JOHN DOMAINS FOR THE
CONTROL DISTANCE OF DIAGONAL VECTOR FIELDS

By

ROBERTO MONTI AND DANIELE MORBIDELLI *

Abstract. We study John domains in the metric space associated with a
system of diagonal vector fields.

1 Introduction

We study domains with the twisted cone property in R" equipped with the
control distance generated by a family of diagonal vector fields X, ..., X,,, where
X; = X\j(%)0:;, 7 = 1,...,n. Bounded domains satisfying similar geometric
conditions are relevant, for instance, in the global theory of second order PDEs
related to subelliptic operators of the form £ = 3°7_, X7.

The twisted cone property was introduced in the Euclidean setting by John in
his seminal paper [Joh] on the rigidity of quasiisometric maps in R*. Besides
its importance in geometric function theory, this property plays a central role
in the theory of first order Sobolev spaces; see, e.g., the papers by Reshetnyak
(R], Besov [Be], Martio [M], Bojarski [Bo] and the monograph by Maz’ya and
Poborchi [MP]. More recent references are [SS], [BK], [HK1], [KOT]. Other
classes of domains appearing in more refined questions in harmonic analysis and
PDEs can be defined through cone conditions: uniform and NTA domains are the
most important examples (see [MS], [Jon] and [JK]).

Domains with the cone property can be defined in any metric space and, in par-
ticular, in Carnot—-Carathéodory spaces. Given a metric space (M, d), a rectifiable
path v : {0,1] - M and a positive number € > 0, the twisted cone with core at v
and aperture € is the set C, . = g, B(7(t), €length(7](,))). A bounded domain
Q C M is a John domain with John constant ¢ and center x4 € (2 if, for any z € Q,
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there is a cone C, . C Q such that 7(0) = z and (1) = zo. John domains are also
known as domains with the twisted cone property. In the Euclidean setting, the
“rigid” cone property is more general than the “twisted” cone property, as the von
Koch snowflake in the plane shows.

Several theorems involving the cone property have been generalized from the
Euclidean to the Carnot—Carathéodory setting. If a bounded open set 1 satisfies
an exterior cone property with respect to the distance generated by a family of
Hormander vector fields, then the Wiener criterion is satisfied at any boundary
point and  is regular in the sense of Perron, Wiener, Brelot and Bony for the
Dirichlet problem for the subelliptic Laplacian £; see the papers by Negrini and
Scornazzani [NS], Hueber [Hu] and Danielli [D].

Moreover, the interior cone property is related to chaining conditions that
are useful in the proof of subelliptic Sobolev—Poincaré inequalities. This fact was
recognized by Jerison in [Je], and later used by several authors; see the contributions
by Lu [L], Franchi, Gutierrez and Wheeden [FGW], Garofalo and Nhieu [GN1],
Franchi, Lu and Wheeden [FLW], Buckley, Koskela and Lu [BKL], Hajtasz and
Koskela [HK2].

Despite all these results, no easy condition is known which ensures the John
property in metric spaces associated with vector fields. This problem, which
has somehow eluded study in the literature, requires a precise knowledge of the
structure of control balls. To emphasize the nontrivial nature of the situation,
we mention an example in [Je]: in the apparently simple situation of the vector
fields X; = 8;, X2 = z}0, in the plane, the Poincaré inequality may fail for smooth
domains, which, therefore, need not be John domains for the related control metric.
Thus, in Carnot—Carathéodory spaces, Euclidean regularity is not sufficient to
ensure the cone property. An even more striking example is that “gauge balls” in
homogeneous groups may fail to be John domains if the group has step greater
than 2 (see [MMZ2]). See also [HH], where examples of regular and irregular sets
in Potential Theory are discussed.

The John property for a set §) with respect to a system of vector fields may fail
owing to the presence of characteristic points. A point z € JQ is characteristic
if all the vector fields X; are tangent to the boundary 00 at z. Note that in the
Euclidean case £ = A (equivalently X; = 9;, j = 1,...,n), the characteristic set
is empty. A relevant problem in the study of the regularity up to the boundary for
elliptic degenerate operators is to understand how a boundary having characteristic
points interacts with the vector fields. The purpose of this paper is to analyze the
structure of John domains in Carnot—Carathéodory spaces for diagonal families of
vector fields.
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We briefly recall some known results. Capogna and Garofalo proved in [CG]
that C!'!-domains in step 2 homogeneous groups are John domains (see also
[MM2], where the NTA property is proved under the same assumptions). In
the same setting, examples of John and NTA domains are provided by Capogna
and Tang [CT], Greshnov [G2] and Capogna, Garofalo and Pauls [CGP]. For
the vector fields in the plane X; = 0;, Xz = |21|*02, a > 0, it is not difficult
to check that a-admissible domains in the sense of [MMI1] are John domains
(compare Jerison’s example mentioned above and see also [FF1] and the discussion
in [DGN]). Finally, a sufficient condition ensuring the John property for open
sets in step 3 homogeneous groups is given in [MM2]. The analysis becomes
considerably harder in groups of higher step.

We study domains with the cone property in a class of Carnot—Carathéodory
spaces with no underlying group structure. We consider a system of diagonal
vector fields in R of the form X; = A;(x)0;, ..., Xn = An(x)d,, whose control
metric, under suitable assumptions on the functions A;, has been studied in detail
by Franchi and Lanconelli in [FL]. Our basic model is given by the following
vector fields on R?

(11D X = %, ngxf‘b%;, ngxf‘zgza—i;,
Consider an open set in 3 of the form 2 = {z3 > ¢(z)}, z = (71, 12) € RZ, where
@ € C*(R?). By the results of [FL], control balls are comparable with boxes of the
form Q(z,r) x |z3 — F3{(z,r),z3s + F3(z,r)[, where Q(z,r) are suitable rectangles
in the plane and F3(z,r) > 0. We say that the boundary 8 is admissible if for all
zeR,r>0,

12 3 os(Xip,Q(z,) < C(r 3 1Xip(@)™ + osc(hs; Q(z, 7).

i=1,2 i=1,2

ay,a €N

The oscillation of the derivatives of the function ¢ along the vector fields X; and
X, should be bounded by a sum of two terms. The first term in the right hand
side vanishes on the characteristic set, while the second one gives an amount of
oscillation admitted also at characteristic points. The latter is determined by the
oscillation on Q(z,r) of the function A3{(y) = y;"y5*. This oscillation is strictly
related to the size of control balls in the vertical direction. The appropriate balance
between the two terms is given by the power
_ a) +az +ojay —1

T o taztaer
This choice is a key point. In Definition 2.8, generalizing (1.2), we introduce a
class of domains with admissible boundary in the n-dimensional situation. Our
main result is the following
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Theorem 1.1. Domains with admissible boundary are John domains.

The class of domains with admissible boundary is nonempty. In Theorem 2.10,
we show that the open set Q@ = {(z1,z2,3) € R® : (|, [2(*1+D) ¢ zg)”‘” + 7% <1}
has admissible boundary for the vector fields in (1.1). The basic tool in the proof of
this result is the following criterion for checking the admissibility condition (1.2).

Theorem 1.2. Let N(z) = [1;|2*+V + 12 and assume that p(z) = g(N(z)),
where g € C?(0,+00) is a function such that for some constant C > 0,

0< g'(t) < Ctle2 D20 | g"(1)| < C“’T(t), g'(2t) <Cg'(t), t>0.

Then the surface {z3 = p(z1,x2)} is admissible.

Together with the “two dimensional” examples discussed in [FF1]), our results are
the only examples of regular domains for diagonal vector fields.

Finally, we mention some more papers dealing with regularity of domains. The
notion of uniform domain (or (¢, )-domain) for a family of vector fields has been
introduced and studied by Garofalo and Nhieu in [GN2], and by Vodop’yanov and
Greshnov in [VG] and [G1]. They generalized the Jones extension theorem to the
setting of subelliptic Sobolev spaces. Capogna and Garofalo [CG] introduced the
notion of NTA domain in Carnot—Carathéodory spaces and studied the boundary
behavior of positive £-harmonic functions. The papers [CGN] and [G2] deal with
examples of uniform and NTA domains in homogeneous groups of step 2. In
[DGN] the problem of the trace of Sobolev functions in Carnot—Carathéodory
spaces is studied (see also [MMI1]). In [FF1] and [FF2], a new class of domains,
called p-Harnack domains, is introduced and studied. In the Heisenberg group, the
problem of boundary accessibility through rectifiable curves is examined in [BM].
Finally, we mention [MM3], which is the continuation of the research initiated in
the present work. In this paper we prove that “admissible domains” in the sense of
Definition 2.8 are NTA domains.

The plan of the paper is the following. In Section 2, we introduce “admissible
domains” and show that the class is nonempty. In Section 3, we prove that these
domains are John domains.

Notation. If u,v > 0, we write « < v for u < Cv, where C > 1 is an absolute
constant. Analogously, u >~ v stands for v < v and v < u. By d we denote the
control metric induced on R® by a system of vector fields. For K ¢ R*, we write
diam(K) = sup, ,cx d(z,y) and dist(z, K) = infyex d(z,y). If y:[0,1] - R™ is
acurve and 0 < a < b < 1, we denote by 7|, 4 the restriction of + to the interval
[a, b]. The coordinate versors of R" are denoted by e;,...,e,. Finally, the symbol
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o always denotes the “aperture” of a cone. In Section 3, we sometimes adopt a
slight abuse of notation by writing ¢ instead of f(c), where f is a positive function
whose relevant property is lim, 0, f(c) = 0.

2 Geometry of diagonal vector fields and flat surfaces

In this section, we describe the geometry of diagonal vector fields and introduce
the basic definitions of regularity for surfaces in the metric space associated with
them. We also provide examples of regular surfaces.

2.1 Preliminaries and definition of admissible surface. Considerthe
vector fields

9

(21) Xj:Aj(x)c’):c,-’ j=1,...,n,

where
i-1

(.2 M(z)=1 and Aj(@) = [[led™, j=2,..n
i=1

Assume that the real numbers «; satisfy

2.3) a;=0 or a;€lo0f

This condition ensures that the functions A;, and thus the vector fields X;, are
locally Lipschitz continuous. If the numbers «; are integers, then we can change
the functions \; in (2.2), writing z{* instead of |z;|*. The vector fields then
become a Hérmander system.

We introduce some notation, following [FL]. For all j = 1, ..., n, define induc-
tively the functions F; : R* x [0, +o00) — [0, +00) by

2.4) Fi(z,r) =r, Fy(z,r) = rdel|zi| + Fi(z, 1)),
Fj(x, 7‘_) = T/\j_(l.’l?ll + 7 ll‘z, + FQ(.’E, 7‘)_, ey |:ZI]'_1' <+ Fj_l (.”C, 7‘))
An inspection of the explicit form (2.2) of the functions \; shows that
(2.5) Fjp1(z,1) = Fi(z,7)(|zj| + Fj(z,r)™, j=1,...,n—-1

Note that Fj(z,r) actually depends only on z;,...,z;_;. Moreover, r = F;(z,7)
is increasing and satisfies the doubling property

(2.6) Fj(z,2r) < CFj(z,r), z€R*,0<r<o
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for all j = 1, ...,n. This also implies
Q2.7 Fj(z,r + s) < C(Fj(z,r) + Fj(z,s)), 0<rs< .

Finally, for any fixed € R*, the function Fj(z,-) is strictly increasing and maps
10, +oo[ onto itself. We denote its inverse by G(z, ) = Fj(z,-)™ .
Define inductively the real numbers d; by

2.8)
j-1
d=1 dy=1+01, ... ,dj=1+Zdiai=(1+a1)-...~(1+aj_1).
i=1

We say that d; is the degree of the variable z;. Note that F;(0,r) = r%.

It is well-known that the vector fields (2.1) induce on R® a metric d in the
following way (see [FL], [FP] and [NSW]). A Lipschitz continuous curve ~ :
[0,T] - R*, T > 0, is subunit if there exists a vector of measurable functions
h = (h1,...ha) : [0,T] — R™ such that ¥(t) = 3°7_, h;(t)X;(v(2)), [h(t)| < 1 for
a.e.t € [0,T). Define d : R® x R* — [0, +00) by setting

d(z,y) = inf{T > 0: there exists a subunit curve v: [0,T] » R*

(2.9)
such that y(0) = z and v(T') = y}.

The definition of the metric d still makes sense for any system of smooth vector
fields X, ..., X;m, even with m < n, provided d(z,y) is finite for all z,y (this
happens, for instance, if the vector fields satisfy the Hérmander condition; see
[NSW]). We denote by B(z,r) the balls in R" defined by the metric d.

The structure of the control balls can be described by means of the boxes

(2.10) Box(z,r) := {x + h: |hj| < Fj(z,7), j = 1,...,n}.
The following theorem is proved in [FL].

Theorem 2.1. There exists a constant C > 0 such that

Box(z,C~'r) C B(z,r) C Box(z,Cr), z € R",r €]0,+o00],

(2.11) y n
C7ld(z,y) < Y Gjla,ly; — z5)) < Cd(z,y),  =z,y € R

j=1
Theorem 2.1, the triangle inequality and the doubling property (2.6) (or a direct
computation) give the estimate

2.12) Fj(z + Fy(z,r)ex,s) < CFj(z,s) z€R", 0<r<s< +oo.
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Introduce the following convention. If j = 1,...,n and z = (z1,...,z,) € R",
we Write £ = (T1, ..., Tj=1, Tj41, - Tn) = (Z1,Tj-1,0,Tj41, -0, Tn)-

In Section 3, we study regularity properties connected with the boundary of an
open set Q C R™ of class C'. Here, we introduce the basic assumptions on Q.
Given a point z € 912, we write 992 locally as a graph of the form z; = p(£;) for
some j = 1,...,n. We first discuss the case j = n, which is the most significant.

Introduce the (n — 1)-dimensional box

(2.13) Boxp (2n,7) = {&n + hn : |hi| < Fi(Zn,7),i=1,...,n -1},

and let Ap(2n,7) = SUDg,, €Boxn (&4,7) |An(Gn) = An(En)l-
The following proposition records some properties of A,, needed in the sequel.
The proof is postponed to the Appendix. It relies on the simple fact that if a > 1,

then
(2.14) (t+7)% -t ~ar(t+r)*t, t>0, r>0.

Proposition 2.2. Assume that at least one of the numbers a;, j =1,...,n, is
strictly positive. Then there exists a constant ) > 0 such that for all £, € R*71,
R>0anda€]0,1],

a

(2.15) An(Zn,aR) < h(a)An(2n, R), where h(a) = a+n(l-a)

Moreover, A,(zn,7)) > 1%~ A (Za,7) < (C/r)Fu(z,7) and A,(z,2r) <
CAn(z,r) for some constant C > 0, and for all > 0 and %, € R*1.

In order to introduce our notion of “admissible surface,” we first give the
definition for a graph of the form z,, = ¢{(%,). This is the most degenerate case and
contains all the difficulties of the problem. Then we show that a graph of the form
z; = p(&;) with j # n can be studied by reducing to the previous case. Finally,
in Definition 2.8, we introduce the notion of open set with admissible boundary.
Recall the standard notation osc(f, A) := sup, ,c 4 |f(z) — f(y)I-

Definition 2.3. Let ¢ € C*(R*~!). The surface {z, = p(%,)} is said to be
admissible if there exist C > 0 and r¢ > 0 such that for all £,, € R*~1, r € ]0, 7],

2.16) O 05¢(Xip, Boxa(dn, 1)) < C'(r 3 1 Xip(@a)| =D/ @) 4 A (3, r)).
i#n i#n
Note that if we are not in the Euclidean case, i.e., at least one of the numbers o;
is strictly positive, then d,, > 2 (compare (2.3)) and the exponent (dn—2)/(dn —1)
is nonnegative.
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We are actually interested in surfaces which are the boundaries of bounded sets.
Definition 2.3 can be stated also for a bounded graph z,, = ¢(Z,). letting %,, belong
to a bounded open set of R*~!.

Proposition 2.4. Let p € C'(R*™!) satisfy (2.16). Then there exists C > 0
such that for all , € R** andr € )0,ro),

@2.17) OWWBWA%JDSCGZ]&MhM+MAmmD
i#n

Proof. Fix &,,j, € R*~!, and let § = d(Z,, §,)- Then there is a subunit curve
v:[0,8] = R*! =2 R*~! x {0} such that y(0) = %, and ¥(§) = §,,. Then we have

218)  |p(En) - plGn)] < / S IXipl e <8 s Xigl

i£n Boxn (2n 1;671
By (2.16),
sup Z 1Xipl <3 [ Xip(dn)] + ) 05¢(Xitp, Boxn(2n, 6))
Boxn(£n,8 1;6n i#n i£n

SN IXip(En)l + 83 [ Xip(n)| @ =D/ @) 4 A (20,0)
i#n i#n

< S 1Xip(En)] + An(Ea, 6).
i#n

Here we have used Holder’s inequality 6] X;p(&,,)| (4 =2)/(dn=1) < §dn=1 4| X.05(2,.)]
and the inequality §4~! < A, (%, §) proved in Proposition 2.2. Now, (2.17) follows
from Proposition 2.1 and from the doubling property A, (%,,2r) < CA,(Z,,7),
proved in Proposition 2.2. |

Remark 2.5. Let ¢ € C?(R"*"!). Assume that

2:19) Z |X: X 0(2n)| < czlxﬁ,(x (dn—2)/(dn=1)

i,j=1

for all £, € R*™! with 2125 - ... - To_1 # 0. Then the surface {z, = p(Z,)} is
admissible. It is not difficult to see that condition (2.19) implies (2.16). This can
be checked by a suitable adaptation of the Gronwall inequality. Condition (2.19) is
also easier to check than (2.16). Surfaces of the form x,, = |z,|™, where m is large
enough, satisfy (2.19). The drawback is that this condition is not refined enough
to give examples of admissible surfaces which are boundaries of bounded sets (see
Theorems 2.9 and 2.10).
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Next we introduce admissible surfaces of the form {z; = ¢(Z;)}, j # n. We
would like to give a definition similar to Definition 2.3. The set Box,(&n,7) is
the intersection of Box(z,r) with the plane {y € R* : y, = z,}. When j # n,
the intersection of Box(z,r) with the plane {y € R* : y; = z;} depends on z;.
Thus (2.13) cannot be trivially generalized. But, roughly speaking, the vector
fields Xjt1,...,Xn are “more degenerate” than Xj;; and this suggests that the
dependence of the function ¢(&;) on z41,...,Zn needs a less careful control than
the dependence on z1, ..., z;_1. In order to make this remark rigorous, define new
functions and vector fields
{A,-(x) ifi < j,

(2.20) Xifz) = and X; = \8;, i=1,...,n.

Aj(z) ifi>y,
In this situation, we can view the variable z; as the n-th variable with respect to the
new vector fields. All previous results hold for these vector fields. The functions
fi(:c, r) are defined exactly as in (2.4). Set

Box(z,7) = {z + h: |hi| < Fi(z,7), i =1,..,n}

and denote by d the metric constructed as in (2.9) using subunit curves with respect
to the vector fields 5(}-. Let }§(:1:, ) be the corresponding balls. In the following
proposition, we list some easy relations between the distances d and d.

Proposition 2.6. For any C, > 0, there is Cy > 0 such that
(l) l:fll'l, ly|vr < CI then B(Za T) C E(.’E, C2r) and dv(za y) _<_. Czd(.’l?, y)a

(ii) writing ' = (zy,...,z;) and 2" = (zj41, ..., Tn), we have d((z', z"), (y', 2"')) =~
(;((.’Z:’, :I,'"), (y/y III).
Proof. We have f’,-(i:j,r) = Fi(ij,r) if © < j; while for 7 > j, F~‘,-(:z:,r) =
Fi(z,r). Then, if ¢ > j,
Fi(z,r) = Fi(z,7)(|z5] + Fj(z,m))" - (|gica| + Fica(2,7)) 5"
< CFy(z,r) < Fy(z,Cr) = Fi(z, Cr),

as soon as |z|,r < C. Then Box(z,7) C E&(z, Cr). Thus (i) follows by Theorem
2.1.

In order to see (ii), recall that the function Gi(z,-) is the inverse of Fi(z,).
Moreover, if i < j, then Fi(z,r) = Fy(z, 7). Thus Theorem 2.1 gives

J

d((l",:l: y :E”) ZG |xi_yt Z i Izl yt —d((zlvzn)’(y"z”))'

i=1

This concludes the proof of (ii). O
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The sections of the boxes ﬁ&(z, r) with the planes {y € R* : y; = z;} do not
depend on z;. Thus we can set with unambiguous meaning

2.21) Box;(2;,7) = {&; + by : [hil < Fi(&5,7), ¢ # )
and
(2.22) Aj@) = sup  [X(g5) ~ Xi(E)].

§;€Box;(&;,r)

The function 7\.]- enjoys the properties of Proposition 2.2 (with the subscript n

replaced by j).
We are now ready to give the general definition of admissible surface and of a

set with admissible boundary.

Definition 2.7. Let ¢ € C'(R*'). The surface {z; = ¢(%;)} is said to be
admissible if there exist C > 0 and ry > 0 such that forall £; € R*~! and r € ]0,7q],

223) 2 osc(Xip, Box;(d5,)) < C(r 3 | Kaep(@)| =D/ 1 Kj(85,1)).
i ij
Definition 2.8 (Domain with admissible boundary). A connected bounded
open set 2 C R” is said to have admissible boundary if it is of class C! and for
all z € 012, there exists a neighborhood i{ of z such that 92 N/ is an admissible
surface according to Definition 2.3 or 2.7.

2.2 Examples of admissible domains in R}, We study some examples
of admissible surfaces and of sets with admissible boundary in R3. Consider the
functions A; = 1, A = |21, A3 = |21|**|z2|** and the corresponding diagonal
vector fields

(224) Xl = 31, Xz = |11|0132, X3 = |zl|°“|:z:2|°’83.

We consider the case a; > 1, ¢ = 1,2. The degrees of the variables z;, z, and z;
aredy = 1,dp =14+ a3, dsz = (1 + o1)(1 + a2), respectively.

We begin with the study of admissible surfaces of the form {z3 = ¢(z;,z2)}.
We write z = (1, z2) and | X | = | Xy19| + | Xo¢p|. If ¢ € C(R?), condition (2.16)
reads

(2.25) > osc(Xip, Boxs(z, 1)) S | Xp(z)|(42=D/ =D 4 Ag(z,7),
i=1,2
where Boxz(z,r) = {(z1 + wiFi(z,7),z2 + uaFo(z1,7)) : |ua|,]uz] < 1} and

A3(,T) = SUPBgxy(s,r) |As — As(z)|. Here Fi(z,7) = r and Fy(z,7) = r(|z1] + ).
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We can write explicitly, by (2.14) (see also (A.2) in the Appendix),

(2.26)
As(z)

r(lza] + )% 7 (|22 + Fo(z1,7)) % + |21|% Fa(z1,7) (22| + Fa(z1,7))** 7

4
2 r(lza] +7) "7 (|72l + Falar, )™

Theorem 2.9. Let N(z) = |z1|?* + 22 and assume that o(z) = g(N(z)),
where g € C?(0,+00) is a function such that for some constant C > 0,

2.27)
0<g@ <o =0, wl<cll, gen<oge, t>o

Then the surface {z3 = ¢(z1,22)} is admissible.

Proof. We check (2.25). Note that in this example, inequality (2.19) fails.
Without loss of generality, we assume z;,z2 > 0. A short computation gives

[ X1p(z)| = 27+ g'(N(2) = 27 {2129 (N (2))} := 2§ I (2),

(2.28)
[ Xap(x)| = 27 {z29' (N ( fv))} = 27" ha().

Note that [h(z)| = |(h1(z), ha(z))| = N(z)'/2¢(z). Then
| Xo(z)| = |z:]* N(z)!/*g' (N ().

Moreover,

osc(X;p, Boxs(z,1))
< |(z1 +r)* hi(z + F(z,r)) — «7" hi(z)]
< ((z1 + 1) = 27)hi(z) + (21 + ) (hi(z + F(z,7)) — hi(z))
< arr(z + r)* 7 hi(z) + (21 + 1) (hi(z + F(z,7)) — hi(z)),
where we have used (2.14). Writing h = (hy, hy), we estimate the oscillation from
above by

Z osc(Xip, Boxs(z, 7)) < r(zy + r)* 1 |h(z)|
2.29) i=1,2
+ (z1 +1)*|h(z + F(z,r)) — h(z)|.

We already know that |h(z)| ~ N(z)!/2¢'(N(z)). In order to estimate the last term
on the right hand side, we use (as in (2.18)) the inequality

|hi(z + F(z,7)) — hi(z)| S sup | Xkhi(y)|-
y€Boxs(z,r), k=1,2
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The computation of the second derivatives and condition g"(t) < C¢'(t)/t give

X1 (2) = o7 {g'(N(2)) + 2} g"(N(2))} ~ 25 ¢'(N(2)),

a1+1
Xahy(z) =z} *'g" (N (z)) < N(;Z 231 (N(z)) S 28 ¢'(N(2)),
Xiho(z) = 228°H g (N(2)) < 2% ¢ (N (2)),

Xaha(z) = 27" {g'(N(2)) + 239" (N(2))} = 27" ' (N(2)).

Hence we find
|h(z + F(z,7)) — h(z)] S r(z + ) ¢ (N(z + F(z,7))).
Coming back to (2.29), we see that condition (2.25) is guaranteed by

(2.30)
r(z, + r)“"‘N(:c)‘“g'(N(z)) +r(z; + 1) ¢ (N(z + F(z,7)))

d3~2)/(da—1
(.’L‘))}( 3 /( 3 )

< r{xf“N(z)l/zg‘(N +r(z1 + r)m_l(zg + Fy(z1,7))%,

where the first term in the right hand side is provided by (2.28) and the second one
comes from (2.206).
Now two cases need to be distinguished: (A) 3 > 7 at+l. (B) z, < :::"1+1
Study of Case (A). We ignore the contribution of the first term on the right hand
side of (2.30) and we consider the second one only. Thus (2.30) is implied by

2.31) N(z)l/Qg’(N(:r)) + (z1 + 1) (N(z + F(z,7))) < (22 + Fo(z1,1))2?

Notice that in Case (A) N(z) ~ z3.

We distinguish the following two subcases: (Al) r; < r®1H1; (A2) 2y > rotHl,

Case {(Al). We majorize the left hand side of (2.31) using z; < r and
z; < r®1*1 and set z = 0 in the right hand side, obtaining the stronger condi-
tion r@1+1g/(r2(er+1)y < paz(ea+l) which can be rewritten as g'(r2%) < rds—2d2,
This last inequality is satisfied by assumption (2.27).

Case (A2). Condition (2.31) is implied by

N(z)'/2g'(N(z)) + (21 + 1) T g'(N(z + F(z,7))) < x5

We can use z{'*!,r®1*1 < 7, and N(z) ~ N(z + F(z,r)) ~ z3. This gives
z29'(23) < 25%, 1., ¢'(z3) < :523/ 4-2 The latter inequality holds by assumption.

Study of Case (B). Here we have N(z) ~ 1("‘“). Two subcases must be
distinguished: (Bl1)z; <r; (B2)z; > r.
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Case (B1). In this case we ignore the contribution of the first term on the
right hand side of (2.30) and consider the second term only. Condition (2.30) is
guaranteed by

(2.32) N(2)'/2¢'(N(2)) + (21 + 1)+ g/ (N(z + F(z,7))) S (22 + Fa(z1,7))*.

Set z = 0 in the right hand side of (2.32) and use z; < r and x5 < r***!. We find
the stronger inequality r®1+1g/(r2(c+1)) < poaloatl) i gf(r2d2) < pda—2dz,
Case (B2). We use here the contribution of the first term on the right hand side
of (2.30). Then we get the stronger inequality
(z1 + 1)1 IN(2)V 2/ (N(2)) + (21 + r)** ¢'(N(z + F(z,7)))
5 {xih N(x)l/Zgl(N(z))}(43—2)/(43—1)'
Since r < z; and z, < z{'*!, we finally find the stronger condition z2*' ¢’ (z3%2) <
{zorFd2g/(242)}(ds=2)/(ds-1) e g(z292) < z{372%, The proof is complete. O
Finally, we give an example in R® of a bounded open set with admissible
boundary.

Theorem 2.10. The open set
Q = {(z1,22,3) € B : (|zy|2(01HD) +:v§)1+°‘2 +22 <1}
has admissible boundary.

Proof. Let ¢ € (0,1) be fixed. The surface QN {|z3| > £} can be studied by
means of Theorem 2.9. Indeed, the lower cap can be written in the form

= g(N(z1,22)),

where N(z;,z2) = |z; |2 +D) 4 22; and, for any fixed ¢, < 1, it is easy to see that
the function g(t) = — (1 - t1+"")1/2 satisfies conditions (2.27) for t € (0, to).

The surface 9 N {]z3| < €} is noncharacteristic, and hence admissible, away
from a neighborhood of its intersection with the plane ; = 0. To complete the
proof of the theorem it is enough to show that 9€} is admissible in a neighborhood
of (0,1,0). Here, 99 can be parameterized as follows:

T3 = —(1 = N(zy, z)'te2) "/

= (1, T3).

1/2
- ((1 _ zg)l/(l+a2) _ zf(al+l))

We check that the function ¢ satisfies condition (2.23). To this end, as suggested
by (2.20), we consider the vector fields X; = 8;, X3 = |z1{*1 82, X; = |z1{** 5.
We have to check
(2.33)

D osc(Xup, Boxy(#2.7)) S 1 Krp(82)] + | Xag(£2)) @D/~ + Ry(a,7),

i=1,3
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where d; =1+ a; and
Boxa(#2,7) = {&2 + ho : [h1| < Fy(82,7) =1, |ha| < Fa(Z2,7) = r(|z1] + )% }.
Write z = (11, z3), F= (f‘l,f‘3). An easy computation yields
| Xip(a)] = ha(z)le: ¥ and | Xop(a)] = ha(a)|es| a1 [,

where h; and h, are positive Lipschitz continuous functions in a neighborhood
of the origin (we do not need their explicit form here). Assume without loss of
generality z,,z3 > 0.

We estimate the left hand side of (2.33):

osc( X1, Boxy(#2,7)) < lhy(z + F(z, 7)) (@ + )2+t = ha (z)22 1
< Ihl (z+ ﬁ(z,r)) - h (z)l g+l
+ hy(z + F(z,1)) |(z1 + ryfeatl _ zf"‘“[

< ra:f"“+1 +r(z; + 7)™ Sr(z + r)2en,

(2.34)

Here, we have used the Lipschitz continuity of k, and the estimate |F(z,r)| < r.
Moreover,

(2.35)

osc()?3<p, 15&(5:2, r)) < lh2(27 + ﬁ(z, )z + 1) (23 + 53(.11,1')) - hg(:z:):r;"‘2:3|
< |ha(z + F(z,1)) — ho(z)| 23" 23

+ hao(z + F(z,7)) |(z1 + 1) (23 + Fa(z1,7)) = 23 75

Sraftzg + l(IEl + 1) (x5 + IT’3(:01,7')) - :z:i"‘x3).
The last term can be evaluated as follows:

(2.36)
(zy +7)% (23 + ﬁs(l‘l,?‘)) -z
Sz + 1) — 28 (23 + Fy(21,7)) + 22 (23 + F(z1,7)) — z3)

Sr(z + rye-l 4 f’;;(zl,r):v‘l’" Sr(zy +r)™ L

Taking into account (2.34), (2.35), (2.36) and the equivalence 1~\2(§:2,r) ~
r(zy + r)** 1, we conclude that condition (2.33) is implied by

(z; + )% + zz3 + (3 + 1)t Sz +r)

which is trivially satisfied. O
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3 Domains with admissible boundary are John domains

In this section, we prove that admissible domains are John domains.

Definition 3.1. A bounded open set 2 C (R",d) is a John domain if there
exist o € Q2 and o > 0 such that for all z € , there exists a continuous curve
~:[0,1] = Q2 such that 4(0) = z, v(1) = z, and

3D dist(7(t), Q) > odiam(v|jo,q)-

A curve satisfying (3.1) is a John curve, o is the center and o the John constant
of (2.

In order to avoid possible confusion concerning definitions, we stress that, in
general metric spaces, the definition of John domain is given with length(v|( )
replacing diam(|jo 4)) in (3.1). By a general result due to Martio and Sarvas [MS,
Theorem 2.7], such definitions are in fact equivalent in doubling metric spaces
with geodesics. Moreover, in our proofs we shall always work with John curves v
satisfying diam(v|jo,¢)) = d(v(t), ¥(0))-

For the proof of the following easy proposition, we refer to [MM2].

Proposition 3.2. Let Q) C (R*,d) be a bounded open set, and for any r > 0
define Q. = {y € Q1 : dist(y,00) > r}. Assume that there existr > 0and g > 0 such
that (), is arcwise connected and such that for any x € §Q, there is a continuous
curve v : [0,1] = Q such that y(0) = z, v(1) € Q. and

(3.2) dist(+(t), 8Q) > odiam (v )
forallt € [0,1]. Then §2 is a John domain.
Now we are able to state our main theorem.

Theorem 3.3. If Q) is an open set with admissible boundary according to
Definition 2.8, then it is a John domain in the metric space (R, d).

Proof. We use Proposition 3.2. Given £ € 80, we show that there exists
a neighborhood U of z and o > 0 such that, for all z € Q N U, there exists a
curve « starting from z and satisfying (3.2). The claim follows on choosing by
compactness a finite covering of 990.

Fix £ € Q and write Q2 locally as a graph of the form z; = ¢(&;) for some
j =1,...,n, where ¢ is a C! function. We begin with the basic case j = n.
Let ¢ € C1(R*~!) be a function satisfying the admissibility condition (2.16) and
assume, for the sake of simplicity, that Q@ = {z, > p(Z.)}.
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We have to construct a John curve starting from a point z = £, + z,e, € Q. To
this end, two different situations need to be distinguished:

m<aX|X:‘<P(-’3n), < An(Zn) (Case 1),

3.3
I}Lalei‘p(inN > An(Zn) (Case 2).

In Case 1, the characteristic case, we construct a John curve starting from z of the
form z + te,, t > 0. In Case 2, the path must be split into two pieces. The first one
starts from z in the coordinate direction e;, where k < n is such that the derivative
[ Xkp(Z,)| is “maximal” among all the | X;p(%£,)|. = 1,...,n—1, and moves in this
direction for a time ¢ = ¢(z) which must be established in a careful way (compare
(3.7)). The second part of the path will be of the form (2) + (t — {)ey,.

First of all, we introduce the following notation:

vi = vi(#n) = —Bip(#a), Ni= l:—l ifi £0, i#n,
and  w(zn) = Y [Xip(Za)|-
i#£n
Case 1. Define
(3.8) 7(t) = T+ten = p+(Tn+tlen and 6= 8(2) = Gn(En,t) ~ d(v(t),7(0)).
Consider for small ¢ > 0
Box(y(t),08) = {(xn+t+unFn(z, aé))en+i;n+ﬁnﬁn(x, 08):|luf <1,i=1, ...,n}.

Here, 4, = (u1,us,...,un_1,0). We used F;(z + te,,d8) = Fi(z,6).
We claim that there exists o > 0 independent of = such that Box(v(t),o6) C 1,
i.e., such that

(3.5) Tn +t+ unFn(z,00) > @(&n + inFp(z,06)), 6>0, ju| < 1.

This is the John condition (3.2). Since z € Q, z, — p(&,) > 0. Take the worst case
un, = —11in (3.5). Moreover, F,.(z,08) < F,(z,8) = Fo(z,Gn(z,t)) = t. Thus,
condition (3.5) is easily seen to be implied by

lo(En + tnFn(z,00)) —@(3n)| < (1—0)t, §>0, |da| < 1.

Using the control (2.17) for the oscillation of ¢, Case 1 and Proposition 2.2, we
may estimate the left hand side by
le(Zn + i Fy (2, 08)) — ¢(&n)| < o0sc(p, Boxn(&n,00))
< odw(z) + 00A, (2, 008))
S 00An (&) + 0F,(8n,8) ~ 0 F(2,,0).
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In the last equivalence, we have used the trivial estimate 6\, (%, ) < F,(z,§). Thus,
(3.5) is implied by oF, (z,d) < oot, where oy is a small but absolute constant.
Since t = F,(z, 8), this inequality holds as soon as o < oy.

Case 2. Assume that z satisfies Case 2in (3.3). Takeany k = 1,...,n—1 such
that

- 1 . 1.,
(3.6) [ Xeip(£a)| 2 5 max|Xup(n)] > PAn(n).

(The factors % and }4— will become relevant in [MM3], where we prove that

admissible domains are non-tangentially accessible.)
Take €y > 0 and let § = §(z) be the solution of the equation

(37) An(in,g) = Eolka(i‘n)"

(The function A,(z,-) is a homeomorphism of [0, oo[ onto itself.) The number &,
will be fixed and becomes an absolute constant in (3.16). Finally, set f = Fi(z, d).
Define the first piece of the John curve, letting for ¢ € [0, ]

¥(t) = = + tNgey, and § = §(t) = G(z,t) >~ d(v(0),y(t)).

For o > 0, consider the box

n
Box(v(t),06) = {(tNkek + Z (zi + uiFi(z + tNrex,06))ei: Jui| <1,i=1, ...,n}.

i=1

We claim that there exist g, ¢ > 0 independent of z such that the John condition

(3.8) Box(v(t),06(t)) C R, te[0,i
holds. Points of the box belong to (2 as soon as for all u, |u;| < 1,i=1,...,n, we
have

ZTn + unFp(z + tNpeg,06) > w(tNkek + Z (.’.8,; +u Fi(z + tNkek,oé))e,-).
i#£n

Take the worst case u, = —1 and use z,, > ¢(Z,). The inequality above is implied
by
(p(tNkek + Z (z,- + wiFi(z + tNkek,aé))e,-) — (&) + Fu(z + tNieg,06) <0,
i£n

which can be rewritten as

3.9) 1+ 11+ F,(z + tNxex,00) <0,
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where we set

I= cp(tNkek + Z (z,- + u; Fi(z + tNrey, aé))ei> — p(tNrep + &),
i#n
Il = p(tNrer + Tn) — @w(Z2).

We claim that €; in (3.7) can be fixed independently from r in such a way that
(3.10) II< —%t|uk| forall t € [0,1].
Indeed, by the mean value theorem, there exists 9 € [0, 1] such that

©(En + tNiex) — ©(En) = Okp(En + FtNiex )t Ny
= Okp(Zn)t N + {Okp(En + ItNier) — Okp(£n) }t N
= —{vlt + {Okp(Zn + FtNrer) — Orp(2n) } N.
Notice that Case 2 in (3.3) ensures v # 0 and Ag(£,) # 0. The curly brackets

can be estimated by (2.16) as follows (note that A, does not depend on z; and
t=F; (.’L‘, 6))

. . 1 . .
l{aktp(z,, + UtNey) — Bkcp(a:n)}| = T,ngp(zn + Ut Nier) — thp(:vn)l

&)
< " (lj;n) 0sc( Xk, Boxn(Zn,9))
St (155") (Bw(En) =2/ 4 A, (3, 5))
< ﬁ(agxkga(ﬁn)(“n-”/(dn-” + An(En, 6)).

In the last inequality, we have used (3.6). Now, (3.10) is guaranteed by

" - - - 1 . 1 .
BAD Co(d1Xkp(2a)| @7/ CD + An(2n,8)) < SIrlMe(En) = 51Xkp(Zn)),

where C, is a large but absolute constant. By Hélder’s inequality and Proposition
2.2,

N - - 1 . -1 1 . .
Cobl Xsp(n)| 4~/ 6 71) < 21 Xyp(80)| + C18% ™ < 21 Xup(20)| + Cafn(dn, ),

where C; is a new large absolute constant. Using A,(2,,0) < Ap(%n,0) =
0| Xrw(Z,)] (this is (3.7)), we see that (3.11) is guaranteed by a choice of g > 0
such that 4(Cp + C3)ep < 1.

Now, by the estimate on II, inequality (3.9) is implied by

(3.12) I+ F,(x + tNiex,00) < 1tll/k[, te [O,ﬂ.
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We claim that this inequality holds as soon as ¢ > 0 is small enough, independent

of z.
First of all, by (2.17) we find

1< lgp(tNkek + Z (z: + uiFi(z + tNkek,Ué)')e,-) — o(tNrer + £5)
i#n
< osc (¢, Box, (&, + tNiek,06))
< 0dw(E, + tNreg) + 00An (2, + tNek, ad),
and by (2.16),
w(in +tNkek) = ) [ Xip(En + tNiex)|
i#n
<Y IXip(En)l + D1 Xip(n + tNex) — Xip(2n)|
i¥n i#n
< w(dy) + Zosc(X,-go, Box,(Zn,d))
i#n
S w(En) + Sw(d,) 472/ =1) 4 A, (5, 6)
S w(En) + An(En,6).

(3.13)

We have once again used Holder’s inequality and Proposition 2.2.  Since
An(Zn + tNgex,06) < An(En,9), using w(E,) < | Xrp(En)|, we get finally

(3.14) I ,S U‘S(le(tD(i:n)l + An(i‘n,‘s))'

Now we show that the second term in the left hand side of (3.12) satisfies the

same estimate (we will need (2.12)):
Fn(l' + tNkek,aé) < O’F.,,,(I + tNkek,é) 5 OFn(.'ZJ, (5)
(3.15) = 06An(2n + Fu(2,6)) < 06(An(En, ) + An(En))
< 06(An(En,6) + | Xkp(2n)))-

Here we have used (3.6).

Taking into account (3.14) and (3.15), and recalling that A, (Z,, 6) < Ay (%n,6) =
o] Xkp(Zr)|, we see that condition (3.12) holds as soon as 06| Xrp(Zn)| < tlvkl,
ie., Cood| Xrp(Z,)| < tlvg], ie., Coobre(Z,) < tforallt > 0. Here Cy > 0 is
a large but absolute constant. This inequality holds if o > 0 is chosen in such a
way that 6Cy < 1, because 6\, (£,,) < Fi(&,,d) = t. This proves (3.12) and hence
claim (3.8), as well.

Thus far, we have defined a John curve v starting from a point z € 2 satisfying
Case 2 in (3.3) for a time t € [0, f], where

(3.16) t = Fi(z,6) anddsolves A,(Zn,8) = 0| X9(Zn)]-
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The constant € > 0 is from now on fixed. Now we define v for times ¢ > . Let
3.17) ¥(t) =z + tNrer + (t — ten, t >t
We write s =t — t. Set
(B.18)  6=6(t) =8+ Culz,t ~ ) = 5+ Galz,8) = d(3(0),1(1)).
For ¢ > 0, consider the box
Box(7(t),06) = {se,l +ENeex + S (@i + wiFi(z + ENiex, 06))e: : [uil < 1}.
i=1
Since p(&,) < z,, taking the worst case u,, = —1, the John condition Box(~(t), 04)
C Q is implied by
(3.19) J+ JJ + F,(z +tNieg,06) < s,

where

J = (p(kaek + Z(.’Ei + UL'F,'(.’L‘ + ZNkek,UJ))e,-) - go(kaek + :i‘n),
i#£n

JJ = p(tNey, + Tn) — @(Zn)-

By (3.10) with t = £, we have JJ < —1|v|i. Hence, (3.19) is guaranteed by

3.20) J+ El(l‘ + t_Nkek,aé) <s+ —;—(Vk(t_
We begin with the estimate of J. By (2.17),

J < osc (p, Boxp(&n + tNiey, 06))
S 08(w(En + tex Ni) + Ay(En + Tex Ny, 096));

and by (3.13), (3.6) and Proposition 2.2 (use & < 6),
Sw(Zn, + tex Ni) < Sw(dn) + SAn(En,0) S O] A (En) + Fu(£n,9).
On the other hand, by Proposition 2.2, (2.12), (3.18) and (2.7),

§An (%, + t—eka,é) 5 Fo(zn, + feka,é)
S., Fﬂ(izm‘s) = Fn(j"ms + Gn(i'ny 3))

< Fu(2n,8) + Fu(n, Gn(2n,8)) = Fu(2n,0) +s.

Thus (3.20) is ensured by the inequality

T(Blk Mk (Bn) + Fal2n, ) + ) S 5.+ il
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which reduces (recall that § — § = G,(z, §), by (3.18)) to

3.21) 0Co (8|vk| Ak (Zn) + Gn(En, )Mk (En) + Fn(dn,8)) < s+ [wklt

for some large absolute constant Cp > 0. If we put s = 0 in (3.21), we get
0Co(8|vel M (&) + F(20,9))) < milf,

which holds for ¢ small enough (we have already proved this when we proved
(3.12); see also (3.14), (3.15) and (3.7)).
To complete the estimate (3.21), it is enough to show that

(3.22) 0Gn(Zn, $)Ak(Zn)|ve]| < s+ |klt, forall s >0,
as soon as ¢ > 0 is small enough, independently of z. Now, (3.22) is equivalent to

s+ |vklt

s+ |uk|t_)
U/\lekl ’

™ U/\kll/k|

Gnlzn,s) <

& s_<_Fn(a“c

Notice that the function f,(%,,r) = %Fn(i-n, r) is increasing in the variable r. From
s + vkt > [welt = |vk|Fi(@n,0) > |[vk|0Xe(En) > olvk|0Ae(En)

it follows that _

(8 ) 2 12(5,8) 2 Anlns),

by Proposition 2.2. Finally, recalling (3.7), we find that (3.22) is implied by

s+ |vklt

. 5 _%0
_UAk(i'n)lUklAn(mn,‘S)_ U(S+ll/k,t_),

which holds for all s > 0 as soon as ¢ < gp. This proves (3.19) and completes the
discussion of Case 2 and of the parameterization z,, = p(&,).

Now assume that Z € 9 is a point such that for a neighborhood U/ of z the
piece of boundary 82 N is a surface of type {z; = (&;)} for some j # n and for
some function ¢ of class C! which satisfies the admissibility condition (2.23). We
explain how to construct a John curve starting from points z € U N {z; > p(%;)}.

The functions ); and the vector fields )?i are defined in (2.20). By d we denote
the metric induced on R" by the vector fields X;. The boxes ﬁa(j(izj,r) and the
function A ; have been defined in (2.21) and (2.22), respectively. Without loss of
generality, we can assume Y C {|z;| < 1:4 = 1,...,n} and |8;p(2;)| < 1,4 > j.
Then ]X’,-(p(i'j)l < Xj (£;), forall < > j. Thus the distinction of cases (3.3) simply is

max| Xip(3;)| < X(8;)  (Case 1),
IP?ijXi(p(i'j)l > X,-(:f:j) (Case 2).
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In Case 1, we define a curve y moving directly in the direction e;, analogously to
(3.4). In Case 2, we first define y(t) = z + tNy, where k = 1,...,j — 1 is any index
such that

~ R 1 ~ 1~
[ Xep(25)] > ET?]XlXW(zj)) > (&),

and t € [0,7), where now = Fi(&;,5) and § solves A;(z;,6) = eo| Xip(2;)| instead
of (3.7). Then we let vy move in the direction e;, analogously to (3.17).

The curve « so defined satisfies, for some ¢ > 0 independent of z, the John
condition with respect to the metric d, i.e., B(y(t), adxam(vl 0.4)) C Q,t € 0,1},
where B denote balls in the metric d. The proof of this is exactly the same as for
the case j = n. By Proposition 2.6 (ii) it follows that d1am(7|[0',]) ~ diam(7|[o,¢)
and by (i) it also follows that B(y(t),odiam(vy|,)) C Q. This remark ends the
proof of the theorem. a

Appendix

Proof of Proposition 2.2. Let #, € R*~! and assume without loss of
generality z; > 0,4 = 1,...,n — 1. Take a < 1. The “reverse doubling” property
(2.15) is equivalent to

An(z,R) — Ay (z,aR) > n{l - a)
An(z,aR) = a

It is easy to see that A, (z,t) = ]'I": (z; + F(z,t)) ™ - 1132 Ny z;’. Then

An(z,R) = An(z,aR) _ TI52; (25 + Fy(=, R)™ — T35} (z; + Fy(z,aR))™

An(z,aR) T35 (25 + Fy(z,aR))™ — 152} (z;)™
— N
=5
To write N, recall that given nonnegative numbers m; < M;, j = 1,...,p, the

difference of their products can be written as

(A.1) My My My — mamy - - ZMk—mk)HM H m;.

i=k+1
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Then

(2 + Fi(2, R)™ = (ak + Fy(z,aR))™ }

2

i
™
——

k=1
k—1 n—1 )
1 @i+ F(z R)™ ] (2: + Fi(z,aR)™
i=1 i=k+1

n—1
23" ax(Fi(z, R) — Fi(z,aR)) (zx + Fi(z,R))™ ™
k=1

k-1
H (alc1 + Fi(z, aR H zy
i=1 i=k+1

Now note that, letting Fy(z,¢t) = tfi(z, t) (see (2.4)), we get

Fy(z,R) — Fy(z,aR) = Rfy(z,R) — aRfr(z,aR)

> R(1 - a) fu(z,aR) = ——=Fy(z,aR).
Then
l1—a n—1 1 k—1
N2 Zaka(z,aR)(zk + Fi(z,aR))™~ H (zi + Fi(z,aR)) H z$
¢ = =1 imk+1
1—
~ aD,

again by (A.l) and (2.14). Thus N/D > a—— Therefore the proof of (2.15) is
concluded.
To prove the remaining statements, use again (A.1) and (2.14) to write

(A.2)
n—1 k—1
An(z,R) = > o Fi(z, R) (2 + Fi(z, R)™ " [] (z: + Fi(z, R))® H &
k=1 i=1 i=k+1

Now, forany k =1,...,n — 1,

k-1 n—1
arFi (e, R)(ak + Fi(z, R)™ ™ [[ (=i + Fi(z, B)™ [] =
i=1 i=k+1

n—1
. 1
<o T+ AR = 2R
Then the second statement follows. Incidentally, note that the explicit estimate
of A,(z,r) given in (A.2), together with (2.6), shows the doubling property
A (z,2r) < CAp(z, 7).
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Finally, in order to prove that A, (£,,R)) > R% ™! it is enough to estimate
from below the right hand side of (A.2) using z; + F;(z, R) > Fj(z, R) > F;(0, R),
j=1,...,m

n—1 k—1 n—1
Az, R) 2 Y (Fe(0,R) ™ I] (R0, R)™ [ (F(0,R))™ =CR*".
k=1 i=1 i=k+1
This ends the proof. O
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