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We prove that the geodetic envelope of a subset of the Heisenberg group containing three points not lying
on the same geodesic is the whole group. As a corollary, we obtain that a function on the group which
is convex along geodesics must be constant.

1. Introduction

Recently, several notions of convexity have been introduced and studied in Heisenberg
groups and in more general Carnot groups. A weak and a strong definition of convex
function are discussed in [4]: roughly speaking, the function is required to be convex
along the integral curves of the left invariant horizontal vector fields. A different ap-
proach has been proposed in [9], where the notion of convexity in the viscosity sense
has been transposed from the Euclidean to the sub-Riemannian setting. Relations be-
tween convexity in the viscosity sense and horizontal convexity as well as sharp regularity
properties of convex functions in Heisenberg groups are discussed in [9] and [3].

The main motivation for the study of convexity in sub-Riemannian geometries is the
development of a theory of fully non—linear sub—elliptic PDE’s. For instance, it has been
recently proved in [6] and [7] that convex functions in the Heisenberg group naturally
define a Monge—Ampere measure satisfying a comparison principle.

In this paper we discuss a definition of convex set of geometric type. The Heisenberg
group H = R3 can be endowed with a left invariant metric d which is known as Carnot—
Carathéodory metric. The resulting metric space (H, d) is geodesic: every pair of points
can be connected by at least one geodesic. As in Euclidean space, a subset A C H can
be defined to be geodetically conver if the image of any geodesic connecting two elements
of A is contained in A. We describe the family of geodetically convex sets showing that,
differently from the Euclidean case, it is very poor. Indeed, the geodetic convex envelope
of a set consisting of merely two points can be the whole group:
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Theorem 1.1. Let A= {(z,y,t1), (z,y,t2)} C H = R> where t; # to. Then the smallest
geodetically convex set containing A is H.

This is due to the fact that pairs of points with the same projection on the (z,y)-plane
admit an infinite number of geodesics connecting them. The proof of Theorem 1.1 is given
in §3.1. A consequence of Theorem 1.1 is the following

Theorem 1.2. Let py,ps, ps € H be three points not lying on the same geodesic. Then
the smallest geodetically convez set containing {p1, ps, p3} is H.

Thus, the only geodetically convex subsets of H are the empty set, points, arcs of geodesics
and H. The proof of Theorem 1.2 is given in §3.2.

The lack of geodetically convex sets has its counterpart in the lack of geodetically convex
functions on H. A function u : H — R is said to be geodetically convez if for any pg, p; € H
and any geodesic 7 : [0, d(po, p1)] — H = R? parameterized by arc-length connecting p
and pq, the function ¢ — u(+(¢)) is convex in the usual sense.

Corollary 1.3. Ifu:H — R is geodetically convex, then u is constant.
The proof is given in §3.3.

2. Basic facts concerning geodesics

We recall the definition and the properties of geodesics in the Heisenberg group needed
in the sequel. In the following,

H~R? = {(z,y,t) |z, y, t € R}
denotes the Heisenberg group with the group law
(@,y,0) = (@, y 1) = (e + 2" y+y, t +t' + 2"y — 2yf)).

One can check that the unit element is 0 € R and that the inverse of p = (z,y,t) is
p ! = (—z,—y,—t). The t-axis Z = {(0,0,t) | t € R} is the center of the group. In the
setup of the Heisenberg group, Euclidean translations and dilations are replaced by the
left translations 1, : H — H, p € H, defined by
lp(q) = p*aq,
and by the anisotropic dilations 6, : H — H, r > 0, defined by
6r(w,y,t) = (ro, ry, rt).

Clearly, (d,),~0 is a group of automorphisms of H.

The differential structure on H is determined by the left invariant vector fields

4 0 Y—Q—ng and ng

A= T Y =5, %y ot

where X and Y are the so—called horizontal vector fields. The pointwise linear span
of X and Y forms a 2-dimensional bundle on R? called horizontal bundle or horizontal



R. Monti, M. Rickly / Geodetically Convex Sets in the Heisenberg Group 189
distribution. The only non—trivial bracket relation is [X, Y] = —4T. Thus the distribution
is bracket—generating.

A Lipschitz curve 7 : [0, 1] — H is said to be horizontal if

Y(t) € spang {X (v(1)), Y (7())},  3(t) = ha() X (7(2)) + ha(8)Y (7(2)),

for almost every ¢ € [0, 1]. The length of a horizontal curve v : [0, 1] — H is defined to be

L) = [ 030+ 1)t ar

Given p1, py € H, define
d(p1,p2) := inf{L(y) | 7y is a horizontal curve connecting p; and py}.

It is well-known that d is a metric on H, the so—called Carnot—Carathéodory distance,
which is left-invariant, i.e. d(l,(p1), l,(p2)) = d(p1,p2) for all p, p1, p2 € H, homogeneous,
ie. d(0.(p1),06,(p2)) = rd(p1,p2) for all p;, po € H and r > 0, and which induces the
Euclidean topology on R3.

Definition 2.1. A geodesic connecting two points pg,p1 € H is a length minimizing
horizontal curve v : [0,7] — H, i.e. a curve such that v(0) = po, ¥(T') = p; and L(y) =

d(p07p1)-

It can be shown that (H, d) is complete and that any two points can be connected by a
(not necessarily unique) geodesic. Geodesics can be computed explicitly and we refer, for
instance, to [5], [8], [2], [10] or [1] for a discussion of the problem. Precisely, geodesics
starting from the origin 0 € H are smooth curves v = (71,71, 7y3) of the form

‘ n(t) = asin(pt) + B(1 — cos(pt))

_ Bsin(pt) — ago(l — cos(ipt))

Ya(t)

\ Y3(t) =2 22

¢
ot — sin(pt)

The real parameters «, 3, ¢ specify the geodesic. It is useful to work with geodesics
parameterized by arc-length. The condition ensuring arc-length parametrization is o +
(% =1 and the curve must be consequently defined on an interval [0, L] where L = L(~).
With this choice t > 0 is the arc-length parameter. In the case ¢ = 0, the formulae
(1) must be understood in the limit sense and the curve ~ is a geodesic on [0, L] for any
0 <L < +4o0. If ¢ # 0 the curve v in (1) is length minimizing on [0, L] if and only if
L <27/|¢|. For L > 27/|¢| the curve 7 : [0, L] — H is not a geodesic anymore.

Geodesics starting from an arbitrary point can be recovered from (1) by left translations.
Note that isometries of (H, d) and dilations transform geodesics into geodesics.

In the following proposition, we list some known properties of geodesics that can be
derived from (1) and will be used in the sequel.
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Proposition 2.2.

(i)  For any p € H\ Z there exists a unique geodesic connecting 0 and p.

(i) Foranyp € Z, p#0, and for any pair (o, 3) € R? with o + 3* = 1, there exists
a unique geodesic v connecting 0 and p such that ¥(0) = a0, + 0, = («a, 3,0).
Moreover, the union of all the images of geodesics connecting 0 and p is the boundary
of a convex open set which is invariant with respect to rotations of R® that fix Z.

(i) The image of the geodesic connecting the point p = (x,y,t) with the point p* =
(—x,—y,t) is the line segment [p*, p|.

(iv)  For ¢ # 0 the projection onto the (x,y)—plane of the geodesic v in (1) is an arc of
circle with radius 1/|¢|.

(v) A geodesic v : [0, L] — H with parameter ¢ € R\ {0} and L < 27/|p| —respectively
¢ =0 and L > 0 can be uniquely extended on [0,2 /||| —respectively on [0, L] for
any L > L.

(vi) The mapping ® : {(a, B, p,t) | >+ 3 =1, p e R, t € (0, %')} — H\ Z given by

Y

B(a, B, p,1) = <0‘Sin o+ 91— cosit) Frinpt —afl —cosgt) ot —sin sot)
o - 5

1s a homeomorphism.

Let us now state some definitions and preliminary results that will be needed in the proofs
of Theorem 1.1 and 1.2.

Definition 2.3. We say that a set C' C H is geodetically convex if for all py,p; € C
and all geodesics v : [0, L] — H with L = d(po,p1), 7(0) = po and v(L) = p; we have
7([0, L]) € C. The geodetic convex envelope C(A) of A C H is the smallest geodetically
convex subset of H containing A.

Definition 2.4. For py, p; € H, I'(po, p1) denotes the set of images of geodesics connecting
po and p;. Given A C H we define G(A) :=J L(po,p1), G°(A) := Aand G""(A) :=
G(G"(A)) for all n € Ny.

Po,p1EA

Lemma 2.5. For A CH we have C(A) = J,,cy, 9" (4).

Proof. Using the fact that G"(A) C G"*1(A) for all n € Ny, one easily checks that
Unen, 97(A) is geodetically convex and contains A. This gives C(A) € U, oy, G"(A).
On the other hand A C C(A), and if G*(A) C C(A) for some n € Ny, then G"1(A) C
C(A). O

In the following R denotes the set of rotations of R? that fix the center Z. Precisely,

cos(?) sin(d) 0
R=<K Ry=| —sin(¥) cos(d) 0 v €0,2m) ;. (2)
0 0 1

The rotations Ry are isometries of the Heisenberg group endowed with the Carnot—Cara-
théodory metric. The map G : H — H given by

G(.Z', Y, t) = <_‘T7 Y, _t)
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is also an isometry.

Lemma 2.6. Let A C H, p € H, r > 0 and R € R. Then C(l,(A)) = [,(C(A)),
C(0,(A)) = 6,(C(A)), C(R(A)) = R(C(A)) and C(G(A)) = G(C(A)).

Proof. We prove the statement for R. Since isometries of (H, d) map geodesics to
geodesics, it follows easily by induction that

R(G"(A)) = G"(R(A)), n €N,

Moreover, by Lemma 2.5

R(C(A)) =R ( U Q”(A)> = |J R@"(4) = |J 9"(R(4)) = C(R(4)).

neNg n€Np neNp

Lemma 2.7. We have {(0,0,)| —1 <t <1} C G2({(0,0,-1),(0,0,1)}).
Proof. By Proposition 2.2 (i), the intersection of G'({(0,0, —1), (0,0, 1)}) with the plane
I(r) :={(x,y,t) eH |t =7}, 7 € (—1,1),

is a circle of radius 7(7) > 0 centered at (0,0, 7). Pick any point p on the circle and denote
by p* the reflection of p with respect to (0,0, 7) in TI(7). (0,0,7) € G*({(0,0,—1),(0,0,1)})
now follows from Proposition 2.2 (7). O

3. Proof of the main results
3.1. Proof of Theorem 1.1

By Lemma 2.6, it is enough to show that C(A) = H with A = {(0,0,—1), (0,0,1)}. The
proof is divided in three steps. First, we show that rotations that fix Z and reflections
with respect to the (x,y)—plane map C(A) onto itself. Second, we prove that

{(x,y,t) ERP0< |t < h(v/a2+ y2)} c () (3)

for some non—increasing function h : [0, +00) — [0, 4+00]. The last step consists in showing
that h is nowhere finite.

1. Let ¥ € [0,27) and denote by Ry € R the rotation around Z with angle ¥, as in (2).
By Lemma 2.6, we have

Ry(C(A)) = C(Ry(A)) = C(A).

We denote by S : H — H, S(z,y,t) = (x,y, —t), the reflection with respect to the (z,y)-
plane. We claim that S(C(A)) = C(A). By rotational symmetry of C(A), S(C(A)) =
G(C(A)), where G(z,y,t) = (—z,y, —t). By Lemma 2.6
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2. We claim that for any pair of points (x,y, —t), (z,y,t) € C(A) we have
{(z,y,8) |0 <[] < Jt]} € C(A).
Notice first that C({(z,y, —t), (z,y,t)}) C C(A) and
C{(z,y,—t), (x,y,8)}) = C(l 0 6-({(0,0, 1), (0,0, 1)}))

with p = (z,9,0) and r = /|t].

By Lemma 2.6 and Lemma 2.7 we obtain

{(z,y, ) [0 <[] < [t} = b, 0 6,({(0,0,¢') [0 < [¢'] < 1})
C lp ¢} 57«(6({(0’ 07 _1>a (07 07 1)}))
= C(lp o 5T({(0, O’ _1>’ (07 07 1)}))
= C({(x7y7 _t)7 (:Evy? t>}>

Now define the function A : [0, +00) — [0, +00] by letting
h(r) :=sup{t > 0] (r,0,t) € C(A)}.

By the above considerations we have (3).

We claim that A is non—increasing. Otherwise we can find 0 < ry < ro < +00 such that
0 < h(ry) < h(rg). Pick h(r1) <t < h(rz). Then by Proposition 2.2 (4i7) the line segment
[(—72,0,t), (r2,0,t)] is contained in C(A), which contradicts h(r) < t.

3. Our goal in this last step is to prove that h is nowhere finite, which concludes the
proof of Theorem 1.1. Assume by contradiction that there exists 0 < r < +oo with
0 < h(r) < +o00. Without loss of generality we can also assume h(r) > 0. Indeed, if h is
nowhere positive and finite, then

=inf{r > 0| h(r) =0} < +oc.

It is easy to see that ro > 0 and thus Z C C(A). For any ¢t > 0, G*({(0,0, —t), (0,0,¢)}) C
C(A) contains a Carnot-Carathéodory ball centered at the origin whose radius tends to
+00 as t tends to +oo (note 6,(G*(B)) = G*(6,(B)) for any set B C H and any r > 0),
which contradicts h(r) = 0 for r > rq.

Let p~ = (r,0,—h(r)), p* = (1,0, h(r)). By Proposition 2.2 (ii) (modulo left translation),
there exists a geodesic 7 : [0,d(p~, p*)] — H connecting p~ and p*™ with

1 1
S(0) = — (X(p )+ Y (7)) = —= (8y + (8, — 2r0,)) = —=(1,1, —2r).
'7( ) \/5( (p ) (p )) \/—( ( Y r t)) \/5( T)
Hence, for some s > 0 we have (s ) —h(r) and v3(s) + ~2(s) > r%. But then the same
is true for the geodesic 7 : [0, d((r, 0, —t), (,0,t))] — H defined by

Y=lpodryol,ioy, A=+ /t/h(r), p=(r,0,0),

connecting (r,0, —t) and (r,0,t), provided that ¢t € (0,h(r)) is sufficiently close to h(r).
This contradicts the fact that h is non—increasing. O]
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3.2. Proof of Theorem 1.2

In the following, the map P : H — H defined by P(z,y,t) = (x,y,0) is the orthogonal
projection onto the (z,y)-plane.

The proof of Theorem 1.2 relies upon Theorem 1.1. We show that C({p1, p2, ps}) contains
a pair of points lying on the same vertical line. The following lemma is a key step towards
this goal.

Lemma 3.1. Let A C H. Suppose there exist ¢ € R?, a neighbourhood U of q in R* and
a continuous function f : U — R such that

A= A{(z,y,1) € A| (x,9) € U} = {(w,y, f(x,9)) | (z,y) € U}.

Then A is not geodetically conver.

Proof. Without loss of generality we can assume that ¢ = (0,0). Suppose by contradiction
that A is geodetically convez. Note that, by Proposition 2.2 (i) (modulo left translation),

for a given pair of points in A there is a unique geodesic connecting them.

1. Choose 7 > 0 such that B := {(x,y) | 2* + y* < r*} CC U and define g : 9B — R by

g(x,y) = f(x,y) - f(—ZL‘, _y)'

Since g(x,y) = —g(—x, —y), the continuity of g implies g(z,y) = 0 for some (z,y) € IB,
ie. f(z,y) = f(—z,—y) for a pair of points (x,y), (—z, —y) in B. Since A is geodetically
convex, {(sz, sy, f(z,y)) | s € [-1,1]} C A. Hence f(sz,sy) = f(z,y) for all s € [—1,1].
By Lemma 2.6 we may assume that x > 0, y = 0 and f(0) = 0.

2. Let v € S = {(z,y) € R? | 2 + y* = 1} C R%. Then the map s — f(sv)
from [—r,r] to R is monotonic. Otherwise, by continuity of f, we could find s; < s9
in [—r,r| such that f(s;v) = f(s2v), but either f(s;v) > min{f(sv) | s € [s1, s3]} or
f(siv) < max{f(sv) | s € [s1,82]}, i = 1,2, which is not possible because the image of

the geodesic connecting (s1v, f(s1v)) and (sov, f(s2v)) is a line segment contained in A.

3. The uniform continuity of f on compact subsets of U, the well-known estimate
d(p1,p2) < Cklpi — p2|'? on compact subsets K of H = R? and the fact that the
length of a geodesic is actually the Euclidean length of its projection onto the (z,y)-
plane imply that the projection of the image of a geodesic connecting (x1,y;, f (xl,yl))
and (g, ys, f(22,y2)) is contained in an arbitrary small neighbourhood of (z;,v;), 1 = 1,2,
provided (x1,y;) and (x2,ys2) are chosen sufficiently close to each other.

4. For 0 < e <7/2, let

= (r/2(cos(—e¢),sin(—e)), f(r/2(cos(—¢), sin(—¢)))),

p1 = (r/2(cos(e),sin(e)), f(r/2(cos(e),sin(e)))),

qo := (r/2(cos(m — €),sin(m — €)), f(r/2(cos(m — €),sin(m — €)))),
= (r/2(cos( ): f(

r/2(cos(m + €),sin(m + €)), f(r/2(cos(m + €), sin(r + €)))).

Do -

q1:

Let 4 : [0, d(po, p1)] — Hand 79 : [0,d(qo, ¢1)] — H be the geodesics satisfying v7(0) = py,
vP(d(po,p1)) = p1, 72(0) = qo and v%(d(qo,q1)) = 1. If € > 0 is chosen small enough, then
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(cf. 3.)

{(z,y) e B|0 <z <r}), and
{(z,y) e B] —r <z <0}).

5. The horizontal plane at (z,0,0) is spanned by the vectors 0, and 0, — 2z0;. Now
notice that there exists s, € (0,d(po, p1)) with the properties

72 (sp) = 73(8p) = 0, 71(sp) >0 and  A5(sp) > 0.

Indeed, 47 must cross the (z,t)-plane, v*([0,d(po, p1)]) € A, f =0 on {(z,0) | |z| < r}
(cf. 1.) and P o ~P([0,d(po, p1)]) is a line segment or an arc of circle by Proposition 2.2.
It follows that

s (sp) = 291 (sp) 72 (5p) — 292 (5p)71 (5p) = =293 (5)71 () < 0.

Similarly, there exists s, € (0, d(qo, ¢1)) with the properties
V3(8q) = 75(sq) =0, 7i(sq) <0, ¥3(s4) <0 and F5(sy) < 0.

In particular, since v2([0, d(po, p1)]), 74([0, d(qo, ¢1)]) € A and f is continuous, we can find
0 <d<eand0 < p,py <r such that

f(p1(cos(d),sin(d))) <0 and f(pa(cos(m + §),sin(m +6))) < 0.

Now, since f(0) =0 and f is continuous on {p(cos(d),sin(d)) | —r < p < r}, there exist
0 < p1, p2 < rsuch that t = f(p1(cos(d),sin(0))) = f(p2(cos(m+0),sin(r+0))) < 0. Since
the image of the geodesic connecting (p1(cos(d),sin(d)),t) and (pa(cos(m+9), sin(w+4)), t)

is a line segment contained in g, we get (0,0,1) € 12[, a contradiction. Il

Proof of Theorem 1.2. Given three points p1, p2, p3 € H not lying on the same geodesic,
we have to show that C({p1,ps,ps}) = H. Without loss of generality, we can assume

p1:0.

1. We claim that there exist two points q1,q € C({p1,p2,p3}) such that ¢; # ¢» and
P(q1) = P(g2). Then Theorem 1.2 follows from Theorem 1.1. Assume by contradiction
that no such pair of points exists. Then there is always a unique geodesic connecting any

given two points in C({p1, p2,p3}).

2. Consider the geodesic x : [0,d(p2, p3)] — H satisfying (0) = py and x(d(p2,p3)) =
ps. For o € [0,d(p2,ps)] let v, : [0,d(p1,k(0))] — H be the unique geodesic such that
7+(0) = p1 and 7, (d(p1,k(0))) = k(o). We show that if ¢ < 7, then v, Ny, = {p1}.
If the intersection is larger, let ¢, := max{t € [0,d(p1,k(0))] | 7»(t) € 7+} and let 5 be
the unique element in [0, d(p;, (7))] with ~.(t2) = V,(t1). By uniqueness of geodesics,
ty = to and 7,][0,t1] = 7+|[0,t2]. It then follows from Proposition 2.2 (v) that either
ty = d(p1, k(o)) or to = d(p1, £(7)) and hence v, C 7, or v, C 7,. Consider for instance
the case 7, C ;. Clearly, x([o,7]) C v,. By Proposition 2.2 (v), it follows easily that
k(0) = py € 74, and thus vy U k([0,7]) C 7,. By our assumption on C({p1, p2, p3}), some
extension 7, of v, must contain v9 U k. Consequently p1, p2, p3 € -, a contradiction.
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3. Consider the open set

U={(0,5) €R*| 7 € (0,d(pz,ps)), 5 € (0,d(p1, k(c)))},

and the mapping F : U — R? given by

F(o,s) := P(v,(s)).

By 2., F is injective. Moreover, by Proposition 2.2 (vi), (0,s) — 7,(s) is continuous,
because the endpoint k(o) varies continuously. By the theorem on the invariance of
domains — see e.g. Proposition 7.4 in A. Dold, “Lectures on Algebraic Topology”, Springer,
1972 — the mapping F' is open. In particular the set V' := F(U) is open and the inverse
mapping F~1: V — U is continuous. But then so is the function f: V — R defined by

flzy) = g(F(z,y)),

where g : U — R is the third component of (o, s) — 7,(s). We have

{(;C,y,t) € C({p17p27p3}> ’ (x7y) € V} = {(.I',y,f(l’,y)) | (x7y> € V}7

and by Lemma 3.1 the set C({p1, p2, ps}) cannot be geodetically convex. This contradiction
concludes the proof. O

3.3. Proof of Corollary 1.3

We have to show that a function u : H — R which is convex along geodesics is constant.
First we show that v must be constant on the vertical axis Z. Assume by contradiction
this 1s not true.

Case 1: There exist three distinct points (0,0,;),(0,0,%2),(0,0,t3) € Z such that
u(0,0,t1) < u(0,0,t3) < u(0,0,t3). The set C := {p € H | u(p) < u(0,0,t3)} is geodet-
ically convex, because u is convex on geodesics. Moreover (0,0,%;), (0,0,%2) € C' and by
Theorem 1.1 it follows that C' = H, contradicting (0,0, t3) & C.

Case 2: u assumes exactly two values on the vertical axis (say 0 and 1), u(0,0,t) =0
for some t € R and u(p) = 1 for any p # (0,0,¢) on the vertical axis (otherwise we are
in Case 1). Consider two distinct geodesics v and & connecting (0,0, ¢) and (0,0, —t) (we
can assume t # 0 since geodesics are preserved by left translations). We have vy Nk =
{(0,0,—t%),(0,0,t)}. By convexity of u on 7 and x, we can find p € v\ (y N k) and
g € K\ (YN k) with u(p), u(qg) < 1. The set C := {p’ € H | u(p’) < 1} is geodetically
convex and contains (0,0,t), p and ¢. Since these points do not lie on the same geodesic,
Theorem 1.2 gives C' = H which contradicts (0,0,¢') ¢ C when t' # ¢.

By left translation, the previous argument shows that u must be constant on any vertical
line. Suppose now we could find two vertical lines v; and vy, and ¢; < ¢o, such that
ci, © = 1,2, is the value of u restricted to v;. But then, if we choose two points on v,
sufficiently far apart, the union of images of geodesics connecting these two points will
intersect v9, which is impossible since by geodetic convexity we must have u < ¢; on this
union. ]
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