Lemma 4.3. There exists a constant C| < oo such that
Ygr(w)] < C (4.11)
for all (g,k) € Gpr and w € Wy ar.

Proof. For n € N and (g, k) € G); we have

@)l =1 > crurw) < max|cy| > rexlw), (4.12)
vEW (W) ¢ vEWS (W)

where A C Q is the finite set given by Theorem 3.4. For (v, k) € G, i =1,...,5,

using the formula (4.6) we have

7 7 1 vhfl
rop(w) = | |k < -
v,k W1 Wy, 1 = 9 )
h=1

h=1
since r1,...,7y < 1/2 and ky, ..., k; > 1. Replacing the sum over v € Wi (w) with
the sum over all v € W, ,,, for the appropriate choice of i € {1,...,S}, we obtain

Y rer(w) < Zn: H (%)UH = (i 21—v>i <20 <25

vEW I (w) v1,...,0;=1 h=1

Then (4.11) holds with C' = 2% max,, e |cy|- O

4.2. Formula for the transition map. For (g1, k1),...,(g:, k) € Gyyi=1,....,S,
we let

Agy,k1,eegiski = [aghkl’ [ .- [agi—lykifl7agi»ki] e H

Lemma 4.4 (Representation Formula for the transition map). For w,v € Wy p we
have

S
Tulz,v(a) = Z Z F91,k’1,-~-7gi,ki (wv U)a917k17~-~7gi7ki7 (413)

i=1 (g1,k1),..,(gs,k:)EG M
where the coefficients Uy, k.. gk (W, v) € R are given by

i

=1
Lgi ki segisks (w,v) = Z Cu H<_1)Uh79h,kh(WUh)7 w'h = (4.14)

ueW; o h=1 v, Uup = 2.
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Proof. Let 11 = ma(w) ™' = —ma(w) and x5 = m,(v). From (3.2) we get
S
=3 ) culwr, w2,
=1 UGWZ"Q

and using (4.7) we find

(171, x2)u = [xup [ x [xuz 17:13%‘] .- H

= § : H IYQh kh )aglyklwnghki'

(glvkl) 7777 (gz )EG]W h=1

The formulas (4.13) and (4.14) follow.
Lemma 4.5. There exists a constant Cy < 0o such that
L g1 ey sgikes (W, 0)| < Co
for all (g1, k1),-.., (9, ki) € Gy, i =1,...,5, and all w,v € W ps.

Proof. By (4.14), we have

1T g1kt gishi (w5 )| < Z |Cu‘H‘79hkh

uGWZ 2

Now (4.15) follows from (4.11) with Cy = 25C¥ max,,ca |cu|-

Lemma 4.6. Let w,v € W pr with wy # v1. Then

1—2rt
1—‘ s , > max
Cyalir )] 2 e

for all g € {w,v1} andi=1,...,S.
Proof. By (4.14), (4.8), (4.6), and the triangle inequality, we obtain
Fgi(w, )] = |rg.(v) = Vgi(W)l

Z Curu i Z CuTu,i (w) ‘
EWy(v) ueWy(w)
Slzr

V1 Uy—1 'ng § rwl Wy —1 Wug

u=1

2 1 - ’ T’U1~~~Uu_15vug - rwl~~~wu_15‘0ug :

(4.15)

(4.16)

(4.17)
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Here we wrote 0,,, for the Kronecker delta function. We estimate

0 0o 0
‘ § : Tvl---vu,15Uu9 - § : Twl---wu,ldﬂug < § : maX{T’uy..l@? rwl...wu}
u=2 u=2 u=1 (4 18)

i

oS r
U _ max
1—r
u=1

max

which is strictly less than one since 7 > 1 and 7,4, < % Estimate (4.16) follows. [

Remark 4.7. The careful reader will note that, in contrast with the results of [18]
and [8], the proof of (4.16) does not require Solomyak’s trick [18] to obtain the desired
esimate under the assumption 7,4, < % The reason is that we work throughout this
paper only with homotheties f : G — G, f =7,00,, a € G, r > 0, i.e., we do not
allow any rotations in the defining mappings. This simplifies the work involved in
obtaining the estimate in (4.18), since the two terms on the left hand side cannot

contribute simultaneously with the same sign.

Let us split the mapping 7T, J,U into its linear and nonlinear parts. The linear part

can be determined by setting ¢ = 1 in (4.13) and choosing g € Wiy, k € Wi g in
(4.3). Namely, the linear part is

M S
—1
T,.(a) = > Tyu(w, v)agr = > Tynw,v)al, (4.19)
(9,k)EWL (i x W1 5 g=1 k=1

where

Lor(w,0) = Y el =D gu(w”) = 10(v) = 14(w).
u€EWi 2

: - 1 i
The nonlinear part is T}, , = T} , — T, .. We have the decomposition

T, =T, +T, (4.20)
The elements a = (a1, ...,ay) € g™ and T} (a) € g decompose as
a=al ... +a®, a(i):(agi),...,ag\?),
and
Tjo(a) = Tj ()" + -+ T ().

We have the relation
—1

T,.(@W=T,,@"). (4.21)

By (1.5), the variables a®) = (agh), . ,ag\]/})) with A > i do not occur in fiv(a)(i).
Hence we also have the relation

T () =T,

w,v

@) + T2 (a® + .- +ali=h)d (4.22)
forie=2,...,9.
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Lemma 4.8. Let w,v € Wy be such that 1 = w; # vy. Then the mapping

Tow: g™ — gM is surjective.

Proof. For b = (by...,by) € g™, we look for a = (a;...,ay) € g™ such that
T,.(a) =Db, ie.

T{})’U(al, e ,CLM) = b1
a9 = bg
aprr = bM7
or, in fact,
T, (a1, by ... bar) = by. (4.23)

We solve the equation (4.23) layer by layer. In the first layer, we have

=1

T, (a8, ) = T (a1, by oag) D = b1,
by (4.21). By formula (4.19), thanks to the lower bound (4.16), we get

o__ 1 0 s Tu@e) g — oL ().
F1,1(1}7("}) ! ( )

Next, we solve equation (4.23) in the second layer. By (4.22) we have

1

T} (a1,ba, .. oan)® =T, (@02, 02y + T2 (0L (b)), 05", b))

w,v( 1

2
=

Using again (4.19) and the lower bound (4.16), we get

) 2 1 1 (2)
= Zngw2 13,05, ()1 )

6L, (b)2.
Now al =0, ,(0)® can be determined recursively for each i = 1,...,S. In fact,
a(f) = —F“(v ™) {b(Z ZFQQ U, w) A(Z) (b)} = @i]m(b)(i), (4.24)

AD (b) = 71 (O, (b)W--+6L (b)) ) oD b i)

0
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The proof of Lemma 4.8 provides a formula for the inverse 6, : g" — g™ of the
mapping 7, ,. In fact, the ith component of O, is

Gi,v(b)(l) +eeet @ij,u(b)(S) for .] =1,

0l ,(b) =
’ b; for j=2,..., M,

w

where @}d’v(b)(i) is given by (4.24).

Proof of Theorem 4.1. For any (g1,k1),...,(9i, ki) € Gy, the map a — ag, kg ki
is locally Lipschitz continuous from g to g. According to Proposition 4.4, the map
Tj’v : g™ — g is thus a linear combination of locally Lipschitz continuous mappings.
By Lemma 4.5, the coefficients in this linear combination are bounded by a constant
which is independent of the words w and v. The map T, ,, is then Lipschitz continuous
on compact sets, with a Lipschitz constant independent of the words.

An inspection of (4.24) and the bounds given by Lemmas 4.5 and 4.6 show that the
inverse map ©,,,, is also locally Lipschitz continuous with Lipschitz constant which is
independent of the words w and v. This claim can be formally proved by induction
oni=1,...,8S. O

5. PROOF OF THE MAIN THEOREM

5.1. Dimension comparison in Carnot groups. Let G denote a Carnot group
equipped with a sub-Riemannian metric d. As mentioned in the introduction, the
metric structure of (G, d) differs substantially from the metric structure of the un-
derlying Euclidean space RY. A precise description of the discrepancy between the
Hausdorff dimensions of subsets of G measured with respect to sub-Riemannian and
Euclidean metrics was given in [5]. This discrepancy is quantified by the dimension
comparison functions B+ : [0, N] — [0, Q] associated to the group G.

Recall that we have denoted by m; the dimension of the ith layer g, of the Lie
algebra g of G. The lower dimension comparison function for G is the function

- =B%:]0,N] — [0,Q] defined by

B () :Zimi+(1+€)(a—2mi), (5.1)

where {_ =/{_(«a) € {0,...,S — 1} is the unique integer satisfying

1+4_

0
Zmi <a< Z m;. (5.2)
i=1 i=1
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Similarly, the upper dimension comparison function for G is the function §, = ﬂ(ﬁ :
[0, N] — [0, Q] defined by

s s
Bela) =Y imi+ (=14 ) (a= > my), (5.3)
=0y =0y

where £y = 0, (o) € {2,...,5 + 1} is the unique integer satisfying

Z m; < a< Z m;. (5-4)

=0y i=—1444
Here we stipulate that the empty sum is equal to zero.

Intuitively, 5_(«) is a weighted sum of dimensions of layers of g, starting from the
lowest layer g, and increasing up to the layer g, (), together with a portion of the
layer gi4¢_(a), while 84 (a) is a weighted sum of dimensions of layers of g, starting
from the highest layer gs and decreasing down to the layer g, (o), together with a
portion of the layer g_i4¢, ().

The relevance of these dimension comparison functions is evident in [5, Theorems
2.4 and 2.6]: For any set A C G, f_(dimg A) < dim.. A < B4 (dimg A) and every pair
(o, B) with f_(a) < § < (4 () coincides with (dimg A, dim,. A) for some A C G.

For later purposes we provide an explicit formula for the lower dimension compar-
ison function. For s € [0, Q)] we have

B-'(s) = min (ZZ:N’ _bh>mh+8>

i=1,...,S 7

(5.5)

. my+s 2my+mo+s SN —-Q+s
= min « s, , e, —————————— 5.
2 3 S

5.2. A covering lemma. Let T,,, : G — G be the mapping introduced in (4.2).
By Theorem 4.1, T, is bi-Lipschitz continuous on compact sets in the Euclidean
metric, with a Lipschitz constant independent of the words w and v.

We fix a parameter R > 1. For o < 1 we introduce the set

Quo(0) = (T0)(By x By ).

Lemma 5.1. Let (G, d) be a Carnot group of step S equipped with a sub-Riemannian
metric. Consider the product Carnot group GM = (G,d)™. For each i =1,...,S,
the set Q,.,(0) C€ GM can be covered by at most

C o @M=N)=S3f s i=hym
balls of radius o*, where C' = C(G, R).

In the proof of Lemma 5.1, we make use of the following auxiliary covering lemma.
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Lemma 5.2 (Balogh-Tyson-Warhurst). Let K C G be a bounded set.

a) For each h = 1,....8, each Euclidean ball of radius r with center in K can
E hh=1 S h Fuclid ball di th m K
be covered by O(r=*+"+D) balls of radius r'/", where

A(h+1) = i (% - 1)m@-.

i=h

(b) For each h = 1,...,S, each ball of radius r with center in K can be covered
by O(r—*-=1Y Buclidean balls of radius v, where

h

A(h=1) =) (h—i)m,.

=1

The implicit constants depend on G and K, but are independent of r.

See [5, Lemma 3.2].

The idea of the proof of Lemma 5.1 is quite simple. We will produce the desired
covering in a sequence of steps. First, we cover each of the balls B, and Br with
families of balls of smaller radii ¢”/* and ¢/* respectively. Here k& € {1,...,i} and
e {1,...,S} are free parameters which will be chosen later in order to minimize the
total cardinality of the covering. We then apply Lemma 5.2 to cover each of these balls
with Euclidean balls of radii ¢’. By this scheme we produce a covering of B, x Bﬁ\f -1
by Euclidean balls of radius ¢’. Since the map T, 1 is Euclidean bi-Lipschitz, we
obtain a covering of €, ,(¢) by such Euclidean balls as well. Finally, we use Lemma
5.2 again to convert this Euclidean covering into a covering by sub-Riemannian balls
of radius . We must keep track of the increase in the cardinality of the covering at

each stage, and eventually minimize over k£ and ¢. This yields the desired estimate.

Proof of Lemma 5.1. For fixed k > 0, we write O(¢") to denote any quantity which
is bounded above by C¢" for some constant C' which depends only on the group G
and the radius R.

i) By a simple volume estimate, we may cover B, with

() ot

balls of radius ¢/*, for any fixed k € {1,...,i}. Applying Lemma 5.2(b) with
h = k yields a covering of B, by

O@Q(l*i/k)*(i/k))\— (k‘*l))

Euclidean balls of radius ¢'.
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ii) Similarly, we may cover Br with O(o~%"/*) balls of radius ¢"/¢, for any fixed
¢ e {1,...,S}. Another application of Lemma 5.2(b), this time with h = ¢,
yields a covering of Bg by

O(g~ Q= /OA (1)

Euclidean balls of radius o°.
iii) Combining i) and ii), we find that B, x By ! can be covered by

O (QRU/M= /A= (=)= (M-D)Qi/E=(M-1(i/ )1~ (¢ D))

Euclidean balls of radius ¢'. (Here we are in the space GM.)
iv) We are now in a position to use the fact that T, is Euclidean bi-Lipschitz.
We conclude that ., (0) = T, 1(B, x By ") can be covered by

O(gR0—/H~(/OA- (=)= (M—1)Qi/e—(M=-1)(i/ A~ (1))

Euclidean balls of radius ¢'.
v) To conclude the proof we return to the sub-Riemannian metric d. By a final
application of Lemma 5.2(a) with h = 1, we cover €, ,(0) by

O(9R0—/9 =G/ WA (k=) ~(M—1)Qi/e~(M—1)(/O— (1)~ MiX4 (2)

CC balls of radius o.
To complete the proof we must evaluate the exponent

i

Q(1- 3) N (k—1) = (M- 1)@% (M=) (=1) = Mir.(2).  (56)

k k 14
To this end, we observe that A\, (2) = @ — N. We may rewrite (5.6) as
A(k—1 A_(0—1
—z‘M(Q—N)+Q—z’(Q+ k< )y v — 1)@= g( )). (5.7)

We minimize over k € {1,...,i} and ¢ € {1,...,5}. A simple computation shows
that the function k +— %(k_l) is decreasing. Thus the minimum occurs for £ = ¢
and ¢ = S. Since A_(S —1) = SN — @, (5.7) reduces to

—IM(Q—-N)=XA_(i—1)—i(M —1)N = —i(MQ — N) — X_(i — 1),
which gives the desired result. ([l
5.3. Proof of Theorem 1.1. Assume that
dime. E(s) > QM — (N — 57'(s)).
Choose ¢ satisfying

QM — (N = BZ(s)) < ¢ < dime E(s); (5.8)
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then HZ(E(s)) = oo, hence HL(E(s) N BY) > 0 for some R > 0. By Frostman’s
theorem, there exists a nontrivial Borel measure y, supported on E(s) N BY so that

1(By(x)) < ¢ (5.9)
for all x € GM and all o > 0. Thus
dimeo(K,) < s (5.10)

for p-a.e. a € BM. We shall verify (2.6) for this measure p; by Proposition 2.2 this
inequality implies that
dim..(Ka) > s
for p-a.e. a € B} which contradicts (5.10).
The desired estimate

[ o), male)) dnta) < ¢ k) (5.11)
B% 7ﬁi}/\v
for all w,v € W a is equivalent to the estimate
[ dma(v). @) duta) < C(G. B) (5.12)
Bgf

for all w, v € Wy pr such that v; # w;. Here we used the relation (2.4) together with
the effect of similarity mappings on the sub-Riemannian metric d.

Let us therefore fix two words w,v € W p such that wy # v;. Without loss of
generality, we can assume that w; = 1. By the left invariance of the sub-Riemannian
metric d, the integrand in (5.12) is equal to

d(a(v), ma(w)) ™" = d(T,,(),0)"

where T,,, : GM — G is defined as in (4.2). Implementing the change of variables
given by T, ., we estimate

[ (o) ) dute) < [ dlan,0) AT (@)

M
CR

(T pulfa € By day, 00 > t}) dt

o

B

(Ty0)up({a € BgR d(a,0) < t_l/s}) dt

(T, 5 (By1/sncr ¥ Bgﬁl)) dt

w,v

where o(t) = t=1/2.
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Foreachi =1,...,S we may apply Lemma 5.1 to bound the integrand 1(€2, ,,(0(t))).
Setting tg = o' (C'R) and using (5.9) we find that f:fl(CR) w(Qu.0(0(t))) dt is bounded
above by

/ " () QM= bt gy / " QM NS ) gy (5.13)

to to
This integral converges precisely when

—é (iq —i(QM —N)—>» (i— h)mh> < -1

h=1

or
1 i
> QM — N+ -  — h . 5.14
q>Q +i<8+;(l )mh> (5.14)
We may choose i so that the right hand side of this inequality is equal to

QM — (N — BZ'(s)).

See (5.5). The choice of ¢ in (5.8) guarantees that (5.14) holds for this value of 1.
Then the integral in (5.13) is finite. This completes the proof of Theorem 1.1.

Remark 5.3. Corollary 1.2 follows immediately from Theorem 1.1 by expressing
E(d) as a countable union of sets F(s), s < d, and using the countable stability of

the Hausdorfl dimension.

6. FINAL COMMENTS AND QUESTIONS

In this final section, we collect several comments and remarks concerning Theorem

1.1 and its proof, and indicate some directions for future research.

Remark 6.1. Can the estimate in Theorem 1.1 be improved? The appearance of the
dimension comparison functions (4 in (1.11) stems from our method of proof, which
uses the Euclidean bi-Lipschitz property of the transition map 7;,,. The transition
map cannot be expected to be bi-Lipschitz continuous for the Carnot-Carathéodory
metric. In fact, the mapping G x G — G, (a,b) — ax*b is not Lipschitz continuous for
the Carnot-Carathéodory metric, which is left but in general not right invariant. We
do not know whether the use of dimension comparison theorems and the concomitant
appearance of the functions f4 in Theorem 1.1 is necessary.

Remark 6.2. Theorem 1.1 provides a quantitative estimate on the size of the excep-

tional set E(s) associated with the almost sure identity

dim.. K, = d for a.e. a € GM. (6.15)
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Following the discussion from the introduction, we pose two additional problems in a
similar vein. Recall that

dimg K, = -*(d) for a.e. a € GM. (6.16)
We are led to pose

Problem 6.3. For s < d, estimate the dimension of the exceptional set
E'(s) ={aec G :dimg K, < 87'(s)}.

In fact, we may look for estimates of either the sub-Riemannian Hausdorff dimen-
sion or the Euclidean Hausdorff dimension of E’(s). Any results which we obtain for
either of these problems will necessarily be related to each other through the dimen-
sion comparison theorem of [5] applied on the product Carnot group GM. We seek
estimates of the form dim.. F'(s) < QM — p(s) or dimg E'(s) < NM — ¢(s). An
easy computation shows that

() = MBE(a/M)
for 0 < o < NM. It follows that
dime, E'(s) < QM —o(s) = dimp E'(s) < NM — (88") " ((s))
and
dimp E'(s) < NM —4(s) = dimg E'(s) < QM — (8°")(1(s)).
Combining (6.15) and (6.16) yields
dim.. K, = f_(dimg K,) for a.e. a € GM;

i.e., almost every K, is a horizontal set (in the terminology introduced in [5]). We
would like to understand more precisely the prevalence of horizontal sets among sub-
Riemannian self-similar fractals. We pose

Problem 6.4. For § > 0 estimate the (sub-Riemannian or Euclidean) Hausdorff
dimension of the exceptional set

E"(8) = {a e GM : dim.(K,) > f_(dimg K,) + 6}.

Problems 6.3 and 6.4 are more difficult to tackle than Theorem 1.1. The reason is
that these problems ask for dimension estimates in the Euclidean metric on G, where
K, is the invariant set for a highly nonlinear IF'S comprised of polynomial mappings
of large degree. Clearly, any progress on either of these problems yields conclusions
for the other problem, in view of Theorem 1.1.
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Remark 6.5. We conclude with an example. The setting is the simplest nonabelian
Carnot group, the first Heisenberg group H'. We recall that H' is the unique step
two Carnot group of dimension three. Explicitly, H! = R?® with Lie algebra h* =
span{X,Y, T}, where [X,Y] = T. We denote by * the group law in H'. Elements
of H' will be written in coordinates as (z,y,t) corresponding to the basis elements
in h!. For the sub-Riemannian metric on H! we may use the so-called Kordnyi
metric d(p,q) = |p~t * q| where |(z,y,t)] = ((#* + y?)* + 16752)1/4. The dilations
(6,)r>0 act on H' in the usual manner: 6,(x,y,t) = (rz,ry,r*). Let m : H' — R?
m(z,y,t) = (z,y) denote the projection to the first (horizontal) layer.

Let £ = {f1, fo} be a two element IFS on H' with contraction ratios ry,ry < % and
translation parameters a;, as € H'. The fixed point p; for f; satisfies p; = a; * 0 (1)
The similarity dimension d, solves the equation 7{* + r5* = 1. In H' the lower
dimension comparison function is 3_(a) = max{a,2a — 2}; thus 3-'(s) = s for

s < 1. The estimate coming from Theorem 1.1 is
dim. F(s) <2Q — N +s=5+s,

where Q = 4 and N = 3 are the homogeneous and topological dimensions of H!,
respectively. In this example, the sub-Riemannian and Euclidean dimensions of the
invariant set can be evaluated exactly for every a:

(i) When p; = p, the invariant set is a point, hence has dimension zero.

(i) When p; and ps are distinct points satisfying 71(p1) = m1(p2), the invariant
set K is a Cantor set contained in the vertical line m; ' (m(p;)) in H. Tts
sub-Riemannian dimension, dim.. K, is the similarity dimension d,, while its
Euclidean dimension, dimg K, is d,/2. In fact, K is a Euclidean self-similar
fractal generated by an IFS with contraction ratios r? and r3.

(iii) Finally, when p; and p, are distinct points for which m(p;) # m1(p2), the
invariant set K is a Cantor set satisfying dim.. K = dimg K = d,. Indeed,
71 (K) is a Cantor set in R? generated by an IFS with contraction ratios r; and
r9. This Euclidean IFS satisfies the open set condition, hence dimg 7 (K) =
dy. Since id : (H', d) — (R?,dg) is locally Lipschitz, we find

dy = dimp m (K) < dimg K < dim.. K < d,

and equality holds throughout. Note that 71 (K) is contained in a one-dimen-
sional affine subspace of R?, hence K is contained in a two-dimensional vertical
affine subspace of H' = R3.

The exceptional sets are
E(s)={a=(a1,a0) € H' x H! : a; = as},

E'(s) ={a=(a1,as) € H' x H" : 71(a1) = m1(az)}
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and
E"(6) ={a= (a1,az) € H' x H' : 71(a1) = m1(az), a1 # as}
for 0 < s < d, and § > 0 sufficiently small. Then dim,. E(s) =4 and
(dimg E'(s), dim.. E'(s)) = (dimg E"(§), dim.. E"(9)) = (4, 6).

Note that the actual value of dim.. E(s) is smaller than the prediction of Theorem

1.1 by a definite amount, regardless of the value of s.

Remark 6.6. As indicated above, the invariant set for any two element IFS in H*
is contained in a two-dimensional vertical affine subspace, i.e., a coset of a two-
dimensional vertical homogeneous subgroup P. By homogeneous we mean that P is
closed under the action of the dilations (9,),~o. Any such subgroup is spanned by
a single horizontal element V' € span{X,Y} together with the nonhorizontal vector
T. Observe that P can be identified with R? via the coordinates (v,t), and that the
restriction of the Koranyi metric d to P is bi-Lipschitz equivalent to the parabolic
(heat) metric dpeat((v1,t2), (va,t2)) = |v1 — va| + \/m on R?. All such cosets are
equivalent via isometries of the ambient space H!. Finally, any two points in H! are
contained in such a coset. In view of these remarks, we consider the results of [5] and
this paper in the context of such homogeneous subgroups, equipped with their natural
dilation structures and left invariant homogeneous metrics. Let us fix a particular
subgroup P of this type, e.g., P = span{X,T'}. Observe that the relevant dimensions
of P are N = 2 (topological dimension) and () = 3 (homogeneous dimension). In this
case F(s) ={a € P x P:a; = ay} has dim,. F(s) = Q = 3, while the prediction of
Theorem 1.1 is dim,, E(s) < 2Q — N + s =4 + s. Again we observe the discrepancy
between the prediction and the exact value, which ultimately stems from the method
of proof via the Euclidean bi-Lipschitz property of the transition map and the use of

dimension comparison theorems.
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