LIPSCHITZ APPROXIMATION
OF H-PERIMETER MINIMIZING BOUNDARIES

ROBERTO MONTI

ABSTRACT. We prove that the boundary of H-perimeter minimizing sets in the
Heisenberg group can be approximated by graphs that are intrinsic Lipschitz in
the sense of [10]. The Hausdorff measure of the symmetric difference in a ball of
graph and boundary is estimated by excess in a larger concentric ball. This result is

motivated by a research program on the regularity of H-perimeter minimizing sets.

1. INTRODUCTION

The Heisenberg group is the set H” = C" xR, n > 1, with group law * : H" x H" —
H", (z,t) % (¢, 7) = (z +(t+T7+ Q(z,()), where () : C" x C™ — R is the bilinear

form
n

Q(Z,g) ZQIHI(ZZJE]), Z,C € Cn
j=1
We identify the element 2 = x + iy € C" with the pair (x,y) € R?*". The Lie algebra
of H" is generated by the horizontal left invariant vector fields

0 0 0
X. = 2 4oyl oy L9, Y
I on, T T 8y, T Miar

These vector fields span a distribution of 2n-dimensional planes that is called hori-

ji=1,...,n. (1.1)

zontal distribution.

In Section 2, we recall the definition of several objects depending on the horizon-
tal distribution. The H-perimeter of a measurable set in H" is the total variation
of its characteristic function in horizontal directions. We also introduce a distance
with its balls B,.(p) and B, = B,.(0), p € H" and r > 0, that is equivalent to the
Carnot-Carathéodory distance. Using this distance one can define a family of Haus-
dorff measures 8%, s > 0. In particular, the measure S*"*! is strictly related to
H-perimeter, see (2.4). Finally, in Section 4 we recall the central notion of intrinsic
Lipschitz graph, see Definition 4.6.

Aim of this paper is to prove the following theorem.
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Theorem 1.1. Let L > 0 be a constant, that is suitably large when n = 1. For any
set B C H" that is H-perimeter minimizing in By, with 0 € OE and r > 0, there
exists an intrinsic L-Lipschitz graph I' C H"™ such that

S ((TAJE) N B,) < ¢ (kr)*" ™ Exc(E, By,), (1.2)

where k > 1 1s a large geometric constant, ¢ > 0 is a constant depending on n and L,

and Exc denotes the horizontal excess, see Definition 3.1.

The reader is invited to consider the precise formulation given in Theorem 5.1. When
n = 1, the theorem holds only for Lipschitz constants L that are large enough.

Geometric measure theory in the Heisenberg group started from the pioneering
work [9] and now there is a wide literature in the area. One of the most important
open problems is the regularity of sets that are H-perimeter minimizing. The issue
of regularity is also relevant in the resolution of the Heisenberg isoperimetric prob-
lem. All known regularity results assume some strong apriori regularity and/or some
restrictive geometric structure of the minimizer, see [7], [6], [5], and [19]. On the
other hand, there are examples of minimal surfaces in H" with n = 1 that are only
Lipschitz continuous in the standard sense, see for instance [16] and [17].

The first step in the regularity theory is a good approximation of the boundary
of minimizing sets. In De Giorgi’s original approach, the approximation is made by
convolution and the techniques rely on the monotonicity formula (see, e.g., [12]).
The validity of a monotonicity formula for H-perimeter, however, is not clear. A
more flexible approximation scheme is via Lipschitz graphs (see, e.g., [18]). The
approximation of area minimizing integral currents of general codimension by means
of multiple valued Lipschitz functions is one of the central results of Almgren’s book
[1, Chapter 3|. These results have been recently improved in [8].

In this paper, we follow the Lipschitz approximation scheme. The boundary of
sets with finite H-perimeter is not rectifiable, and, in fact, it may have fractional
Hausdorff dimension (see [13]). Nevertheless, the notion of intrinsic graph turns out
to be effective in the approximation. The starting point is the analysis of pair of
points with small horizontal excess and then we use some ideas from [2, Sections 4.3,
4.4] to prove Theorem 5.1.

The second step in the regularity theory is the harmonic approximation. Elliptic
estimates imply the decay estimate for excess and this, in turn, yields the interior
partial regularity of the support of the current (the regularity of the reduced boundary
for perimeter minimizing sets, respectively). In the Heisenberg group, the harmonic
approximation with its various adaptations cannot be easily implemented and, so far,
the regularity problem remains open.
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Section 2 fixes notation and definitions. In Section 3, we prove some auxiliary
results on sets with zero or small horizontal excess in a ball, see in particular Propo-
sitions 3.7, 3.9, and 3.10. In Section 4, we start the construction of the intrinsic Lip-
schitz approximation (see Propositions 4.1 and 4.2) and we prove a covering lemma

(see Theorem 4.14). Finally, in Section 5 we prove Theorem 5.1.

Acknowledgements. 1t is a pleasure to acknowledge with gratitude L. Ambrosio

and D. Vittone for their careful reading of an early version of this paper.

2. PRELIMINARY DEFINITIONS AND RESULTS

For any p = (2,t) € C* x R = H" we let ||p|| = max{|z|, |[t|"/?}. The homogeneous
norm || - || satisfies the triangle inequality

lp*qll < llpll + llqll,  p.q € H". (2.1)

Moreover, the function d : H* x H" — [0,00), d(p,q) = |[p~" * q||, is a left invariant
distance on H" equivalent to the Carnot-Carathéodory distance. Using this distance,
we define the ball centered at p € H™ and with radius » > 0

B.(p)={qeH":d(p,q) <r} =px{qgeH":|jq] <r}. (2.2)

In the case p = 0, we let B, = B,(0).
The horizontal divergence of a vector valued function ¢ € C*(H"; R?") is

divap = Y X905 + Yiojan.
j=1
This is the standard divergence of the vector field Z?:l ©; X + @jnY; with respect
to the Lebesgue measure £2"*!, that is the Haar measure of H". A measurable set
E C H" is of locally finite H-perimeter in an open set 2 C H™ if there exists a
R2"-vector valued Radon measure jp on  such that

/diVHsodpz —/<w7duE>
FE Q

for all ¢ € C}(Q;R*"). Here, (-,-) denotes the standard scalar product in R?*". We
denote by |ug| the total variation measure of pg. If |ug|(2) < co we say that E has
finite perimeter in 2. We also use the notation

P(E; B) = |ug|(B),
for any Borel set B C (), to denote the H-perimeter of E in B. When B = H"
we write P(E) = P(E;H"). By Radon-Nykodim theorem (equivalently, by Riesz
representation theorem), there exists a Borel function vg : Q — R?" such that pugp =

ve|pe|. Moreover, we have |vg| = 1 |ug|-a.e. in . The function vg is called measure
theoretic inner normal.
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When F is a set with Lipschitz boundary 0F, the Heisenberg perimeter of E can
be represented by the following area formula

n

P(E;Q) = /d ) (Zw, X;)2+ (N, Yj>2>1/2d7{2”, (2.3)

where N is the standard unit normal to OF, (-,-) is the standard scalar product of
vectors of R?"*! and H?" is the standard 2n-dimensional Hausdorff measure of R?"*+1.

The measure theoretic boundary of a measurable set £ C H" is
OE ={peH": |[ENB,(p)| >0 and |B,(p) \ E| > 0 for all r > 0}.

Here and in the sequel, we denote by |E| = L*"*1(E) the Lebesgue measure of F.
Assume that F has locally finite H-perimeter in H"”. The reduced boundary of E is
the set 0*F of all points p € H" such that the following three conditions hold:

(1) [pe|(Br(p)) > 0 for all r > 0;

(2) We have

1

1im—/ vpd|ug| = ve(p);
=0 |up|(B(p) JB, )

(3) There holds |vg(p)| = 1.

This definition is introduced and studied in [9)].
The Heisenberg perimeter has the following representation in terms of Hausdorff
measures. For any s > 0 we denote by &° the spherical Hausdorff measure in H"

constructed with the left invariant metric d. Namely, for any set £ C H" we let
S*(E) = sup 55 (E)
>0
where
S:(E) = inf { S (diamB,)* : E | By, B; balls as in (2.2), diam(B;) < 5},
ieN ieN
and diam is the diameter in the distance d. Then there exists a constant d(n) > 0

depending on n € N such that for any set £ C H" with locally finite H-perimeter
and for any Borel set B C H" we have

P(E,B) =6§(n)S° ' (0*ENB), (2.4)

where the integer () = 2n + 2 is the homogeneous and metric dimension of H".
Formula (2.4) is proved in [9].

Definition 2.1. Let Q2 C H" be an open set. A set £ C H" with locally finite
H-perimeter in €2 is H-perimeter minimizing in € if for all p € H" and r > 0 and for
any F' C H" such that EAF CC B,(p) C §2 we have

P(E, B.(p)) < P(F, B.(p))- (2.5)
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Sets that are H-perimeter minimizing admit lower and upper density estimates
with geometric constants. The proof of the following lemma is well known in the case
of the standard perimeter.

Lemma 2.2. Let E C H" be an H-perimeter minimizing set in B, for some r > 0.

Then we have
P(E,B,) < ¢r9™, (2.6)
where ¢; = P(By).
Proof. Let 0 < s < r. Since the sets E and E \ B agree inside B, \ By, we have
P(E,B.\ B,) = P(E\ By, B,\ B,) = P(E\ B,, B,) — P(E\ B, B,)
On the other hand, using P(E \ Bs, Bs) = 0 and (2.4) we obtain
P(E\ By, B,) = P(E\ By, 0B,) = §(n)S1(0"(E \ B,) N 0B,)
< §(n)SUHOB,) = P(B,) = ;597

The formula P(B,) = s9'P(B;) follows by an elementary homogeneity argument.
Then we obtain the inequality P(E \ Bs, B,) < P(E, B, \ B,) + ¢;s971. For E is
H-perimeter minimizing in B,, by (2.5) we get

P(E,B,) < P(E\ B,,B,) < P(E, B, \ B,) 4 ¢,597",
and, letting s 1 r, we obtain (2.6). O
The proof of the following lemma is in [19], Proposition 2.14 (see also Theorem

2.4).

Lemma 2.3. There exist constants co,c3 > 0 depending on n > 1 such that for any
set ' C H" that is H-perimeter minimizing in Ba,, 0 > 0, we have, for allp € OENDB,
and for all 0 < r < o,

min {|E N B,(p)|,|B-(p) \ E|} > cor®, (2.7)

and
P(E, B,(p)) > ¢car®". (2.8)

We always have the inclusion 0*F C 0F. This follows from the structure theorem
for sets with locally finite H-perimeter of [9]. If we also have the uniform density
estimate (2.8), then the difference OF \ 0*E' is negligible.

Lemma 2.4. Let £ C H" be an H-perimeter minimizing set in an open set {2 C H™.

Then we have

S¢((OE\ O"E) N Q) = 0. (2.9)
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Proof. Let K = (OFE \ 0*E) N Q, let A C Q be an open set containing K, and fix
§ > 0. For any p € K there is an 0 < 7, < §/10 such that Bs, (p) C A. Then
{B,,(p) : p € p€ K} is a covering of K and by the 5-covering lemma, there exists a
sequence p; € K, i € N, such that the balls B; = B,,(p;), with r; = r,,, are pairwise
disjoint and
ieN
It follows that
SPTNK N A) <Y diam(Bs,, (p) 27t = 10970y 8!
ieN ieN
<1097'¢;' Y P(E, B, (pi) < 1097'¢; ' P(E, A).
ieN

Because § > 0 is arbitrary, we deduce that S¢~1(K) < 109" 1c;'P(E, A). As A is
arbitrary and, by (2.4), P(E, K) = 0, we conclude that SY~1(K) = 0. O

The density estimates (2.6), (2.7), and (2.8) are the unique facts concerning H-
perimeter minimizing sets that are used in the rest of the paper.

3. SETS WITH LOCALLY CONSTANT MEASURE THEORETIC NORMAL

In this section, we discuss some properties of sets in H" having zero or small excess
in a ball. In the following, we let m = 2n — 1 and S™ = {v € R : |v| = 1}. With
abuse of notation, we identify v € S™ with (v,0) € R*" x R = H".

Definition 3.1 (Excess). Let £ C H" be a set of locally finite H-perimeter, p € H",
and 7 > 0. For any v € S™, we define the v-directional (horizontal) excess of E in

B,.(p)

Exe(E.B(p).v) = g [ Ioea) = v
r Br(p)
The (horizontal) excess of E in B,(p) is

Exc(F, B.(p)) = min Exc(E, B,.(p), v).

vesSm
Remark 3.2. (i) Using |v| = 1 and |vg| = 1 |ug|-a.e., we obtain the equivalent
definition
Exc(E, By(p)) = —5= min {|us|(B,(p)) = (v, 1u(Br(p)) }- (3.1)

The minimum is achieved at the vector v = pug(B,.(p))/|ne(B:(p))|, when ug(B,.(p)) #
0, and we have

Bxc(E, B,(p)) = s {1nl(B,0) ~ lns(B. o))} (32
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(ii) By the continuity of measures on increasing sequences of sets, we have

l;g} Exc(E, Bs(p)) = Exc(E, B.(p)). (3.3)

(iii) If B,(p) C B,(q) we also have the monotonicity
P ER(B, By(p) < ¢ Exe(E, Byla) (3.4

Lemma 3.3. Let B, E;, C H", h € N, be sets of locally finite H-perimeter such that
g, — p1p in the weak sense of Radon measures, as h — oo. Then for any v € S™,
p e H", and r > 0 we have

[ et~ vPdinsl@ < timint [ s, @) - vPdus @) (39
Br(p) oo

By (p)

In particular, we have the lower semicontinuity of excess
Exc(E, B.(p)) < li}En inf Exc(E}, B-(p)). (3.6)
—00

Proof. For a.e. s > 0 we have |ug|(0Bs(p)) = 0. By the weak convergence of Radon

measures, we have for any such s

| el = vPdusl(@) =t [ (@) - vPds @ G0)
Bs(p) o0

Bs(p)

Approximating r > 0 by an increasing sequence of s such that (3.7) holds, we obtain
(3.5).

The same argument starting from (3.2) proves (3.6).

The automorphisms 6, : H* — H", A > 0, of the form
0n(z,1) = (A2, \%),  (2,t) e H",

are called dilations. We use the abbreviations Ap = ,(p) and AE = 0,(FE), for p € H"
and £ C H". Left translations 7, : H" — H"

7(p) =q*p, p,q€H", (3.8)
and rotations of the form
(z,t) = (Tz,t), (z,t)eH", withT € U(n) (3.9)

are isometries of H" with the distance d.
The proof of the following lemma follows elementarly from the invariance properties

of H-perimeter and we omit it.

Lemma 3.4. Let E C H" be a set with locally finite H-perimeter, p € H", and r > 0.
(i) For any A >0

Exc(AE, By (Ap)) = Exc(E, B,(p)). (3.10)
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(ii) For any isometry T : H" — H"
Exc(T(E), T(B.(p))) = Bxe(E, B, (p)) (3.11)
The proof of the following lemma is in [15, Lemma 2.1]. Recall that a horizontal

left invariant vector field Z in H" is a linear combination with constant coeflficients
of the vector fields X4,...,X,,Y:,...,Y,.

Lemma 3.5. Let E C H" be a set with finite H-perimeter in B,., r > 0, and let Z be
a horizontal left invariant vector field such that

/ Zo(p)dp <0 for all p € CHB,) with ¢ > 0. (3.12)
E

Then for any L*'-measurable set A C B, we have |E N A| < |ENexp(sZ)(A)| for
all s > 0 such that exp(sZ)(A) C B,.

In the following proposition, we require n > 2. This is a localized version of an
important lemma in the theory of sets with finite horizontal perimeter, see [9]. See
also [14] for the problem of characterizing sets with constant horizontal normal in the
Engel group.

Proposition 3.6. Let E C H", n > 2, be a set with finite H-perimeter in B.(q),
q€OE andr >0, and let v € S™. If vg(p) = v for |ug|-a.e. p € B.(q) then, up to a
L2 _negligible set, we have

ENB.(q)={p € Bq): (v,q " *p) > 0}. (3.13)

Proof. Possibly modifying F in a £2""!-negligible set, we can assume that E coincides
with the set of its Lebesgue points:

E:{peﬂnzlimm:1}. (3.14)

ro B (p)|
By (3.11) and (3.8)-(3.9), we can assume that v = (1,0,...,0) and ¢ = 0. Thus, for
any ¢ € C}(B,;R?") we have
[ aivaew o=~ [ toedlusl = [ il
FE n n
Then (3.12) holds with Z = X and it follows that
peENB, = exp(sXi)(p)eE fors>0, (3.15)

as long as exp(sX1)(p) € B,.
Condition (3.12) holds also with Z € {+X,,...,+X,,+Y,...,£Y,}. In particu-
lar, the positive and negative flow along Z preserves Lebesgue measure. Thus

pe ENB, = exp(sZ)(p)e £ forseR, (3.16)
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as long as exp(sZ)(p) € B,. Finally, for s € R consider the mappings &, U, : H" —
H’I’L
D, (p) = expl(—s¥2) exp(—sXy) exp(sYs) exp(sXa) (p) = p » (0, —45?),

U(p) = exp(—sX;) exp(—sY2) exp(sX2) exp(sYa)(p) = p * (0,4s%).
Then we have
pe ENB, = &4p),¥Ys(p) € F for s > 0 small enough. (3.17)

If 0 € 9E N By, from (3.15)~(3.17) it follows that ENB, = {p€ B, :p; >0}. O

When n = 1, the situation is different. Let Z be a horizontal left invariant vector
field. We say that a set £ C H! is Z-ruled in a set A C H" if

peENA = exp(sZ)(p) el

for all s € R such that exp(sZ)(p) € A.
In the following proposition, it will be useful to work with suitable boxes in H!
replacing the balls B,(p). For r > 0 and p € H', we let

Qr={(z,y,t) €H' :a| <, [yl < |t] <r?},

(3.18)
Qr(p) =px* Qr-
For r > 0 and (yo, to) € R?, we also define
D, = {(y,t) e R*: [y| <r, [t| <r?},
{ j (3.19)

D, (yo, to) = {(y,t) ER%: jy—yo| <, |t —to] < 7“2}.

Proposition 3.7. Let E C H! be a set with finite H-perimeter in Qg4., v > 0, with
0 € OE. Assume that vg(p) = (1,0) € S for |ug|-a.e. p € Qu,.. Then there erists a
function g : D, — (—r/4,7/4) such that:

(i) Up to an L3-negligible set we have
ENQ,={(z,y.t) €Q, x> g(y.t)}.
(ii) ¢(0) =0 and for all (y,t),(y,t') € D,
9(y.0) — 95/, )] < ly = o] + ool 1 (3.20)
(iii) The graph of g is Yi-ruled in Q, and namely
9(y,t) = 9(0,t +2yg(y. 1)), (y,t) € D (3.21)

Proof. As in the proof of Proposition 3.6, we can assume that

. |EﬂBs(p)|
E= {peHl:hm—:1}.
sl |By(p)|
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For any o, 8 € R with @ > 0, let Z = aX; + 8Y;. Then, for any ¢ € C}(Qy,) with

¢ > 0, we have
/Zsodp=—a/ pd|pgl <0.
E 4r

By Lemma 3.5, it follows that
peEENQy = exp(sZ)(p) €E, (3.22)

for all s € R such that exp(sZ)(p) € Qu-

For any point ¢ € E'N Qo consider the set F, = ¢~' * E. The set E, has constant
measure theoretic normal (1,0) € S' in Q,,.. We apply (3.22) to the set E, starting
from the point p = 0 € E,. We deduce that

{(x,y,O) € Qo x> O} C E,.

Then we apply apply (3.22) to the set £, starting from a generic point p = (z,y,0) €
Q2 N B, with |y| < 2r and z > 0, and we let  — 0. We deduce that

{(z,y,t) € Qo : x>0, |t| < 4drz} C E,.
In other words, we have
gEENQy = qx{(z,y,t)€Qy:2>0,[t|<4rz} C E. (3.23)

From (3.23), it follows that ENQy,.N{y = 0} is a planar set with the cone property,
the cones having all axis parallel to the z-axis and aperture 4r. We deduce that there
exists a Lipschitz function h : (—r2,r?) — R such that:

(a) {(z,t) eR?: (2,0,t) € E} = {(x,t) € Do : & > h(t)};

(b) [h(t) — h(t)] < %]t ¥ for all £,¢' € (—r2,72).
Because 0 € OF, we infer that h(0) = 0. From (3.23), we also deduce that OF is
Yi-ruled in ()5,. Then we have

OE N Qy = {(h(1),0,7 = 20h(7)) € H' : (0,7) € Dy, }. (3.24)
For any (y,t) € D,, the system of equations
o=y, T—20h(T)=t

has a unique solution (o,7) € D,,. This is an easy consequence of the Banach fixed
point theorem and we omit the details. We claim that the solution 7 = 7(y,t) of
the equation 7 — 2yh(7) = t is Lipschitz continuous. Namely, by (b), we have for

(y,1), (Y, t') € D,
17(y, t) = 7(y, )] = |t = 2yh(7(y,t)) —t' +2¢'h(T(y,1))]
<t =]+ 20yl|h(1(y, 1) — h(r (¥, )| + 20 (v, )]y — ¥

1 1
SfE=t+ Iy, ) =7 O+ S Olly =y,
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and this implies

7(y,t) — 7y )| < drly — /[ + 20t — '] (3.25)
The function g = h o 7 satisfies (i), (ii), and (iii). In particular, (3.20) follows from
(3.25), and (3.21) follows from (3.24). Finally, |g(y,t)| < r/4 follows from (b). O

Remark 3.8. If in Proposition 3.7 the radius r can be taken arbitrarly large, then
from (3.20) we deduce that the function g does not depend on ¢. Then from (3.21),
we deduce that g does not depend on y, either. Thus F is a vertical half-space.

Proposition 3.9. Let n > 2. For any 0 < 7 < 1 there exists an n > 0 such that for
allp e H*, r > 0, v € S, and for any set E C H" that s H-perimeter minimizing
in Bs,(p) with p € OF we have

Exc(E, By.(p),v) <n = P(E,B,(pxq)) > 4Twa_or?""

for all ¢ € Ba, such that (q,v) = 0. Above, way, o is the Lebesque measure of the
standard unit ball in R*"~2.

Proof. By contradiction, there exists 0 < 7 < 1 such that for all h € N there are
pn € H", 1, > 0, v, € S™ and g, € By, such that (g, v,) = 0, and sets E, C H"
that are H-perimeter minimizing in Bs,, (pn) with p, € JE}, such that

1 _
Exc(E, Bsy, (pn), ) < - and P(En, By, (pn % q1)) < 47wnp o

By (3.10) and (3.11), we can assume that r, = 1, p, = 0, and ¢, € By. Moreover, by
compactness we can assume that v, — v, g, — ¢ € By with {q,v) = 0.

By the compactness theorem for sets with finite H-perimeter, [11, Sec. 4], we can
assume that, up to a subsequence, Ej, — E as h — oo in the L'(Bj)-convergence of
characteristic functions, for some set £ C H" with finite H-perimeter in Bs.

As 0 € OF}, by (2.7), we have for 0 <r < 1

min {|E, N B, |, |B, \ Ex|} > c5r€. (3.26)

Passing to the limit as A — oo in (3.26), we obtain the same estimate for the set F
and thus 0 € OF.
Passing to the limit as h — oo in

1
Exc(FEy, Bs,vp) < 7

using (3.5) and v, — v, we deduce that Exc(FE, Bs,v) = 0 and thus vg(p) = v for

|ngl-a.e. p € Bs. By Proposition 3.6, E coincides in Bz with a vertical half-space

having boundary JF orthogonal to v. As ¢ € OF and B;(q) C Bs, we have
P(E7Bl(Q)) = P(Ea Bl) = 4w2n—2-

The exact formula for P(E, B;) follows from the area formula (2.3).
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On the other hand, for any 0 < r < 1 we have
P(E,B.(q)) < li}{giorolf P(En, B.(q) < lilzri)icng(Eh, Bi(qn)) < 4twan_a,
and thus P(F, B1(q)) < 4wa,—2. This is a contradiction. O

Next, we prove a version of Proposition 3.9 in the case n = 1.

Proposition 3.10. There are constants ko, > 0 such that for all p € H', r > 0,
v €S k> ko, and for any set E C H' that is H-perimeter minimizing in By, (p)

with p € OF, we have

3

Exc(E, By (p),v) <n = P(E,B(p*q))> ;—2

for all ¢ € By, such that {q,v) = 0. In fact, we can choose ko = 370.

(3.27)

Proof. By (3.10) and (3.11), it is enough to prove the proposition for p = 0, v =
(1,0) € S*, and r = 1. We replace the balls B, with the boxes Q, introduced in
(3.18). Notice that @,/2 C B, C Q,.

Assume by contradiction that there exist a sequence of sets Fj, h € N, that are
H-perimeter minimizing in /> with 0 € 0E}, and a sequence of points g, € By C @2
such that (g, v) = 0, and moreover

1 1
Exc(Ep, Qrj2,v) < 7 P(En, Q12(qn)) < 33

By compactness, we can assume that g, — ¢ € Qo with (g, ) = 0. Moreover, by the
compactness theorem for sets with finite H-perimeter we can assume that, up to a

subsequence, E;, — FE as h — oo for some set £ C H" such that

1
Exc(E,Qrj2,v) =0 and P(E,Q1/2(q)) < 33
By Proposition 3.7, there exists a function g : Dj/s — R such that:

(1> OEN Qk/8 = {(g<y7t)7y7t) < H' (yvt) < Dk/8}7

(i) 9(0) = 0 and |g(y,t) — g(y', )] < ly—y/| + 2|t — ] for all (3, ), (4, #) € Dyys
(iii) The graph of g is Yi-ruled in Q/s, and namely for any (y,t) € Dj/s we have

9(y,t) = g(0,t + 2yg(y,1)). (3.29)

We claim that for any q = (yo,to) € Do, i.e.,

(3.28)

max{|yol, [to|'*} <2, (3.30)

and for any (y,t) € D1/4(q), i.e.,
1
max{|y — yol, [t = to|"*} < 7, (3.31)

we have
1 1 1
lg(y,t)] < 3 [y — yo| < > [t —to — 2yog(y, t)| < 1 (3.32)
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The inequality |y — yo| < 1/2 is trivially satisfied by (3.31). Moreover, by (3.29), (ii),
(3.30), and (3.31), we have

l9(y, )| = 19(0,t + 2yg(y, t))|

Then we have for k& > 18
65
) < —.

This implies |g(y,t)| < 1/2 for k > 51. Moreover, by (3.30), (3.31), and (3.33)

(3.33)

65
k—18’

1
[t —to — 2y0g(y, t)| < |t —to] + 2Jmollg(y, t)| < 16 + (3.34)

and this implies |t — ¢ — 2yog(y,t)| < 1/4 for k > 370.
Then, by (3.31)—(3.34), we have

G = {(g(y7t)7y7t) eR’: (yvt) € D1/4(q>} C 8E0Q1/2(Q)7

and, by the area formula (2.3), it follows that

P(E, Q1 5(0) / VX0, N+ (¥, NY2dH2,

where N is the standard unit normal to G and H? is the standard 2-dimensional
Hausdorff measure in R3. We deduce that

P(E,Q1/2(q) / \/ 1— 2yc9tg (ﬁyg — 2g8tg)2dydt.
Dy/4(q)

By (ii) we have |0,g| < 4/k a.e. on Dy/s, and thus

181
1= 2y0g| > 1= 2yllog] > 1-— > 2,

for k£ > 36. We conclude that for £ > 370, we have

1 1
P(E,Qiy2(q)) 2 / |1 — 2yd,g|dydt > ~|D1ja(q)| = o=
D1/a(a) 2 32

74(q

This contradicts (3.28). O



14 MONTI
4. INTRINSIC LIPSCHITZ GRAPHS

Let v € S™. With abuse of notation, we identify v with (,0) € H". For any
p € H", we let v(p) = (p,v)v € H" and we define v*(p) € H" as the unique point
such that

p=v=(p)*v(p). (4.1)
We use the coordinates p = (z,t) € C* x R and we let

2l =(z,v)v and zt=z-2" =2 (z,V)n. (4.2)

In the notation for 2+ and 2", we omit reference to v. Then we have
vi(p) = (25, = Q(z7,27)). (4.3)

Recall that the homogeneous norm of p = (z,t) € C* x R is ||p|| = max{|z|, [t|'/2}.
By the triangle inequality (2.1), there holds

@)l = [k, pvll = [, 2)] < [ < lpll, (4.4)

=)l = lp* @)= < llpll + v~ = llpll + lv @) < 2llpll. - (4.5)

Proposition 4.1. Letn > 2 and v € S™. For any L > 0 there exists a o > 0 such
that for all r > 0 and for any set E C H" that is H-perimeter minimizing in Bs, the

condition
Exc(E, Bs(u),v) <o forall0 <s <2r andu € {p,q} COENB, (4.6)
implies
(g™ *p)ll < Llvt (g™ *p)l. (4.7)
Proof. By contradiction, assume that there exists an L > 0 such that for all h € N

there are r;, > 0, sets £, C H" that are H-perimeter minimizing in Bs,,, and points
Ph,qn € OE, N B, such that

1
Exc(Ey, Bs(u),v) < 7 for all 0 < s < 2r, and u € {pn, qn} (4.8)

and
[v(a, " * o)l > Lllv (g * pa) - (4.9)
By (3.10), we can without loss of generality assume that r, = 1 for all h € N. Possibly
taking a subsequence, we can assume that as h — oo we have:
i) pn — p and ¢, — ¢ with p,q € B;. In particular, passing to the limit in (4.9),

we have

(g~ *p)ll > Llv* (¢~ * p)l. (4.10)
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ii) B, — E in L'(Bj3), for some set E C H" that is H-perimeter minimizing
in Bs. This can be proved by the compactness theorem of [11, Sec. 4]. In
particular, by the lower semicontinuity (3.5), we have for any 0 < s < 2, and
in fact for s = 2,

Exc(E, Bs(u),v) =0 for u € {p,q}. (4.11)

As in Lemma 3.9, we have p,q € OF.
Now there are two cases:

a) v(g~" *p)|| > 0;
b) [lv(g~t % p)|| = 0.

By (4.11) and Proposition 3.6, the set E coincides in Bs(p) N Ba(q) with a vertical
half-space H having boundary orthogonal to v, with p,q € 0H. In the case a), this
is a contradiction.

In the case b), we have A, = ||v(q," * ps)|| — 0 as h — oo, and A, > 0 for all
h € N, by (4.9). Let us define

1 1
F, = —(q,;1 * Eh) and vy, = —(q,;1 xpp), heN.
)\h /\h
Then we have 0,v, € 0F), and, by (4.9), 1 = |[v(vs)|| > L|lv*t(vs)||. By (4.1) and
(2.1), we get [Jvall < [lv(vn)|| + [lv*(on)]| < 1+1/L.
Let R > 0 be any large number, e.g., R > 1+ 1/L. Possibly taking a subsequence,
we can assume that, as h — 0o, we have:
1) v, = v with ||v|| <14+ 1/L and |jv(v)]| = 1.
2) Fj, — F in L'(Bspg), for some set F' C H" that is H-perimeter minimizing in
Bsg. In particular, we have Exc(F, Bog(u),v) = 0 for u € {0,v}.
Then F' coincides in Byg(v) N Beg with a halfspace H having boundary orthogonal
to v with 0,v € 9H. This contradicts ||v(v)|| = 1. O

Proposition 4.2. For any L > 2 there exists a 0 > 0 such that for all r > 0, for
all v € S, and for any set E C H' that is H-perimeter minimizing in Bisg,., the

condition
Exc(E, Bs(u),v) <o for all0 < s < 64r and u € {p,q} C OEN B, (4.12)

implies
lv(q™ *p)Il < Lv(a™" *p)|- (4.13)

Proof. The first part of the argument is the same as in the proof of Proposition 4.1.
We arrive at the following statement: by contradiction, there are points p, ¢ € 0ENDB,
such that

Exc(E, Bs(u),v) =0 forall 0 <s < 64r and u € {p, ¢} (4.14)
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and
(g~ *p)ll > Lllv* (¢~ * p)l. (4.15)
There are two cases:

a) lv(g~" = p)|| > 0;
b) [[v(g~ = p)|| = 0.

The analysis of case a) is more complicated than in Proposition 4.1. From (4.15)
and L > 4 we have in this case the strict inequality

(g™ *p)ll > 4llv=(a" = p)ll. (4.16)

By (3.11), we can assume that v = (1,0) € S'. By (4.14), we have Exc(E, Qs(u),v) =
0 for all 0 < s < 32r and u € {p,q}. By (3.11) again, we can assume that ¢ = 0 and
Exc(E, Qs(u),v) =0 for all 0 < s < 16r and u € {p, 0} with p € By, C Qa,.

By Proposition 3.7, there exists a function g : Dy — (—r,r) such that:

(i) Up to an L3-negligible set we have
EN Q47’ = {(I,y,t) S Q47‘ T > g(yat)}
(ii) g(0) = 0 and for all (y,t), (v/,t') € Dy,
1
90y, 1) =9y O < ly =y + 51t = ¢]. (4.17)

(iii) The graph of ¢ is Y ruled in Qy,, i.e., g(y,t) = g(0,2yg(y,t)) for (y,t) € Qu.
Then we have p = (g(y, 1), y,t) for some (y,t) € Ds,. By the formula v(p) = {p, v)v
and (4.3), we have

v(p) =g(y.t)v and v(p)" = (0,y,t — 2yg(y,t)).
By |g(y,t)| < r, (ii), and (iii), we obtain
@)l = lg(y,t)] = [9(0,t + 2yg(y,1))|

< Lt 29,0

<5 y9(y,
1

< Z{’t — 2yg(y, t)| + 4lyllg(y, )|}
1

< Q—T{\/ngt —2yg(y, t)|'* + 4rly|}

< 2{Jt = 2yg(y. )" + yl} = 2[lv(p)"|.

This contradicts (4.16) with ¢ = 0.

The analysis of the case b) is the same as in the proof of Proposition 4.1. In this

case, we use Remark 3.8. Details are omitted. [l
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Definition 4.3. The (open) cone with vertex 0 € H", axis v € S™, and aperture
€ (0, 00] is the set

C0,v,0) = {p e H" : |- < allv()ll}. (4.18)
The negative and positive cones are, respectively,
C7(0,v,0) = {p= (1) e H": [v=(p)l| < allv(p)l, {z,v) <0},
CH0,v,0) = {p=(,t) e H" : [lv=(p)]| < allv(p)ll, {z.v) > 0}.

The cone with vertex p € H", axis v € S™, and aperture a € (0,00] is the set
C(p,v,a) = p* C(0,v,«). Analogously, we let C~(p,v,a0) = p x C~(0,v,) and
CH(p,v,0) = px CH(0, v, ).

Remark 4.4. By (4.3) and (4.2), the inequality |[v-(p)|| < a|v(p)||, with p = (2, ),
defining the cone in (4.18) is

max{|zﬂ,|t—Q(zL,zT)|1/2} <alz'| (4.19)
In the next lemma, we collect some elementary facts about cones in the Heisenberg
group.
Lemma 4.5. Let v € S™.
i) For any a > 0, p € H", and sy € R we have
U C*(p*sv,v,a) =H". (4.20)

s<So

ii) Let v : H" — H" be the mapping 1(p) = p~* = —p. For any a > 0 we have
C(0,v,a) C1CT(0,v,a + 2V/a). (4.21)
iii) For all a, >0 and p € CT(0,v,a), we have C*(p,v, ) C CT(0,v,7) with
+ — ma {o, B.JaF T ). 122
Analogously, for any p € C~(0,v,a) we have C~(p,v, ) C C~(0,v,7).
Proof. When p = 0, by (4.19) and the estimate |Q(z, ()| < 2|z||(| we have
Ct(sv,v,a) = sv* CT(0,v,a)
= SU % {(z,t) € H" : max{|zt|, |t — Q(z4, 2N)|V?} < aly, z)}
- {(z,t) € H" : max{|2], |t — Q(z*, 27 — 250)|"2} < afv, 2 — 31/)}

Claim (4.20) with p = 0 then follows from the fact that for any (z,t) € H" there
exists o € R such that for all s < o there holds

it — Q2+, 27 — 250)|Y? < aly, 2 — sv).

By left translation, the claim holds for any p € H".
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We prove (4.21). Notice that, for any 5 > 0, we have
CH(0, v, B) = {(z,t) € H™ : max {|=%], |t + Q=+, 212} < —ﬁ(z,y>}.
For any (z,t) € C~(0,v,«), there holds |Q(z+,27)| < 2|z1||2T] < 2alzT|? and
[t+ QG4 2DV < |t = QG 2NV + 2024, 2N)|V? < —(a+ 2va)(z,v).

The claim follows.
We prove iii). A point p = (z,t) € H" belongs to C*(0,v, a) if

max{\zﬂ,\t—Q(zl,zT)ll/Q} < afz,v). (4.23)

A point ¢ € C*(p, v, B) = pxCT(0, v, 5) is of the form ¢ = pxw where w = ({,7) € H"
is such that

max {|¢*], [ = Q¢ ¢V} < B¢ v). (4.24)
As q= (2 +(t+7+Q(20)), the claim [[v*(g)]| < ~[[v(g)] reads
max { |24 + CH| [t + 7+ Q(2,0) — Q(zt + ¢ 2T + ¢V <z + vy (4.25)
On the one hand, by (4.23), (4.24), and (4.22) we have
|2+ CH < 2+ [ < alzv) 4+ B(Cv) <z 4 ().
Then, to prove (4.25) it is sufficient to show that

t+7+Q(2,) —Qzm+ ¢ 2" + (N {2 P+ 2(z, )¢ v) + TP} (4.26)

By the triangle inequality, we have
|t +7+ Q(Zv C) - 62(2’/L + CL7 ZT + CT)| §|t - Q(Zla ZT>| + |T - Q(Cly CT)|

+ |Q(Z? C) - Q(Cla ZT) - Q(zla CT)|
(4.27)

The first and second term in the right hand side of (4.27) are estimated by (4.23)

and (4.24). Moreover, we have
Q(2,¢) = Q(¢T,2") = Q=+, ¢ = Q= ¢H) +2Q(=, ()|
< 2{|HI¢H + 212 TICH )
< 2{af +28}z"(IC")|
< 29z, v){C,v).
Claim (4.26) follows. O
For v € S™ we denote by H, = {p € H" : (p,v) = 0} the vertical hyperplane in H"

orthogonal to v. We endow span{rv} = {(sv,0) € H" : s € R} with its natural total
ordering.
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Definition 4.6. (i) The intrinsic graph of a function ¢ : A — span{v}, A C H,, is
the set
gr(p) = {p xp(p) e H" :p e A}. (4.29)
In gr we omit reference to v.
(ii) A function ¢ : A — span{v}, A C H,, is L-intrinsic Lipschitz, L € [0,00), if
for any p € gr(p) there holds

gr(o) N C(p,v,1/L) = 0. (4.30)

Remark 4.7. The notion of intrinsic Lipschitz function of Definition 4.6 is introduced
in [10]. The cones (4.18) are relevant in the theory of H-convex sets [3].

The following extension theorem is proved in [10]. Here, we give a self-contained
proof with an estimate of the Lipschitz constant of the extension.

Proposition 4.8. Let ¢ : A — span{v}, v € S™ and A C H, nonempty set, be
an L-intrinsic Lipschitz function, L > 0. Then there exists an M -intrinsic Lipschitz
function ¢ : H, — span{v} with

1 —2
M:(,M ——1) , 431
T (431)

such that ¥ (p) = p(p) for allp € A.
Proof. Let a = 1/L and define the set
E=JC (pxop)v.a).

peEA
The set F is open, as it is the union of open half-cones, and, moreover, E # () because
gr(p) N E =0, by (4.30).

Let

Oé2

b= a+2
In view of Lemma 4.5, part iii), notice that v/af + 28 < a and < «. Then for any
q € E we have

(4.32)

C*(q,v,8) C E. (4.33)

By an elementary continuity argument, the inclusion (4.33) also holds for any g € OF,
the topological boundary of . Then we have the implication

p.g€dE = p&C(qvp). (4.34)

For any p € H,, the set L, = {s ER:pxsv e E} is open, because F is open; it
is nonempty (we skip the elementary proof); it is bounded from below by (4.20). In
fact, L, is an open half-line. Then we can define the function ¢ : H, — span{v}

Y(p) = s, where s, =infL, € R.
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We claim that ¥ (p) = ¢(p) for any p € A. If p € A we have p x sv € E for
all s > (¢(p),v) and this implies that (p) < ¢(p). By contradiction, assume that
¥(p) < ¢(p). Then there exists s < (¢(p), v) such that px sy € E and (4.33) implies
that

pxp(p) € CH(p*sv,v,8) C E.

Then there exists ¢ € A such that p * o(p) € CT(q* p(q), v, ), and this contradicts
(4.30), because

gr(p) NCT (g ¢(q),v, a) # 0.
Finally, we prove that v is M-intrinsic Lipschitz. Let p,q € gr(¢)) C OE. The

inclusion gr(y)) C JOF follows easily from the construction of 1. By (4.34), each of
the following equivalences holds true

p¢CHqv.B) & ¢'xpgCT0,v,8) & plrqggCT(0,1,8), (4.35)
where ¢ : H* — H" is the map ¢(p) = p~'. Let v > 0 be such that v + 2,/7 = 3, and

nameley
y=(1+5-1)" (4.36)

By Lemma 4.5, (4.21), we have C~(0,v,v) C tC*(0,v,3), and thus, by (4.34), each
of the (4.35) implies that ¢ ¢ C~(p,v, 7). After all, we proved that

pgEC*(q,v,8) = q¢&C (p,v,7)

Then for any p € gr(¢) it holds gr(¢)) N C(0,v,~v) = 0, i.e., 1 is M-intrinsic Lipschitz
with M = 1/v. By (4.32) and (4.36), M satisfies (4.31). O

For any r > 0 and p € H", we let B> = {q € B, : (q,v) = 0} and B;j-(p) = p = B;-.
BX(p) is the section of B,(p) with the hyperplane through p orthogonal to v. Let
¥ : H, — span{rv} be an M-intrinsic Lipschitz function. We denote by 7 : H" — H,
the projection 7(p) = v+ (p), see (4.3).

Definition 4.9 (¢-balls and -cylinders). The t-ball with radius r > 0 and center
p € H, is the subset of H,

DY (p) = 7 ( B+ v(p).
The -cylinder with base D¥(p) is the subset of H"
CY(p) ={qgxsv eH": g€ D’ (p), s € R}.
Remark 4.10. If p = (z,t) € H,, i.e. z' = 0, we have the formula for v-balls

DY) = {(z+ Gt +7+ Q= +20(p). Q) € H': (¢, 7) € B}, (4.37)

Formula (4.37) can be checked after a short computation.
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Notice that, by Fubini-Tonelli Theorem, the measure of 1-balls is given by the
formula
L2(DY(p)) = 2wap 177", (4.38)

where ws,,_1 is the Lebesgue measure of the standard unit ball in R??~!,

A well known problem concerning sets as D¥(p) is that they origin from a projec-
tion, the mapping 7, that is not Lipschitz continuous for the Carnot-Carathéodory
metric. In the case of intrinsic Lipschitz functions, however, we have the following
fact.

Lemma 4.11. Let ¢ : H, — span{v} be M-intrinsic Lipschitz, M > 0. For all
points p,q € H, such that g € D¥(p), r > 0, there holds

[¥(p) — ¥(g)] < Cur, (4.39)
with
Cy = (M +VM2+ M) (4.40)

Proof. Let p=(2,t) € H, and ¢ = (2 + (,t + 7+ Q(z + 2¢(p), ¢)) € D¥(p) for some
(¢,7) € B, ie,
(| <r and |7] <12 (4.41)
As 1) is M-instrinsic Lipschitz, the point w = ¥(q)™' * ¢~ % p * 1)(p) satisfies
w¢ C0,v,1/M), i.e
[v(w)]| < Mlv*(w)]. (4.42)

A short computation provides

vH(w) = (= ¢, =7 =2Q(¢,¥(g) —¥(p)) and v(w)=(p) —¥(q),
and thus, by (4.19), (4.42) is equivalent with the inequality

[¥(p) — ¥(q)| < M max {[¢], |7 — 2Q(¢, ¥ (p) — ¥(q)]'/*}.
Then by the estimate |Q(z, ()| < 2|z||¢| and (4.41), we have
W (p) — ¥(q)| < M max {[¢|, 7|2+ 2¢|"[w(p) — v (a)|'/?}

< M(r+2r' 2y (p) — w<q>\”2)-
This implies |¢)(p) — ¥(q)| < Cpr with Cyy as in (4.40).

Lemma 4.12. Let ¢ : H, — span{v} be M-intrinsic Lipschitz, M > 0.
i) There ezists a constant A\ = A(M) > 0 such that for all p,q € H, and for all

r > 0 we have

pED!(q) = Dl(q)C D) (4.43)
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ii) For any A > 0 there exists a constant u = (M, ) such that for all v > 0 and
for all p,q € H, with p € D¥(q) we have DY (p) C Dy.(q).

Proof. i) Let p = (2,,1,) and ¢ = (2,,¢,). Pick a point (2,¢) € D¥(q), i.e., by (4.37)

we have
z=2,4C t=ty+ T+ Qzy +2¢(q),¢,), with (¢, 7,) € Br.

Analogously, we have z, = 2,4 (, t, = t, + 7, + Q(2, +2¢(q), (), with (¢, 7,) € B,
and thus z = z, + ( and t =, + 7 + Q(z, + 2¢(p), () with

(= Cq - va T="Tg—TpT+ Q(Zq — %t 2(¢(Q) - w(P)), Cq - Cp)'
We thus have |¢| < 2r, and using z, — z, = (, and (4.39), we obtain

7] < |7l + 7] +2016] + 21¥(q) = ¥ ()]G — Gl < 7*(6 +8C),

where C) is the constant (4.40). Claim (4.43) follows.
ii) As above, let z, = z, + G, t, = t, + 7 + Q2 + 2¢(q), (), with ({,, 1) € B
Pick a point (z,t) € D{.(p), i.e., by (4.37),

z=2+C t=t,+74+Q(z+2¢(p),(), with ((,7) € By,.
Thus we have z = z, 4+ (, and t = t, + 7, + Q(z, + 2¢(q), ¢,;) with

G=G+¢ and 79=74+7—Q(C— ¢ +2(d(g) —(p)), Q).
Then, by (4.39),

1G] < (T+ A7 and |7, < (143X + 202 +4\Cy)r?,

and the claim ii) follows with p = /1 + 3\ 4+ 2A% + 4\C)y. O

Corollary 4.13. For any M > 0 there exists a > 0 with the following property. Let
W : H, — span{v} be M-intrinsic Lipschitz. Then for all r,s > 0 such that s < 2r
and for all p,q € H, we have

Dy(p)nDY(q) #0 = Di(a) < Dy (p). (4.44)

Proof. Let w € D¥(p) N D¥(q). Let A = A\(M) > 0 be the constant given by Lemma
4.12 part i), and let g = pu(M,2)) be given by part ii). Then we have
(

D¥(q) € DY, (w) C Dy, (w) C D (p).
0

Theorem 4.14. For any M > 0 there exists a constant p > 0 with the following
property. Let R C R* and P C H, be nonempty bounded sets, v : H, — span{v}
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be M -intrinsic Lipschitz, and let D = {D;p(p) r€ R, p€ P}. Then there exists a
sequence D}fi (p;) € D, i €N, such that

Pc| Dy, (p) and DY(pi) N DY (p;) =0 fori#j.
€N

Proof. The proof is a variation, based on Corollary 4.13, of the proof of the 5r-covering
lemma in metric spaces. Let D; = D, Ry = sup {r > 0 : there exists DY(p) € Dl},
and pick D; = D}f’l (p1) € Dy such that 2r; > R;. Then we let Dy = {D;p(p) e D:
D¥(p) N Dy = 0} and Ry = sup {r > 0 : there exists D¥(p) € D>}. Then we pick
Dy = DY (ps) € D, such that 2ry > R,.

By induction, once D, ..., D;_; are chosen, we let D; = {D¥(p) € D : D¥(p) N
(D1 U...UD;_1) =0} and R; = sup {r > 0 : there exists D¥(p) € D;}. Then we
pick D; = D¥ (p;) € D; such that 2r; > R;.

If D; = ) for some ¢ € N then the selection process ends after a finite number of
steps. In this case, each t-ball D¥(p) € D intersects at least one of the Dy, ..., D; ;.

Otherwise, we obtain a disjoint sequence of sets (D;);cn. Because R and P are
bounded the union | J,;. D; is also bounded and has thus finite Lebesgue measure in
H,. By (4.38), we obtain

£2"< U Di> = ZEQ"(Di) = 2Wap_1 ZriQ_l < 00,

ieN ieN ieN

and it follows that r; — 0 as i — oo.
Pick any D¥(p) € D, where r > 0. There exists i € N such that 2r; < r for all
i > 4p. Then there exists j € {1,...,40} such that D¥(p) N D; # 0, because otherwise
we would contradict the choice of r; for i =g+ 1. Let j € {1,...,io} be the smallest
integer such that DY(p) N D; # (. Then we have r < R; < 2r; and thus, by (4.44),
D¥(p) C Dﬁrj (p;), where p > 0 is given by Corollary 4.13. O

5. LIPSCHITZ APPROXIMATION

In this section, we prove our main theorem, Theorem 5.1 below. In the proof we
need some further properties of instrinsic Lipschitz functions. Let ¢ : H, — R be
intrinsic Lipschitz. Here, we identify the target space with R and assume without loss
of generality that v = (1,0,...,0) € S™. Then H, = {p € H" : p; = 0} and we can
identify H, and R?" via the coordinates (z3,...,Tn, Y1, -.,¥n,t) € R*. With abuse
of notation, we denote by X5, ..., X, and Y5, ..., Y}, the restrictions of the vector fields
in (1.1) to R?".

Let W% be the distribution acting on 9 € C}(R?") as

wevoy=— [ (v -2 i
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where dp = dxs . ..dx,dy; ... dy,dt is the Lebesgue measure on R?". The intrinsic

gradient of v is then defined as the 2n — 1-vector
VO = (Xot, ..., Xptb, WY, Yorh, ..., Yyib). (5.1)

This gradient has to be understood in distributional sense. By [4, Theorem 1.2], V¥4

is in fact a vector of L°°-functions. Moreover, we have the estimate
VY]] oo (m2ny < M. (5.2)

This follows from [10, Prop. 3.18 and 4.8].
Before, stating our main result we recall that in Proposition 4.8 we have the relation

1 —2
M(L)z(dhtm—l) . L>0.

Moreover, in Proposition 4.2 there is the restriction L > 2, for the case n = 1 only.

(4.31), and namely

Theorem 5.1. Let L > 0 ifn > 2 and L > M(2) if n = 1. There are constants k > 1
and c¢(L,n) > 0 with the following property. For any set £ C H" that is H-perimeter
minimizing in By, with 0 € OF and r > 0, there exist v € S™ and an L-intrinsic

Lipschitz function ¢ : H, — span{v} such that
S9! ((gr(p)AOE) N B,) < ¢(L,n)(kr)? "Exc(E, By,). (5.3)

Proof. Step 1. Let v € S™ be such that

Exc(FE, By,) = Exc(FE, By, v) = U‘W”)%/B lvg(w) — v|*d|pg|(w). (5.4)

When n > 2, let n > 0 be the constant depending on 7 = (128ws,_2)~! of Proposition
3.9. When n = 1, let n > 0 and ky be the constants given by Proposition 3.10.
When s > 0, p and ¢ are as in Proposition 3.9 (as in Proposition 3.10 when n = 1,
respectively), then we have

sQ-1
39
as long as By,s(p) C By,. Finally, let 0 = o(L) > 0 be the constant depending on
L > 0 of Propositions 4.1 and 4.2, and set

P(E, Bs(p*q)) > (5.5)

€= %min{n, o}. (5.6)

Let @ > 0 be a parameter that will be fixed later, in (5.31). In view of Propositions
4.1 and 4.2, we require a > 32. The set

G = {p € Boy NOE : Exc(E, By(p),v) < ¢ for all s € (0,2ar)} (5.7)
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is compact. The proof of this fact starts from the closure of the condition Exc(E, Bs(p),v) <
e for any s < 2ar such that |ug|(0Bs(p)) = 0. The compactness of G then easily
follows.

Let 7 : H® — H,, n(p) = v*+(p), be the projection onto H, defined in (4.3). By

Propositions 4.1 and 4.2, we have
lv(g~t *p)|| < Lljv* (¢ xp)|| forall p,q € G. (5.8)

An elementary computation, that is omitted, shows that v(p) = vt(q) implies

v(g~t % p) = 0. Then, by (5.8), we have

vi(p) =vt(q), pgeG = p=q.

In other words, the projection 7 is injective on G and thus there exists a function
¢ : w(G) — span{v} such that p — p * ¢(p) is the inverse of 7 restricted to G.
By (5.8), the mapping ¢ is L-intrinsic Lipschitz. By Proposition 4.8, there exists
Y : H, — span{r} that is M-intrinsic Lipschitz with M given by (4.31) and such
that ¢ = ¢ on 7(G). We denote by I'" = gr(¢) the intrinsic graph of ¢, as in (4.29).
Notice that when n > 2, M can be as small as we wish, provided that we start from
a small L. When n = 1, we can assume that M stays bounded near M(2), provided
that we choose L close to 2. From now on, we assume without loss of generality that

M < M(2)+ 1. (5.9)

Step 2. Let U = (OFE\ G)N B,,. For any p € U there exists s, € (0, 2ar) such that
/ ve(w) — vPd|ug|(w) > es3. (5.10)
sp (D)

The family of balls {B,,(p) : p € U} is a covering of U. By the 5r-covering Lemma,
there exists a sequence of points p; € U and radii s; = sp,, ¢ € N, such that the balls
B, (p;) are pairwise disjoint and {Bs,,(p;) : ¢ € N} is still a covering of U. To have
the inclusion Bsg, (p;) C By, we require

1la < k. (5.11)

By (2.9), (2.4) and (2.6), we obtain

S <ZSQ YOE N Bss, (ps)) ZSQ YOE 0 Bss, (pi))

- ZP (E; Bss. (i) < ¢16(n) 159~ 1ZSQ g

=1
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Now, by (5.4), (5.10), and (5.11)

o0

SONW) S e 150N [ st vl (@)
< 015(71)—15@—16—1/ |1/E(w) B V|2d|,uE|(w) (5.12)

Bk:r
= (kr)9 'eyExc(E, By,),

where we set ¢; = ¢;6(n) 7159 teL. Now, (5.12) implies the first half of (5.3); namely,
SOY(OE\T)NB,) < S°Y((OF\ G) N B,) < (kr)? 'csExc(E, By,).  (5.13)

Step 3. We claim we can assume that G N B, /3 # (. If we had G N B, /3 = (), then
by (2.9), (2.4), and (2.8)

SN U) > SUH(OFE\ G) N B,y3)
=S Y (OFEN B,3) = §(n) "' P(E, B,3) (5.14)
> 5(n)_lc3(r/3)Q_1.

From (5.12) and (5.14), we would obtain
Exc(E, Byy) > csc; ' 0(n) "1 (3k) €.
Then, with I' = H, we would have
SN (M\OE)NB,) < S*"1(I'n B,)
= 0(n)"'P({p1 > 0}, B,) = §(n) ' 2wa,_1r?"!
< Qw103 '¢s39 7 (rk) 9 Exc(E, By,),
and the claim (5.3) would follow.
Step 4. We claim that for all s, > 0 and for all w € 7(I' N B,.) there holds
r<s/5 = B, CC’uw). (5.15)

It is sufficient to prove the inclusion 7(B,/3) C D¥(m(p)). Let w x ¢(w) € B, with
w = (z,t) and ¢ = (¢, 7) € B,/3. Then we have

[W(w)] <r, max{|z], [t} < 2r, max{[¢], |7[V?} < /3. (5.16)

By (4.3), we have 7(q) = (CL,T — Q(CL,CT)), and thus, by (4.37), ¢t = 2 + ¢’ and
T—Q(CH (T =t + 7+ Q2+ 2¢(w), ') with

('=2z—C¢" and 7'=7—1t—Q(z+2¢(w), ) — Q). (5.17)
From (5.16), we obtain |('| < |z| 4+ |¢| < 7r/3 and
7] < |+ [+ 2(]2] + 2l () DIC] + 2I¢ I T < 2302,

and the claim max{|¢’|,|7'|*/?} < s follows.
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Step 5. Let V = (I'\ OF) N B,.. We claim there exists a constant ¢; > 0 such that
SV < eS97H(U). (5.18)

The inequalities (5.18) and (5.12) complete the proof of the second half of (5.3). This
along with (5.13) proves the theorem. The proof of (5.18) finishes with Step 8.
Pick a point p = (z,t) € 7(V'). Because V' C B,, then we have

Ipll = max{|2], |t]'/?} < 2. (5.19)
We also fix the number 8 = S(M) > 0 such that
3440y B = 3, (5.20)

where C)y is the constant (4.40). The choice (5.20) of § will ensure the inclusion
(5.29). Then we set

Sp = %max{s >0:C%p)NnG =0}

For a moment, we omit reference to p and write s = s,. We have C’gs(p) NG = and,
by Step 3, GN B,/3 # (. Thus B, 3 is not contained in C’g’s(p), and by Step 4, (5.15),
we have

Bs < or. (5.21)

By the maximality of s > 0, there exists ¢ € 8D§S (p) such that ¢ x ¥ (q) € G. By the
formula (4.37), ¢ is of the form

¢=(z+Ct+7+Q(z+2¢0(p), (), with max{|¢[, |7|"?|| = Bs,
where, by (5.19) and (5.21),
|2+ (| < 2r+ Bs < Tr,
and, also using |¢(p)| < r,
|t + 74+ Q2+ 2¢(p), O)] < (2r)° +
We deduce that ||g|| < 9r. By (4.39) and (5.21), there also holds
[Y(g)] < [¥(g) =¥ ) + [¥()] < CuBs+r < (1+5Cy)r. (5.22)
We conclude that, by (2.1) , [|g]| < 9r, and (5.22)
lg V()| < llall + (@)l < (10 + 5Cu)r. (5.23)

At this point, we require the condition on k

(Bs)? + 8rfBs < 6912

k
1045Cy < 3, (5.24)
and so we have ¢ * ¥(q) € Byy/a.
We are going to use Lemmas 3.9 and 3.10, see (5.5), to estimate from below

P(E, Bs(p * 1¥(q)). To this aim, notice that we have p *x 1(q) = ¢q * 1¥(q) * u where
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u=1(q) 7" x ¢! x px(q) satisfies (u,v) = 0. By the structure (4.37) of the box
D;fs (p), after a short computation one can check that

u=(—¢ -1 =2Q(p) —¥(q),¢)), with max{|¢],|7["*} = Bs. (5.25)
Using (5.25) and (4.39), we obtain

7+ 2Q((p) — ¥(q), ¢)| < (Bs)*(1 4 4Cn),
and so, by 5 < 2 and (5.9), there exists a constant v > 1 independent of M such that

|lul| < Bv/1+4Cys < ys. (5.26)
Let ky = 370 be the constant given by Lemma 3.10. With the condition
k > 2k, (5.27)

by (5.24) and (5.23), we have the inclusion By,s(q * ¥(q)) C By, In particular, we

can use Lemma 3.10. Then we have

1

P(E, By (p+19(9)) 2 55 (s/7)9 7" (5.28)

Step 6. We claim that with the choice (5.20) we have

Bi(p*1(q)) € Ch,(p). (5.29)

To prove this inclusion, it is sufficient to show that 7(Bs(p *1(q)) C Dg’s (p). In fact,
a point p x 1(q) * w with p = (2,t) and w = ({,7) € By is of the form p x 1(q) x w =
(z+ 't 4+ 7+ Q(2,+2¢(p), ), where

('=¢" and 7' =7+2Q((q) —¥(p), () — QCH ),
and thus, by (4.39) and (5.20),
7 < 7]+ 4lw(a) = pICT] + 2CHICT] < 8% (3 + 4Cu ) < 5%5°.

This proves (5.29). Moreover, we also have

By(p*(q)) C Bsr, with § =3+ 5Cy + % (5.30)

In fact, by (5.19) and (5.22),
lp* (D) < llpll + 1P (@) < (3 + 5Cu)r,
an (5.30) follows from (5.21).
Step 7. We fix the constants o and k. Recalling (5.30), the final choice for « is
a = max{32,}. (5.31)
Now, (5.29) and (5.30) imply that
By(p * ¥(¢)) € Chy(p) N Bar. (5.32)
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The constant k& has to satisfy the conditions (5.11), (5.24), and (5.27). Then we
can choose

k = max{11q, 20 + 10C), 2k, }. (5.33)

Step 8. We finish the proof of (5.18). Since we have G' N C’g’s(p) = 0, by (5.32),
(2.9), (2.4), and (5.28) we obtain

SUHUNCE,(p) = SYH(OE\ G) N Bar N Cl,(p))
> SOYHE N By(p = 1(q)))
> 5(n)" P(E, Bu(p* 1(2))) 534

L (s,

= 325(n)

Recall that s = s,. The family of sets {Dgsp(p) :p € W(V)} is a converging of
m(V). By Theorem 4.14, there exists a sequence p; € ©(V), i € N, such that, with
s; = Bsp,, we have

DL(p)NDL(p) =0 fori £ and (V) € JDL (). (5:35)
ieN
where = (M) is the constant given by Theorem 4.14.

By the area formula for intrisic Lipschitz functions (see Theorem [10, Lemma
4.30]),(5.2), (5.35), (4.38), (5.34), and s; = fs,, we have

SV =at [ VTGS < o0 VI AP (V)

™

< §(n)"W1+ M? i LDy, (pi))

= 203, 16(n) VI M2 () > 597!
=1

<y STHUNCE, () < 897U,
i=1
with c5 = 64wy, 1v1 + M2(uB3/7)?L. This ends the proof of (5.18) and so of the

Theorem.
O
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