REARRANGEMENTS IN METRIC SPACES AND IN THE
HEISENBERG GROUP

ROBERTO MONTI

ABSTRACT. We prove several rearrangement theorems in the setting of a metric
measure space. We adapt the general scheme of the argument to the Heisenberg
group, where we study Steiner and circular rearrangement for functions and sets
having a suitable symmetry.

1. INTRODUCTION

Let X be a metric space with distance function d. We fix a Borel measure p on X
that is nondegenerate, i.e.,

0 < u(B.(x)) <oo, forallze X and r > 0. (1.1)

Here, B,( {y € X d(x,y) < T} is the ball centered at x with radius r. For any
Borel set B C X with positive and finite measure and for any function f € L'(B, p)

let
1
7{? @) = /B f(@)du (1.2)

denote the averaged integral of f over B.
For1<p<ooandf€Lp(Xp ) we let

||Vf||£,,( llmlnf / ][ fW)|Pdu(y )d,u(x))l/p. (1.3)

When X is R" endowed with the Euchdean metric and g = L" is the Lebesgue
measure, a function f € LP(R") satisfies the condition ||V f{|7,gn zny < 00 if and only
if f € W (R"), 1< p < oo, the Sobolev space of functions with weak derivatives
in LP(R™). In this case, the limit inferior is a limit and there is a geometric constant
0 < C,, < oo depending on the dimension n > 1 and p > 1 such that

lim — / ][ )|pdydx> =C, ( |Vf(x)|pdx>1/p
rl0 7 n J By (x) P Rn

For these results see [33] and [8]. When p = 1, the condition ||V f|[;1 g pn) < 00 is
equivalent to f € BV(R™), the space of functions with bounded variation in R™.
Analogously, for any Borel set £ C X with u(E) < oo let us define the lower
perimeter of E in (X, p)
P~(E; X, p) = lim inf — / ][ " IXE(7) = Xe(W)|duy) du(z), (1.4)

rl0
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where xp(z) =1if z € F and xg(z) = 0 if x € X \ E is the characteristic function of
E. The condition P~(E;R", L") < oo holds if and only if the set £ C R™ has finite
perimeter in the sense of De Giorgi. In this case, the limit inferior is a limit and there
exists a geometric constant 0 < C),, < oo depending on n > 1 such that

1
lim —
rl0 r

where |0E|(R") is the perimeter of E in R", i.e., the total variation of the character-
istic function of E. For this result see [33] and [15]. In the sequel, we simplify the
notation and write P~ (F) = P~ (E; X, ).

Integral differential quotients as in f are a possible definition for the “LP-
length of the gradient” of functions and for the “area of the boundary” of sets in metric
measure spaces. Under weak assumptions, a function f in the Hajtasz space M1 (X),
see [24], or in the Newtonian space N*P(X), see [38], satisfies IVl o (x 0y < 00, also
with limit superior in place of limit inferior. For a theory of sets with finite perimeter
in metric spaces we refer to [26].

Based on the previous observations, in this article we address the following problem.
Construct transformations of functions f — f* and of sets E — E* such that:

i) The function f* and the set E* have some “symmetry”;
ii) f and f* are u-equimeasurable and u(E*) = pu(E);
i) [V x 0 S IVl (x ) for all 1 <p < oo and P~ (E*) < P~ (E).

We study three situations of increasing complexity: the two-points rearrangement,
the Steiner rearrangement, and a kind of Schwarz-type rearrangement. In the last
two cases, we use the same notation with the superscript x. The existence of such
rearrangements depends on richness and structure of the isometries of X.

The two-points rearrangement, also known as polarization, relies upon the existence
of an isometry o : X — X such that po p =Identity along with a partition X = H~ U
H U H™ such that oHt = H~. We call the 4-tuple R = {H ", H, H", 0} a reflection
system of X (see Definition and notice the key property ) The two-points
rearrangement of a function f : X — R is the function fz(x) = max{f(x), f(ox)} for
z € HY and fr(z) = min{f(z), f(ox)} for x € H~. In Section 2| we prove several
inequalities relating f and fr. Inequalities as in Theorem are called by
Baernstein [5] “master inequalities”.

In Section [3] we introduce the notion of Steiner system in a metric space X.
Roughly speaking, a Steiner system is a pair (R,T) where R = {H ,H,H™, o}
is a reflection system of X and T is a 1-parameter group of isometries such that:
X/T C H, i.e., the quotient X/T is identified with a subset of H; 7712 = g7x for any
x € X/T and 7 € T. For precise and complete statements, we refer to Definition .

If the measure p is T-invariant, then it is disintegrable along the orbits T, = {7z €
X :7 €T}, v € X/T (see Example [3.10). Namely, there exist measures j, on T,
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and i on X/T such that for any Borel set E C X we have
W) = [ (BN T)dn(a).
X/T

It is then possible to rearrange the set E along the orbits T, obtaining a new set E*
which is g-invariant and p(E*) = p(E). The construction carries over to functions,
yielding a transformation f +— f*. The procedure is described at the beginning of
Section 3| (see Definition . In Theorems and , we prove Pdlya-Szego in-
equalities of the type iii) above. In the proof, we need several assumptions on the
measure ¢ and on the metric space X. In particular, X is assumed to be proper in
order to have a compactness theorem for functional spaces on X which is proved in
Section [l

The presentation of Section [3]is in fact more general as we consider Schwarz systems
(see Deﬁnition. The axioms and of a Schwarz system make possible
the “strict inequality argument” that is a crucial step in the theory of symmetrization
via polarization (see [3, p. 252] and Lemma 6.4 in [6]). This argument appears in
the proof of Theorem , see . Condition (3.12) requires the existence of a
reflection system separating, in a symmetric way, points in the same section. This
property automatically holds in Steiner systems. Condition requires a certain
“metric coherence” between sections.

In the second part of the article, which has a more specific character, we prove
some rearrangement theorems in the Heisenberg group H” = C” x R. We refer to
Example [5.5] and Section [f] for the relevant definitions. Let B,(x) denote the Carnot-
Carathéodory ball in H" centered at x € H" and having radius » > 0. The following
facts are proved in [33]. A function f € LP(H"), 1 < p < oo, belongs to the horizontal
Sobolev space Wi?(H") if and only if

1/p
lim inf — / ][ (y)|Pdz dy> < 0. (1.5)
0 "JBr(y)

In this case, the limit inferior is a limit and there exists a geometric constant 0 <
K, , < oo depending on p > 1 and n > 1 such that

/p
lim — / ][ f(y)|Pdx dy) = K pl|Vaf| Le@n, (1.6)

rl0 T

where Vg f is the horizontal gradient of f.
Analogously, a Borel set E C H™ with finite measure has finite horizontal perimeter
if and only if

1
liminf—/ ][ Ixe(z) — xE(y)| dedy < oo. (1.7)
r ™ J Br(y)

rl0

Moreover, if E has also finite Euclidean perimeter then we have

lim /7[ (@) — xu(y)| de dy = K| 0w E|(HY), (1.8)

rl0 T
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where 0 < K,, < oo is a geometric constant depending on n > 1 and |[OgE|(H")
denotes the horizontal perimeter of F, i.e., the horizontal total variation of the char-
acteristic function of F.

We first study polarization in connection with formulae and . In the
related master inequalities there is an error produced by the lack in H" of reflection
systems satisfying . This error can be controlled assuming a suitable symmetry
(see the proof of Theorem. Then we prove inequalities for the Steiner and circular
rearrangement following the abstract scheme of Section [3 see Theorems and [6.4]
We illustrate here the case of sets. Let E* denote the Steiner rearrangement of E in
the t-coordinate of H", i.e.,

E*={(zt) e C* xR : 2|t| < LY(E.)}, (1.9)

where E, = {t € R : (2,t) € E}, z € C". Let ¢ : H* — H" be the mapping
o(z,t) = (Z,t), where Z = = — iy is the complex conjugate of z = x + iy in C". A
set E is o-symmetric if E = oE. In Section [6, Theorem [6.4] we prove that for a
o-symmetric set ¥ C H" of finite measure and finite horizontal perimeter there holds

OuE"|(H") < |0uE|(H").

The theorem fails if we drop the o-symmetry (see Example . We also prove some
results on the circular rearrangement in a C component of H” = C" xR (see Theorem
6.0).

These theorems seem the first results on symmetrization in the Heisenberg group.
The topic has a particular interest in connection with sharp functional and geometric
inequalities, such as Pansu’s conjecture on the Heisenberg isoperimetric problem (see
[30] and [34]). A theorem concerning a kind of vertical rearrangement in H" is also
proved by Serra Cassano and Vittone in [35]. The problem of rearranging sets and
functions in the horizontal slices of H" is more difficult. So far the only known result
concerns the monotonicity of horizontal perimeter for the radial nondecreasing Steiner
rearrangement of sets of H" which already have a cylindrical symmetry (see [29]).

* * *

Let us briefly comment on the relevant literature. The principle underlying po-
larization can be envisaged in Chapter X of Inequalities by Hardy, Littlewood, and
Pélya [25]. The method was subsequently used be Wolontis [40, p. 598] to estimate a
certain conformal invariant in the complex plane under circular symmetrization. Mo-
tivated by the study of subharmonicity, Baernstein and Taylor [3] used polarization
in connection with spherical rearrangement. The same ideas were employed by Beck-
ner [2] to establish several sharp functional inequalities on the sphere. Polarization
and symmetrization are also systematically studied by Dubinin [I8] in the abstract
theory of capacity. We are particularly indebted to the articles [3] and [2], where the
authors develop a unified approach to symmetrization in space forms. We axiomatize
this approach in the setting of a metric measure space and we develop these ideas to
prove the results in the Heisenberg group.
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Steiner rearrangement was introduced in [39] to prove the isoperimetric inequality
in the plane. Let E* be the Steiner rearrangement of £ C R™ w.r.t. some hyperplane.
The inequality [O0E*|(R") < |0FE|(R™) for sets with finite perimeter was proved by De
Giorgi in [16] in his work on the isoperimetric inequality (see [12]). In [6] Theorem
6.1], Brock and Solynin prove that the Steiner symmetrization in R™ can be obtained
as the limit in the natural topology of a suitable sequence of polarizations. In fact,
this sequence can be chosen in a “universal” way [36]. Steiner rearrangement also
fits hyper-surface measures as Minkowski content (see [23] and [11, Chapter II1.2]).
Recent progress on the isoperimetric inequality deals with its quantitative version [20]
and with the use of optimal transportation techniques to prove sharp and quantitative
inequalities (see e.g. [21]).

The Schwarz rearrangement was used in the proof [37] of the isoperimetric inequal-
ity in R® and seems to origin in Weierstrass’ lectures. The general idea consists in
slicing the space in “parallel” sections and in rearranging sets and functions section
by section. This is the model for our notion of Schwarz system in Definition [3.3]

In this research, we do not address several important issues in the theory of re-
arrangement: the study of the equality case ([7] and [I3]); the continuity problem in
the Sobolev setting (see [I] and [10]); rearrangement inequalities for multiple integrals
(see [9]); the connection with partial differential equations ([32], [4], and [31]).

* * *

A short overview of the paper is in order. In Section [2| we study polarization.
Section [3|is devoted to Steiner and Schwarz rearrangement in the abstract setting. In
Section [4| we prove a compactness theorem. Section [5| deals with examples, including
finite dimensional Banach spaces and the hyperbolic space. In Section [0 we prove
the rearrangement theorems in the Heisenberg group.

Acknowledgement. We wish to acknowledge with gratitude M. Ritoré and E. Le
Donne for some discussions related to Section [6l

2. TWO-POINTS REARRANGEMENT IN METRIC SPACES

Let X be a metric space with distance function d. We say that X = H- UHUH™*
is a partition of X, if H—, H, H* C X are pairwise disjoint subsets of X.

Definition 2.1 (Reflection system). A reflection system R = {H~,H,H", o} of X
is a partition X = H~ U H U H*, with H~ and H" open, together with a mapping
0: X — X such that:

i) o is an isometry of X such that o* = Id, and oHt = H; (2.1)
i) for all z,y € HU H" we have d(z,y) < d(z, gy). (2.2)

Here and henceforth, we write for brevity oz = o(z) and oFE = o(FE) for sets £ C X.
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Example 2.2. Let X be a length space, X = H~ UH U H™ be a partition of X such
that H = OH~ = OH*, and let p : X — X be an isometry such that ¢*> = Id and
oH* = H™ and gy =identity. Then condition holds true.

In fact, let v be a rectifiable curve joining x € H* to oy € H~. The curve intersects
H at some point z € H. We can split 7 = 7, +7.y, where the sum is a concatenation
of curves, 7, is the segment joining = to z and 7, is the segment joining z to gy. The
curve v, + 07,y is continuous, because p is the identity on H, joins = to y, and has
the same length as v, because g is an isometry. The claim d(z,y) < d(z, oy) follows
from the fact that X is a length space. O

Example 2.3. Let (X,dx) be a metric space with a reflection system R and let
(Y, dy) be any metric space. On the product Z = X x Y we have the product metric
dz = /d% + d%. The reflection system R of X may be extended to a reflection
system of Z in the natural way: the reflection ¢ is extended as the identity on the Y
component; H is extended to H x Y, etc.

Next, we introduce the notion of two-points rearrangement for functions and sets.

Definition 2.4 (Two-points rearrangement). Let R = {H~, H, H", o} be a reflection
system of X and let f: X — R be a function. The function fr : X — R defined by
min{f(z), f(ov)} itz e H-,
fr(@) =4 f(x) if v € H, (2.3)
max{f(z), f(e2)} if v € HY,

is called the two-points rearrangement of f with respect to R.
Example 2.5. The Lipschitz constant of a function f: X — R is

e [f(z) — f(y)]
Llp(f) B m,yziiyéy d(l‘, y)

We claim that for any reflection system R of X we have

Lip(fr) < Lip(f). (2.4)
Indeed, let x,y € X be such that d(x,y) > 0. We claim that

|fr(z) — fr(y)] .
i) < Lip(f).

€ [0, o0].

We have three cases:

1) fr(z) = f(z) and fr(y) = f(y);
2) fr(z) # f(r) and fr(y) # f(v);
3) fr(z) = f(x) and fr(y) # f(y), or vice versa.

In the first case, the claim is clear. In the second one, we have:

[fr(x) = fr)| _ [f(ex) — fley)| _ [f(ex) — f(ey)|
d(z,y) d(z,y) d(ox, 0y)
because g is an isometry. Consider the last case. We have three sub-cases:

< Lip(f), (2.5)
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3a) x,y € H", or x,y € H;
3b) z € H" and y € H™, or vice versa,;
3c)re€ Horye H.

Assume that z,y € H*. Then we have:

f(z) = fr(z) = max{f(z), f(ox)}, ie., f(x) > f(oz),
fy) # frly) = max{f(y), floy)}, ie., f(y) < floy).
Thus we obtain
fr(z) = fr(y) = f(z) = floy) < f(z) — fy) < |f(z) = f(y)| < Lip(f)d(z,y),
fr(y) — fr(z) = floy) — f(z) < f(oy) — flox) < Lip(f)d(ex, oy) = Lip(f)d(z,y),

and the claim is proved.
Assume that x € H" and y € H~. Because fr(y) # f(y) then fzr(y) = f(oy) and

letting z = gy € H' we get, by (2.1]) and (2.2),

[fr(@) = fr)| _ |f(x) = fley)l _ |f(@) = F) _ [f(=) = F(2)]
d(z,y) d(z,y) d(z,02) = d(z,z)

The case 3c) is analogous and we leave the details to the reader.

< Lip(f).

O

The definition of two-points rearrangement for sets can be obtained specializing

to the case of characteristic functions. Namely, for any £ C X we can define

the set Ex via the identity xg, = (xz)r. This is equivalent with the following
definition.

Definition 2.6. Let R be a reflection system of X and let £ C X be a set. The set
Er=(ENgENH )U(ENH)U((EUeE)NHY) (2.6)
is called the two-points rearrangement of E with respect to R.

We are interested in the monotonicity of quantities as in (|1.3) and (1.4) under
rearrangement. To this aim, let ¢ : [0, +00) — [0, +00) be a function such that:

a) ¢ is strictly increasing;

b) ¢ is convex.

In our case, we have ¢(t) = t? with p > 1. The basic inequality we need concerning
¢ is described in the following lemma.

Lemma 2.7. Let ¢ : [0,00) — [0,00) be a function satisfying (2.7 and (2.8). Then
for all real numbers «, 3,7,0 € R such that v < o and § < 3 there holds

¢(la = B]) + ¢(ly = d]) < ¢(la = 6]) + ¢(ly — BI)- (2.9)

If, in addition, ¢ is strictly convex then the inequality in ([2.9) is strict.
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2

The proof of this lemma is an elementary exercise. When ¢(t) = t*, inequality

reduces to (o —y)(6 —9) > 0.

Let 1 be a Borel measure on X and let B(X) denote the set of all Borel functions
from X to R. For any r > 0 let @, : B(X) x B(X) — [0, 00] be the functional

O(f.g) = /X 7[  F) = o)) ) (2.10)

We omit reference to ¢ in our notation @),. When ¢(t) =t*, 1 < p < oo, we let

Qunlfrg) = /X 7[ W) =gty ), (2.11)

We also let Q,,(f) = Qrp(f, f)-
In the sequel, o : X — X is an isometry such that ¢?> = Id. We say that a Borel

measure p on X is p-invariant if oy = p, i.e., u(0B) = p(B) for any Borel set B C X.

Theorem 2.8. Let R = {H~,H,H", p} be a reflection system of X, let u be a
non-degenerate, p-invariant Borel measure such that p(H) = 0, and let ¢ satisfy (2.7)
and (2.8). For any r > 0 and for all functions f, g € B(X) we have

Qr(fr,9=) < Q:(f, 9)- (2.12)
Moreover, if ¢ is strictly convex,
p{z € H" : f(z) > f(or)} >0, and pf{ye H" :g(y) <gloy)} >0, (2.13)

then the inequality (2.12) is strict, as soon as Q,.(f, g) < oo.

Proof. Let x, : X x X — R be the function

—— ifd(x,y) <,
wley) = wB@) Ay
0 otherwise.

As p is g-invariant, we have u(B,(ox)) = pu(oB.(z)) = p(B.(x)). Then, x, has the
following properties:

xr(ox, 0y) = xr(z,y) and  x.(0z,y) = xr(z, 0y). (2.14)
We are using here the fact that ¢> = Id. We then have

Q-(f,9) = o(1f(x) — g(y)D)xr (7, y)dp @ p,

XxX

where we may replace the integration domain X x X with

(X\H)x (X\H)=H"xH"UH"xH UH xH'UH x H".
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In fact, we are assuming p(H) = 0. By (2.14) and g4 = i, we obtain

H_cb}(qlf(x) —9W))x-(,y)dp @ p = H+¢I({|f(ex) —g(ey))xr (2, y)du @ p,
@) =g ) p= | o(|f(@) = gley)xe(z, ey @
H_¢§{|f(l’) — 9 xr(z,y)dp @ p = H+¢§{|f(9$) — 9 )xr(z, oy)dp @ p.

Summing up, we obtain

Q:(f,9) = //H+ " Qf, g;2,y) dp @ p,
where we let

Q(f, g:z,y) ={o(If (@) — g)I) + o(1.f (0x) — g(ey)]) }xi(
+{o(f(x) — gley)]) + &(|f (ox) — g(y)]) }Xr z, Q?J)
We claim that for all x,y € H™ we have

Qfr:gr; 7, y) < Q(f,9;7,y). (2.15)
By , there are only three cases:
1) d(z,y) > r;
2) d(x,y) < d(z, 0y) <13
3) d(z,y) <r <d(z,oy).
In the first case, there also holds d(z, gy) > r, and thus Q(f, ¢; x,y) = Q(fr, 9r; T, y) =
0. In the second case, we have

Qf,g:,y) =

{6(17@) = 9w)1) + 617 (e2) = glev)])

+ (1 f(0x) = 9(y)) + 61 (=) — glow)]) }

In the third and last case, inequality (2.15)) is equivalent to
81 (x) ~ 9= () + Bl frlor) — gr(en)]) < 6(1(x) — 9(w)]) + o(1f(ex) ~ aloy)]).
(2.16)
If f(z) = f(ox) or g(y) = g(oy), inequality (2.16) holds as equality. Equality holds
in also in the following two cases: a) fr(x) = f(x) and gr(y) = ¢g(y); b)
fr(x) = f(ox) and gr(y) = g(ey).
We are left with the following two cases:
f(x) > flex) and g(y) < g(ey); or (2.17)
f(z) < flox) and g(y) > g(oy)- (2.18)
Possibly interchanging f and g, it is enough to consider (2.17)). In this case, inequality

reduces to
Pl = B]) + o(|y — 0]) < o(la = 6]) + oIy — BI), (2.19)

1(By(z))
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with a = f(z), 8 = g(ey), v = f(ox), and § = g(y). By (2.17) we have v < a and

§ < f3, and inequality (2.19) holds by Lemma [2.7]
If ¢ is strictly convex, then the inequality (2.19) is strict. If, in addition, (2.13))

holds and @Q,.(f, g) < oo, on integrating ([2.15)) we get a strict inequality. O

Remark 2.9. The condition is used in the distinction of cases after . If
we drop we have a fourth case: d(x,y) > r and d(z, gy) < r. This produces an
error term in the inequality , that no longer holds true. In some situations, it
is possible to control this error term. See the proof of Theorem [6.1]

Remark 2.10. When ¢(t) = t2, there is a precise version of inequality (2.12)). Let
Sf={seH": f(x) > flor)} and ;= {we H": f(z) < flox)} (2:20)

denote the sets defined via the inequalities appearing in (2.17))-(2.18)).
In the proof of Theorem inequality (2.15)) is an equality possibly but for the

case discussed in (2.17)-(2.19). When ¢(t) = t*, we may replace inequality ([2.19)

with the identity
(@ =B+ (y=0)*=(a=0)+(8—7)°"+2(a-7)(0-8).

Now, on integrating the resulting identity, we obtain

Qr2(fry 9r) = Qra2(f,p) +2 //2+ (f(x) = flox)) (9(y) — g(oy)) xr (2, y)dp @ pu.

xEg UE; xE;’,d(a;,Qy)Zr
(2.21)

O

The following proposition is a simplified version of Theorem Here, the mapping
o0 does not need to be an isometry. The characterization of the strict inequality plays
an important role in the proof of Theorem

Theorem 2.11. Let X = H- U HU H* be a Borel partition of the metric space X,
let o : X — X be a Borel map such that ¢*> = Id and pH* = H~, and let u be a
o-invariant Borel measure on X such that u(H) = 0. Finally, let ¢ satisfy and
(2.8)). Then for all f,g € B(X) we have

/Xd)(lfn(af) —gr(2)]) dp < /Xé(!f(ﬂf) — g(x)]) dp. (2.22)
Moreover, if ¢ is strictly convex and
p{z € H" : f(z) > f(ox) and g(z) < g(oz)} >0 (2.23)

then the inequality (2.22) is strict, as soon as the right hand side of ([2.22) is finite.

Proof. Using u(H) = 0 and the p-invariance of u, we obtain

J o1 =@l = [ {6(1£@) = a@)) + (1 (e) ~ g(ex) Y
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It is then sufficient to establish the pointwise inequality for x € H*

(| fr(z) — gr(2)]) + ¢(|fr(07) — gr(02)|) < ¢(|f(z) — g(z)]) + ¢(| f(0x) — g(o)]).

This is inequality (2.16) and the argument is concluded as in the final part of the
proof of Theorem In fact, if f(z) > f(ox) and g(z) < g(px) — or vice versa — the
inequality is strict, provided that ¢ is strictly convex. O

Theorem has the following corollaries.

Theorem 2.12. Let R = {H ,H,H™, o} be a reflection system of X, let u be a
non-degenerate, g-invariant Borel measure such that u(H) = 0. For any function
f € B(X) and for any 1 < p < oo there holds

1R lerxm = 1 roxm and [V Rl < IV Fllzex - (2.24)
Moreover, if we have ||V fr|lr2xu) = [|V.fl|L2(x,0) < 00 then
1 — —
hm_Q/ / (f(z) — flox)) (£ (v) f(@y))dﬂ(y) du(z) =0, (2.25)
rl0 T2 st Js7 0B, (2)\B,(ox) (B (z))

where X7 and ¥} are defined in (2.20).

Proof. The equality of the L” norms is a consequence of the p-invariance of u. By
Theorem 2.8, we have r7Q,,(fr) < r7Q,,(f) for any r > 0. On taking the liminf

as r | 0, we get the inequality in ([2.24]).
Assume that both ||V fr|l2(x,. and ||V f]lr2(x,.) do exist (the limits exist), are
equal and finite. Our claim ([2.25)) follows from (2.21]) with f = g. O

For the perimeter we have the following theorem.

Theorem 2.13. Let R = {H,H,H™, o} be a reflection system of X, let u be a

non-degenerate, g-invariant Borel measure such that pu(H) = 0. For any Borel set
E C X we have

w(Egr) =p(E) and P (Eg) < P (E). (2.26)
Moreover, if P(Er) = P(E) < oo, then
1 WeE\E) O H 0B\ Bulen) ,
rl0 T JH+nE\oE ,U(Br(x»
(2.27)
i L u((E\QE)ﬂH+ﬂBT($)\Br(gx))dﬂ(@ _0
rl0 T JH+noE\E p(By(z)) .

Proof. We shortly discuss the equality case. When f = x g, we have
Z}_:H+QE\QE and E;:H+HQE\E.

Because of the identity |xg(7) — xe(y)| = |xe(z) — x&(y)[>, we may use (2.21)) with
f =g = xg.- The claim ({2.27)) follows. O
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We may try to extend the definition of reflection system taking into account some
symmetry of the metric space, of the functions and sets (see Example for a moti-
vation).

We say that {H~,H,H", 0,0} is a reflection system with symmetry o of X, if
X = H-UHUHT is a partition, with H~ and H™' open, and 0,0 : X — X are
mappings such that:

i) o is an isometry such that o* = Id and pH " = H"; (2.28)
ii) o and ¢ commute, go = op; (2.29)
iii) H" is o-invariant, i.e., cH* = H™; (2.30)
iv) for all z,y € HU H" we have d(z,y) < d(z, goy). (2.31)

Notice, however, that the condition fails to hold in the situations discussed in
Example [5.5]

Theorem holds also in the setting of a reflection system with a symmetry o,
provided that the functions and sets involved are o-symmetric. The theory developed
in Section [3| can be extended to this framework, as well.

3. STEINER AND SCHWARZ TYPE REARRANGEMENTS

Let S(X, ) denote the set of all Borel functions f : X — R such that f > 0 and
u{f >t} < oo for any ¢ > 0. Here and henceforth, let {f >t} ={x € X : f(z) > t}
denote the t—superlevel set of f. The function ¢¢ : (0,00) — [0,00), Y¢(t) = pu{f > t},
t > 0, is called distribution function of f. A function g € S(X,u) is said to be a
rearrangement of f € S(X,p), and we write g ~ f, if ¢, = ;. Clearly, ~ is an
equivalence relation on S(X, i). The distribution function 1; is non-increasing and
lower semicontinuous. Indeed, for any s > 0 we have

lim oy () = timp{f >t} = u(J1F > 8}) = ulf > s} =vy(s). (3)

For any f € S(X, ) we have the representation formula

f(z) = /000 X{r>t) () dt, x e X, (3.2)

where x4 denotes the characteristic function of A C X. A nonnegative function
feLP(X,pn)isin S(X, u) and, for any 1 < p < oo, we have the identity

/ f(x)Pdp = / p{f > t/PYat. (3.3)

0

Moreover, if ¢ € S(X, ) is a rearrangement of f, g ~ f, then g € LP(X, ) and
Igllzr ) = 1 llLrxms by B-3)-

Let 7 : X — X be a projection, i.e., 7 is the identity on m(X). The relation x ~ y
if and only if 7(x) = 7(y) is an equivalence relation on X that we denote by I'. The
quotient X/I" can be identified with 7(X) and the equivalence class of z € X/T" is
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denoted by T', = 7 !(z). We call T a foliation of X. In fact, we have X = Usex/r e
For a set £ C X, let
E.=FENT,
denote the section of £ with I',.
We say that the Borel measure p is disintegrable along I if there are Borel measures
pyon 'y, x € X/T', and a Borel measure i on X/T" such that for any Borel set £ C X
we have:

i) The function x — pu,(F,) is Borel measurable from X/I" to [0, col; (3.4)
ii) We have u(E) / 1 () di(x). (3.5)
X/T

The existence of a disintegration satisfying — holds under general assump-
tions. It is provided by some Fubini-Tonelli type theorem — as in R™ — or by the
disintegration theorem of measures. We discuss this issue at the end of the section.

Let p be disintegrable along I'. With abuse of notation, for any x € X/I" we define
the function p,(s) = p.(Bs(x) NT;) of the real variable s > 0. In general, we have
s € [0, so(x)), where so(z) > 0 is the minimum number, possibly +oo, such that the
sets B,(x) NI, are stable for r > so(x). We say that the triple (I', (t)zex/r, ft) is
a rearrangement system of (X, p) if the function s — g, (s) is strictly increasing and
continuous on [0, so(z)) for g-a.e. x € X/T.

Fix a rearrangement system of (X, pu) and let £ C X be a Borel set such that
u(E) < o0o. Then we have p,(E,) < oo for ira.e. z € X/T'. We let EX = Bs(x) N T,
where s € [0, so(x)] is such that u,(Bs(x) NT,) = u.(F,). Such an s exists and is
unique for fi-a.e. x € X/T'. We possibly let EX = () for a fi-null set of x € X/T.

Definition 3.1 (Rearrangement). Let (I', (ttz)zex/r, ft) be a rearrangement system
of (X, ).
i) For any Borel set £ C X such that u(E) < oo we let
E = ] E; (3.6)
zeX/T

We call E* the rearrangement of E in (I, (tig)sex/r, it)-
ii) For any f € S(X, i), the function f: X — [0, 0o]

f*(,l’) = /O X{f>t}*($) dt, T € X, (37)

is called the rearrangement of f in (I, (tta)zex/r, it).

Finally, we say that the rearrangement system is reqular if E* is a Borel set for any
Borel set £ C X.

The problem of determining whether the rearrangement system is regular or not is in
general rather subtle. In most relevant examples, the system is indeed regular.

Let R = {H,H, H", o} be a reflection system of X and let T be a 1-parameter
group of isometries of X. We fix on 7' the natural topology. Let 7 : X — X/T be
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the natural projection. As soon as we identify X /T with a subset of X, we have a
foliation X' = U, ¢/ s, where T, = {7z € X : 7 € T'} is the orbit of .

Definition 3.2 (Steiner system). We say that the pair (R, T) is a Steiner system of
the metric space X if we have:

i) X/T C H and 7 : X — X/T is continuous; (3.8)
i) 7'z = g7z for any x € X/T and 7 € T; (3.9)
iii) for z,y € X/T and z,w € T}, d(z,z) < d(z,w) implies d(y, z) < d(y,w). (3.10)
By X/T C H we mean that the quotient is identified with a subset of H. Condition
(3.9) with 7 = Id implies px = x for all x € X/T. The reflection system R can be
translated along 7. Namely, for all x € X/T and z,w € T, there exists a reflection
system R = {H~,H,H* g} of X such that gz = w and ¢ : T, — T, for any
y € X/T. See Example below. Motivated by this fact, we propose the following
general definition.

Definition 3.3 (Schwarz system). We say that a foliation I' of the metric space X
induced by the projection 7 : X — X is a Schwarz system if we have:
i) m: X — 7(X) = X/I' is continuous; (3.11)
ii) for all x € X/I' and z,w € I',, there exists a reflection system
R={H ,H,H", o} such that pz =w and p: ', — T, for any y € X/T"; (3.12)
iii) for z,y € X/I" and z,w € I'y, d(z, z) < d(x,w) implies d(y, z) < d(y,w). (3.13)
We can polarize the function f* constructed starting from the foliation I' using
the reflection system given by (3.12)). Condition (3.13|) guarantees then the stability
f% = f* (see the final part of the proof of Theorem . When X/I' consists of one

element, condition (3.13)) is trivially satisfied. The Steiner system is a special case of
Schwarz system. In the following example, we comment further on (3.12))

Example 3.4. Let (R,T') be a Steiner system and let G be a group of isometries of
X. We denote by I' the group generated by T and G, and we identify the quotient
X/T" with a subset of X and in fact of H, the “reflection hyperplane” of R. Assume
that yx = x for any v € G and z € X/T" and that for any x € X/I" the orbits have
the following representation:

I,={yrzeX:I'eG €T} (3.14)

We claim that holds true.

In fact, if zy,2_ € I'y, there are v_,v, € G and 7_,7y € T such that z_ =
v_7_x and zy = y,7.x. Moreover, there exist 7 € T and v € G such that yrz =
=iyl

Let /7 € T be such that 7 = y/7+/7. Such a /7 exists, because T is a 1-parameter
group. Let us define 1 = vy_7_~4/7 € T, and let

H=.H, H =(H , H"'=H", §=10""
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We claim that gz, = z_. Indeed, by (3.9) we have

02y = Y_T_YW/To/To = 7,7,7\/?\/?_135 =TV = Y_T_T = Z_.

Finally, we prove that R = {H~, H, H*, 9} is a reflection system of X. Clearly, o
is an isometry, 9> = Id and gH+ = H~. Moreover, for z,y € H* we have

d(z, 0y) = d(t™'w, o7 'y) > d( ', Ny) = d(z,y).
The axioms (2.1)—(2.2)) are satisfied. Finally, the reflection g preserves the orbits

because it is the composition of orbits preserving isometries.
We study some qualitative properties of the rearrangement f*.

Lemma 3.5. Let (I', (tt2)zex/r, i) be a regular rearrangement system of (X, z1). For
any f € S(X, ), the rearrangement f* of f enjoys the following properties:

D{f >ty={f>t}" t>0; (3.15)
i) p{f* > t}e = p{f > t}s for prae. € X/I" and, in particular, f*~ f; (3.16)
i) f*(y) < f*(2) if y,z € I'y, for some x € X/I" and d(y,x) > d(z,x); (3.17)
iv) f*(y) = f*(2) if y,z € T', for some z € X/T" and d(y, z) = d(z, z). (3.18)

Proof. i) We prove that {f* >t} C {f > t}* for any ¢t > 0. Notice that the family of
sets ({f > t}*)¢>0 is non-increasing in ¢t. For any z € {f* > t} we have

t< f1(2) = / Xigoay (@)ds,

and thus z € {f > s}* for 0 < s <t and the claim follows.
We preliminarily claim that

{r>ty=J{r>s (3.19)

s>t

One inclusion is a consequence of the elementary implications

s>t = {f>stc{f>t} = {f>s}rcC{f>t}"
We check the converse inclusion C in (3.19). If z € {f > t}* then for some = € X/I'
and r > 0 we have z € {f > t}* NI, = B,(x) NT',. Thus there exists 0 < 7 < r such

that z € By(x) NT',. For the function r — p,(B,(x) NT,) is strictly increasing for
r > 0 and, as in (3.1]), there holds

lim i ({f > s}* N 1o) = lim o ({f > s} N 1)
= p({f >} NTo) = p({f >t} NTy),
we deduce that there exists s > ¢ such that B:(z)NIL, C {f > s}*NT, and the claim

(3.19) follows.

We prove the converse inclusion {f > t}* C {f* > t}. If z € {f > t}* then
z € {f > s}* for some s >t and thus

[ (z) = /0 X{f>s}(z)d8 > s>t

(3.20)
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Statement ii) follows from i). Statement iii) is a consequence of the inequality

/ X{f>s}(2)ds < / X{s>st(y)ds,
0 0

for y, z € I', with d(y,z) < d(z,z). Statement iv) follows from iii). O

Let us introduce a few more terminology. Recall that a Borel measure p on X
is nondegenerate if (1.1)) holds. We say that the measure u is diffuse if spheres are
u-negligible, i.e.,

ply € X :d(x,y)=r} =0, forallze X and r > 0. (3.21)

We say that p has the Lebesgue property if for any Borel set A C X we have for
p-a.e. x € A
i AN By (2))
710 M(Br(x»
Finally, we say that p is isometric if yyp = p for any isometry v : X — X and
wu(H) = 0 for any reflection system R = {H~, H, H*, o} of X.

=1. (3.22)

Theorem 3.6. Let X be a proper metric space, let ;1 be a nondegenerate, diffuse,
isometric Borel measure on X with the Lebesgue property. Let (I, (yiq)zex/r, ft) be
a regular rearrangement system of (X, u) related to the Schwarz system I'. Then
the rearrangement f* in (I, (ftz)zex/r, i) of any nonnegative, compactly supported
function f € LP(X, u), 1 < p < oo, satisfies

L ey = W llero  and IV gy < IV AL (g0 (3.23)

Proof. The identity || f*||ze(x) = | f|lr(x follows from and in Lemma
3.5

By assumption, the projection 7 : X — X/T" is continuous. For the set suppf =
{z € X : f(z) # 0} is compact, the set w(suppf) is compact. With the choice

R=1+ diam(suppf U W(suppf)) < 00,

the set
K= |J Bg)nr,
xzem(suppf)
is bounded and thus contained in a compact set and moreover suppf C K. Because
pe{f > t}he < pe(Br(xz) NT,), we also have suppf* C K.
Let us recall our notation

Qunlf) = /X 7[ @) = Sty dute).

Let A(f) be the family of all nonnegative functions g € LP(X; u) such that:
1) peig > the = pa{f >t} for g-a.e. x € X/I" and for all t > 0; (3.24)
ii) g(x) =0 for p-a.e. x € X \ K (3.25)
i) Qrp(9) < Qrp(f) forall 0 <r < 1. (3.26)
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The set A(f) is nonempty, because f € A(f). We apply to A(f) the compactness
Theorem [4.2] that is proved in Section [d] Here, we need the assumption on X to be

proper and the assumption (3.21)) on p.
By (33), (83), and (8:2), we have for any g € A(f)

/Xg(x)pdu = /OOO p{g > tYP} dp = /OOO p{f > tYP}dp = /X f(x)Pdp.

Thus A(f) is uniformly bounded in LP(X, ). The uniform bound holds by
(3-26). In fact, we may assume that |V SNz (x,) < 00, otherwise there is nothing to
prove. By Theorem , A(f) is then precompact in LP(X;pu). A(f) is also closed
in LP(X;u). Let g; € A(f), 7 € N, be a sequence such that g; — g as j — o0 in
LP(X; 1) and p-almost everywhere. Then g satisfies and also , by Fatou’s
Lemma.

We check (3.24). We may assume that for ji-a.e. z € X/T" we have g;(y) — g(y) as
j — oo for pg-a.e. y € I'y. Then for p-a.e. x € X/I" and for all ¢ > 0 we have:

lim 41;({g >t} N {g; < t}s) = lim Xigs<tt () dpa (y)
J—00 Jj—00 {g>t}x (3 27)
- / lim (g, <ep. dita(y) = 0.
{g>t}e 77

Notice that for a function g € LP(X, u), the set of all ¢ > 0 such that u{g =t} >0
is at most countable. Then we also have for all but a countable set of ¢ > 0:

Jim pio({g; > tha N {g < the) = lim po({g; > t}a N {g <1}s) =0.

This implies p1,,({g; > t}.A{g > t}.) — 0 as j — oo, and (3.24)) follows for all but a
countable set of ¢ > 0. By right continuity as in (3.1)), (3.24]) holds for all ¢ > 0.
The functional J : A(f) — [0, 00)

J(g) :/ lg — f*Pdp,
X
is continuous in LP(X, uu). By Weierstrass” Theorem, there exists f € A(f) such that

J(F) = min {J(g) €[0,00) : g € A(f)}. (3.28)

There are two cases: 1) J(f) = 0; 2) J(f) > 0. In the first case, we have f = f*, and
hence, for any 0 < r <1,

Q’r‘,p(f*) S Qr,p(f)‘

Dividing this inequality by r” and taking the liminf as r | 0, we get ||V f*||zp( X
||Vf||zp(X,u) and we are finished.
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The case J(f) > 0 may not occur. In this case, we have by (3.2)) and (3.5)
1/p
0< ([ 1@ = s @Pdu(o))

1/
/ ‘/ (X{f>t}( — Xyt dt‘ du(x > g
xX'Jo
S/ (/}X{fﬁ}( — X{p>u(@ |d,u ) dt
0 X

= [ s > g > 0y

Then, there exists t > 0 such that, letting A = {f >t} and B = {f* > t}, we have
w(AAB) > 0. As f and f* are both rearrangements of f, there holds u(A) = u(B).
Hence, we have pu(A\ B) = u(B\ A) > 0. By (3.22), pra.e. z € A\ B is a point of
density of A\ B, i.e.,
L u(B,(:)NA\B)
710 M(Br( ))

=1. (3.29)

The same holds for B\ A.
Let us define the sets

Aap = {z € X/T : there exists z € ', N A\ B point of density of A\ B},
Ap\a = {z € X/T : there exists z € ', N B\ A point of density of B\ A}.

We claim that ji(Aaq\g N Ap\a) > 0. In fact, we have (A4, \ By) = po(B, \ Ag) for
fi-a.e. © € X/I'. This follows from the fact that both f and f* satisfy (3.24). Hence,

/ o (Bo \ AL)dfi() = / pia( A \ Bo)da(x) = u(A\ B) > 0,
AaB AaB

and thus there exists a set A C Ay p such that gA > 0 and p, (B, \ A;) > 0 for all
x € A. Then, there exist x € X/I', z_ € ', N A\ B point of density of A\ B, and
zy € T, N B\ A point of density of B\ A.

Let R = {H,H,H", o} be the reflection system related to z = z, and w = z_
given by . In particular, we may assume z, € H* and 2. € H~. By
there exists a number 1 > 0 such that

1 1
W(By(= )N A\ B) > cu(By(=), w(Byf) VBN A) > Su(Byfz)). (330)
Possibly choosing a smaller 7 we may also assume that B, (z,) C H* (and hence also
B,(z_) C H™).
From (3.30) we deduce that p(H™ N (B\ AN o(A\ B))) > 0. In view of B\ AN
0(A\ B) = B\ oBNpA\ A, we eventually obtain

p{x € HY : f(z) < f(ox) and f*(z) > f*(oz)} > 0. (3.31)
This is assumption (2.23) in Theorem [2.11]

We claim that the two-points rearrangement f7% satisfies f5 = f*. From f*(z;) >
t > f*(z-) we deduce by Lemma that d(zy,z) < d(z_,z). As z_ = gz, this
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implies that = € H* U H, by (2.2). Now let z,w € I'y, y € X/I', be such that
z € H' and w = pz. Again by (2.2)), we have d(z,z) < d(z,w) and thus, by (3.13),
d(y, z) < d(y,w). This yields f*(z) > f*(w), by Lemma 3.5 and the claim is proved.

As ¢(t) = tP with p > 1 is strictly convex, by the statement concerning the strict
inequality in Theorem [2.11| we have

tAUk—FWWz[thJE%u<[Qf—ﬁﬁ@- (3.32)

This contradicts the minimality of f, provided that fr € A(f). We check
BZ)-BZ) tor g fr. *

We start with (3.24). For a Borel set B C X/T let h denote the function f restricted
to 7~ (B). For p is p-invariant we have u{h >t} = p{hg > t}, ¢t >0. Asp:T, —> T,
for any y € X/T, the function hg is also supported in 7=*(B), and thusﬂ

LMﬁ>m@m=émﬁ>mmw

for a generic B. This implies the claim (|3.24]).
Next, we prove that the function fx is supported in K. Let z,w € Iy, ye X/T, be
such that w = pz with 2 € HT. Because z € H" U H, there holds d(z, z) < d(z,w),

by (2.2), and so d(y, z) < d(y,w), by (3.13)). Now, if f(w) > 0 then w € K. By the
previous observation, this implies that also z € K. This ensures that fz is supported

in K.
Finally, (3.26) holds by Theorem [2.8|

We have an analogous theorem for the rearrangement of sets.

Theorem 3.7. Let X be a proper metric space, let i be a nondegenerate, diffuse,
isometric Borel measure on X with the Lebesgue property. Let (I, (1t2)zex/r, fi) be a
regular rearrangement system of (X, u) related to the Schwarz system I'. The Schwarz
rearrangement E* in (I, (1)zex/r, ) of any bounded Borel set £ C X satisfies

W(E*) = w(E) and P~(E*) < P~(E). (3.33)

Proof. The proof is analogous to the one of Theorem and we only sketch it. First,
we fix a suitable compact set K C X, as in the above proof. Then we introduce the
set A(E) of all Borel subsets F of X such that (3.24)~(3.26) hold with g = yr and
f = xg and p = 2 (or equivalently p = 1). The functional J(F') = u(FAE*) attains
the minimum on A(FE) at some F. The compactness Theorem does apply to this
situation. As in the proof above, it must be F = E* and the proof is finished. 0

When X/T" consists of one point, the set E* is a ball. Theorem [3.7| states in this
case that metric balls are isoperimetric sets, within the class of bounded sets, in
the metric measure space (X, ). This is the case of space forms (Euclidean and
hyperbolic space, sphere).

LCHECK
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In the final part of this section, we address the problem of the existence of a
disintegration of p along T', an isometry group of X. When X/I' = {z} consists of
one element there exists a trivial disintegration. In fact, we may choose u, = p and
i =Dirac mass on X/T". In this case, (', p,, ft) is a rearrangement system of (X, ) as
soon as the function s — u(Bs(z)) is continuous and strictly increasing in its natural
domain.

Let us recall the disintegration theorem for probability measures. A proof can be
found in [I7], II1.70-73. By definition, a Borel measure p on the metric spaces X is
reqular if (E) = sup {u(K) : K C E compact} for any Borel set E C X.

Theorem 3.8. Let X,Y be separable metric spaces, let 7 : X — Y be a Borel
map, let u be a regular Borel probability measure on X, and let i = myu be the
push-forward measure of p on Y. Then there exist Borel probability measures p,
supported in 7 !(y), y € Y, such that the function y — p,(F) is Borel measurable
and

u(B) = [ m(B)in(y)
Y
for any Borel set E.
We apply Theorem to our setting in a couple of examples.

Example 3.9. Let X be a compact metric space and let I' be a Schwarz system of
X. Then any finite, regular Borel measure on X is disintegrable along I'. This follows
from Theorem 3.8 with X and Y = X/I" = n(X). In fact, Y is compact because the
projection is continuous.

Though restrictive, the compact case is actually sufficient to our purposes. In fact,
in Theorem the functions are supposed to have compact support. Then we could
localize the rearrangement in some compact set and restrict the measure to this set.In
the case of a Steiner system, the measure p is assumed to be invariant with respect
to a 1-parameter group of isometries. This makes possible a disintegration also in the
noncompact case.

Example 3.10. Let X be a o-compact metric space and let (R,T) be a Steiner
system of X with R = {H~, H, H*, 0} and T' = {7, }4cg such that H* = (J,., 7(H),
with disjoint union. Then any locally finite, T-invariant and regular Borel measure u
on X is disintegrable along T". By definition, the measure p is T-invariant if (7, )y = p
for all t € R.

By assumption, we have H = X/T and the projection 7w : X — X/T is continuous.
Then H is o-compact and w.l.g. we may assume that H is compact. For any k € Z
let

Xy = U Ti(H).
telk,k+1)
Then we have X = |J, ., Xk, with disjoint union. With the natural assumption that
the mapping (x,t) — 7(x) be continuous from H x R to X, the Borel set X} is
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bounded. The measure u, = pl Xj, the restriction of u to X, is then finite and
moreover the measure i = myuy, is independent of k € Z, because p is T' invariant.
By Theorem , there are probability measures p*, x € X/T, supported in T, N X,
such that

u(E) = /X B0 L))

for any Borel set £ C Xj. Letting p, = Y, p we obtain a disintegration of p
along T'. The measures u, are locally finite.

We investigate whether (7', (fis)sex/7, fi) is a rearrangement system of (X, u), i.e.,
whether for fi-a.e. x € X/T the function s — p,(Bs(x) NT,) is strictly increasing and
continuous for s > 0

Let £ C X/T be a Borel set and for —oo <7 < s < o0 let E.; = U, ., 7(E).
Since p is T-invariant we have pu(E, ) = u(E, 4+ s4¢) for all ¢ € R. The disintegration
formula implies that

/EMJ»‘(ET,S NT.)dj(x) = /ENJ:(ET-H,SH NT.)dj(x).

Because F is arbitrary, we deduce that, for fixed r,s,t, there holds p.(E,;) =
po(Erits+e) for fi-a.e. x € X/T. Finally, this implies that there exists a set N C X/T
with i(N) = 0 such that

oo (Ers) = pa(Erprsqe) (3.34)

for all x € (X/T)\ N and for all ,s,t € Q with r < s. We deduce that p, is
nonatomic, i.e., p,{z} =0 for all z € T,. In fact, if p,{z} =9 > 0 for some z € T,
then, by , this holds for all z € T, and p, is not locally finite. The same
argument proves that if p,(E, s NT,) =0, z € E, for some r < s then p, = 0.

We proved that for fi-a.e. * € X/T the function s — g, (Ugeyes 7e(H) N T;) is
either identically zero or continuous and strictly increasing. This is sufficient to set
up a Steiner-type rearrangement, as in Definition [3.1]

The function s — p,(Bs(xz) NT,) is strictly increasing. This follows from the dis-
cussion above. If the orbit T,, x € X /T, meets the spheres {y € X : d(x,y) = s} at
isolated points, the function is also continuous and (7, (fz)zex/7, [t) is a rearrange-
ment system of (X, z1) in the sense defined before Definition [3.1] O

4. COMPACTNESS

We prove the compactness theorem in LP(X, y1) used in Section [3, Theorem [3.6]
We recall that a family of functions F' C LL (X, u) is said to be locally uniformly

loc
bounded if for any compact set K C X we have

sup/ |f] dp < +oo. (4.1)
fer JK

The family F is said to be locally uniformly absolutely continuous in L (X, u) if for

loc

any compact set K C X and for any € > 0 there is a 6 > 0 such that for any Borel
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set B C K there holds
u(B)<d = sup/ |fldp < e. (4.2)
fer JB

A metric space is proper if closed balls are compact.

Lemma 4.1. Let X be a proper metric space with a Borel measure p satisfying ((1.1)
and - Let F C LL (X, u) be a family of functions which is locally uniformly
bounded and locally uniformly absolutely continuous. Then the family of functions

F.={f. € C(X): f € F}, where
(x ——]Z du(y), 4.3
fr(2) 5 (o) f(y) du(y) (4.3)

is locally uniformly bounded in C'(X) and locally uniformly continuous.

Proof. Because the balls B,.(z) are precompact, the functions f, in are well
defined. Because u({y € X : d(z,y) = r}) = 0, the characteristic function of B,(z)
converges p-a.e. to the characteristic function of B, (x¢), as © — zg, for any zo € X.
By the theorem of dominated convergence, we then have

lim f(y)duly) = /B ( )f(y)du(y)-

T—T0 By (z)

In particular, z +— p(B,(x)) is continuous (and positive). It follows that f,. € C'(X).

Let K C X be a compact set and let K, = {x € X : dist(z, K) < r}. The set K,
is also compact. Letting

1
Ci =max ————, C! :sup/ fy)ldu(ly) < oo,
I STeeNE M LA
we have |f.(z)| < C1Cy, for any © € K and f € F. Thus F, is locally uniformly
bounded.

On the other hand, for any r,x9 € K
1

) = pool smac{ s s [ )
)

|1(Br (2)) — p(Br (o))
B @) (Brz0) o mrmen ()] dply) (4.4)

e / £ )] dpn(y) + C2Cal (B, (x)) — (B, (20))],
(z)ABr(z0)

where B,.(z)AB,(x¢) = B.(z)\ Br(z0) UB,(x¢) \ B.(z) denotes the symmetric differ-
ence of sets.

The function m : X x X — [0, 00), m(x,x0) = pu(B,(x)AB,(z0)) is continuous and
thus uniformly continuous on K x K. Moreover, m(zg, zo) = 0. Thus, for any § > 0
there is an n > 0 such that d(x, 7o) < n implies m(z, zy) < §. By ([£.2), for any given
€ > 0 we have

sup / )] duly) < ¢ (4.5)
() ABr(20)

feF JB
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as soon as d(z,xg) < n and n > 0 is small enough. By (4.5)) and (4.4)), F. is uniformly
continuous on compact sets. O

Let us recall our notation, with f € LP(X, u) and r > 0,

Q)= | 7[ ) £ () Pduty) diu(a).

Theorem 4.2 (Compactness). Let (X, ) be a proper metric measure space satisfying
and (3.21)). Let 1 < p < co and let F C LI (X, p) be a set of functions such
that.

i) F' is uniformly bounded in L} (X, u); moreover, if p = 1 assume that F is
uniformly absolutely continuous;
ii) there exists a function g € LP(X, u) such that limlg)nf rPQyp(g) < oo and for

all 0 < r < 1 there holds

Sup Qrp(f) < Qrp(9). (4.6)

fer

Then F is precompact in L} (X, p).

Proof. Let K C X be a compact set. The assumptions in Lemma are satisfied.
The set F, = { fr € C(K): f € F} is then equibounded and equicontinuous, and by
Ascoli-Arzela’s Theorem, F; is totally bounded with respect to the max norm and
then with respect to the LP(K, ) norm.

We claim that

liminfsup || f» — flr(x,u = 0. (4.7)
|0 fer

This follows from ii)

/ o= tvn= [ | (06) @)ty i
</ 7[ ) () Pda(y)dp()
</ 7{3 y () Pda(y)du(),

the inequality holding for any 0 < r < 1. This implies (4.7)).
Finally, by a standard argument from (4.7)) it follows that F' is totally bounded in
LP(K, p). O

5. EXAMPLES

We describe some examples of reflection, Steiner, and Schwarz system.
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5.1. Banach spaces. Let X = Z @& V be a real vector space, where V is a 1-
dimensional subspace of X. We may then decompose x € X as x = z 4+ v for unique
z € Zand v € V. On V we fix a total ordering. Let o : X — X be the map
o(x) = o(z+v) =2z —wv, and let || - || be a norm on X such that

|lox|| = ||z|| for all x € X. (5.1)

Let us define the sets H = Z, H- ={z € X 12 = z4+ v,z € Z, v < 0}, and
Ht={zxeX:x=z+4v,2z€ Z v>0} Weclaim that R = {H ,H,H",p} is a
reflection system of X with the distance induced by the norm || - ||.

Let v € V and z € Z. The function 9(t) = ||z + tv|| is nondecreasing for ¢ > 0. In
fact, for 0 <t < s we have

z+tv=0(z—tv)+ (1 —0)(z+sv), witho = i

€ (0,1
e,

and therefore, also using (j5.1]), we have
W(t) = ||z +tv]| < ollz —to]] + (1 — a)||z + sv|| = ad(t) + (1 — 0)d(s),

that implies J(t) < J(s).

We can now prove and namely that ||z —y| < [lz — oyl for all z,y € HUH™.
Let x = 21 + tiv and y = 29 +tov be in HT U H, i.e., t1,t; > 0. From the previous
observation along with the trivial inequality [t; — to| < ¢; + t5 and , it follows
that

|z —yll = |21 — 22 + [t1 — La|v]| < |lz1 — 22+ (t1 +t2)v]| = [lz — oy]|.

We specialize to the following situation. Let us factorize R® = R™ x R*"™™, for
some 1 < m < n. When m = n we agree that R"™™ = {0}. Let G = O(m) C O(n)
be the group of orthogonal transformations of R™ fixing the R"~™ factor. Let || - || be
a norm in R" such that ||yz| = ||z| for all x € R™ and v € G. We endow R" with
the metric space structure induced by this norm.

Let v € R™ x {0}, v # 0, and denote by H the hyperplane orthogonal to v. We
have a natural partition R” = H~UHUH™ and a natural reflection ¢ with respect to
H. As noted above, R = {H~,H,H", o} is a reflection system. Let 7, : R™ — R" be
the translation ez = x +tv, t € R and x € R". T = {7 }4cr is a 1-parameter group
of isometries. We have R"/T = H and R"/T" = {0} x R*™™, where I' = I'(T, G), the
group generated by T and G.

We claim that the projection 7 : R” — R™/I" induces a Schwarz system of R"
with the norm || - ||. Tt is elementary to check the the representation for the
orbits holds. As a consequence, condition also holds. We check . Let
z,y € R*"/T'={0} x R"™ and z,w € I'y = R™ x {y} be such that z = y + tyv and
w=y+sv, t,s € Rand v,£ € G. If || — z|| < ||z — w|| then by we have

ly == +tvl] = lly =2+ tyol| < ly = + séol| = |ly =« + sv],
that implies |t| < |s|. This in turn implies

1z =yl = ltroll = [ellloll < [sllloll = lls€vll = lw = yl.
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The Fubini-Tonelli theorem provides a disintegration along I' of the Lebesgue mea-
sure £" in R™ and a regular rearrangement system. Theorems and [3.7] apply
to the metric measure space (R", | - ||, £"). Within this setting, integral differential
quotients as in are studied in [33].

5.2. Hyperbolic space. Let H* = {x € R" : |z| < 1} be the n-dimensional hy-

perbolic space, n > 2, given in the ball model. In the sequel, | - | and - denote the

standard norm and inner product in R™. The metric d is defined via the identity
20 — yP?

(1= ]z[*)(1 = [y?)’

In the coordinates x = (z1, ..., x,), let

coshd(z,y) =1+ z,y € H". (5.2)

H ={zeH":2, <0}, H={zeH":2,=0}, H'={zeH" :2, >0}

The mapping ¢ : H* — H", o(x) = (—x1, 23, ..., ) is an isometry such that ¢? = Id
and oH™ = H~. By formula (5.2)), condition holds. This also follows from the
remark in Example . Then R = {H~,H, H', o} is a reflection system.

For any b € H", the mapping 7, : H" — H"
B 1— |b? lz|* +22-b+1
bRz 22 b+ 1" |b]?|x|? + 22 - b+ 1

()
is a hyperbolic isometry, called translation by b. With e; = (1,0, ...,0), we also let

1—t? |z|* + 2tz + 1
T()

= ter, te(—1,1). 5.3
Pl + 2t + 10 PP+ 2t 41 (=1.1) (5:3)
Then T' = {7 }4c(-1,1) is a 1-parameter group of isometries

t
ds,te(-1,1). 5.4
T mdste =LY (5:4)

The quotient is H"/T = {x € H" : 23 = 0} = H. We claim that (R,T) is a Steiner
system. Trivially, for any 7 € T and « € H"/T we have 7'z = orz. This is (3.9).
We check (3.10). For z,y € H"/T let ¥ : (—1,1) — [0, 00) be the function
o) ma =y P2y Pl ey
(1= [mz*)(1 = [yl*) (=) = |z = ly[?)
The second identity can be checked by a short computation based on . There
holds ¥'(t) > 0 for ¢ € (0,1) and, by (5.2), this implies (3.10).
The hyperbolic measure on H" is, up to a positive multiplicative constant,
_ 1 n
SERCEED T
where L£" is the Lebesgue measure on R". A disintegration of p along 7T is provided
by the construction given in Example [3.10, We describe explicitly the disintegration
in dimension n = 2. Let f: H? — (—1,1) be the function
fla) = h( 22

1 —[zf?

TsTt = Ty, With u =

), r = (x1,29) € H?,



Rearrangements, September 13, 2010 26

where h : R — (—1,1) is the function h(s) = s/(1 + /1 + s?). The level sets of f
are the orbits of 7. Namely, for any = = (0,29) € H there holds f(rx) = x5 for all
t € (—1,1). For any Borel set £ C H?, by the standard coarea formula we have

1 ! 1 .
w8 = [ et~ | S e TR @ 69)

where H! is the standard length measure and |V f(z)| is the standard length of
the gradient of f. By an elementary computation, we have |V f(x)| = |f(x)/xs|.
Using this piece of information and integrating along orbits in the set of parameters
t € (—1,1), we finally obtain the disintegration

1 2
140 1
E) = dtd 5.6
R ey e (5.6
where E, = {t € (-1,1) : 7,(0,0) € E} denotes the section of E with the orbit, at
the parameters level. The measure du, = #dt on the orbit is in fact independent

of o: it is the Haar measure of (—1,1) with the group law (5.4)).

We describe now examples of Schwarz system. The arguments rely upon elementary
facts of hyperbolic geometry. Let 1 < m < n and for z € {0} x H*™™, 0 € H™, let
I, = (]I-]Im X {O}), 0 € H™ ™, be the translation by x of the copy of H"™ sitting
inside H". We have a foliation I' of H": H"/I' = {0} x H" ™ and

H = ] T..
z€Hn /T
The foliation is obviously given by a continuous projection 7 : H* — {0} x H"~™.
We claim that I' is a Schwarz system of H".
Let z,y € {0} x H*™™ and z,w € I, be such that d(z,z) < d(w,z). We claim
that d(z,y) < d(w,y). As 7_, maps {0} x H"™™ into itself, we can without loss of
generality assume that y = 0. The claim then follows from the equivalence

oo waf?
(1= ]z)X = [z[*) = (L= [z[*)(1 = [w]?)
that holds for all z,w € H™ x {0} and x € {0} x H"™™. This proves (3.13).

The proof of is elementary. Given z,w € H", z # w, let H be the “hyper-
plane” through 0 orthogonal to 7, 'w € H". Let o be the reflection with respect to
H. We have 77w = tv for some v € R, [v| = 1, and ¢t € (0,1). Let s € (0,1) be such
that 1_2é > = t. Then the conjugation of H and ¢ with 7.7,,, namely H = 7.7, HT 7
and g = T.Ts,07,,'7,}, provides the required reflection system. Then Theorems
and apply to the hyperbolic space with its measure.

We describe the disintegration of the hyperbolic measure p along I' in the case

& [z < w|

n = 2 and m = 1. This configuration represents a kind of “Steiner rearrangement”

dual to the one discussed above. Let f : R?> — R be the function f(z) = ‘x2|§i1,

x = (71, 72) € R% For any s € (—1,1), we have

{oem: f@) = 225 = {0y x (-1,1).
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Starting from the formula ([5.5)), by the change of variable o = 2s/(s? + 1) we obtain
12 1
ME)ZQ/) /
1 1482 Jpmass2rine (1= 1222V f()]

We compute |V f(z)| and we express the inner integral in parametric form along the
curve t — 75(0,¢). The details are omitted. We obtain the formula

L | 1+ ¢2
E p—
u(E) /1_/E At s,

where B, = {t € (—1,1) : 7,(0,¢) € E}. This is the formula dual to (5.6).

dH (z) ds.

5.3. Sphere. The standard sphere S" = {z € R"*! : |z| = 1} is also rich of reflection,
Steiner, and Schwarz systems. This example is well-known and motivated the general
theory on polarization (see [3] and [5]).

5.4. Grushin plane. Consider the vector fields in R?

0 0
X = — d Xo=|z1|5—.
! 8x1 an 2 |$1 ’ 8x2
A Lipschitz curve v : [0,1] — R? is admissible if & = hy X7 () + he Xa(7) for functions

hi,hy € L*(0,1). We define the length of an admissible curve v as

1
L) = [ Il
0
where h = (hy, hy). We can then define a distance d on letting, for z,y € R?,
d(x,y) = inf {L(fy) . v € Lip([0, 1]; R?) admissible, v(0) = z, (1) = y)}

Then (R? d) is a metric space known as Grushin plane and the mapping ¢ is an
isometry. In fact, if v is an admissible curve joining x to y, then po~ is an admissible
curve joining px to oy and moreover L(y) = L(p o).

Let H-={z €R*: 25 <0}, H  ={z € R?* : 25 > 0}, and H = {x € R? : 25 = 0}.
Then R = {H~,H,H", o} is a reflection system of (R? d). Condition holds by
the remark in Example [2.2]

Now let T = {7;}1er be the l-parameter group of vertical translations 7,z =
(r1,m5 + t), x € R?2. We may identify R?/T = H and the orbits T,, * € H, are
vertical lines. We claim that (R,T) is a Steiner system of (R?, d). We check (3.13).
If d(z, z) < d(xz,w) for some z,w € T, and x,y € H, then we have |z5| < |ws|. This
in turn implies that d(y, z) < d(y,w) The proof of these facts is an easy exercise.

The standard reflection with respect to the xo-axis also defines a reflection system of
(R% d). In this case, however, there is no 1-parameter group of translations compatible
with the reflection system, i.e., yielding a Steiner system. For this reason, Pdlya-
Szegd inequalities for the xp-rearrangement of functions and sets are more difficult.
See [27] and [28] for some results in this direction.
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5.5. Sub-Riemannian Heisenberg group. The following examples are of partic-
ular interest. In spite of the fact that condition ({2.2)) is violated, a substantial part
of our rearrangement theory can be carried out in these cases, for functions and sets
enjoying a suitable symmetry. This point of view is developed in Section [6]

Let H® = C" x R be endowed with the group law

(z,t) % (¢, 1) = (z+C,t+T+21m(z-§)),

where we let 2-¢ = 21(o+...4+2,(,. H” with this group law is known as the Heisenberg
group. Let z = x + 1y, with x,y € R". The vector fields

0 0 0 0
Xj=— 42—, Vi=— 22—, j=1,..
I8, Mg T e, e T
span a 2n-dimensional left invariant distribution H, called horizontal distribution. A
Lipschitz curve v : [0, 1] — H" is horizontal if 4(s) € H(y(s)) for a.e. s € [0,1]. Fix
on H the left invariant metric that makes X1, ..., X,,, Y7, ..., Y, orthonormal, and let
|7| denote the length of 4 in this metric. The length of v is then by definition

1
L) = [ Blas

0
The distance between the points (z,t), (¢, 7) € H" is

d((z,t),(¢, 7)) = inf {L(v) : v € Lip([0, 1]; H") horizontal, v(0) = (z,t),~v(1) = (¢, T)}

Then d is a metric on H”, called Carnot-Carathéodory metric.

Let us introduce two different types of what we may call “reflection system with
symmetry”: the horizontal reflection system and the vertical reflection system with
symmetry.

We start with the horizontal reflection system. Let H, H—, H" be the following
subsets of H™:

H={(zt)cH":t =0} and H* = {(z,t) € H": £t > 0}, (5.7)
and let o : H* — H"™ denote the mapping
Q(Zat) = (27 _t)a (58)

where z = v+ iy = v — iy, with 2,y € R®. The mapping o is an isometry of
(H",d) that maps H* to H~ and such that ¢* = Id. This follows from the following
observation: a curve 7y is horizontal if and only if ¢ o v is horizontal, and moreover
L(y) = L(0 o7). The isometry o, however, does not satisfy condition (2.2)).

A first attempt to overcome this problem is to consider the mapping p o o, where
o:H" — H" is the “symmetry” defined by

o(z,t) = (5,1), (2,t) € H". (5.9)

The mapping ¢ is not an isometry of H" and, moreover, p o ¢ does not satisfy
condition (2.2)), either. In fact, we have d((z,t),(¢,7)) < d((z,1),(¢,—7)) for all
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(z,t),((,7) € HT such that z = a for some a € R. If z and ¢ are not collinear,
however, the inequality needs not hold.

In particular, R = {H~,H,H",p0 o} is not a reflection system of H" with the
Carnot-Carathéodory metric. However, it is a reflection system of H" with the Eu-
clidean metric. This makes possible a rearrangement argument for sets and functions
that are o-invariant (see Section [6)). We call R = {H~,H,H", 0,0} a horizontal
reflection system of H™ with symmetry o.

Now we pass to vertical reflection systems with symmetry. In this case, we let

H={(z,t) ¢ H" : Im(2;) = 0}, H* = {(2,t) € H" : £Im(z;) > 0}.
The isometry o is the one in (5.8). The symmetry o : H* — H" is in this case
o(z,t) = (21,22, - 2n, —t), (z,t) € H". (5.10)

The same considerations as above apply to this situation. WecallR = {H~,H,H", 0,0}
a vertical reflection system of H™ with symmetry o.

6. REARRANGEMENTS IN THE HEISENBERG GROUP

In this section, we consider the Heisenberg group H" with the Carnot-Carathéodory
metric introduced in Example The notions of horizontal and vertical reflection
system with symmetry o are introduced in the same Example. The results proved in
this section hold in the following more general framework: the horizontal or vertical
reflection system with symmetry is conjugated by some isometry of H". Precise
statements can be easily deduced from the basic results.

The horizontal Sobolev space WI&I’p (H"), 1 < p < o0, is the set of all functions
f € LP(H™) such that the distributional derivatives X f,..., X, f,Yif,...,Y, [ are in
LP(H™). Moreover, we let

/ Vaf(z,t)[Pdzdt = / > X f(z0)) + (Y Flz )2 dzdt,
H» n =1
For any locally integrable function f : H" — R let
Vaf|(H") =supy [ [ {X;o;+Y; dadt « ¢j,; € CHH™), Y ¢?+4? < 14,
E
Jj=1 j=1

The space BVua(H") = {f € L'(H") : |[Vuf|(H") < oo} is the space of functions
with finite horizontal variation.

When f = xg is the characteristic function of a measurable set £ C H", we let
|OnE|(H") = |[Vaxe|(H"). If |0gE|(H") < co we say that E has finite horizontal
perimeter in H™.

The characterizations and of Sobolev and BV norms with infinitesimal
integral difference quotients are proved in [33]. For R = {H~,H,H", 0,0} vertical
or horizontal reflection system with symmetry o, the two-points rearrangement of a
function f : H" — R is defined in . The function f is o-symmetric if f = foo.
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For g-symmetric functions, the two-points rearrangement reads as follows. When R
is the horizontal reflection system we have

f (Z t) . maX{f(Z, t), f(z, —t)} if t >0,
R\< V) = min{f(Z, t), f(Z, —t)} if t <0.
When R is the vertical reflection system we have

N max{ f(z,t), f(Z1, 22, ..., 2n, 1)} if Im(2z7) >0,
fr(z, )_{ min{f(z,t), f(Z1, 22, oo, 20, 1)} if Im(21) < 0.

6.1. Two-points rearrangement.

Theorem 6.1. Let R be either a horizontal or a vertical reflection system of H" with
symmetry o and let 1 < p < oo. For any o-symmetric function f € C}(H") we have
fr € WP (H™) and moreover

/ Vet fr (2, ) [Pd=dt < / Vi f(z, £)Pdzdt. (6.1)

n

Proof. With abuse of notation, we denote points of H" by x,y. For any 0 < r < 1 let

Q)= [ 1f@) = F@)Pxc ey

where
1

Xr(z,y) = L2 (B(x))

0 otherwise.

if d(z,y) <,

Here, d stands for the Carnot-Carathéodory metric and B, (x) denote Carnot-Carathéodory
balls. Notice that £2"(B,(x)) = r?"*2£2"*1(B,(0)) is independent of z.
Let L denote the Lipschitz constant of f with respect to the Euclidean metric:

NECEYO]]

L = Lip(f) = su 6.2
D= o

Let
K ={(z,t) e H" : |Re(z;)| < R, |Im(2;)] < R, |t| <R, i=1,...n} (6.3)

be a compact cube centered at 0 and with axes parallel to the coordinate axes and
such that

distg(H" \ K, supp(f)) > 1. (6.4)

Here, disty stands for Carnot-Carathéodory distance. Condition (6.4]) holds if R > 0
is large enough. By a well known estimate, there exists a constant Cx > 0 such that

|z —y| < Ckd(z,y) for all z,y € K. (6.5)

Let H be the reflection hyperplane of R = {H~, H, H', 0,0} and let (HNK), denote
the Ckgr-neighborhood in the Euclidean metric of H N K in H", and namely:

(HNK), ={z e H":dist(z, HNK) <rCk }.
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Here and hereafter, dist stands for the Euclidean distance. We claim that for any
0 <r <1 we have

Qrp(fr) < Qurp(f) +2LPCEAP LT (H N K),. (6.6)
Because
11%1 LY HNK), =0,

the claim (6.1]) follows from (6.6)), by formula (L.€) (which also holds for p = 1 for
smooth enough functions)
We prove . As in the proof of Theorem [2.§] - we have

Orslf //HWH+ {If @) = fO)IP + 1 (o) — flen)I” }xr () dwdy
//H+ Ht {If(@) = fley)P + | flox) — ()P }xr(, 0y) ddy.

In the latter integral we perform the change of variable y = oz. Using the symmetries
flooy) = f(oy) and f(oy) = f(y) we obtain

Qrlf / / QUf:,y) dudy,
H+xH+
where we let

QUf;sz,y) ={If(x) = fFW)IP + |f(ex) — [y }xr(z,y)
+ {If floy) P + [ f(ox) — F(W)IP }xr (2, 00y).

Let 2,y € H". We have the following four cases:
1) d(z,y) > r and d(x, goy) > r;
2) d(z,y) < r and d(z, poy) < r;
3) d(z,y) <r < d(z, 00y);
4) d(x,00y) <r <d(x,y).
In the proof of Theorem we had no case 4). In the cases 1), 2), and 3) we have

Q(friz,y) < Q(f;z,y). (6.7)
The proof is the same as in Theorem 2.8 We study the case 4). Let
E,. = {(w,y) € H" x HY : d(x, poy) <r < d(ﬁ,y)}.
If (z,y) € E,, we have
Q(fsz.y) = {If(z) = flen)l’ + |f(ex) = FW)I }xr (2, 0oy).

The function fr is o-symmetric. Moreover, fr is the Euclidean two-points re-
arrangement of f with respect to the hyperplane H. By (2.4]), we have Lip(fr) <
Lip(f) = L. In particular, we have fr € Wg"(H"), trivially. By (6.5), we have

[fr(z) = fr(ey)| = |fr(z) = frleoy)| < Lz — oy| < LCkd(x, 0oy) < LCkr,

and analogously |fr(ox) — fr(y)| < LCkr.
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By (6.4) we may assume that z,y € K. In fact, if x € H*\ K (or y € H"\ K) and
d(x,00y) < r < 1, we have

f(x) = flox) = f(oy) = f(y) =0,

and thus Q(fr;x,y) = 0. On the other hand, if d(x,00y) < r and z,y € HT N K, we
have

dist(oz, HN K) = dist(z, HN K) < |z — opy| < Crd(z,00y) < Ckr.

Then we have

[ Uy [ [ {15 frlen)l + o) a0 bt ern)dydo

< 2Lp0f{7’p/ / Xr(x, 00y)dy dx
H+N(HNK), JH*
< 2LPCY P L*"HY(H N K),,

and finally

/ Qfr: 2, y)dady = / Qe y)dady + | Q(fri,y)dudy
H+xH+

H+xHH\E, E,

< / Q(f; x,y)dxdy + 2LPCLr? L2 (H N K),.
HtxH+

This is . O

We extend Theorem to the case of Sobolev functions in Wg”(H") and to sets
with finite horizontal perimeter. We need the following density theorems which are
proved in [19], in a more general framework. For any f € Wé’p (H"), 1 < p < o0,
there exists a sequence f, € CT(H") N Wg"(H"), h € N, such that

T i fll, = Jim [ Ve~ Vifll, =0 (63)
This is Theorem 1.2.3 in [19]. The functions f;, are obtained as convolutions of the
form
@)= | fW)(z=y)dy, >0,z H,
where J.(z) = e**1J(|z|/¢) is a standard approximation of the identity and |z|

denotes the Euclidean norm of x € H® = R?*"*1. If f is o-symmetric with o as in
or , then also f. is o-symmetric. Multiplying each f;, by a suitable cut-off
function, we may then assume that the functions fj in are compactly supported
and o-symmetric, if f is o-symmetric.

Analogously, for any f € BV (H") there exists a sequence f;, € C*(H")NBVg(H"),
h € N, such that

Bim [[fu— flh =0 and Jim [Vieful (H") = [Vaef|(H"). (6.9)
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This is Theorem 2.2.2 in [I9]. The functions f; may be assumed to be compactly
supported and o-symmetric, if f is o-symmetric.

Corollary 6.2. Let R be either a horizontal or a vertical reflection system of H"
with symmetry o.

i) Let 1 < p < oo. For any o-symmetric function f € Wy"(H") we have
fr € WgP(H™) and moreover

/ Vaafr (2, ) [Pd=dt < / Ve f (2, 6)Pdzdt. (6.10)
. -

ii) For any o-symmetric function f € BVg(H") we have fr € BVg(H") and
moreover

VafzI(H") < |Vuaf|(H"), (6.11)

where fr is the two-points rearrangement of f.

Proof. This follows from Theorem on using the approximation in and .
The proof is elementary and we skip the details. 0

6.2. Vertical Steiner rearrangement. Let R = {H~, H, H', 0, 0) be the horizon-
tal reflection system with symmetry introduced in Example [5.5] in particular we have
H = {(z,t) € H" : t = 0}. We prove some theorems on the Steiner rearrangement
of sets and functions in the t-coordinate. We call this procedure vertical Steiner re-
arrangement. So the vertical rearrangement corresponds to the horizontal reflection
system.

The mappings 7, : H* — H", s € R, 74(z,t) = (2,t + s) form a 1-parameter group
T = {7s}ser of isometries of H". We may identify the reflection hyperplane H with
H"/T. The orbits are vertical lines T, = {(z,t) € H" : t € R}, z € C", and the
projection 7 : H* — H"/T = H, 7(z,t) = (z,0), is continuous.

The natural disintegration of the Lebesgue measure £2"*! along the orbits T, is
given by Fubini-Tonelli theorem. For any measurable set &Z C H" we have

cni(E) = [ LB ),

H

where E, = {t € R: (2,t) € E}, z € C". For any measurable set £ C H" with finite
measure, we call the set

E* = {(zt) e C" xR :2|t| < LY(E.)},

the vertical Steiner rearrangement of E. Analogously, for any measurable, rearrange-
able function f: H" — [0, 00), we call the function

1 (z,t) :/ X{f>sp (2, 1) ds, (z,t) € H",
0

the wvertical Steiner rearrangement of f.



Rearrangements, September 13, 2010 34

Theorem 6.3. Let [ € Wé’p (H"), p > 1, be a nonnegative, o-symmetric function
and let f* be the vertical Steiner rearrangement of f. Then f* € Wé’p (H") and

/ \Vaf*(z,t)|Pdzdt S/ |Vaf(z,t)|Pdzdt. (6.12)
H"» H"»

Proof. We follow closely the proof of Theorem [3.6] For the reader’s convenience, we
repeat some of the details.

Step 1. Let us first assume that f € C!(H").

Asin , let K C H" be a compact cube centered at the origin with axes parallel
to the coordinate axes and containing the support of f. Let A(f) be the family of all
nonnegative, o-symmetric functions g € LP(H™) such that:

i) LYg > s}, = LY{f > s}, for L2a.e. z€ C", 5> 0; (6.13)
ii) g(z,t) = 0 for all (z,t) € H" \ K; (6.14)
i) [Vegll, < [[Veafly. (6.15)

The set A(f) is uniformly bounded in WI&I’p (H") and boundedly supported. By the
compactness Theorem in [22] (see Section 4), A(f) is compact in LP(K). The closure
of A(f) can be shown as in the proof of Theorem |3.6| and we skip the details.

The functional J : A(f) — [0, 0)

J(g) = / gl 1) — £z, 1) P, (6.16)

achieves the minimum at some f € A(f). There are two cases: 1) J(f) = 0; 2)
J(f) > 0. In the first case, we are finished. On the other hand, the case J(f) > 0
may not occur. The proof of this fact is the same as in Theorem [3.6l We sketch the
argument below.

If J(f) > 0 there exists a § > 0 such that, letting A = {f > 6} and B = {f* > 4},
we have L*"1(AAB) > 0. The same argument after proves then the existence

of some z € C", t_,t, € R, and n > 0 such that (z,t_) € A\ B, (z,t;) € B\ A and
1
LU (2, t2) N A\ B) > L (U (2,12)),

(6.17)
LU, (2, 44) N B\ A) > SL7 Uy (2, 14)).

Here, U,(z,t) is the Euclidean ball centered at (z,t) € H* = C" x R with radius 7.
Let t = (t_+ty)/2, H=mH, H = n,H-, Ht* = 7,H", and let g denote the
standard (Euclidean) reflection w.r.t. H. Let fz be the function defined as follows

P (s p) = max{f(z,t),f(@(z,t))} if (2,t) € Ii]*,
CCUR W o

and fz = f on H. By a straightforward generalization of Corollary , this func-
tion satisfies [|[Vafzll, < [Vafll, < |Vafl,- Moreover, the function g = fg is

o-symmetric and satisfies (6.13])-(6.14). Thus fz is an element of A(f). Finally, as-
sumption (2.23) of Theorem holds by (6.17) and f5 = f*. The proof of the last
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statement is as in Theorem B.6 Therefore we have
Hin) = [ i = £zt = [ (= faPdzde < [ | = Pzt = (7).
Hn Hn» Hn
This contradicts the minimality of f.

Step 2. We prove the theorem for any nonnegative, o-symmetric function f €
Wy (H).

The proof is by approximation. Let (f,)neny be a sequence of nonnegative, o-
symmetric functions f;, € C}(H") such that holds. We can also assume that
fu(z,t) — f(z,t) as h — oo for L>"Tlae. (z,t) € H". It follows that for £>"-
a.e. z € C" and for all but a countable set of s > 0 there holds

hh—{g; LY {fn > sp.A{f > s}.) =0. (6.18)

The proof of this claim is analogous to one in Theorem [3.6] We skip the details.
By the Step 1, we have

/ Vaafi (e ) Pdedt < / T (2 8) Pz,
n Hn

It follows that, up to a subsequence, the sequence (f7)nen converges weakly in Wﬁ’p (H")
to a function g such that

/ [Vig(z.t)Pdzdt < lim inf / Vi f2 (2, t)|Pdzdt.
n —00 H"

We may also assume that f; — g £*"T1-a.e. in H”. We claim that g = f*.
We preliminarily prove that for £?"-a.e. z € C* and for all but a countable sets of
s > 0 there holds

hhj& LY{fy > s}.A{g > s}.) =0. (6.19)

First notice that for £*"-a.e. z € C" and for all but a countable set of s > 0 we have
L{g = s}. = 0. Moreover, the functions ¢ — f(z,t) and t — g(z,t) are even and
non-increasing for ¢ > 0. The sets I,(z,s) = {fF > s}, and I(z,s) = {g(z,t) > s}, are
therefore essentially symmetric intervals, I;,(z,s) = (—an,ap) and I(z,s) = (—a,a)
for some a,a, > 0. Using the pointwise convergence and L'{g = s}, = 0, it is
elementary to show that a;, — a as h — oo. This proves .

From ((6.18)) and (6.19)), we deduce that
LYg> s}, = Jim LHfr> s}, = Jim LHfn > s}, = LYHf > s},
This implies that ¢ = f*, and the proof is finished. U

In the sequel, let |OgE| = |0 E|(H™) denote the horizontal perimeter of E in H".

Theorem 6.4. Let £ C H" be a o-symmetric set of finite measure and finite H-
perimeter and let £* be the vertical Steiner rearrangement of . Then E* is of finite
H-perimeter and

|0aE™| < |0uE|. (6.20)
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Proof. The proof is a repetition of the one of Theorem [6.3] We sketch a few details.

Step 1. We claim that for any f € C}(H") with || f|le < 1 we have |V f*|(H") <
Ve fl(H") .

Asin , let K C H"™ be a cube centered at the origin and containing the support
of f. Let A(f) be the set of all nonnegative, o-symmetric functions g € L'(H") with
lgllooc <1 and such that

i) LYg > s}, = LY{f > s}, for L2a.e. z € C", 5> 0;
ii) g(z,t) = 0 for all (z,t) € H"\ K;
i) [Vag|(H") < [Vaf|(H").
The set A(f) is compact in L?(K). The functional J : A(f) — [0, 00)
9o) = [ lofest) 1 (eo0) P,
achieves the minimum at some f € A(f). The case J( f) > 0 may not occur. The

proof is the same as in Theorem . Here, we use Corollary , part ii).

Step 2. The proof of the theorem is a line-by-line repetition of the Step 2 of Theorem
6.3 Here, we use the approximation of the characteristic function of E with a
sequence of smooth functions for which we may use Step 1. U

Example 6.5. Theorem [6.4] does not hold if we drop the o-symmetry of the set. We
construct a set £ C H! such that its vertical Steiner rearrangement E* satisfies

0 E* > |0 E).

The set E is the left translation of a cylinder.
Let D = {z € C: |z|] < 1} and define the horizontal area of the graph of a Lipschitz
function f: D — R as

Au(f) = /D \/(% - 2y>2 + (g—g + 2x>2dxdy. (6.21)

This area is the horizontal perimeter of the epigraph of f inside the cylinder D x R.
Formula (6.21)) is a special case of the formula

0uE| = | V(X -v)24 (Y -v)2dH?, (6.22)

for a bounded open set £ C H! = R? with Lipschitz boundary. Here, v is the unit
normal to the boundary, - is the standard scalar product of R?, and H? stands for
the standard 2-dimensional Hausdorff measure in R3.

Fix a real number ¢ > 0 and, for a,b € R, let f,; be the affine function f,,(x,y) =
ar + by + c¢. The horizontal area of the graph of this function depends only on the

parameter s = va? 4 b2, and namely, by (6.21]),

1 2
A(s) = Au(f) = / / V82 4 4rssin® + 4r2dd rdr, s> 0.
o Jo
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The derivative in s of the function A is

27 2 : 19
/ / s+ orsin ddrdr, s>0,
V$2 + drssind + 4r2?

and, in particular, we have A’(0) = 0. The second derivative is

473 cos?
A'(s dodr >0, s>0.
/ / (s2 + drssind + 4r2)3/2 " y $Z

Then A’ is strictly increasing and thus also A is strictly increasing for s > 0.
Now let C,;, C H! be the cylinder

Cop={(z+iy,t)eH 12 +iy € D, |t — ax — by| < c}.
We claim that for all a,b € R we have

|0uCop| < |0uCapl
with equality if and only if a = b = 0.
We start from the following identity
106 Cap| = 2Au(fap) + H*(OD x RN OC,p), (6.23)

which easily follows from (6.22). By Fubini-Tonelli theorem, H?(0DxRNAIC, ;) = 4rc
is independent of a,b. The claim follows.

Now let p = (20,0) € H! be a point such that zy # 0 and let
E=pxCoo={(2,t) eH": |z — | < 1, |t — 2Im(20Z)| < c}.
The vertical Steiner rearrangement of F is the cylinder
E*={(zt) e H |z — 2| <1, |t| <c} =p*Cup

for suitable a, b € R that satisfy a®+ b* # 0, because z, # 0. By the left invariance of
the horizontal perimeter and by the discussion of the equality case in (6.23]), we have

\8HE*\ = lﬁHCa,bl > |8HCO70| = |8HE‘
0

6.3. Circular rearrangement. Let R = {H~, H, H", p, 0} be the vertical reflection
system with symmetry introduced in Example In particular, we have H =
{(z,t) € H' : Im(z1) = 0}, o(z,t) = (%, —t), and o(z,t) = (21, Z2, ..., Zn, —1), (2,) €
H".

For any s € S! = {s € C : |s| = 1} let 7, : H® — H" be the mapping 7,(z,t) =
(821,22, -+ey Zn, t). Then T = {74}seq is a 1-parameter group of isometries of H" with
the Carnot-Carathéodory metric. We may identify

H"/T ={(z,t) e H" : Im(z;) = 0,Re(z;) >0} C H.

The orbits T,; = {(sz1, 22, ..., 20, t) € H" : s € S'} are circles and the projection
m:H" - H"/T is n(2,t) = (|z1], 22, .., Zn, t).
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The natural disintegration of the Lebesgue measure £2"! is given by cylindrical
coordinates. For any Borel set £ C H" we have

LR = HY(E,,)dL(2,1),
H" /T
where E,, = ENT,, is the section of E with the orbit of (z,¢) € H"/T. Here, H' is

the standard 1-dimensional Hausdorff measure in R?**1,
For any (z,t) € H"/T we let

B, = {(szl,zz, v zn,t) EHY 1 s € St Re(s) > so}

where sy € [—1,1] is the unique real number such that H'(E},) = H'(E.;). We call
the set
= |J E, (6.24)
(z,t)eH™/T
the circular rearrangement of E. This definition is a special case of . Analogously,
for any nonnegative, measurable (rearrangeable) function f : H" — R, we call the

function f* defined in (3.7)) the circular rearrangement of f.

Theorem 6.6. i) Let f € Wﬁ’p (H"), p > 1, be a nonnegative, o-symmetric function
and let f* be the circular rearrangement of f. Then f* € Wﬁ’p (H") and

/ \Vuf*(z,t)|Pdzdt S/ |Vaf(z t)|Pdzdt. (6.25)
H"» H"»

ii) Let £ C H™ be a o-symmetric set of finite measure and finite H-perimeter and
let £* be the circular rearrangement of £. Then E* is of finite H-perimeter and

|OaE*| < |OuE|. (6.26)

Proof. The proof is a straightforward adaptation of the proof of Theorems and

[6.4. A repetition of the details is not necessary, here. O
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