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Introduction

Analysis in metric spaces is a field in strong development and touches different
areas of classical analysis. The theory of Sobolev spaces in metric spaces has been
deeply studied [100], a general theory of currents in metric spaces has been developed
[10], the theory of quasiconformal maps has been generalized to metric spaces with
controlled geometry [105], the analysis on fractals has been linked to that of metric
spaces (see [57] and [161]). The first books on the subject begin to appear (see [6]
and [104]), and the English edition [95] of [93] should also be mentioned along with
[160].

A special class of metric spaces are Carnot-Carathéodory spaces. Even before
the formal introduction of these spaces, the metric structures involved have been
used in the study of hypoelliptic equations, degenerate elliptic equations, singular
integrals and differentiability properties of functions, along the path [108], [28], [52],
[156], [64], [77], [151], [172], [164] (and many others). A corresponding theory of
Sobolev spaces in C-C spaces has been systematically worked out, including Poincaré
inequalities, compactness theorems, embedding and extension theorems. We refer to
chapter 4 and to the references in [100] for an up to date bibliography on the subject,
which is considerably wide.

The study of C-C spaces from the point of view of Geometric Measure Theory is
more recent, only few results are known and some more detail can here be explained.
The first step was perhaps the proof of the isoperimetric inequality in the Heisenberg
group [154]. The connection with geometric Sobolev embeddings was subsequently
used to prove more general isoperimetric inequalities for C-C metrics in [73] and [89)]
(but also in [26] within the theory of Dirichlet forms). The notion of set of finite
perimeter introduced by Caccioppoli ([35]) and De Giorgi ([58], [59]) has a natural
formulation in C-C spaces (see [80] and [89]) and enjoys several nice properties that
were used in [89] to prove the existence of minimal surfaces. This formulation is
a special case of a general definition of function with bounded variation in metric
spaces (see [138]). The problem of finding a good notion of rectifiable sets even
in the simplest non Riemmannian C-C space, the Heisenberg group, has obtained
only partial answers. The classical definition, which looks for sets that are Lipschitz
images of open sets of Euclidean spaces, does not work [9] and different proposals
have been put forward in [82] and [155]. The one proposed in the former paper
seems to be the most promising because there can rely upon it a proof of a structure
theorem for sets of finite perimeter in the Heisenberg group which is a counterpart of
the Fuclidean one. However, some fundamental results of Geometric Measure Theory
in the Euclidean setting are no longer true in C-C spaces. For instance, the lack of
a covering theorem of Besicovitch type in C-C spaces (see [120] and [158]) yields
the difficult task of differentiating a general Radon measure. Moreover, the metric
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6 INTRODUCTION

differentiability of Lipschitz functions may fail [116]. Nevertheless, some deep results
in this direction have been obtained in [7] for the perimeter measure in the general
setting of metric spaces. The study of surface measures in C-C spaces is far from
being complete. Perimeter and Minkowski content of a sufficiently regular surface
agree [148] and, again in the Heisenberg group, perimeter equals spherical Hausdorff
measure of the right dimension, at least on regular surfaces [82]. Finally, in the
setting of Carnot groups some area and coarea formulas have been proved in [175],
[173], [129], [130], and the study of the isoperimetric set in the Heisenberg group
has begun and [123].

C-C spaces, and specifically Carnot groups, are also of great interest in the theory
of quasiconformal maps in metric spaces. Several characterizations, properties and
examples of such maps in the Heisenberg group have been given in [119] and [120]
(see also [44]), the connection with quasilinear equations has been explored in [39],
and the problem of regularity in Carnot groups has been studied in [18].

In Differential Geometry C-C spaces are also known under the name of sub-Rie-
mannian manifolds (see for example [31], [165] and the book [21]). The study of
geodesics in these manifolds has a controversial history (see [143] and [124]) and
seems still to be at its beginning. In [137] Carnot groups have been proved to be the
natural tangent space to a sub-Riemannian manifold with equiregular distribution
(see also [20] and [134]). Finally, in spite of their geometric flavour, the papers [153]
and [94] have had a great influence in the analytic literature, so as to impose the
expressions “Carnot group” and “Carnot-Carathéodory space”.

It is now time to introduce the metric spaces we are talking about. Suppose that
a family X = (X3,..., X,,) of vector fields is given in R"™ and that every couple of
points z,y € R™ can be connected by a Lipschitz curve v : [0, 7] — R" such that for
a.e. t € [0,T]

y(t) = Zhj(t)Xj(’y(t)) and Zhj(t)z <1

Such a curve will be called X —subunit. The function d : R® x R" — [0, +-00) defined
by
d(z,y) =inf{T > 0: there exists a X —subunit curve v:[0,7] — R"
such that v(0) = 2 and v(T') = y}

is a metric and the metric space (R",d) is called Carnot-Carathéodory space (C-C
space). Typically, a C-C space is not bi-Lipschitz equivalent, not even locally, to any
Euclidean space and it is not Ahlfors regular either, but in most cases it is locally of
homogeneous type. C-C spaces are length spaces.

We underline the fact that the manifold considered will always be R™ or an open
subset of R™ endowed with Lebesgue measure, and not a more general manifold.
Similarly, we shall always have in mind vector fields rather than distributions (in the
sense of Differential Geometry). Once the vector fields are fixed and connect the
space a uniquely defined C-C metric is given. Our approach will be metric rather
than differential geometric.

The general problem may be described as the study of the interplay between
the analytical objects which can be defined directly by the vector fields Xy, ..., X,,
(such as anisotropic Sobolev spaces, functions of bounded variation, sets of finite
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perimeter and sub-elliptic differential operators) and the analytical objects that are
instead defined using the metric (such as Lipschitz functions, rectifiable curves and
geodesics, properties of domains, different integral kernels, Minkowski content and
Hausdorff measures). Within such a general research program this thesis deals with
distances, boundaries and surface measures. Such topics are deeply connected with
several problems of Geometric Measure Theory and of Functional Analysis in metric
spaces.

The first item appearing in the title of the thesis is “distances”. The C-C distance
dy from a closed set K (typically a surface or a point) is a tool which must have nice
intrinsic properties to be useful. Motivated by the application of an intrinsic coarea
formula in C-C spaces (see chapter 5) we focus our attention on the eikonal equation
| Xdk| = 1 which is studied in detail in chapter 2. The problem of “boundaries”, the
second item, is very delicate. Here comes into play a feature of C-C spaces that does
not appear in the Euclidean case: a boundary can be characteristic at some point,
i.e. all the vector fields X, ..., X,, are tangent to the boundary at that point. If this
happens then the boundary and the open set it encloses are bad from all points of
view. Roughly speaking, in order to be regular a domain must have “flat” boundary
at characteristic points: this is the philosophy which inspired the regularity theorems
of chapter 3, theorems that have several applications to global Sobolev-Poincaré and
isoperimetric inequalities, embedding and extension of functions, regularity up to the
boundary of solutions of hypoelliptic equations. “Surface measures” is the third item.
Such measures are perimeter, Minkowski content and Hausdorff measures of suitable
dimension. Our results mainly deal with the first two and in particular we shall prove
that in a quite general C-C space perimeter and Minkowski content are the same.

The last chapter of the thesis describes an application to the Calculus of Variations
that will be discussed later. This chapter can be seen as a final summary of the entire
work: each of the previous chapters contains at least one theorem that here is needed
and used.

Not all the results the reader will find in the thesis are due to the author. The
original contributions are now going to be illustrated. All results in chapter 3 along
with Theorem 1.6.10 are joint work with D. Morbidelli of University of Bologna and
refer to the papers [146] and [147]. All results in chapter 6, in sections 1 and 2 of
chapter 5, in sections 3 and 6 of chapter 2 are joint work with F. Serra Cassano, my
thesis advisor, and refer to the papers [148] and [149]. Theorem 1.3.5 in chapter 1
and sections 4 and 5 in chapter 2 are due to the author and the results there proved
are mostly unpublished.

The basic properties of C-C spaces are studied in chapter 1. We introduce dif-
ferent definitions of the metric that turn out to be equal, we prove the Riemannian
approximation theorem, we study rectifiable curves and geodesics, we prove Chow
theorem for systems of vector fields satisfying the Hérmander condition and we state
the structure theorem of C-C balls of [151]. Then we introduce the main examples
of C-C spaces that will be object of study: Carnot groups, the Heisenberg group
and C-C spaces of Grushin type. Most of the results proved in this chapter are well
known, but we would like to mention two theorems that seem to be new.

In section 3 we show how to compute the metric derivative of Lipschitz curves in
C-C spaces. A Lipschitz curve v : [0, 1] — (R",d) is differentiable almost everywhere
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and its derivative lies in the horizontal space, i.e. ¥ = A(v)h almost everywhere,
where A is the (n x m)—matrix whose columns are the coefficients of the vector
fields X, ..., X;,, and h = (hq, ..., hy,) is the vector of canonical coordinates of . In
Theorem 1.3.5 we prove that

iy Y08 +6),7(2))
6—0 |(5|

= |h(®)|
for a.e. t € [0, 1], thus obtaining the representation formula for the length of ~

Var(y) = / Ih(t)] dt.

where Var(y) is the variation of v with respect to the C-C distance d.

In section 6 we give a variant of the structure theorem of C-C balls of [151]
which is very useful in the study of problems involving non characteristic surfaces
(see Theorem 1.6.10). This theorem will be used in chapter 3 to show that domains
with non characteristic boundary are uniform and to prove a trace theorem on non
characteristic boundaries.

Chapter 2 deals with differentiability of Lipschitz functions in C-C spaces and
eikonal equations for C-C distance functions. The differentiability of Lipschitz func-
tions in metric spaces is a topic that seems to be arousing an increasing interest (see
for example [48]). There are two main results which are known in C-C spaces. Pansu
differentiability Theorem established in [153] states that any Lipschitz map between
two Carnot groups has almost everywhere a differential which is a homogeneous ho-
momorphism (see Theorem 2.1.6). On the other hand, if we consider only real valued
functions, but now in a general C-C space, then every Lipschitz function has weak
derivatives along the vector fields inducing the metric and these are L*>° functions.
This result has been proved in [81] and then in [90] (see Theorem 2.2.1). We prove
a differentiability Theorem of intermediate character: we consider real valued func-
tions, we require more regularity on the C-C space but we get a strong differentiability
result. More precisely, if (R",d, |- |) is a doubling C-C space induced by the vector
fields X1, ..., X;,, which are “of Carnot type” (see (2.3.10)) and f : (R",d) — R is a
Lipschitz map then for almost every x € R™ there exists a linear map T : R” — R

such that
iy L) = f(2) = Ty — @)
y—z d(x,y)
and this linear map actually is T' = (X3 f(x), ..., X, f(2),0,...,0) (see Theorem 2.3.3).
In order to prove the theorem we need a weak form of the Morrey inequality (see
(2.3.12)) which holds in very general situations, for example if the vector fields are of
Hormander type and the C-C space is Ahlfors regular in a neighborhood of almost
every point.
In the second part of chapter 2 we study the eikonal equation for C-C metrics. If
K is a closed set in a C-C space (R™,d) the distance from K is the function

dg(z) = inf{d(x,y) : y € K}.

Since dg is 1—Lipschitz then | Xdg(z)| < 1 for a.e. x € R". The problem is to prove
that

=0,

| Xdg(z)|=1 forae zeR"\K.



INTRODUCTION 9

In Theorem 2.6.1 we prove this eikonal equation essentially whenever the differentia-
tion Theorem 2.3.3 is available.

In the special case of the Heisenberg group if K is one point we get a stronger
result. In Theorem 2.4.1 we show that the Heisenberg distance from the origin is of
class C'*° outside the center of the group and that here the eikonal equation holds
everywhere. Moreover, if K is a compact subset of a surface of class C' having the
uniform ball property (see Definition 2.5.3) then the distance from the surface is of
class C'! and again the eikonal equation holds everywhere in a neighborhood of K (see
Theorem 2.5.8). This result relies upon a kind of Gauss Lemma in the Heisenberg
group which can be formulated as follows. If a hypersurface S of class C! having
the uniform ball property is given in the Heisenberg group and its local equation is
f(z,t) = 0, then the geodesic flow starting from S having horizontal velocity

o va(Zv t)
&0 = T D)

realizes the distance from the surface (see Lemma 2.5.6). Here Vi f is the Heisenberg
gradient of f and v(z,t) is the normalized projection onto the horizontal space of the
Euclidean normal to the surface at (z,t) (see chapter 2 section 5).

Chapter 3 is entirely devoted to regular domains in C-C spaces and to trace
theorems. The domains studied are John and uniform domains (see Definitions 3.1.1
and 3.1.10). John domains, which in the Euclidean setting have been introduced by
F. John [112], support the global Sobolev-Poincaré inequality (see [78], [89], [100]
for our metric setting), the Rellich-Kondrachov compactness theorem (see [89] and
[100]) and the relative isoperimetric inequality (see [78] and [89]). These results will
be discussed in chapter 4. Uniform domains (also known as (e, d)—domains) are a
sub-class of John domains and have been introduced by Martio and Sarvas [136] and
Jones [113]. In particular, in [113] an extension theorem for Sobolev functions in
uniform domains was proved, theorem generalized in [174] and [90] to the setting of
Carnot—Carathéodory spaces. In connection with the study of harmonic measures for
sub-elliptic equations a class of regular domains (p—Harnack domains) has also been
introduced in [65] and [66].

In spite of all such results only few examples of John and uniform domains are
known in Carnot-Carathéodory spaces (to our knowledge, at least), and precisely:

(i) Carnot-Carathéodory balls are John domains. This is a general fact which
holds in any metric space with geodesics (see [100, Corollary 9.5] and see
also [74]).

(ii) Carnot-Carathéodory balls in groups of step 2 are uniform domains (see [92]
and also [174] for the special case of the Heisenberg group).

(iii) In groups of step 2 every connected, bounded open set of class C'! having
cylindrical symmetry in a neighborhood of each characteristic point (see [42]
for precise definitions) is a non tangentially accessible (nta) domain (see [42]
and [43]). This property is stronger than the uniform one.

(iv) In the Heisenberg group global quasiconformal maps preserve the uniform
property [44].

We prove that:
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1) If d is the Carnot-Carathéodory metric induced on R™ by a system of Héorman-
der vector fields and 2 C R” is a connected, bounded open set of class C*°
without characteristic points on its boundary then €2 is a uniform domain in
(R, d) (see Theorem 3.2.1).

2) In the setting of Carnot-Carathéodory spaces of Grushin type we introduce
a class of admissible domains which are uniform (see Definition 3.3.1 and
Theorem 3.3.3).

3) In any group of step 2 a connected bounded open set with boundary of class
C1! is a uniform domain, and actually a nta—domain (see Theorem 3.4.2).

4) In a group of step 3 we introduce a class of admissible domains (see Definition
3.5.2) that are John domains (see Theorem 3.5.5). We also produce examples
of domains belonging to this class (see Example 3.5.6).

Result 3) proves a conjecture stated in [89], [42] and [43] and is sharp in the
sense that in groups of step 2 there are open sets of class CY® for any a € (0,1)
which are not John domains (see Example 4.1.9). Result 2) is sharp, too. Moreover
we show that the Grushin ball in the plane is not uniform. In groups of step 3 the
C® regularity does not ensure metric regularity. In Section 5 we give a sufficient
condition for the John property expressed in terms of an inequality involving the
local equation of the boundary and its derivatives along the horizontal vector fields.
Precisely, consider two vector fields X; and X, in R* generating a homogeneous group
of step 3 with commutators [X, Xo] = X3 and [ X, X3] = [X2, X5] = X4 (all other
commutators vanish). Let Q@ = {® > 0} be a connected, bounded open set with
boundary 9Q = {® = 0} where ® is a function of class C?, we require that for all
points in 0f2

|X20| 4 | X20| + (X1 X5 + X0 X1)D| < k(| X19Y2 + | Xo®|V2 4 | X3P)),

where k£ > 0 is a uniform constant (see Definition 3.5.2). This condition can be
reformulated for the parametric representation of the surface (see formula (3.5.96))
and quantitatively describes the flatness behavior of the surface near characteristic
points.

The second group of results of chapter 3 deals with the trace problem for Sobolev
functions. Let us recall the following classical result of [87]. If 1 < p < +o0 and
2 C R™ is a bounded open set with regular boundary 0f2, then there exists a constant
C > 0 such that for any u € W'?((Q)

/ |U(IL’) — Qf(y)‘p dHn_l(x)dHn_l(y) < C/ |Vu(x)|p dz,
saxoa |T =y 0

where s = 1 — 1/p is the fractional order of differentiability of the trace u = ujsq,
and H" ! is the (n — 1)—Hausdorff measure in R™. The problem of finding similar
estimates for vector fields has deserved some attention in the last years (see [71], [25],
[13], [56]) but even the choice of the fractional semi-norm to use in the left hand side
of the above inequality is not clear. We prove trace estimates of the following type.
Let © C R™ be a bounded open set with boundary 92 of class C*. There exists C' > 0

such that
u(z) — u(y) P dp(z)dp(y) P 4y «
/mxag d(z, )P u(Blz, d(,y)) C/Q’X“(“")‘ d (%)
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for all u € CY(2) N C(Q). Here d is the C-C metric induced by the vector fields
X = (Xy,...,X,n), Bis a C-C ball and p is the surface measure p = |Xn|LH"!,
n(x) being the unit normal to 092 at . The measure u, which is exactly the perimeter
measure of {2 (see chapter 5), seems to take correctly into account characteristic points
in 0Q.

The main problem with (x) is, again, the regularity of the boundary 9. If 0
is smooth and does not contain characteristic points then the trace estimate holds
for a general system of Hormander vector fields (see Theorem 3.6.4). The proof is
based on a technique inspired by the original paper of Gagliardo [87] which relies
upon the possibility of connecting points on the boundary 02 by means of sub-unit
curves lying in 2. When the boundary contains characteristic points the analysis is
much more difficult. But in the setting of the Grushin plane we introduce a class of
admissible domains of class C', which is the same of 2) above (see Definition 3.7.3),
that are “flat” at characteristic points in such a way that the trace estimates hold
(see Theorem 3.7.5). By a non trivial counterexample this result will be shown to be
sharp in the sense that there exist domains of class C' which are not admissible for
which the theorem fails (see Proposition 3.7.6).

In the remarkable paper [56], assuming some regularity on the measure p and the
uniform property for 2, the authors prove general trace theorems of the form (k) for
Hormander vector fields with applications to Carnot groups of step 2. Our results on
uniform domains proved in section 4 could help to give a very satisfactory answer to
the trace theorem in this class of groups.

Chapter 4 is a brief survey on the basic properties of anisotropic Sobolev spaces
and of functions with bounded X —variation. Here all results are well known, possibly
except the counterexample to the Sobolev-Poincaré inequality in the Heisenberg group
in Example 4.1.9.

Chapter 5 is entirely devoted to the study of surface measures in C-C spaces.
A first natural measure that can be introduced is the perimeter variational measure
induced by the vector fields X = (X3, ..., X,,). If ¢ € CHR™;R™) its X —divergence

1S
dive(p) = =Y X
j=1

where X7 is the operator formally adjoint to X; in L*(R"). Then, if E C R is a
measurable set, its X —perimeter in an open set {2 C R" is

[0E|x () = sup {/ divy (@) dz : ¢ € CLLR™), @)oo < 1} .
E

Using measures of this type to integrate over the boundary of the level sets of a
function, a general coarea formula in C-C spaces can be obtained (see Theorem 5.1.6).

Let now (R",d) be the C-C space induced by the vector fields X and assume d
continuous. If K is a closed set (for instance a hypersurface) and r > 0, its r—tubular
neighborhood is

I,(K) ={x € R" : mind(z,y) < r},
yeK
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and the Minkowski content of K in an open set € is, if the limit exists

MK)(Q) = lim 2 021
710 2r
Our main Theorem states that if X = 9F and F is an open set of class C? such that
H"Y(OFE N IQ) = 0 then
M(OE)(Q) = [0E|x(€).
The proof is based on a Riemannian approximation technique (see Theorem 5.2.1).

Results concerning perimeter and Hausdorff measures are much less general and
are mainly confined to the Heisenberg group. Here, however, there is a nice result to
which, unfortunately, the author did not give any contribution.

The Heisenberg group H" = R?*"*! endowed with its C-C metric has a well dis-
tinguished metric and homogeneous dimension that is Q = 2n + 2. Therefore, the
natural dimension of a hypersurface is @) — 1. The (@ — 1)—dimensional spherical
Hausdorff measure of a set K C R?"*! is

+oo
Sgil(K) =7(Q—-1) S(;lilo)inf { Z(dlam( K C U B;, diam(B;) < (5}
=1

where B; are balls in the C-C Heisenberg metric d, and ’y(Q — 1) is a suitable nor-
malization constant.

If K = OF and FE is an open set of class C' and  is an open set then (see
Corollary 5.3.12)

0E|x(Q) = ST (0ENQ),

where here X denotes the system of Heisenberg vector fields. This result was first
proved in [82] for a metric equivalent to the C-C distance and then in [131] for the
C-C distance itself. The proof relies on a structure theorem for sets of finite perimeter
and on a differentiation of the perimeter measure made possible by the asymptotic
doubling estimates for perimeter established in [7]. A role is also played by the fact
that the set of characteristic points in a surface of class C! is Sf_l—negligible, fact
proved in [17].

We finally come to chapter 6. Here the application of C-C spaces techniques to
the study of the I'—convergence of functionals involving degenerate energies plays a
central role. Let 2 C R™ be a regular bounded open set and let A(z) be a non negative
matrix such that A(x) = C(z)C(x)T for all z €  and for some (n x m)—matrix C
with Lipschitz entries: the rows of C' can be thought of as a system X = (X3, ..., X;,,)
of vector fields. Fix 0 < V' < |Q] and for any € > 0 define the functional G, : L'(Q) —
[0, +00]

1
5/<ADu,Du>d:c+g/W(u)dm if u e CY(Q), u>0 and /udU:V,
0 Q Q

Ge(u) =

400 otherwise.

where W (u) = v*(1 — u)?. In [139] Modica proved that when A = I, is the identity
matrix the functionals G. I'—converge as € | 0 to the perimeter functional. After-
wards, many other results of the same type have been proved (we refer to the intro-
duction of chapter 6 for more detailed references and for the physical interpretation
of the problem), but all assuming some kind of ellipticity or coercivity.
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The perimeter |0F|4(§2) with respect to a non negative matrix can be defined (see
the definitions (4.2.15)—(4.2.16) in chapter 4) in such a way that it coincides with
|0E|x(Q2) whenever A = CC7 as above. Consider the functional G : L}(Q2) — [0, +00]

Glu) = {|8E|A(Q) if u= XE and |E| =V,
+00 otherwise.

The main theorem proved in chapter 6 states that the (relaxed of the) functionals G.
['(LY(©))—converge to the functional G (see Theorem 6.3.3). The proof is based on
a Riemannian approximation of the vector fields X, which can be chosen monotonic
in a precise sense. Moreover, many examples can be found where each functional G.
has, after relaxation, minimum and the family of such minima is compact in L'(Q)
relatively to the parameter € > 0.

Acknowledgements. It is my pleasant task to acknowledge with gratitude those
who made this thesis possible. First, I would like to thank Francesco Serra Cassano,
my thesis advisor: he proposed me most of the problems here studied and it has been
nice to work together. Second, I would like to thank Daniele Morbidelli, a friend and a
mathematician with whom exploring mathematics is always a stimulating enterprise.

I also express my thanks to the referees Luigi Ambrosio, Bruno Franchi and Hans
Martin Reimann for their willingness to be members of my thesis committee. Finally,
I would like to thank the Department of Mathematics of Trento University for its
support during my years of PhD study.






diVX

Co ()
L7 (Q)
Wr(€)
HY(Q)
BV(Q?)
WH(Q)
Hx ()
BVx ()
BV4(R2)

Lip(€2, d)
Lip(£2)
| X f]

|0E|x
|Df|a

Basic notation

n—dimensional Euclidean space

n—Heisenberg group

a Carnot group

open set in R™

C-C metric induced by a given family of vector fields
Euclidean norm of z € R”

homogeneous norm of x € R™ in a Carnot group

open C-C ball centered at z € R” with radius » > 0

open Euclidean ball centered at x € R™ with radius » > 0
Ball—Box in a Carnot group or in a Grushin space
centered at z € R™ with radius » > 0

C-C diameter of a set K C R"

dg(x) = dist(z; K) C-C distance of z from a set K C R"
total variation of a rectifiable curve in a C-C space
p—length of an admissible curve in a C-C space
Euclidean gradient

Heisenberg gradient

gradient with respect to the vector fields X, ..., X,,

(n x m)—matrix of the vector fields Xi, ..., X, disposed in columns
(m x n)—matrix of the vector fields X1, ..., X,,, disposed in rows
divergence

X —divergence

continuously differentiable functions with support compactly contained in €2
p—summable functions in 2, 1 < p < 400

space of classical Sobolev functions in €2

WLQ(Q)

space of functions with bounded variation in €2
anisotropic Sobolev space associated with X

W(Q)

space of functions with bounded X —variation in (2

space of functions with bounded variation in {2

with respect to a non negative matrix A

real valued Lipschitz functions from the C-C space (€2, d)
real valued Lipschitz functions (Euclidean metric)

X —variation measure of a L _ function f

X —perimeter measure of a measurable set £ C R"

total variation of a Li._ function f with respect to a non negative matrix A
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16 BASIC NOTATION

|OE| 4 perimeter of a measurable set F with respect to a non negative matrix A,
not to be confused with [0F|x
M(K)(§2) C-C Minkowski content of a compact set K C R™ in an open set §2

H* k—dimensional Hausdorff measure in R" in the Euclidean metric
H k—dimensional Hausdorff measure in R" in a specified C-C metric d
Sk k—dimensional spherical Hausdorff measure in R"
in a specified C-C metric d
|Al operator norm of a matrix A
|E| Lebesgue measure of a measurable set £ C R"
(x,y) standard Euclidean inner product of x,y € R™
Ty r-y=Plx,y) =x+y+ Q(x,y), product of x,y € R"

with respect to a Carnot group structure

Ox dilations in a Carnot group

C contained

c compactly contained

— embedding

LA measure p restricted to the set A

e; (0,...,0,1,0,...,0) with 1 in the j—th component
uSw u < Cv with C > 0 absolute constant

U~ u<vandv Su

spt(ep) support of the function ¢
a.e. almost everywhere, always referred to Lebesgue measure



CHAPTER 1

Introduction to Carnot-Carathéodory spaces

1. Carnot-Carathéodory metrics

Let Q C R™ be an open set and let X = (Xj,..., X,;,) be a family a vector fields
with locally Lipschitz continuous coefficients on 2. Vector fields will be written and
thought of indifferently as vectors and differential operators

X;(z) = (ay;(), ..., an;(z)) = Zaim)ai, j=1,..,m,

where a;; € Lip,,o(©2), j =1,...,m and ¢ = 1, ...,n. We shall write the coefficients a;;
in the n x m matrix A = col [X1, ..., X,,], i.e.

aj(z) ... aym(x)
Alz) = S . (1.1.1)
a1 () ... apm(x)

For every = € ) the vector fields span the vector space span{X;(z), ..., X;,(x)} which
has dimension less or equal than min{m,n}.

DEFINITION 1.1.1. A Lipschitz continuous curve v : [0,7] — Q, T > 0, is

X —admissible if there exists a vector of measurable functions h = (hq,..., hy) :
[0,7] — R™ such that

(1) (1) = Aly(O))h(t) = 2255, by () X;(v(1)) for ae. ¢ € [0, T7;
(ii) |h| € L>(0,T).
The curve v is X —subunit, if it is X —admissible and |h]s < 1.

Let v be a Lipschitz curve such that for a.e. t € [0,T] there exists h(t) € R™
such that 4(t) = A(y(t))h(t) and |h(t)] < M for some constant M > 0. By mea-
surable selection theorems it follows that the function ¢ +— h(t) can be assumed to
be measurable (see [106] and [46]). In general, such function is not unique. But if
h(t) is required to be orthogonal to Ker(.A(~(¢))) for a.e. t € [0,7] — or equivalently
h(t) € Im( AT (y(t))) — then h is also uniquely determined. We shall refer to such a h
as to the vector of canonical coordinates of v with respect to Xy, ..., X,.

Introduce the Hamilton function H : ) x R* — R

m

H(w,8) = ) (X;(2),6)° = (A(2)A(x)",€). (1.1.2)

j=1
The matrix B(z) = A(x)A(z)" is semidefinite positive and with locally Lipschitz
entries. The following proposition shows that subunit curves can be defined for a

17
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generic semidefinite positive quadratic form B on {2 even not admitting a factorization
B = AA”. This was the original definition of subunit curve in [64].

PROPOSITION 1.1.2. A Lipschitz continuous curve v : [0,T] — Q is X —subunit if
and only if

(3(8),6)7 < D (X,01(1)),6) (1.1.3)

for all ¢ € R™, and for a.e. t € [0,T].
Proof. Let « be a subunit curve and fix ¢ € R". By Schwarz inequality

= (o mOX60.8) < G062

j=1
for a.e. t € [0, 7.
Conversely, let t € [0, T] be a point of differentiability of v and write

= > hX;0(0) + bl
t), ... hi(t)) € R™ and b(t) (01(1), ...,

for suitable vectors of coefficients h(t) = (hy(
t)),§) =0forall j =1,....m. By (1.1.3)

b,(t)) € R™. Choose £ € R™ such that (j(](fy(
(b(t),6)* = (3(1),6)* < 3 (X;(4(t)),6)* = 0,

and thus (b(t),€) = 0. This means that 4(t )J . € span{X,(7(1)). . Xou(7(1)}. We can
YFVEE: 5(t) = A(y(t))h(t) and assume that h(t) = A(y(£))€ for some £ = £(t) € R™.
)" = (h(1), A(v(1) 7€) = (A(v()h(2), €)*
Xm: = [A(y(®)"¢)* = [n(t) P,
and this proves that |[h(¢)|2 < 1. B O

We introduce the function that will be the metric object of our study. Define
d:QxQ—[0,400] by

d(xz,y) =inf{T > 0: there exists a X —subunit path v : [0,7] — Q

such that v(0) = 2 and v(T') = y}. (1.1.4)

If the above set is empty put d(z,y) = 4+o00. If z € Q is a fixed point the set of
the points y € Q such that d(z,y) < +oo is the X —reachable set from x (or orbit
of x). We are interested in the case when orbits are equal to 2. In general, if
X1, ooy Xpn € C°(82; R™) orbits are C*° submanifolds of €2 [168].

Our next task is to prove that if d(z,y) < +oo for all z,y € Q) then d is a metric
in Q. We need the following propositions. If A is a (n X m)—matrix its norm is by
definition

|A|l ;== sup |Ahl (1.1.5)

heR™ |h|<1
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LEMMA 1.1.3. Let g € Q and r > 0 be such that U = U(xg,7) = {x € R :
|z —xo| <7} €@Q. Let M =sup,y || A(2)|| and vy : [0,T] — Q be a X —subunit curve
such that v(0) = xo. If MT <1 then v(t) € U for all t € [0,T].

Proof. Assume by contradiction that

=inf{t € [0,7]: v(t) ¢ U} <T.

a—xd—y/ dT—\/,A \

a6 \d¢</ G b dr
<tM <TM <,

Then

and hence ~(f) € U which is open. This is in contradiction with the definition of
t. O

PROPOSITION 1.1.4. Let K € () be a compact set. There exists a constant 3 > 0
such that

d(z,y) > Bz — y| (1.1.6)
forallz,y € K.

Proof. Let ¢ > 0 and K. = {z € Q : mingex |z — y| < e}. If € is small enough
then K. € Q. Let M = sup,cg. || A(x)|], take z,y € K and set » = min{e, |z — y|}.
Let v : [0,7] — Q be a X —subunit curve such that v(0) = z and 7(7T) = y. Since
|v(T) —~v(0)| = |xr —y| > r, by Lemma 1.1.3 we have TM > r. If r = ¢ then

T>—>—
- M MD’ vl

where D := sup, ,cx |v —y|. If r = |z —y| then T" > [z — y|/M. Since the subunit
curve + is arbitrary, by the definition of d we get

1 €
d@w)>mm{M MD}|—yL (1.1.7)
O

ProOPOSITION 1.1.5. If d(x,y) < 400 for all x,y € Q then (2,d) is a metric
space.

Proof. The symmetry property d(z,y) = d(y,x) follows from the fact that if
:[0,T] — Q is X —subunit then 7(t) = y(T — t) is X —subunit too.
Moreover, if v, : [0,71] — Q and v, : [0,T3] — € are subunit curves such that

71(0) = z, 71(T1) = 2, 72(0) = z and 7(T2) = y then

(1 if t €0, T,
(1) = { 12%75)— T)) ift g {Tl,T]l + T3,

is a X' —subunit curve such that v(0) = z and (77 + T3) = y. Taking the infimum
one finds the triangle inequality d(x,y) < d(z, z) + d(z,y).
Finally, d(z,2) = 0 and if « # y by (1.1.6) it follows d(x,y) > 0. O
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The metric space (€2,d) is called Carnot-Carathéodory (C-C) space. If x € Q,
r >0 and K C Q we shall write
B(z,r)={y € Q:d(z,y) <r} and diam(K):= sup d(z,vy).
z,yeK
B(z,r) is the C-C ball centered at « and with radius r. If the vector fields X define
a C'* distribution on Q (or more generally on a manifold) which by iterated brackets
generates the tangent space at every point of €2 the resulting C-C space is also called
sub-Riemmaninan space (see [165] and [21]).

Inequality (1.1.6) shows that the Euclidean metric is continuous with respect to
the C-C metric d. The converse is in general not true. For example, consider in R?
the vector fields X; = 0, and X3 = a(z)0,, where a € Lip(R) is such that a(zx) =0
if ¥ <0 and a(z) > 0if 2 > 0. Any couple of points in R? can be connected by
piecewise integral curves of X; and Xs, which therefore induce on R? a finite C-C
metric d. But if ;1 <0

lim d((z1,41), (21,0)) = 2|z1| # 0.

y1—0

We now turn to a different definition of d which is useful in the study of the
geodesic problem. Let 7 : [0,1] — € be an X —admissible curve with canonical vector
of coordinates h € L>(0,1)™. For 1 < p < +o0 define

1/p
/|h |pdt if 1<p<+o00
ess supepo ()| if p= +oo,

length,,(v) = |A[, = (1.1.8)

and
dy(z,y) = inf{ length () :7:[0,1] — Q is an X — admissible curve

such that y(0) = z and (1) = y}. (1.1.9)

If the above set is empty put d,(z,y) = +o0.

THEOREM 1.1.6. For all x,y € Q and for all 1 < p < 400 the equality d(x,y) =
dy(z,y) holds.

Proof. By Holder inequality |1 < |h], < |7 for any h € L>*(0,1)™ and for
all 1 <p < oo. This yields di(z,y) < d,(x,y) < dw(z,y).

We show that d(z,y) = dw(x,y). Let v :[0,7] — 2 be a X —subunit curve such
that v(0) = z, v(T) = y and (t ) = A(y(t))h(t) for a.e. t € [0,T] with |h]e < 1.
The reparametrlzed curve 7 : [0,1] —  defined by 7(t) = ~(Tt) is X —admissible
and 3(t) = AF(t))h(t) for ae. t € [0,1], where h(t) = Th(t). Because || < T and
~ is arbitrary we get d(z,y) < d(x,y). The converse inequality d(z,y) < duo(z,y)
can be proved in the same way.

If we show that dy(x,y) < di(z,y) the theorem is proved. Let v : [0,1] —  be
an X —admissible curve such that v(0) = z, v(1) = y and (t) = A(y(t))h(t). We
shall construct a new curve 7 such that length (7) < |h];. We may assume | k], > 0.
Let ¢ : [0,1] — [0,1] be the absolutely continuous function defined by

gp(t)—ﬁ/o h(r)[dr, ¢ e [0,1].



2. RIEMANNIAN APPROXIMATION OF THE C-C DISTANCE 21

The function ¢ is non decreasing and its “inverse” function is ¢ : [0,1] — [0, 1]
defined by ¥(s) = inf{t € [0,1] : p(f) = s}, which - being monotonic - is differen-
tiable for a.e. s € [0,1]. We need to differentiate the identity s = ¢(¢(s)) by the
chain rule. Let B = {t € [0,1] : ¢ is not differentiable at t} and D = {s € [0,1] :
¢ is not differentiable at 1(s)}. Since ¢ is absolutely continuous it transforms set
with zero measure into set with zero measure, but |B| = 0 and as a consequence
lo(B)| = 0. From D C ¢(B) it follows that |D| = 0. This proves that for a.e.
s € [0,1] we can write ¢(1p(s))i(s) = 1.

Define 7 : [0,1] — Q by 7(s) = v(¢(s)) for s € [0,1]. Let £ = {s € [0,1] : v is
not differentiable at v(s)}. Since « is a Lipschitz curve, arguing as above we deduce
that |E| = 0. As a consequence for a.e. s € [0, 1] we can compute

7(s) = F(w(s)(s) = AGF ()W ()8 (s).
Notice that if |h(¢(s))| # 0 then
S 1
P(W(s))  h(@(s))

If for j = 1,...,m we define
hy(s) = ey if [h(¢(s))] # 0
0 if |h(¥(s))] =0,

then 7(s) = :4(?(3))%(3) for a.e. s € [0,1]. As h € L>(0,1)™, then 7 is X —admissible
and finally |h]e < |h]1 = length, (7). O

2. Riemannian approximation of the C-C distance

In this section we show that C-C spaces are “limit” of Riemannian manifolds (see
[93] and [70]). Let d be the C-C metric induced on R™ by the family of vector fields
Xy, ..., X € Lip,,.(R™; R™).

Let J E Ci°(R™) be such that J(z) > 0 for allz € R™, spt(J) C {z € R": |z] < 1}
and [, J(z)dx =1, and introduce the mollifiers J.(z) = & J(z/¢), € > 0. Define

X5(a) = X0 o) = [ = )XWy G =L
Let €9 C R™ be a bounded open set, define
M = max sup |X;(x)l, (1.2.10)

J=Llm ey
and let L > 0 be a constant such that
| Xi(x) — X;(y)| < Lz —y| forallz,yeQy, j=1,...,m. (1.2.11)
Take 2 € Q and 0 < € < mingepq, yeaq, |z —y|. lf 2 € Q

X5@) - Xyl = | [ (%l L] < [ 160) = X)) dy

<L | |v—ylJ(y)dy < Le,
Rn

and sup,eq | X7 (7)] < sup,eq, [X;(z)] < M.
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If x € Qand £ € R* with |{] =1

m

|Z<X§(w),§>2 =) (X(2),8)° < 2MZ X5 (z) — X;(2)] < 2mMLe. (1.2.12)

j=1

Consider the family of m + n vector fields X = (X5,.... X5, 1/kOy, ..., 1/kO,,), with
k € N. Thanks to (1.2.12) there exists a decreasing sequence (&g)ren, €x — 0, such
that if z € Q and || = 1 then

m

D (X,0), €07 < IeP + D (@),€ = Hu(as ), (1.2.13)

j=1
and
Hyy1(x, &) < Hy(x,€). (1.2.14)
By homogeneity (1.2.13) and (1.2.14) hold for £ € R".
Let d®) be the C-C metric induced on R™ by the vector fields
X® = X (1.2.15)
and consider the n x (m + n)—matrix
Ay = col[XT*, ..., XoF 1/kOy, ..., 1/kD,]. (1.2.16)
The matrix AyA7 is definite positive. Indeed, if ApAT¢ = 0 then (AFE, ATE) =0
and £ = 0. The quadratic form on R"

gr(2,€) = ((Ae(x) AL (2)) '€, €) (1.2.17)
is a Riemannian tensor which induces the metric d*). To check this consider an
X *) —admissible curve « : [0, 1] — R™ such that 4(t) = A(y(t))h(t) for a.e. t € [0, 1].
The linear map AY (A AL) 1Ay is the identity on Im(A}). Then

9k(7, %) = ((Ae(AL () Ae(7) by Ae(v)R) = |h)?,

a.e. on [0, 1], and thus

/0 Voo 30) dt = / Ih(t)]dt. (1.2.18)

The Riemannian metric is the infimum of integrals as in the left hand side and by
Theorem 1.1.6 the C-C metric is the infimum of integrals as in the right hand side. So
the Riemmanian metric induced by the quadratic form (1.2.17) and the C-C metric
d® are the same.

THEOREM 1.2.1. Let (R™,d) be the C-C space induced by the locally Lipschitz
vector fields X1, ..., Xm. Let Qo, Q, M and d*) be defined as above. If K C Q is such
that

(M + 1)diam(K) < poinin |z —y| (1.2.19)
then
(i) d®)(x,y) < d** (2, y) < d(z,y) for all k € N and
klirf d® (z,y) = d(z,y) (1.2.20)

forall x,y € K;
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(ii) if, in addition, d is continuous in the Euclidean topology then the convergence
(1.2.20) is uniform on K x K.

Proof. Fix A > 1 such that A\(M +1)diam(K) < mingek, yeon | —y|. Let z,y € K
and let v : [0,7] — R"™ be a X —subunit curve such that v(0) = 2 and v(T) = y. In
view of (1.1.4) we can assume 7' < Adiam(K). Lemma 1.1.3 and (1.2.19) thus imply
v(t) € Qforallt € [0,T], and by (1.2.13) and Proposition 1.1.2  is also X ®) —subunit.
It follows that d*)(x, ) < d(x,%). Moreover, by (1.2.14) d® (z,y) < d*+V(z, y).

Write dj, = d®)(z,y) and set & = dj, + 1/k. There exists a X (*!) —subunit curve
Y&+ [0,0,] — R" such that 7(0) = z, () = y. Write ¥ Y, = Ac(3) (hE,B¥), with
Ay, as in (1.2.16), and h* = (hk, .. hE =), bk = (bk, ... bk) measurable coefficients such
that [h*|2 + [b*|2 < 1 a.e. on [0,5k]. We can assume 0, < Adiam(K) for all k£ € N.
Moreover

sup [[Ax(z)]| < M +1

e

so that Lemma 1.1.3 and (1.2.19) imply vx(t) € 2 for all k € N and ¢ € [0, o).

Define v, : [0, 1] — Q by . (t) = Jx(dxt). Then 4y, = A () (RF %) with h* = §,.hF
and b¥ = 0,bF and thus |hF|2 + [b*|2 < 62 a.e. on [0,1]. Since vx(t) € Q for all k € N
and ¢ € [0, 1], being this set bounded we get [Vi]o < C1 < +00 and consequently
19kl < Co < 400 for all k& € N. The sequence of curves (Vx)gen is uniformly
bounded and uniformly Lipschitz continuous and by Ascoli-Arzela Theorem there
exists a subsequence that converges uniformly to a Lipschitz curve v : [0,1] — R
such that v(0) = = and (1) = y. On the other hand, the sequences (hf)keN and
(b¥)ren are uniformly bounded in L*°(0,1) and by the weak* compactness theorem
there exist subsequences which weakly* converge to h;,b; € L>(0,1), j = 1,.
i =1,...,n. Without loss of generality the sequences (7x)ren, (hk)keN and (b¥ )keN can
be assumed to converge themselves. Now

i (t) —93+/ (th XE’“% Zbk el>

and taking the limit using the uniform convergence of (Vx)ken, the weak convergence
of (h})ken and (bf)rew, the uniform convergence (1.2.12) and X; € Lip(Q;R") we
obtain

H=a+ / S h(s)X,(()ds and thus3(2) = AC(BDA()

where h = (hy, ..., hy). Since |h¥|s < i for all k& € N the lower semicontinuity of
| - |0 with respect to the weak* convergence implies

Il < liminf [A¥]. < lim 6
The curve 7 : [0, |h]s] — R™ defined by 7(¢) = (t/|h]s) is X —subunit and
d(w,y) < [Pl < lim d™(z,y) < d(x,y).
Equalities hold and the pointwise convergence of the metrics is proved.

Finally, suppose d continuous. The set K is bounded and without loss of generality
it can also be assumed closed in the topology of d which - being d continuous - is the
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Euclidean topology. Therefore K is compact. The functions d*) : K x K — 0, 4+00),
k € N, are continuous and converge monotonically to d. Since K x K is compact this
implies the uniform convergence by Dini theorem. ([l

REMARK 1.22. If X = (Xy,...,X,,) is a system of vector fields with X, €
C*(R™; R") then Friedrichs regularization is not needed. For any k € N let d*) be the
C-C metric induced on R™ by the vector fields X® = (X, ..., X,,,, 1/k0y, ..., 1/kO,,).
Every X®) —subunit curve is X») —subunit for all & > k and also X —subunit. Then

d® (z,y) < d*V(z,y) < d(x,y) forall ke N and z,y € R". (1.2.21)

If, in addition, C-C balls in the metric dV) are bounded in the Euclidean metric
then the sequence of curves (7x)ken constructed in the proof of Theorem 1.2.1 may
be assumed to be equibounded and the Ascoli-Arzela argument applies. Thus

lim d® (z,y) = d(z,y) (1.2.22)

for all x,y € R™ and if the C-C metric metric d is continuous the convergence is
uniform on compact sets.

REMARK 1.2.3. If X3, ..., X, € Lip,,.(R™) N L>*(R™) then (1.2.19) is satisfied for
a compact set K C R"™ as soon as () is a bounded open set containing it such that
the Euclidean distance of 9€) from K is large enough. Under such assumptions all
conclusions of Theorem 1.2.1 hold.

REMARK 1.2.4. It is worth noticing that the proof of Theorem 1.2.1 implicitly
contains a proof of the local existence of geodesics in C-C spaces.

3. Rectifiable curves in C-C spaces

Let (M,d) be a metric space. The total variation of a curve v : [0,1] — M is by

definition
k—1

Var(y) = sup > d(y(tig), v(1)-
0<ti <<t <145
The supremum is taken over all finite partition of [0, 1]. If Var(y) < 400 the curve v
is said rectifiable.
A curve 7y : [0,1] — M is L—Lipschitz, L > 0, if d(v(t),v(s)) < L|t — s| for all
t,s € [0,1]. Lipschitz curves are rectifiable and the total variation has an integral
representation in terms of the metric derivative

41(8) 1= 1im L2 ()
Tl

(1.3.23)

The existence of the limit is a general fact that holds in any metric space as stated
in the next theorem (see [6]).

THEOREM 1.3.1. Let (M,d) be a metric space and v : [0,1] — M a Lipschitz
curve. The metric deriative |y|(t) exists for a.e. t € [0,1], is a measurable function
and

Var(y) = / 51(t) dt.
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Aim of this section is to compute the metric derivative of Lipschitz curves in a

C-C space (R",d).

PrROPOSITION 1.3.2. If v : [0,1] — R" is X—admissible then it is Fuclidean
Lipschitz continuous.

Proof. If ¥ = A(y)h and h € L>(0,1)™ then

7(#) = ()] = /A(W(T))h(T)dT < [Pl sup ])HA@?)IW—SI-

zev([0,1

U

PROPOSITION 1.3.3. A curve 7 : [0,1] — (R",d) is L—Lipschitz if and only it is
X —admissible and ¥ = A(y)h with |h|s < L.

Proof. If v is X —admissible then by definition (1.1.4) d(7(t),v(s)) < |A]oo|t — $|
for all s,t € [0, 1].

We assume now that v is 1—Lipschitz and prove that it is X —subunit. By Propo-
sition 1.1.4 Blv(t) —v(s)| < d(~(t),v(s)) < |t — s| for some 3 > 0 and v is Euclidean
Lipschitz continuous and thus differentiable a.e. on [0, 1]. Suppose that ¢t = 0 is a point
of differentiability. For all k € N let 6, = (k+1)/k*. There exists a X —subunit curve
Y ¢ [0,0k] — R™ such that 7,,(0) = 7(0) and v(x) = v(1/k). Write §x = A(yx)hu
a.e. on [0, dx] for some hy € L°(0, §;)™ with ||hx|e < 1, and consider

wmmwm@wﬁrkmeM®ﬁ+@A%Mmm—Ammmmww

0
Since A has locally Lipschitz entries there exists a constant C' > 0 such that
Ok

Ok C
A\MMND—Nw@WMWﬁSCAWM&~MWﬁSE%

Indeed, B)v(t) — v(0)| < d(v(t), v£(0)) < dg. As kd? — 0 we finally find

Op
§(0) = Tim k(1R —2(0) = T k[ AG(O)h(t) d.

k—+o00 k——4o00 0
The second limit exists, and in particular there exists

(Sk 6’6
h(0) := lim k/ hi(t)dt, and |h(0)| < liminfk;/ |hy,(t)] dt < 1.
0 0

k—-+4oc0 k—-+oc0

We have proved that 4(t) = A(y(¢))h(t) and |h(t)] < 1 for a.e. t € [0,1] and the
claim follows. d

REMARK 1.3.4. Let  C R™ be and open set and let @ : Q — ®(2) be a C' —diffeo-
morphism. Let X be a family of vector fields X7, ..., X, € Lip,..(;R™), j =1,....,m
and define the new family = of vector fields on ®(2) by

Z;(§) =do(x) X (x), &= (),

where d®(x) is the differential of ® at = € €2. Let A be the matrix of the vector fields
X asin (1.1.1) and B = d®.A the matrix of the transformed vector fields Z.
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Ifv:[0,7] — Qis a X —subunit curve such that 4 = A()h define the transformed
curve k : [0,7] — ©(£2) by

k(t) = ®(y(t)) (1.3.24)
and notice that
A(t) = %‘I’(v(t)) = d®(v(1))¥(t) = d®((t))A(v(t))h(t)
m m (1.3.25)
= Z h;(£)d®(v(2)X;(y(t)) = Z h;()Z;(k(t)) = B(k(t))h(t).

Thus X —subunit curves are transformed to Z—subunit ones. Moreover, the curves ~y
and xk = ®(v) have the same canonical vector of coordinates h.

If d and p are the C-C metrics defined respectively on © by X and on ®(£2) by =
it follows that

d(z,y) = o(®(z),P(y)) for all z,y € Q, (1.3.26)

and according to the definition of length of admissible curves (for any 1 < p < 400
in (1.1.8))

length,(7) = length, ().

THEOREM 1.3.5. Assume that X1, ..., X,, are pointwise linearly independent. Let
v :[0,1] — (R",d) be a Lipschitz curve with canonical coordinates h € L>°(0,1)™.

Then
. dy(t+0),v(1) _
(1513(1) 5] = |h(t)] (1.3.27)
for a.e. t € [0, 1], and therefore
Var(y) = / b dt. (1.3.28)
0

Proof. By Theorem 1.3.1 identity (1.3.28) will hold if we prove (1.3.27).
By Proposition 1.3.3 if ~ is Lipschitz then it is X —admissible and we can write
4 = A(7y)h where A is the matrix of the vector fields (1.1.1). Define

t+4§
E= {t € (0,1) :#(t) exists and is A(y())h(t), and ym—/t h(r)| dr = |h(t)|}.

By Proposition 1.3.2 v is differentiable a.e. and h € 1.°°(0,1)™. Therefore the set
[0,1] \ £ is negligible.
It will be enough to consider the case 6 > 0. By Theorem 1.1.6

t+6
d(y(t + 8),7(8)) < / Ih(r)| dr,
t
and thusift € £

limsup FOEFDAO) L~ ), (1.3.29)

510 ) 610 t
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Now fix t € FE, ¢,n > 0 and set
K,=~(t,t+n]) and Kg,nZ{méanm}? |z —y| < e},
YyEKy

D, =sup{|lz —y|:z,y € K} and M., = sup [A(z)],

zeKe q

and M.= sup [A(x)].

lz—y()|<e

Here ||.A]| is the norm (1.1.5).
The vectors X1 (y(t)), ..., Xm(7(t)) are linearly independent. Assume that A(+(¢)),
which is a n X m matrix, has the form

AWQD=<%Q, (1.3.30)

where [,,, is the identity m x m matrix.
By (1.1.7), if z,y € K,, then

1 €
d ) > 1 {_7—} - )
(z,y) > min M., ML, D, lz -y
and thus
mmﬁdW@+®m®)2mm 1-7 £ }mnhﬁ+®—v®|
510 ) M., M.,D,J) slo
1 €
> mi t)h(t
> min L, LD, |A(y(t))h(t)]
Notice that
I . { 1 € } 1 q I 1 1
imminy —,———7=— an m-—=—.
nl0 M., M, Dy M. clo M [|A(y(2))]]

We first let n | 0 and then € | 0 to find
o d(y(E £ 6),9(1)  [AG(E)R(E)]
B A S VTG0 [

By (1.3.30) we have ||A(y(t))|]| = 1 and moreover |A(y(t))h(t)| = |h(t)]. Then
(1.3.31) reads

(1.3.31)

i g G0 +6),7(1))
510 )
which, along with (1.3.29), proves our thesis if A(v(¢)) is of the form (1.3.30).

If A(y(t)) is not of the form (1.3.30) we argue in the following way. Since
X1(y(t)), ...y X (y(t)) are linearly independent there exists an invertible linear map
¢ : R — R" such that ®X,(y(t)) = e; for j = 1,...,m. Define the new family of
vector fields =; = ®X;, j = 1,...,m, let o be the C-C metric induced by them, and
let k(t) = ®(y()) be the transformed curve. Now, if B = ®A is the matrix of the
vector fields =y, ..., =, then B(k(t)) is of the form (1.3.30) and the above argument

does apply. Then
o(k(t +9), k(1))

lim = |h(t)].
510 o

Indeed, by (1.3.25) &(t) = B(k(t))h(t). But by (1.3.26) we have d(y(t + §),~(t)) =
o(k(t 4+ 6),k(t)) and our thesis is proved. This ends the proof of (1.3.27). O

> [h(t)];
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REMARK 1.3.6. In the proof of Theorem 1.3.5 the assumption that Xi,..., X,,
be pointwise linearly independent can be omitted and formula (1.3.27) holds in quite
general C-C spaces. An alternative proof of Theorem 1.3.5 could be obtained using the
Riemmanian approximation discussed in section 2. If Varg(y) denotes the variation of
7 in the Riemannian metric d* induced by X ®*) then Vary(y) < Var(y), as d* < d.
If h®) is the vector of canonical coordinates of v with respect to X *) then, assuming
formula (1.3.28) for the metric derivative in the Riemmanian case (recall also (1.2.18)),
we have

Vark(fy)—/o W B (1) dt.

Moreover, a weak® compactness argument as in the proof of Theorem 1.2.1 and the
fact that h is the vector of canonical coordinates of v yield

1 1
/ [h(t) d < limint / RO ()] dt,
0 - Jo
and thus .
/ (1)) dt < Var(y).
0

The easier opposite inequality is a consequence of Theorem 1.1.6. This proves formula
(1.3.28) and now (1.3.27) follows from Theorem 1.3.1.

4. Geodesics

In this section we study geodesics in C-C spaces and for a special class we shall
write the differential equations they have to satisfy. The general framework in which
study existence of geodesics is that of length metric spaces (see [33], [34] and [95]).

A metric space (M, d) is a length space (or space with intrinsic metric) if for each
r,y € M

d(xz,y) = inf{Var(y) : v : [0,1] — M continuous and rectifiable
curve such that v(0) = z and (1) = y}.

A continuous rectifiable curve 7 : [0, 1] — M is a geodesic, if Var(y) = d(~(0),~v(1)).
By an arclength reparametrization a geodesic v can always be reparametrized on the
interval [0, Var()] in such a way that d(y(t),v(s)) = |t — s| for all s,¢ € [0, Var(y)]
(see [33]).

If v € M and r > 0 write B(x,r) = {y € M : d(z,y) < r} and denote by
B(x,r) ={y € M : d(z,y) < r} the closed ball. In length metric spaces the closure

of the open ball is the closed ball, i.e. B(x,r) = B(x,r) (see, for instance, [34]).

PROPOSITION 1.4.1. Let (M,d) be a length space. If d(z,y) < r and the closed
ball B(x,r) is compact then there ezists a geodesic v : [0,1] — M connecting x to y.

We shall see the proof in the special case of C-C spaces. The following Hopf-Rinow
theorem is due to Cohn-Vossen [51] and Busemann [33], [34].

THEOREM 1.4.2. In a locally compact length space (M, d) the following three con-
ditions are equivalent:

(i) closed balls are compact;
(ii) M is complete;
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(iii) every geodesic v : [0,0) — M, 6 > 0, can be completed.
We now turn our analysis to C-C spaces.

ProOPOSITION 1.4.3. A C-C space (R",d) is a length space. Moreover, if d is
continuous the space is also locally compact.

Proof. If z,y € R™ by Theorem 1.1.6
d(x,y) = inf{length, () : 7 :[0,1] — R"™ admissible ,y(0) = x and v(1) = y}.

and by Theorem 1.3.5 length,(y) = Var(y). Up to a reparameterization rectifiable
curves are Lipschitz and thus admissible by Proposition 1.3.3. This proves that (R™, d)
is a length space.

Assume d continuous. Fix x € R", 0 > 0, K = {y € R* : |z —y| < ro}
and M = max,ck || A(x)||, where A is the matrix (1.1.1). By Proposition 1.1.3 if
0 <rM < rg then B(z,r) C K. It follows that B(z,r) is compact in the Euclidean
topology and consequently in the topology of d. 0

THEOREM 1.4.4. Let (R",d) be a C-C space.

(1) If metric balls are bounded then for all x,y € R™ there exists a geodesic
connecting them.

(i) If d is continuous and K C R™ is compact there exists r > 0 such that if
r € K and d(x,y) < r there exists a geodesics connecting x to y.

Proof. We prove statement (ii). Fix ¢ > 0, K. = {z € R" : mingeg |z —y| < e}
and M = sup,cx. ||A(z)|. If 2 € K and 0 < rM < ¢ then B(z,r) C K. and thus
B(x,r) is compact. Take y € B(z,r) and choose a sequence (y;)gen of rectifiable
curves 7 : [0, 1] — R™ such that 7,(0) = z, (1) = y, and Var(v) < d(z,y) + 1/k.
Such curves may be assumed to be Lipschitz in (R",d) with Lipschitz constant less
or equal than 1+ d(x,y) and moreover v,(t) € B(z,r) for all t € [0,1] and k € N.
By Ascoli-Arzela Theorem there exists a subsequence - which may be assumed to be
(V) ken itself - converging uniformly to a Lipschitz curve v : [0,1] — (R",d). Since
the total variation is lower semicontinuous with respect to the pointwise convergence

d(z,y) < Var(y) < lgminf Var(yy) = d(z,y),

and thus Var(y) = d(z,y).

Statement (i) can be proved in the same way noticing that the sequence (vx)ren
is uniformly Lipschitz continuous also in the Euclidean metric by Propositions 1.3.3
and 1.3.2. U

REMARK 1.4.5. If the vector fields are globally Lipschitz continuous then it is
easy to see using Gronwall Lemma that C-C balls are bounded.

EXAMPLE 1.4.6. Let a € Lip(R) be defined by a(x) = z if > 0 and a(x) = 0 if
x < 0. In R? consider the vector fields
X;=0, and X,;=a(x)o,.

We show that R? with the induced C-C metric d is not locally compact. A C-C ball
B(0,7), r > 0, is an Euclidean bounded open neighborhood of the origin 0 € R?. If
0 < & < r the open sets Q = {(z,y) € R? : 2 > —¢} and Q, = {(z,n) e R? : z <
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0 and n =y}, y € R, form an open covering of B(0,r) which does not have any finite
subcovering. Notice that every €2, is open in (R?, d).

(R%,d) is not locally compact. Nonetheless, metric balls are bounded and by
Theorem 1.4.4 geodesics exist globally. They could be computed explicitly.

The most promising way to derive geodesics equations in C-C spaces is to refor-
mulate the geodesic problem as an optimal control theory problem in order to apply
Pontryagin Maximum Principle. This seems to have been first realized in [31], [70],
[165].

Geodesics in C-C spaces are solution of the following control problem. We have
the state equation

x(t) = A(xz(t))h(t) for a.e. t €0,1] (1.4.32)
with constraints

z(0)=x9 and z(1) =z, zo,x; €R" (1.4.33)

The cost functional to minimize is J : L>°(0,1)™ — R

/ \h(t)|? dt. (1.4.34)

By Theorem 1.1.6 the functional J is a “length” functional. Consider the minimum
problem

min{J(h) : there exists = € Lip([0, 1]; R") solving (1.4.32) relatively to h

1.4.35
and satisfying the constraints (1.4.33)}. ( )

A pair (z,h) that solves this minimum problem is said to be optimal. By Theorem
1.4.4 problem (1.4.35) has a solution if d(zg,z;) is small enough or more generally
if C-C balls are bounded. Pontryagin Maximum Principle gives necessary conditions
for a pair (z, h) to be optimal. Such conditions replace the Euler-Lagrange equations
of the Calculus of Variations. In our context the Maximum Principle can be stated
in the following way. We refer to [114] for a general introduction to it.

THEOREM 1.4.7 (Pontryagin Maximum Principle). If the pair (x,h) is optimal
then there exist a A € {0,1} (the “multiplier”) and & € Lip([0,1];R™) (the “dual
variable”) such that:

(i) @)+ A #0 for all t €]0,1];
(i) € = — 2 (A(z)h, &) a.e. on [0,1];
(iti) (A(z)h, &) — A\3]h|* = maxyerm (A(x)u, &) — A5|ul? a.e. on [0,1].

DEFINITION 1.4.8. Geodesics corresponding to case A = 1 are called normal.

Geodesics corresponding to case A = 0 are called singular (or abnormal ).

In Riemannian spaces the case A = 0 can not occur. That in C-C spaces singular
geodesics may actually exist was shown by Montgomery [142]. The Hamiltonian
formalism is particularly useful here. Introduce the Hamilton function

H(w.&) = 3 (X,(2),6)% (1.4.36)

J=1
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and the corresponding system of Hamilton equations

s 10H(z,€)

T2 98
- 1(9};(3;,5) (1.4.37)
S N

If (z,€) solves (1.4.37) (“bicharacteristics”) then H(z(t),&(t)) is constant.

PROPOSITION 1.4.9. A normal geodesic x and its dual variable & solve equations
(1.4.37). A singular geodesic x and its dual variable & solve H(x(t),&(t)) = 0.

Proof. If A =1 from (iii) in Theorem 1.4.7 we find the explicit expression for the
optimal control

h(t) = AT (x(1))8(¢), (1.4.38)
which replaced in (ii) and in the state equation (1.4.32) gives (1.4.37).
If A = 0 condition (iii) becomes (ATE(t), h) = max,egm (ATE(L), u) and this forces
AT¢ =0, which means

(X;(x(®), ) =0, j=1,..,m. (1.4.39)
O

EXAMPLE 1.4.10. Singular geodesics do not satisfy the system of Hamilton equa-
tions. The following example, which we mention without proofs, is analyzed in detail
in [124] section 2.3. In R? consider the vector fields

X1 =0, and Xo=(1—-2)0,+ 220,

The C-C metric d is finite because X; and X, are bracket generating (see section 5).
The curve 7 : [0,&] — R? defined by ~v(t) = (0,¢,0) does not solve equations (1.4.37)
for any choice of £. But if € > 0 is small enough v is a geodesic.

5. Chow theorem

If the vector fields are smooth a general condition is known to imply connectivity,
the “maximal rank” Chow-Hormander condition. Such connectivity result was first
proved by Chow [49], and named after Hérmander [108] that used the condition in
the study of hypoelliptic equations. Here we shall follow the approach developed in
[121].

If X =370 ai(2)0; and Y = Y77 b(x)0; are smooth vector fields their commu-
tator (bracket) is the vector field

(XY= (a5(2)0bi(x) — bj(2)0;a:(x)) 0, (1.5.40)

i=1 j=1

which amounts to write formally [X, Y] = XY =Y X. Such product is skew-symmetric
[X,Y] = =Y, X] and satisfies the Jacobi relation [ X, [V, Z]|+|[Z, [ X, Y]|+[Y, [Z, X]] =
0. In the Lie algebra formalism ad X (Y') := [X, Y] is the adjoint representation.

By iterated brackets the vector fields Xi,..., X,, € C*(R";R") generate a Lie
algebra which shall be denoted by £(Xj, ..., X;,) and for each = € R™ this Lie algebra
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is a vector space L£(Xi,..., X;n)(x). The Chow-Hoérmander condition requires this
vector space to have maximal rank

rankC(Xy, ..., X)) () =n, forall x € R". (1.5.41)

From a differential-geometric point of view condition (1.5.41) states that the vector
fields and their iterated brackets generate the whole tangent space at every point.
Before stating and proving Chow Theorem we introduce some preliminary notions
about exponential maps and about the Campbell-Hausdorff formula.
IfY € C*°(R™R") and K C R" is a compact set consider the Cauchy problem

{ Y2 (t) = Y (72(4))
7:(0) =z € K.

The solution 7, is defined for |t| < § for some § > 0 and we can define the exponential
map

e (z) = exp(tY)(z) = (1), |t| <6,z e K. (1.5.42)
The function ¢ — e (z) is C* and
e (2) =z + 1Y (2) + 20(1), (1.5.43)

where O(1) is a function bounded for |¢| < 6 and = € K.

If X and Y are two non commuting indeterminates in a Lie algebra the Campbell-
Hausdorff formula links the composition of exponentials with a suitable exponential
(see [107], [108], [151, Appendix| and [170] for Lie groups).

If « = (v, ..., ) is a multi-index of non negative integers define |o| = ay+-- -+
ap and ol = aq!---ap!. If @ and § are multi-indeces set

[ (adX)*(adY)Pr - - (ad X)* (adY )Pe-1Yif By £ 0
Daﬁ(Xy Y) = { (adX)Oq (ady)ﬁl R (adX)ak71X lf 5k _ O7 (1544)
and
1
WP — 1.5.45
Cap la + BlalB! ( )
The Campbell-Hausdorff formula states that
exp(X)exp(Y) = exp(P(X,Y)) (1.5.46)
where P(X,Y) is formally given by
= (-
P(X,Y)=) “—— Y capDas(X.Y). (1.5.47)
k=1 a;+B3:>1
The inner sum ranges over all & = («q,...,ax) and g = (f1,..., (k) satisfying a; +
(B; > 1. By direct computation it can be checked

P(XY) =X+ + [X.Y]+ CX X Y]+ VY X+ RXY)  (15.48)

where R(X,Y) is a formal series of commutators of length at least 4. Moreover, one
can formally compute

exp(—Y) exp(—X) exp(Y) exp(X) = exp([X, Y] + R(X,Y)), (1.5.49)
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where R(X,Y) contains commutators of length at least 3. Formula (1.5.49) shows
that the exponential of the commutator [X, Y] can be represented up to lower order
terms as a commutator of exponentials.

We now turn back to the Lie algebra generated by the vector fields Xy, ..., X,,.
Let J = (Y1, ...,Y;) be a r—tuple of vector fields V; € {+X;,...,£X,,},i=1,...,r. If
x € K and |t| < § define

E(J,t)(z) = e ... e™M(z). (1.5.50)
Notice that by Definition 1.1.4
d(zx, E(J,t)(z)) < |t|r. (1.5.51)

If I = (iy,...,4%) is a vector of integer indeces 1 < i; < m, j = 1,...,k, denote by
X the iterated commutator
X = [Xq, [Xi
Both I and X are said to have length k.
THEOREM 1.5.1. Let X, ..., X, € C®°(R";R") satisfy (1.5.41). Let K C R" be a
compact set and assume that for all x € K condition (1.5.41) is guaranteed by iterated

commutators of length less than or equal to k. Then there exists C' > 0 such that for
all v,y € K

0 [ Xy (X X)) (1.5.52)

d(z,y) < Clz —y|V*F. (1.5.53)

Consider now a vector of indeces I = (iy,...,i;) and let X; be the iterated
commutator defined in (1.5.52). By the Campbell-Hausdorff formula there exist
J = (Y1,...,Y,) with r <451 and C' > 0 such that

|E(J,t)(x) — X1 (x)] < Ct*+1/k (1.5.54)

for all z € K and |t| < ¢ (see Lemma 2.21 in [151] and [150]). For each commutator
in X four terms “of smaller length” appear in the sequence J as in (1.5.49).
Define for |7| < 7

E(J, V%) () if 7>0

Ei(1)(x) = { Bl (=0 /F)(z) ifr <0, (1.5.55)

where J~ is a sequence of k vector fields that corresponds to — X in such a way that
(1.5.54) holds.

The function 7 — Er(7)(z) is C! in a neighborhood of 7 = 0. Fix 7 > 0 and write
T+h=1t"er =tk for some t,ty > 0. Then (we shall omit x)

OE[(t) .. E(J,t)— E(J, 1) 1 O0E(J,ty)
———~ = lim = ,
or t—to tk—th ktg=t ot
and because of (1.5.54) and (1.5.43)
bl St AV PSS 1
T 5 +t"0(1)

— kP X () + 12 0(1)
= kt" "X 4 tRO(1),
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where here and in the sequel O(1) is a bounded function for [t| < ¢ and =z € K.
Finally
OFE;(T)
or

and, analogously, if 7 < 0 one can find

OE(7) = X;(x) + (=7)Y*0(1).

or
OE(7)(x)

T

= X(z) + 7Y*0(1), (1.5.56)

This shows that is continuous at 7 = 0 and equals to X;(x).

Proof of Theorem 1.5.1. Let xy € K and fix n commutators X7, ..., X, of length
less than or equal to k such that Xy, (xo), ..., X1, (zo) are linearly independent. Let
Ey, ..., E;, be the approximated exponential maps defined in (1.5.55).

If t € R™ belongs to a neighborhood of the origin define

F(t) = Ep,(tn) - - - Ep, (t1)(20)-
The map F is of class C*. From (1.5.56)

AF(0)  OEL(0)
ot;, 0Ot

(z0) = X, (o),

and since
det JF(0) = det col[ X, (zo), ..., X1, (z0)] # 0,

F is a local diffeomorphism. There exist g,e, M > 0 such that {x € R™ : |z — z¢| <
ey CF{teR": || < p}) and

|F(t) — F(t')| > M|t —t'] (1.5.57)

for all ¢, € {t € R : |t| < o}.

Take z € {x € R" : |v — z¢| < €}. The C-C distance d(x,x() can be estimated
in the following way. There exists ¢ € R™ with |{| < o such that F(t) = z. Set
x; = B, (t;)(x;_1), i = 1,..n, and notice that z = z,,. By (1.5.51) with r < 4*~! and
recalling (1.5.55) we have

d(zi,2i-1) < CJt|V*
where C' > 0 depends only on K and k. Finally recalling (1.5.57)

n n nC
d(z,20) < d(wi,mi) <C Y |t* < nCJtV* < S ) - F(0)|/*

i=1 i=1
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6. Doubling metric spaces and structure theorems for C-C balls

6.1. Doubling metric spaces. Let (M,d) be a metric space endowed with a
Borel measure p positive and finite on balls.

DEFINITION 1.6.1. The space (M, d, u) is said to be doubling (or of homogeneous
type) if there exists § > 1 such that

w(B(z,2r)) < ou(B(x,r)) forallz e M and r > 0. (1.6.58)
The best constant ¢ in (1.6.58) is the doubling constant of M.

DEFINITION 1.6.2. The space (M, d, ) is said to be locally of homogeneous type
if for any compact set K C M there exist 6 > 1 and ry > 0 such that

w(B(x,2r)) < du(B(x,r)) foralz e K and 0 <r <rq. (1.6.59)

PROPOSITION 1.6.3. Let (M,d, ) be a metric space locally of homogeneous type.
For any compact set K C M there exists QQ > 0, such that if v,z € K, By = B(x¢, R)
and B = B(z,r) with x € By and r < R then

u(B) _ 1 r\e
B 2 §(§> . (1.6.60)

Proof. Let t = r/R < 1 and fix k € N such that 2*=! <¢~! < 2%, Then

p(Bo) < u(B(x,2R)) = p(B(x, 2r/t)) < p(B(x,2"'r)) < 6" pu(B(w, 7).

Now, k <1+ logy(R/r) and

I

5k < 51+log2(R/'r) _ 6(5)10&(5)
r

and the claim follows with @ = log,(J). O

DEFINITION 1.6.4. The constant @) = log,(9) is the local homogeneous dimension
of (M,d, p) relative to the compact set K.

Spaces of homogeneous type were introduced by Coifman and Weiss [52] in the
study of maximal operators and singular integrals. Such spaces are of special interest
because a Lebesgue differentiation theorem holds.

THEOREM 1.6.5. Let (M,d,u) be a doubling metric space. If f € LY (M, p),
1 <p<+o0, then

11?3 |f(z) = f(y)[Pduly) =0
r B(z,r)

for uy—a.e. x € M.

The proof of Theorem 1.6.5 relies on the continuity of the maximal operator (see
[163]).
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6.2. Nagel-Stein-Wainger theorem. Carnot-Carathéodory spaces arising from
vector fields satisfying the Chow-Hormander condition are locally of homogeneous
type. This is one of the main results of the basic paper [151] which will be briefly
described.

Let Xiq,..., X; € C°(R™;R") be a family of vector fields satisfying the maximal
rank condition (1.5.41). If & C R™ is a bounded open set there exists an integer k
such that condition (1.5.41) is verified at every = € ) by commutators of length equal
or less than k. Let {Y7,...,Y,} be an enumeration of all the commutators with length
equal or less than k, so that rank{Y7,...,Y,} = n for all z € Q2. Denote by d(Y;) the
length of the commutator Y;. Let Z be the family of all multi-indeces I = (i1, ..., ;)
such that 1 <i; < ¢, and for any I € 7 let (Y, ...,Y;,) be the corresponding n—tuple
of commutators. For I € Z and h € R" define

.....

In the homogeneous norm |A|; the j—th component is weighted by the length of the
commutator Y; .
Finally, if I € 7 introduce the function

Ar(z) = detlY;, (x)...Y;, (x)],
and the exponential map
Qr(x,h) = Or (k) =exp(MY;, + ... + h,Y;, ) ().
Nagel-Stein-Wainger Theorem can now be stated.

THEOREM 1.6.6. Let K C €2 be a compact set and let r¢ > 0. There exist 0 <
Ny <m <1 such that if [ = (i1,...,i,) €Z, x € K and 0 < r < 1q satisfy

1
IAf(z)|rdD > 51512%(|)\J(x)|7“d(‘]), (1.6.61)
then
(1) if |h|r < mr then
1 0P
Z|A[(x)| < | det 8—};(90, h)| < 4| (z)]; (1.6.62)
(ii) the following inclusions hold

B(z,m9r) C ©r,({h € R" : |h|; < mr}) C B(z,mr); (1.6.63)

(ili) the function ®; . is one-to-one on {h € R™ : |h|; < mr}.

Thesis (ii) represents C-C balls by means of the image under the exponential map
®; . of “homogeneous rectangles”. From (1.6.62) and (1.6.63) the following corollary
easily follows, which proves the local doubling property for C-C balls measured by
the Lebesgue measure. The size of the balls B(z, ) is described by the functions

Alz,r) =Y [Ag(@)]r @,

IeT
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COROLLARY 1.6.7. Let K C ) be a compact set and let r¢ > 0. There exists
C > 0 such that

1
5|B(ZL‘7T)| < A(z,r) < C|B(z,1)] (1.6.64)
forallz € K and 0 <r < ry.

REMARK 1.6.8. Notice that d(I) < kn for all I € Z. Then, if z € K and
0<r<mg

|B(z,2r)] < CA(z,2r) = C Y [As(2)
IeT
< C2 N A (2)[r "D < CP24 | B(x, 7).

IeT

This is the local doubling property.

6.3. A variant of the structure theorem. Following the basic ideas contained
in [151] and its generalization in [150], we shall represent C-C balls restricted to
non characteristic surfaces by means of suitable exponential maps which are “small
perturbations” of the exponential of the commutators of the vector fields.

Write (x,t) € R"! x R. Consider m vector fields X1, ..., X,,, € C®(R"; R") of the

form
n—1

X]’ :Zaij(x,t)ﬁi, j: 1,...,m—1, szat (1665)
i=1
and satisfying the Hormander condition. We shall write X,, = T'. For any multi-index
I = (il,...,ik), 1 S’LJ Smandk:EN, let

X = (X [(Xiy - [Xop o Xi] - 11,

where [X, Y] denotes the commutator of the vector fields X and Y. If I = (iy,..., i)
we set |/| = k and we say that the commutator X, has length or degree d(Xy) = k.

For any commutator Y # T and for small s € R we shall define a map exp,(sY) :
R™ 1 — R"'. We proceed by induction on d(Y). If d(Y) = 1 and Y = X, with
j €{l,...,m — 1} define for z € R"!

exp(—sT)exp(s(X; +T))(z) if s >0,
expp(sY)(z) = { exp(s(X; + 1)) exp(—sT')(x) (1.6.66)
= expy(|s|Y) 7 () if s <0.
The map is well defined provided = belongs to a compact set and s is small. We

also set expp(sT’) = exp(sT'). Suppose now d(Y) = k, Y = X, with |J| = k, and
J = (j1,--, J). Set J" = (ja, ..., jr) and define

1

expr(s © Xi)) " expp(stX;,) !
expr(sY)(z) = -expT(skf;lXU/]) expyp(st X, )(x) if s >0, (1.6.67)
expr(|s|Y) () if s <0.

Some useful features of the maps exp, are described in the following two lemmas.
In Lemma 1.6.9, which is a generalization of [151, Lemma 2.21], we shall use the
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Campbell-Hausdorff formula

exp(u) exp(v) = exp (u +v— %[u, v] + S(u, U));

where u and v are non commuting indeterminates and S is a formal sum of commu-
tators of u and v of length at least 3.

LEMMA 1.6.9. For any commutator Xy, J = (j1,...,jk), of length k > 1
expr(sXp)) = exp <8Xm + sgn(s) Z CJ’[|S|II‘/I€X[[}>7 (1.6.68)
[I|>E
where the c;; are suitable constants.

The formal equality (1.6.68) means that, if x belongs to a compact set K and
p > k is an integer, then

expr(sXp)(x) — exp <5X[J] + sgn(s) Z cJ’ISIII/kX[I]) (x)‘

k<|I|<p
< CgPt/k

Proof. We proceed by induction. Consider first a commutator of length 1, i.e. a
vector field X;, j = 1,...,m. Applying the Campbell-Hausdorff formula to (1.6.66)
we get for s > 0

expy(sX;) = exp(—sT) exp(s(X; + 1))
:exp(—sT+s(Xj+T)+%SQ[T,Xj+T]+---)
= exp (sX + Z Isl IXU])

[I]>1
For s < 0 note that
expr(sX;) = expr(|s|X;) ™ = exp < — |s|X; — Z C(j),1|s||I‘X[1]).
[1]>1

We prove now the inductive step. Recall first that an application of the Campbell-
Hausdorff formula asserts that, if v and v are non commuting indeterminates, then

exp(v) " exp(u) " exp(v) exp(u) = exp([u, v] + R),

where R = R(u,v) denotes a formal series containing commutators (of u and v) of
length at least 3. Let k > 1, J = (j1,...,Jx), J' = (Ja, ..., Jx) and s > 0. Let also

U= sl/kX + Z C( Is' /K X1 and
[I]>1

V= S(k_l)/kX[J/] + Z CJ/JS'IVka.
[I|>k—1
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Note that [u,v] = sX|; + R, where R is a series containing commutators of order at
least k£ + 1 of the original vector fields. Thus, by the inductive hypothesis
k=1 _ 1 -
expr(sX(y) = expp(s & X))~ expp(stXj,) ™!
k=1 1
rexpr(s = X)) expr(stX;,)
= exp(v) " exp(u) " exp(v) exp(u)
= exp([u, v] + R))
= exp(s Xy + R+ R))
= exp <SX[J] + Z CJ’[3|I\/ka>,
[I|>k

for suitable constants c;;. We used the fact that the series R is actually a series of
commutators of length at least k + 1 of the original fields. If s < 0, formula (1.6.68)
follows analogously. 0

From now on fix a bounded open set €y C R"™ and let {Y;,...,Y,} be a fixed
enumeration of the commutators of length < k, where £ is large enough to ensure
that span{X[;(z,t) : |I| < k} has dimension n at each point (z,t) € Q. Assume also
that Y, =T

Introduce the family of multi-indices Z = {I = (i1,...,%p-1) : 1 < 4; < g —1}.
Given a multi-index I € Z, set d(I) = d(Y;,) +--- +d(Y;, ,) and for h = (h, h,) €
R ! x R “small enough” define

O10(h) = expr(hnaYi, ) - expr(hYi,) (2, 0),
r0(h) = exp(haT) expp(hn-1Yi, ) - - expr(hYi, ) (x, 0) (1.6.69)
= (D.(h), hy).

The form of the fields (1.6.65) guarantees that ®;,(h) € {(x,t) € R™ : t = 0} for
h € R*L Let also

n—1

|hl; = max |k and
I=1,....n—1

Ar(z) = det(Y;, (x,0),...,Y; _,(x,0)),

where the vectors Y;, are thought of as vectors in R"~.
If I € Z define I = (I,q) and set d(I) = d(I)+ 1. If h = (h, h,) and (z,t) €
define

[hll7 = max{|h]s, [hn|} and
Mo, t) = det(V;, (x,1), ..., Y,

in—1

(x,t), Yo(z,t))

where Y,, =T and the vectors are thought of as vectors in R".

Let d be the C-C metric induced by the vector fields (1.6.65) on R™ and consider
the balls B((x,0),7) = {(y,t) € R" : d((x,0), (y,t)) < r} and B(z,7) = {y € R*"*:
d((z,0),(y,0)) < r} . We now state and prove the structure theorem for the restricted

balls B.
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THEOREM 1.6.10. Let Qg C R™ be a bounded open set. There exist ro > 0 and
0 < a <b<1such that for any (z,0) € Qp, I € T and 0 < r < ry such that the
inequality
1
a() ~ = d(.J)
|Ar(z)|re > 5 r51§%<|AJ(x)]r (1.6.70)
18 satisfied, we have
() FlAr(@)] < [h@re(h)] =[5 @re(P)] < 4|As(z)] for every [hly < br, where
th)[@(h) det (D[I(h)
(i) B((z,0),ar) C q)zx({\lhﬂf <br}) C B((x,0),7).
(iii) B(x,ar) C = @ ({lRlr <br}) C B(x T).
(iv) The map ®;, is one to one on {Hh”l < br}.

REMARK 1.6.11. Inclusions (iii) for the restricted balls are immediate consequence
of (ii) and of the structure (1.6.69) of the map ®. Indeed, starting from (ii) we get

B(x,ar) C @, ({|hl; < br}) N {t = 0} = 1, ({|A]; < br}).
The opposite inclusion is analogous.

Proof of Theorem 1.6.10. Since A\;(x) = X;(a:,()), if (1.6.70) is verified for some
(n — 1)—tuple I € 7 then the n—tuple I = (I, q) satisfies

1
|)\ (z,0)|r?D) > 2151ax|)\ +(z, 0)|T (1.6.71)

In [151, Theorem 7] it is proved that if YJI,.. ,Y;, are commutators of degrees
dy,. .., d, which satisfy (1.6.71), then the map &% 7. defined by &)733(%) = exp(hYj, +

-+ h,Y; )(x,0) satisfies (i), (ii) and (iv). Moreover in [150, Lemmas 3.2-3.6] the
following is proved. Assume that the exponential of any commutator Y; can be ap-
proximated by a map E(sY;) in the sense that

E(sY;) = exp (sY + sgn(s Z k( ME X[I])
[I]>d(Y;
where the k(;) ; are constants and assume also that for a n-tuple of commutators
Yj,...,Yj, (1.6.71) holds at a point (x,0) and for a radius r. Then the map
r.(h) = E(hnY;,) - E(Y;,)(x,0)

satisfies (i), (ii) and (iv). In view of Lemma 1.6.9 this assertion can be applied to the
map E = expy and the Theorem is proved. We also note that the estimate

u(B((x,0),7)) 2> [Ar(z)|r) (1.6.72)

IeT

holds. [l

The following factorization theorem will be needed in chapter 3. Define for A > 0
and for any vector field X;

S1(A, X;j) = exp(AMX; — T)) exp(AT),

So(A, X)) = exp(—=AT) exp(AN(X; + T)). (1.6.73)
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THEOREM 1.6.12. Let Y = Xy with J = (j1,...,Jx). The map expp(sY), s €
R, can be factorized as the composition of a finite number of factors of the form
Sl(h|s|%,TXj) and SQ(h|S|%,TXj), where T € {—=1,1}, 7 =1,..mand 1 < h < k.
Moreover, the number of factors depends only on k.

Proof. Since Sg(h\sﬁ,TXj) = Sy (h|s|*, —7X;)71, if we prove the claim for s > 0
it will also follows for s < 0. Without loss of generality we can suppose s = 1. First
notice that

Si(h,7X)exp(T) = exp(h(rX —1T))exp(hT)exp(T)

= exp(T)exp(T) "t exp(—7X +T)S1(h+1,7X)  (1.6.74)
= eXp(T)Sg(l, —TX)Sl(h + 1, TX)
and
So(h, 7X)exp(T) = exp(hT) texp(h(rX + T))exp(T)
= exp(T)S2(h+1,7X)exp(—7X — T) exp(T) (1.6.75)
= exp(T)Sa2(h+1,7X)S51 (1, —7X).
The proof is by induction on k& = d(Y). If £ = 1 the claim follows directly from
definition (1.6.66) with o = 1. Let k = d(Y') > 1 and let Y = X with J = (j1, ..., Jr)-
If j1 # m the claim follows directly from (1.6.67) and the inductive hypothesis on
X, I = (j2, -+, Jr). Suppose j; = m and by the inductive hypothesis write
p

eXpT H Sal hw Tz

with o; € {1,2}, » € {-1,1}, p € N less than a constant depending on k, and
1 <h; <k-—1. Write

expp(X(y) = expp(Xpm) ™" exp(T) ™ eXpT(X 1) exp(T)
= expp(Xi)~ Yexp(T H S, (hi, 7:.X;,) exp(T).

By (1.6.74) and (1.6.75) exp(7) can be shifted p times from right to left cancelling
exp(T) ™! and the claim follows. O

7. Carnot Groups

In this section we introduce Carnot groups, one of the main classes of C-C spaces.
Carnot groups are nilpotent Lie groups which admit a one parameter group of dila-
tions.

7.1. Lie groups. A Lie group is a differentiable manifold G' endowed with a
group structure which is differentiable in the sense that the product (z,y) — z -y
and the inversion x +— ! are smooth maps. We shall denote by 0 the identity of
the group.

If g € Glet 7, : G — G be the left translation 7,(z) = g - x. The Lie algebra g
of G is the set of the vector fields X € I'(T'G), the sections of the tangent bundle,
which are left invariant, i.e. such that

(XF)(19(2)) = X (f o79) () (1.7.76)
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for all x,g € G and for all f € C°°(G). This set is a vector space, and, for the
commutator of left invariant vector fields is a left invariant vector field, it becomes a
Lie algebra. This algebra is canonically isomorphic to the tangent space to G at the
origin via the identification of X and X(0).

Let X € g and consider the one parameter subgroup vy : R — G which is solution
to the equation ¥x (t) = X (yx(t)) with initial datum yx(0) = 0. The integral curve yx
is defined for all ¢ € R since left invariant vector fields are complete. The exponential
map exp : g — G is defined by exp(X) = yx(1). Define analogously exp(X)(g) taking
g as initial datum instead of the origin. The map exp is a diffeomorphism from a
neighborhood of 0 in g onto a neighborhood of 0 in G. If dr, : ToG — T,G denotes
the differential of 7, at the origin, condition (1.7.76) means that X (g) = dr,X(0). It
follows that exp(X)(g) = 7,(exp(X)) = ¢ - exp(X). In particular

exp(Y) - exp(X) = exp(X)(exp(Y)) (1.7.77)

for all X,Y € g.
The algebraic structure of g determines that of G, and precisely

exp(X) - exp(Y) = exp(P(X,Y)) (1.7.78)
for any X, Y € g, where P(X,Y) is given by the Campbell-Hausdorff formula (1.5.47).
The Lie algebra g endowed with product P(X,Y’) can be checked to be a Lie group.
The map P : a X a — g is analytic in a neighborhood a of the origin 0 € g (see
[170, section 2.15]). Formula (1.7.78) is particularly useful when the Lie algebra is
nilpotent, becoming (1.5.47) a finite sum.

By induction define g; = g and g; = [g, 9;_1] for ¢ > 1, where [g, g;] is the set of
the products [X,Y] with X € g and Y € g;. The Lie group G is nilpotent of step
k € Nif g, # {0} and gr1 = {0}. If G is a simply connected nilpotent Lie group
and g is its Lie algebra the exponential map exp : g — G is a global diffeomorphism
([170, Theorem 3.6.2]). In the sequel G will always be assumed to be connected and
simply connected.

7.2. Stratified algebras and groups. A nilpotent Lie group G is stratified if
its Lie algebra g admits a stratification, i.e. there exist linear subspaces V1, ..., Vi of
g such that

g=Vie..aV, V,=[WViy] for i=2,...,k and Vi, ={0}. (1.7.79)
Vi is the first slice of g and it generates the whole algebra by iterated brackets.
Stratified groups are also called Carnot groups.

Fix )L> 0 and define 6y : Vi — Vi by 6,(X) = AX. This map can be extended
to g by 0\(X) = XX if X € V; and by linearity. The family (d))xs0 is a group of
automorphisms of g

WX, Y]) = [0a(X),02(Y)],  and  6u(X) = 0x(0,(X))
for all A, u > 0. In particular for all X|Y € g
A(P(X,Y)) = P(0:(X),0:(Y)), (1.7.80)
where P(X,Y’) is defined in (1.5.47).

The automorphisms 0, induce a group of automorphisms of G via the exponential
map. Define §, : G — G by 6x(z) = exp(dr(exp~!(z))). It can be checked that:
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(1) dau(x) = 0x(9,u(z)) for all A\, p > 0 and z € G;
(i) Ox(x -y) = 0x(x) - Ox(y) for A > 0 and z,y € G.

We show for example (ii). Suppose that * = exp(X) and y = exp(Y). Then by
(1.7.80)

Ox( - y) = exp(Sx(exp™ 1(eXp(X) cexp(Y)))) = exp(6y(P(X,Y)))
= ex (P( A(X),00(Y))) = exp(63(X)) - exp(6:(Y))

7.3. Exponential coordinates. The underlying manifold of a Carnot group
can always be chosen to be R" for some n € N. Fix a vector basis X1, ..., X, of a real
Lie algebra g of a n—dimensional Carnot group. If X, Y € gthen X =>"" | 2;X; and
Y =37 y:X; for some z,y € R". The coordinates (zy,...,x,) are the ezponential
coordinates of exp(X) € G. A group law on R™, which will still be denoted by -, can
be introduced in the following way

x-y=z ifand only if exp(X)-exp(Y) =exp <Z zz-Xi), (1.7.81)
i=1
which is equivalent to require P(X,Y) = >"" | 2, X;. With such a product R" is a Lie
group whose Lie algebra is isomorphic to g. Since connected and simply connected
Lie groups are isomorphic if and only if the corresponding Lie algebras are isomor-
phic ([170, Theorem 2.7.5)), it follows that (R™,-) and G are isomorphic. Using the
Campbell-Hausdorff formula (1.5.47) the group law can be computed explicitely.

EXAMPLE 1.7.1. Suppose we have a four dimensional stratified algebra with basis
{Xl, X27 X3, X4} and generators Xl, XQ. Assume that [X17 XQ] = X3, [Xl, X3] =
[ X2, X3] = X, and all other commutators vanish. We have a stratified algebra of step

3. Write
4 4
X=> zX; and Y =) yX
i=1 i=1
with z,y € R?. By (1.5.48) the formal expression of P(X,Y") reduces to

Ly yx))

XX YT+ o

1
PX.Y) =X +Y + S [X, Y]+

2
where
[(X,Y] =[50 X1 + 29 Xo + 23 X3 + 24 Xy, 11 Xu + 12 Xo + y3.X5 + y4 Xy
= (192 — 22y1)[X1, Xo] + (2193 — 2391) [ X1, X3] + (22ys — 732)[ X2, Xj]
= (w12 — w2y1) X3 + {(21y3 — 2391) + (T2y3 — T3Y2) } X4y
(X, [X,Y]] = (21X 4 29 Xo 4 23 X5 4 24Xy, (2192 — 22y1) X5 + {- - } X4
= (21 + m2)(71Y2 — 221) Xy
YV, X]] = [ X1 + 92X + 43 X3 + ya Xy, — (2192 — 2291) X3 — {- -+ } X4
—(y1 + y2) (z1y2 — T2y1) Xa.
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Therefore, the group law in R* is

1
T-y= (xl + Y1, T2 + Y2, T3 + Y3 + §(x1y2 — ToY1), Ty + Y4
1
+ 5{(3’3193 — x3y1) + (Tays — y273) }

1
+ 1 (Y1 + v2) (2211 — T192) + (21 + 22) (7192 — 932?/1)})-

In the general case the group law in R™ will be written as

z-y=Pla,y)=z+y+Qz,y),
where P = (Py,...,P,) and Q = (Q1,...,Q,) are polynomial functions. If g = V] &
... @V} is a stratification, set m; = dim(V}), j = 1,...,k. If i is an index such that
my + ... + mg,—1 < 1 < my + ... + myg, for some 1 < d; < k the coordinate z; will be
said to have degree d;. Group dilations 9, : R® — R" can be written as

Sxn(z) = Ny, AX2ay, o Ay, (1.7.82)

If1<i¢<mqthend; =1.
The following Lemma lists some properties of the group product that are of special
interest. Thesis (iv) will be useful in Lemma 2.1.4.

LEMMA 1.7.2.

(i) For all x € R™ the inverse element ™' is —x.

(ii) For all x,y € R™ and for all A\ > 0 P(6x(x),0\(y)) = \P(x,y).

(iii) P(z,0) = P(0,z) = x for all x € R™.

(iv) Q1= ... = Qm, =0 and Q;(z,y) for i > my is a sum of terms each of which
contains a factor (x;y — xyy;) for some 1 < j,1 <.

(v) If the coordinate x; has degree d; > 2 then Q;(x,y) depends only on the
coordinate of x and y which have degree strictly less then d;.

Proof. Property (i) is a consequence of the fact that P(X,Y) = 0 if and only if
X = =Y. Property (ii) simply states that dilations are group automomorphisms.

We prove (iv). Fix the basis (Xi,...,X,) of g= Vi &...®V,, r > 2 being the step
of the group, which gives the exponential coordinates in R"™. (X7, ..., X,,,) is a basis
of V}. Let z,y € R™ and consider

i=1 i=1

By definition, x - y = z if
P(X,Y) =) =zX,
i=1

where P(X,Y) is given by the Campbell-Hausdorff formula
r (_1)k+1

P(X.Y)=)"

k=1 aj+p;>1

caﬂDa,@(Xu Y)u

where the multi-indeces a and § in the inner sum have length &, ¢, and D,s(X,Y)
are as in (1.5.45) and (1.5.44). D,p(X,Y’) is a commutator of the vector fields X and
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Y and has a length that depends on « and 3. The sum of the D,3(X,Y’) with length
1 gives X + Y.

By induction on the length h > 2 of D,g(X,Y’) we prove that for all multi-indeces
a and (8

Das(X,Y) = > phg(z,y)X;
t=mi1+1
where each pflﬁ(:v, y) is a polynomial which can be decomposed in a sum of terms each
of which contains a factor (z;y; — z;y;) for some 1 < j,I < n. This proves statement
(iv) because

r (_1)k+1 )
Qi([ﬁ, y) = Z L Z Caﬂp;ﬁ’(x?y)'
k=1 a;+B;>1

Notice that there can actually appear only terms (x;y, — z;y;) with 1 < 4,1 < i
because @Q;(z,y) is homogeneous of degree d; with respect to dilations (1.7.82). (This
remark also proves (v)).

We prove the inductive base. If h = 2 then D,3(X,Y’) can be assumed to be the
form

X,YT =) aulX, X = ) (wm — my)[XG, X,
jl=1 1<j<i<n
with [X;, Xj] € Vo @ ... @ V,, and the inductive base is proved.
If Dos(X,Y) is a commutator of length A then we can assume D,g(X,Y) =
[X, Ds5(X,Y)] for some multi-indeces @ and 3 such that D;5(X,Y) is a commutator
of length h — 1. By the inductive hypothesis

[Xv D&B(X> Y)] = Z Z mjpiaﬁ(x> y)[Xj7 Xi]?
j=1 i=m;+1
with [X;, X;] € V@ ...®V,. The inductive step is proved because xjpiag(x, y) has the
required property.
[

7.4. Left invariant vector fields. The Lie algebra g of a nilpotent Lie group
structure on R™ can be thought of as an algebra of left invariant differential operators
in R™ with respect to the group law.

Let X1, ..., X,, be a vector basis of g, write

X](ZL’) :Zam(x)al j: 1,...,n,
i=1
and assume X;(0) = 0;. The coefficients a;; € C*°(R™) and the product z-y = P(z,y)
are linked in the following way. Let 7 : (—=4,d) — R" be a C* curve such that v(0) = 0
and §(0) = 9;. Since X; is left invariant, if f € C'(R") then

X, f(2) = X,(f 0 7)(0) = lim LZE D)) = J(P(2,0))

t—0 t
0 PP o orsiey O

= 5005, (@030 = 7 (@)5 (2. 0).
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The vector fields have polynomial coefficients a;;(x), and precisely
i)=Y ?(I, 0)0;. (1.7.83)
i1 Y
As a consequence the following homogeneity property holds
a;;(0x (7)) = A"V ay;(x), (1.7.84)
where d; and d; are the degrees of z; and z;, respectively.

7.5. Carnot groups as C-C spaces. Let (R",-) be a Carnot structure on R™
with stratified algebra g = V; @ ... ® Vi, k > 2. Let m = m; = dim(V}) and fix a
basis X = (X1,..., X;,) of V1. Chow-Hormander condition (1.5.41) is verified and X
induces a C-C metric d on R". By Theorem 1.5.1 for any compact set K C R" there
exists C' > 0 such that d(z,y) < Clz — y|'/* for all ,y € K. Such estimate can be
improved in the following way.

ProprPOSITION 1.7.3. For all xz,y,h € R™ and A > 0

(i) d(7n(x), T(y)) = d(z,y);

Proof. Statement (i) follows from the fact that v : [0,7] — R" is a subunit curve
joining x to y if and only if 7,(y) ia a subunit curve joining 7, (z) to 7,(y).
We prove (ii). Let v:[0,7] — R™ be a subunit curve joining = to y

t):zm:hj(t)Xj( Z(Zh Yy (y )ai.

Define 7y : [0,A\T] — R"™ by 7(t) = 0x(y(¢/A)). Then, by (1.7.84) with d; = 1 if
7=1...m

3 (3o

i—1 =1

_Z(Zh (t/Vas((1)) )0, _Zh (t/ 0 X; (1 (1)).

As 11 (0) = 0x(x), Ya(AT) = 0x(y) and 7, is subunit it follows that d(dx(x),0x(y)) <
AT. Being v arbitrary d(dx(z),dx(y)) < Ad(z,y) and the converse inequality can be
obtained in the same way. 0

A C-C ball centered at € R™ with radius » > 0 will be denoted be B(z, ). Recall
that d; > 1 is the degree of the coordinate x;. If x € R" introduce the homogeneous
norm

[ERED N EARES (1.7.85)
i=1
and define the Box
Box(z,r) ={z -z € R" : ||z| < r}. (1.7.86)

PROPOSITION 1.7.4.
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(i) Forallz,h € R™ andr,\ > 0 we have 7, B(x,r) = B(m(x),r) and 6, B(z,r) =
B(dx(x), Ar).

(ii) Moreover, there exist0 < ¢ < ¢o such that Box(z, c;r) C B(z,r) C Box(z, car)
for all x € R™ and r > 0.

Proof. Statement (i) is a corollary of Proposition 1.7.3. We prove (ii). By com-
pactness there exist 0 < ¢; < g2 such that ¢; < ||z|| < go for all x € R™ such that
d(z,0) = 1. Since [[6x(2)|| = A||z|| we immediately find ¢;d(z,0) < ||z] < gd(x,0)
for all z € R™ and consequently

qd(z,y) < |ly™" 2| < gd(w,y)  for all z,y € R™.

1

Since y € Box(z,r) if and only if ||[y~" - z|| < r the claim follows. O

COROLLARY 1.7.5. The metric space (R™,d) is complete and locally compact.
Geodesics exist globally.

DEFINITION 1.7.6. Let g = V1 ®...®V}, be a stratified Lie algebra. Its homogeneous
dimension is

Q=> idim(Vj). (1.7.87)

If n € N is the dimension of g as vector space then Q > n. If (R",-) is the Carnot
group associated with the Lie algebra g we shall say that its homogeneous dimension
is Q).

PROPOSITION 1.7.7. If E C R™ is a Lebesgue measurable set |x-E| = |E x| = |E)|
and |0\E| = A\?|E| for all z € R™ and X\ > 0. Moreover, |B(z,r)| = r?|B(0,1)| for
allz € R™ andr > 0.

Proof. Let dr, and dd, be the differentials of 7,, and d,. The first two statements
are a straightforward consequence of det(dr,) = 1 and det(d,) = A¢. Moreover

|B(x,r)| = [6,7.B(0,r)| = TQ|T$B(0,T)‘ = TQ|B(O, 1)].

8. Heisenberg Group

8.1. Introduction. The Heisenberg group is the most simple non commutative
Carnot group and is a privileged object of study in Analysis and Geometry. Consider
a (2n + 1)—dimendional real Lie algebra g with basis {X3,..., X,,,Y1,...,Y,,, T} and
assume that the non vanishing commutation relations are only

(X, Y] =—AT i=1,..,n. (1.8.88)

The algebra is stratified g = V4 @ V5 with V} = span{ Xy, ..., X,,, Y1, ..., Y, } and V5 =
span{7'}.

Using exponential coordinates the Lie algebra g induces a Lie group structure on
R**1 as in (1.7.81). Identify R**! = C" x R and (z,y,t) = (2,t) with z,y € R",
t € Rand z = x + iy € C". As in Example 1.7.1 using the relations (1.8.88) in
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the Campbell-Hausdorff formula (1.5.47) (which now is particularly simple being the
algebra of step 2) it can be found the group law

(z,t) - (¢, 7) = (z 4+ ¢, t + 7 + 2Im(2())
= (2 + ¢+ 7 +2((4,6) = (@,m)),
where z = x + iy and ( = £ + in. Notice that, denoting by

0 —I,
(5 )

the unit symplectic matrix, we can also write

(1.8.89)

n

(y, ) = (w,m) =Y (W& — xm;) = (2, IC).

J=1

The center of the group is Z = {(z,t) € R*"*! : 2 = 0}. Homogeneous dilations
gyt R2HL L R2HL N > 0, are

ox(z,t) = (A2, A1), (1.8.90)

and the homogeneous dimension is () = 2n + 2.
The Heisenberg Lie algebra can be realized as an algebra of left invariant differ-
ential operators on R*" ™. Using formula (1.7.83) it can be found T = 9, and

Xj = 8%. + 2yj8t, }/J = Gyj - ijﬂt, j = 1, ceey N (1891)

These vector fields clearly satisfy the Chow-Hormander condition, and a left invariant
C-C metric is induced on R***1. A ball B(0,r) centered at the origin and with radius
r > 0 behaves like the box

Box(0,7) = {(2,t) € R : |z] <r and [t| < r?}.
The Heisenberg group is denoted by H". The Heisenberg gradient will be written as
Vi = (Xy, .0, X0, Y1, 00 Y0
8.2. Geodesics in the Heisenberg group. The Heisenberg group endowed

with its left invariant C-C metric is a locally compact metric space and geodesics
exist globally (Corollary 1.7.5). We shall compute them explicitly.

LEMMA 1.8.1. Geodesics in H" are normal.

Proof. Let A = col [X}, ..., X,,, Y1, ..., Y}] be the matrix of the vector fields (1.8.91)
as in (1.1.1), and let 7 : [0, 1] — H"™ be a geodesic. Then

3(s) = A(v(s))h(s) for a.e. s € [0,1], (1.8.92)
with i = (hy, hy) and hy, hy € L2(0,1)". Write v(s) = (z(s),y(s), t(s)).

We have to check that the case A = 0 in Theorem 1.4.7 may not occur. Since

Ah = Z hi; X + ho;Yj = (h, ho, 2(z,Zh)),

J=1
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equations (ii) in Theorem 1.4.7 are

§ = 2Bh;y
7= —26h (1.8.93)
F=0,

and therefore 7(s) = S € R. Suppose by contradiction that the optimal pair
(7(s), h(s)) corresponds to A = 0. From (1.4.39)

{ gfggiz% (1.8.94)

If 5 =0 then £(s) = n(s) = 0 and this is not possible because of (i) in Theorem 1.4.7.

Then  # 0. Differentiating equations (1.8.94), replacing the result in (1.8.93) and
simplifying 23 # 0 we get
{ t(s) = —hy(s)

y(s) = —ha(s).
But from (1.8.92)
{ t(s) = hq(s)
y(s) = ha(s)
and thus A = 0 almost everywhere. This is not possible unless 7 is a constant
curve. U

By Lemma 1.8.1 and Proposition 1.4.9 geodesics in H"” can be found solving the
system of Hamilton equations (1.4.37) with Hamiltonian

n

H((2,1),(¢,7) = Y (& +2ym)° + (0 — 22,7)° = [(]* +47°|2* +47(2, (). (1.8.95)

j=1

Translations of geoedsics are still geoesics since the metric is left invariant. Therefore,
it is enough to study geoedsics starting from the origin. Equations (1.4.37) give

(& =¢+ 27y z(0) =
y=mn-—2rx y(0) =
t=47z|> +2(Zz,¢) t(0)=0
E=2m—4t%x £0)=B
fi=—2r6 —arty  n(0) = A
[ 7=0 7(0) = ¢/4,
where A, B € R" and ¢ € R. The choice ensuring the arclength parametrization
turns out to be |A]? + |B|> = 1 (see (1.8.97) below). The solutions are (we are not
interested in the dual curve)
( A(1 — cos ps) + Bsin s
(s) =
i :
y(s) = —B(1 — cos ps) + Asin s (1.8.96)
H(s) = 2905 — Singos.

\ 902
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In the limit case ¢ = 0 one gets (x(s),y(s),t(s)) = (Bs, As,0). Finally, notice that

g = Z(Aj sin s + Bj cos ps) X,;(y) + (Aj cos ps — B, sin@s)Y; (). (1.8.97)
j=1
If (z,t) ¢ Z, that is z # 0, then (z,t) and (0,0) can be connected only by one
geodesic. On the other side (0,0) and (0,t), t # 0, can by connected by a continuous
family of geodesics even if ¢ is small. Differently from the Riemannian case geodesics
in C-C spaces are not locally unique.

8.3. Heisenberg ball. From (1.8.96) a parametrization of the surface of the
unitary metric ball centered at the origin can be easily obtained. For the sake of
simplicity take n = 1 and let S = {(z,y,t) € H' : d((x,y,t),0) = 1}.

If in (1.8.96) we choose s =1, A = cosv and B = sind we obtain the parametric
equations for S

( cos (1 — cos @) + sin ¥ sin
(i) = UL :

y(9,0) =
(¢ —siny)
\ (7, ¢) o

with 0 <9 <27 and —27 < ¢ < 27. The surface S is of class C*° where z # 0.

: P .
—sind(1 — cos @) + cos ¥ sin ¢
¥

(1.8.98)

REMARK 1.8.2. The singular antipodal points of the surface .S, which have coor-
dinates (0,0, +1/7), are Lipschitz points. Indeed, solving y(¢, ¢) = 0 we find

sin V2 —2cos
Y(p) = arctan (1 — cigp) and  z(J(p),p) = Tw

The path 7 : [0, 27] — H' defined by
(W 0.9 —singp)
@ T ¢
lies in 9B(0,1) N {(z,y,t) € R® : y = 0} and joins the point (1,0,0) to the “north
pole” (0,0, %) Its derivative at p = 27 is

) - (- 0 —2)
m)=|—=—,0,——=).
,y 27_{_77 7_(_2

This shows that we can put on the “north pole” outside the unitary ball a cone with
angular opening 2 arctan(7/2). O

Y(p) =

9. Grushin space

9.1. Grushin metrics. In this section we analyze the C-C metric induced by
a family of vector fields not of Hormander type, metric that has been introduced in
[76] and [77]. We consider R with n > 2 and fix 1 < m < n — 1. We shall write
(z,y) € R™ x R¥ = R", k = n — m. Consider

X1 =0uyy e X = 0u,y Vi = |2|°,,, ..., Yi = |2]°0,, (1.9.99)

where o« > 0. If « is a positive even integer the Hormander condition (1.5.41) can
by checked but the C-C metric is defined for any o > 0 and is finite because every
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couple of points in R™ can be connected by polygonals piecewise integral curves of
the vector fields. We shall call the induced C-C metric d on R™ the Grushin metric.

The metric is invariant with respect to translations in the y variable, precisely for
any z,& € R™ and y,n, h € RF

d((z,y +h),(€n+h) =d((z,y),(En)). (1.9.100)

Introduce the one parameter group of dilations Jy : R" — R" defined by d)(z,y) =
(Az, A>Ty for A > 0. The distance from the origin is 1—homogeneus with respect to
such dilations. Precisely, if (z,y) € R™ and A > 0 then d(0,dx(z,y)) = Ad(0, (z,y)).
Indeed, if v : [0,7] — R™ is a subunit curve such that v(0) = 0 and y(7") = (z,y) the
curve vy : [0, AT] — R™ defined by 7, (t) = d,y(t/A) is subunit and joins 0 to dx(x,y).

Grushin metric can be estimated more explicitly on the whole space by means of

polygonal integral curves. The following proposition is a special case of [76] (see also
(72]).

PROPOSITION 1.9.1. Assume k =1 and let A > 0. There exists ¢ > 1 such that
for all P = (2,y) and Q = (&,) € R" with |«| > [¢

ly — 1
||

d(P,Q) < |z —¢| + <cdPQ) if |z[*t = Ay —nl,

1 1 . o
JAP.Q) <l =&+ |y =l <cdP,Q) i |o|* <Ayl

Proof. Without loss of generality we consider the case m =1 (i.e. n = 2). Thanks
to (1.9.100) we can suppose 7 = 0. Assume moreover x > 0 and y > 0.
Since d((&,0), (x,0)) = |z — €| and |z| > |£], we have to estimate the distance

between (z,0) and (x,y). If h > 0 set T'(h) := 2h + ﬁ and consider the subunit
curve 7y, : [0, T(h)] — R?
(x +1,0) if t € [0,h)
() =1 (z+h,(x+h)*t) ifte[h,T(h)—h|

(w+h—ty)  ifte(T(h)—h T(h).

Notice that 7,(0) = (z,0) and v,(T(h)) = (z,y). If 2™ > Ay choose h = 0. By
definition (1.1.4)
Y
d((:E?O)v (l’,y)) < T(O) = E'
If 201 < Ay choose h = ya+1 —z (which amounts to solve T’(h) = 0 up to a constant
before y). Then

d((z,0), (z,y)) < T(h) = 2(y=7 — x) + —% < 3yar.

ya+1

Consider now any subunit curve v = (v1,72) : [0, 7] — R? joining (z,0) to (z,y)

mn(t) ==z +/0 hy(T)dT
alt) = / I (7)[ha() dr,
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with % (T) = y, and hy(t)* + he(t)?> < 1 for ae. t € [0,T]. We assume h(t) =
ho(t) = 1, weakening in this way the subunit condition. Moreover, by symmetry we
can reduce to the case v(7/2) = y/2. Thus

Y _ /T/Q(x +7)%dr = b ((z +T/2)*" — 2ot)
2 0 a+1 ’
and writing T' = x5
(a+1)y
Qratl

If 2% > Ay the left hand side of (1.9.101) is bounded from above by (a + 1)/(2))
and the solution S of the equation has to satisfy (1 + S/2)*™ < (1 + ¢S) for some

q > 0 depending on o and A. Thus T'= xS > “;;r—;)y. As 7 is arbitrary it follows that

= (14 5/2)* - 1)), (1.9.101)

(o + 1)y.

d((z,0), (z,y)) > Sqz0

We consider the case 2™ < \y. From (1.9.101)

S:<(a+1)y 1>al+1_1:ya-1+1[<(a+1)+xa+1)alﬂ_ . }qua}rl,
Y

2 2ot T 2 y#l x

for some ¢ > 0 depending on o and \. Whence T'= x5 > Z(jya%rl. As ~ is arbitrary
it follows that
d((x,0), (z,y)) = 2qy=+7.
O

REMARK 1.9.2. If k¥ > 1 Proposition 1.9.1 still holds, but 2* cases should be
distinguished according to that |z|*** > My; —n;| or |z]*™t < My;—ny| fori =1,..., k.

Grushin balls can be represented by suitable boxes. If (z,y) € R” and r > 0
define

Box((z,y),7) = {(§,n) € R" |z — & <rand [y —n| < r(jz] +7)%}  (1.9.102)

PROPOSITION 1.9.3. There exist constants 0 < ¢ < ¢y such that for all (z,y) € R”
andr >0

Box((z,y),c1r) € B((z,y),r) C Box((z,y), car). (1.9.103)
Proof. It follows from Proposition 1.9.1. U

COROLLARY 1.9.4. The metric space (R™,d) is locally compact and complete.
Geodesics exist globally.

Proof. By Proposition 1.9.1 the metric d is continuous in the Euclidean topology
and from Proposition 1.4.3 it follows that (R, d) is locally compact. By Proposition
1.9.3 closed C-C balls are bounded and thus compact (the topology of (R",d) is the
Euclidean topology) and from Theorem 1.4.4 geodesics exist globally. U
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9.2. Geodesics and balls. Our next task is to compute geodesics solving Hamil-
ton equations (1.4.37). Geodesics in Grushin spaces have been first studied in [70]. We
have to check that singular geodesics may not occur. We are interested in geodesics
starting from (0,0) € R™. The Hamiltonian is

H((z,y), (& m) = [g]* + [2**[n]*,

where x,£ € R™ and y,n € R*. By Proposition 1.4.9 singular geodesics should verify
H((x(t),y(1)), (£(t),n(t))) = 0, being (t) = ((t),y(t)) the geodesic and (£(t), n(t))
the dual curve given by Theorem 1.4.7. Then |{(t)] = 0 and since |n(t)| # 0 (by
condition (i) in Theorem 1.4.7), it follows that |z(¢)] = 0. This implies that if
7(0) = (0,0) then ~(¢) = (0,0) for all ¢ > 0. This is not possible and geodesic
must be normal.

We find the system of equations

{ T = 57 52 _an‘2’$‘2a_2$7
y=lz[**n, n=0.

Fix the initial data z(0) = y(0) = 0, £(0) = ¢ and 7n(0) = n. We look for a solution
x(t) = @(t)¢ for some real function ¢ > 0 such that ¢(0) = 0 and ¢(0) = 1. One
finds the equation @ + a|n|?¢?*~1 = 0 which can be explicitly solved, for example, if
a = 1. In this case the solution is

[l

and geodesics are y(t) = (z(t), y(t)) where

_ sin(|nft) _ &P r2Inlt —sin(2[n[t)\ 7. s
o(t) = = 176 (t)_W( : >In|’ DSt (19104
Notice that
oy N ¢l sin(lnlt) §~
Y(t) = cos(|nlt) E §Xi(v(1) + i E m:Yi(v(t)),

and therefore 7 is parametrized by arclength if || = 1.
Take m = 2 and k = 1. Write £ = (cos(y),sin(¢)) and n = . The boundary of
the Grushin ball B((0,0),7) C R3, r > 0, has the parametrization

sin(vr)

1 (QD, 19) = COS(QO)

2o, 0) = ST ) (1.9.105)
297 — sin(29r

yl(@,ﬁ): 4192< )7

where 0 < ¢ < 271 and —7 < r < 7. The parametrization is smooth except that in
the “north pole” (0,0,7?/(27)) which is a Lipschitz point.
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Take m = 1 and k = 2. Write n = (ocos(?), osin(?)). The boundary of the
Grushin ball B((0,0),7) C R?, r > 0, has the parametrization

( sin(or
20r — sin(2or
y1(0,9) = ¢ 492( 0 >cos(19), (1.9.106)
20r — sin(2pr) |
\ y2(0,7) = 10 sin(¥),

where 0 < 9 < 27 and 0 < p < 7/r The parametrization is smooth except that in
circular section in the plane {z; = 0}.

10. References and comments

The metric d was introduced in [77] and [64] to study second order elliptic degen-
erate differential equations but the construction is usually attributed to Carathéodory
[45]. The Holder estimate (1.5.53) of the metric d is deeply linked with the theory
of subelliptic operators. The second order differential operator naturally associated
with the (selfadjoint) vector fields Xj, ..., X, is the sum of squares Laplacian

L= —ixf.
j=1

Fefferman and Phong proved in [64] that the Holder estimate (1.5.53) of exponent 1/k
for the distance d induced by the vector fields is in fact equivalent to the subelliptic
estimate

lulm= < C((Lu,u) + [ul2)
for all u € CJ(K), K C R" compact set, where 0 < ¢ < 1/k. Actually, the subelliptic
estimate holds for the sharp exponent ¢ = 1/k [117].

Other different but equivalent definitions of d can be found in [151]. C-C spaces
have also been extensively studied from the geometric point of view as sub-Rieman-
nian spaces (see for instance [94] and the book [21] where an extensive bibliography
can be found). Proposition 1.1.4 is well known (see for example [100]), while in the
proof of Theorem 1.1.6 we essentially followed [111].

A study of rectifiable curves in Euclidean spaces can be found in [62] and for
general metric spaces in [6]. In this latter book Theorem 1.3.1 is proved. In the proof
of Proposition 1.3.3 we essentially followed [100]. A general theorem of existence of
length minimizing curves in compact metric spaces is proved in [6]. Geodesics in C-C
spaces have been explicitly computed in [88], [31], [70] and general references to the
subject are [165], [142], [143], [98], [1]. In the monograph [124] singular geodesics
in the case of rank 2 distributions (sub-Riemannian spaces with metric induced by 2
vector fields) are extensively studied. The most general condition known to rule out
singular geodesics is the “strong bracket generating hypothesis” introduced in [165]
but it applies only to a subclass of vector fields of step 2.

Carnot groups are well known in Harmonic Analysis and in the study of hypoellip-
tic differential operators as nilpotent or homogeneous groups ([67], [156] and [164]).
Many topics in Analysis in groups are dealt with in [172]. A beautiful introduction to
the Heisenberg group are chapters XII and XIII of [164], where particular attention is
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paid to the links with complex analysis and partial differential equations. Geodesics
in the Heisenberg group were first computed in [31]. The shape of the Heisenberg
ball was studied in [144] in order to show that it is not isoperimetric.






CHAPTER 2

Differentiability of Lipschitz maps
and eikonal equation for distance functions

In this chapter we study different notions of differentiability of Lipschitz maps and
the eikonal equation for C-C metrics. Differentiability of Lipschitz maps in metric
spaces is a topic that seems to arouse an increasing interest (see, for instance, [48]).
As far as C-C spaces in concerned a classical theorem due to P. Pansu [153] states that
Lipschitz maps between Carnot groups have a differential which is a homogeneous
homomorphism. In section 1 we follow the original proof except that in the one
dimensional reduction step which has been shortened (see Lemma 2.1.4). Pansu’s
proof works when the map is defined in an open set. However, the theorem still
holds for Lipschitz maps defined on a measurable set (see [175] and [129]). A weaker
but more general result is the differentiability in sense of distribution of real valued
Lipschitz functions in quite arbitrary C-C spaces which has been proved in [81] and
then in [90] (see Theorem 2.2.1). Our contribution is a strong differentiability theorem
for Lipschitz maps in C-C spaces assuming some structure on the vector fields (see
Theorem 2.3.3).

The eikonal equation for the distance from a point in C-C spaces was known to
hold in the sense of viscosity solution [38]. We improve this result showing that the
equation holds almost everywhere [148], allowing d to be the distance from a closed
set (Theorem 2.6.1). In the special case of the Heisenberg group we prove that the
solution is classical because the distance function is regular outside the center of the
group [144]. Within the study of the distance from a non characteristic surface in the
Heisenberg group we also prove a kind of Gauss Lemma stating that the Heisenberg

gradient of the distance from a regular surface is the intrinsic normal to the surface
(see Lemma 2.5.6 and Theorem 2.5.8).

1. Differentiability of Lipschitz functions between Carnot groups

Let G = (R",-,8),d) and G = (R",~,Jy,d) be two Carnot groups. In the sequel
the group law signs - and ~ will be sometimes omitted.

A map ¢ : G — G is a homogeneous homomorphism if ¢ is a group homomorphism
and p(8x(z)) = 6x(¢(x)) for all 2 € G and A > 0. A map f : G — G is Lipschitz if
there exists a constant L > 0 such that d(f(z), f(y)) < Ld(z,y) for all z,y € G.

If f:G— G, z,&€G andt >0 define

R(z, &) = 01e(f(x) " f(20:(€)))-

DEFINITION 2.1.1. A map f : G — G is Pansu-differentiable (or differentiable) at
r € G if for all £ € G there exists

Df(z;€) = 1}}513(96,6;0,

57
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and the convergence is uniform with respect to £&. The map Df(z;-) : G — G is the
differential of f at x.

REMARK 2.1.2. If D f(x;€) exists then there also exists D f(x;0x(€)) = 0D f(z;€)
for all A > 0. Indeed

01/e(f(2) 7 f(26:(8x(€)))) = ondryme (f ()71 (20re(€))),
and thus
Df(w;0,(¢)) = lim 011 (f ()7 f(2:(0x(8))))

=6y lim &y (f(z) 7 f(20:(€))) = D f(x;€).

t—0t

O

Lipschitz maps between Carnot groups are differentiable almost everywhere and
their differential is a homogeneous homomorphism. Here we shall follow Pansu’s
original proof of this theorem except that in the one dimensional reduction step
(Lemma 2.1.4 below). In G = R™ we fix the Lebesgue measure and denote by |E| the
measure of a measurable set £ C G.

PROPOSITION 2.1.3. Let f : G — G be a Lipschitz map. If for some &,& € G
the derivatives D f(x;&1) and Df(x;&) exist for a.e. © € G, then there also exists

Df(z;6:&) = Df(z;&)Df(7;8s) for a.e. x € G.

Proof. By Remark 2.1.2 we can assume that d(&,0) = d(&,0) = 1. Let Q C G
be an open set with finite Lebesgue measure and let n > 0. By Lusin and Egorov
Theorems there exists a compact set K C €2 such that

(i) [\ E| <n;
(ii) Df(z;&) and Df(x; &) exist and are continuous at x € K;
(iii) R(z,&2;t) — Df(x;&) as t | 0 uniformly for z € K.

If we prove the claim for all # € K we are done. Since dy and 6, are group
automorphisms, “adding and substracting” f(xd,(£1)) we find

R(z,&1625t) = 01 f () f(@0e(61€2))) = 01ye(f (2) 7" f(20:(€1)0:(&2)))
= 01/ (f () 7" f(20:(60)) f(20:(61)) 7" f(20:(€1)81(E2)))
= 0ue(f (@) f (06(1))) Ouye(f (20e(€1)) " f (262(61)0¢(62)))
= R(z,&;1) R(x6:(61), &2 1)
and R(z,&;t) — Df(x;6&) ast — 07
If € > 0 by (iii) there exists t. > 0 such that

d(R(y,&21), Df(y;&2)) < e
for all y € K as soon as t < t..
If it were x6,(£;) € K then d(Df(26:(€1);&), Df(z;6)) < e if t < t. (possibly
shrinking ¢.), and
d(R(x6:(&1), Ea3t), D f (5&)) <d(R(x64(&1), E25t), Df (26:(&1); &2))
+d(Df(26:(&1); &), Df(2;&)) < 2e,

(2.1.1)

(2.1.2)
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which would prove that
%i_{% R(z,66:t) = Df(2;:6) D f (23 &)
In general z0,(&,) ¢ K. Let B(x,r) a C-C ball centered at = with radius r. By

the differentiation Theorem in doubling metric spaces 1.6.5

Bl B\ K

rlo | B(z, )| rlo |B(x,r)|
Let A(t ) dist(xd,(&1), K) = d(g +(&1),2(t)) for some Z(t) € K and define & (t) =
61/¢(x71Z(t)) so that z(t) = x04(&1(t)). By Proposition 1.7.3

d( ( ) ) d(ét(§1>a ) - td(§17 ) =t,

and consequently B(xd:(&1), A(t)) C B(z,t+A(t))\ K. Let Q > n be the homogeneous
dimension of G. By Proposition 1.7.7

< A1) >Q _Blat £ MO\ K| _ |Bla, t + A1)\ K]
)

=0 forae z€K.

t+ At |B(xz,t + A\(t))| — |B(z,t+ A(t))|
As the right hand side tends to zero we deduce that
At
lim Q = 0. (2.1.3)
tlo ¢

Notice that

A(t) = d(@6,(&1), (1)) = d(20,(§1), 20:(&: (1)) = d(6:(&1), (&1(1))) = td(&1, & (1))
and from (2.1.3) it follows that

%1 d(&,6(t) = 0. (2.1.4)
We already noticed in (2.1.1) that

R(z, 616:51) = R(x, &5 1) R(26e(&1), &2 0).
Our aim is to show that R(x0,(&1),&s;t) converges to D f(x;&;). The point xd.(&;)
has to be projected on K in order to apply the argument in (2.1.2). Write
R(w6,(&1), €25t) = 0174 (f(0:(61)) ™" f(2d:(&0(2))))
01/ (f(@8:(&1 (1)) f(2r(&1(1))0:(62)))
01/e(f(0:(&1(1))0:(&2)) ™ f(20:(£1)01(&2))) = Ru(t) - Ra(t) - Ry(t).

If L > 0 is the Lipschitz constant of f we immediately find (again by Proposition
1.7.3)

ARy (1), 0) = d(By0f (26, (6 (1)), Byjef (264(61))
< Laws, @ @), 20(60) < Ld@ ). €)

and analogously

d(Rs(t),0) = d(01/0f (x6,(&1)0:(&2)), 010 f (26:(€1)0(&2)))
L

? d(w04(&162), $5t(fl(t)52))

< Ld(&&,& (D))
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By (2.1.4) this shows that both R;(t) and R3(t) converge to zero.
Consider now Ry (t). Since xd;(&;(t)) € K the argument in (2.1.2) does apply and
thus ltif(r)l Ry(t) = Df(x;&). O

The next step is to compute the derivative of Lipschitz curves in a Carnot group
according to Definition 2.1.1. The following Lemma should be compared with Theo-
rem 1.3.5.

Let G = (R™,-,0),d) be a Carnot group and assume that X = (Xy,..., X,,,) is a
system of generators of the Lie algebra of the group such that X;(0) = e;. We shall
denote by A the matrix of the coefficients of the vector fields.

LEMMA 2.1.4. Let v : [0,1] — G be a Lipschitz curve. Then 7 is X —admissible
and if h € L*°(0,1)™ is its vector of canonical coordinates then

ltilrgl(sl/t(’y(s)_l ) 7(3 + t)) = (hl(s)a ey hM<3)7 0,...y 0)
for a.e. s €10,1].

Proof. By abuse of notation we identify h and (hy, ..., by, 0, ..., 0). By Proposition
1.3.3 v is X —admissible and 7(s) = A(y(s))h(s) for a.e. s € [0 1]. Define

E={se€[0,1] :4(s) = A(y(s))h(s) exists and s is a Lebesgue point of h}.

Let s € E and assume without loss of generality that s = 0. Since the statement is
translation invariant we may also assume 7(0) = 0. We have to prove that

1 614 ((1)) = (12(0), s 1 (0), 0, .., ).

Recall that we write z -y = P(z,y) = x + y + Q(z,y). By formula (1.7.83) for a.e.
t €10,1]

m

0 =D hi(X,((0) =3 eﬂrzh 8% 99((), )

7j=1
We begin with ¢ = 1,...,m. Since @); = 0 we 1mmed1ately find

lim 220 _ 11m7[ "ha(s) ds = ha(0).

tlo ¢ t10

Assume now that the i—th coordinate has degree k > 2 and that the claim has
been proved for the degrees 1,2,....k — 1. If we denote by Q;(z,y) the sum of the
monomials in @;(x,y) in which y appears linearly we can write

Zh PRI — G381, h1)).

8y] y=0

Notice that Q;(~, h) depends only on the coordinates of v and h with degree strictly
less than k. Moreover, since @); is homogeneous of degree k each monomial in
Qi(y(t), h(t)) contains the components 7 (), ..., v;_1(t) homogeneously of degree k—1.

Thus s'*Qi(y(s), h(s)) = Qi(d1/s(7(s)), h(s)) and
‘_‘ = tk/ QY (S>>|ds§]€ 1Qi(81/5(7(5)), h(s))| ds.
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By the inductive hypothesis (d1/:(7(t))); — h;(0) as t | 0 for all j—coordinates with
degree less or equal than k£ — 1 and therefore

O < 1Qun o). h(o)).

But Q;(h(0),h(0)) = 0 by Lemma 1.7.2 (iv) and the statement is proved.

lim sup
t10

O

REMARK 2.1.5. Let V = {Xe;; A € Rand j = 1,...,m}. Since the Lie algebra of
the group is nilpotent and stratified then by (1.7.81) it follows that there exists 7 € N
and C > 0 such that for every £ € G there exist &,...,& € V such that € =& -...- &
and |¢;| < C[¢] (see [67, Lemma 1.40]).

THEOREM 2.1.6. Let f : G — G be a Lipschitz map. Then Df(x;-) exists for a.e.
x € G and is a homogeneous homomorphism.

Proof. Fix j = 1,...,m and write Z; = (21,...,2j-1,0,2;41,...,2,). The curve
Vs, : R — G defined by 7z, (t) = f(exp(¢tX;)(&;) is Lipschitz, and by Lemma 2.1.4 it
is differentiable (according to Definition 2.1.1) at a.e. t € R. Let E; = {z € R™ : 4,
is differentiable at z;} and define £ = (J;_, E;. By Fubini Theorem |G \ E| = 0.

Let x € E and since the statement is translation invariant assume without loss of
generality x = 0. Let K = 0B(0,1) = {v € G : d(v,0) = 1}. If v € K we have to
prove that there exists

DF(050) = lim R(0, ;1) = lim d14(/(0) - F(8(v)))

and that the convergence is uniform for v € K. Since G with its C-C metric d is a
complete metric space (Corollary 1.7.5) it is enough to show that for all € > 0 there
exists t. > 0 such that

sup d(R(0,v;t), R(0,v;5)) < (14 2L)e

veEK
as soon as 0 < s,t < t.. Here L is the Lipschitz constant of f.
Since K is compact we can find vy, ..., v, € K such that K C [J_, B(v;, ). Write
v = v; for some i. By Remark 2.1.5 we can write v = & - ... - & where each &; is of

the form Ae; for some A € R and j =1, ..., m. Without loss of generality we can also
assume A = 1. Now, if y(t) = f(exp(tX;)(0))

Df(0;&) = 12%1 S (f(0) ' f(0:(&)) = 1}%(7(0)71 (1))

exists for all ¢ because 0 € E. By Proposition 2.1.3 D f(0;v) exists too and

Df(0;v) = Df(0;§) - ... - Df(0; 7).
Fix t. > 0 such that

sup d(R(0,v;t), R(0,v358)) < e

for all 0 < s,t < t.. If v € K there exists v; such that d(v,v;) < e and
d(R(0,v;t), R(0,v;8)) < d(R(0,v;t), R(0,v;;t)) + d(R(0,v:; 1), R(0,vs; 5))
+ d(R(0,v;; 5), R(0,v; 5))
< (142L)e.
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Indeed
d(R(0,v;), R(0,v:3t)) = % 1(£(0)7" f(8:(v)), F(0) £(de(wi))
< Zd6.0), 8(w1) < Le
and d(R(0,v;s), R(0,v;;s)) < Le by the same estimate. O

PrRoOPOSITION 2.1.7. Let f : G — R be a Lipschitz map. Then
Df(x;:6) =Y §X;f (), (2.1.5)
j=1

for a.e. x € G and for all £ € G.
Proof. Consider first the case f € Cj(R™). Definition 2.1.1 reads

- 0y — d 0 d
D) =ty WO ZTE Gy ep)| =2 D py ey
and writing £ = (&1, ..., &m, 0, ..., 0)
d _ O0P(z,0) d _ OP(z,0) -
aP(w,&g(ﬁ)) =0 Oy %5'5(5) =0 Oy

On the other hand, by formula (1.7.83) if j =1,...,m

X,f(e) = LD,

and (2.1.5) is proved.
If f: G — R is Lipschitz take ¢ € C}J(R") and ¢ € R". By the dominated
convergence theorem

[ Df@)(©pta) da - / i : () du
— I8 = 1) o,

Indeed, if L > 0 is the Lipschitz constant of f then |f(x - 0.(§)) — f(x)] < Ld(z -
6¢(§), z) = Ld(6:(¢), 0) = tLd(&, 0).

The Lebesgue measure is left and right invariant so we can perform a change of
variable to find

Since (6:(€))7! = 6:(£7) = §;,(—&) the above discussion shows that

lim @(w ) (5t<£>>_1> - (10(‘%) _ zm:ij]gO({L‘),

X.

t10 t

and integrating by parts we get

[ Df@os@ = [ @Y 6Xpw = [ @)Y 6X;f@)dz,
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as every X; is self-adjoint. ([l

2. Weak derivatives of Lipschitz functions in C-C spaces

Lipschitz functions in general C-C spaces always have weak derivatives along the
vector fields that are essentially bounded functions. When the function is the distance
function this result was first proved in [81], which we shall here follow along with [75],
and then in [90] for a generic Lipschitz function.

THEOREM 2.2.1. Let (R™,d) be a C-C space associated with a family of locally
Lipschitz vector fields X = (X1, ..., X;n). Assume that the metric d is continuous with
respect to the Fuclidean topology. If f : R™ — R is a function such that for some
L>0

|f(z) — f(y)| < Ld(x,y) for all x,y € R", (2.2.6)

then the derivatives X;f, j = 1,...,m ewist in distributional sense, are measurable
functions and | X f(x)| < L for a.e. x € R™.

In the proof of Theorem 2.2.1 a lemma is needed. Let Y (z) = Y | a;(x)0; be a
non vanishing locally Lipschitz vector field and consider the Cauchy Problem

{ Yo(t) =Y (72(1))
7:(0) =

If K C R™is a compact set there exists 7" > 0 such that the solution 7, (¢) is defined
for all [t| < T and z € K. Define ® : K x [-T,T] — R" by ®(x,t) = ~,(t). If tis
fixed the map ®(-,¢t) is a local diffeomorphism and ®(K x [-T,T]) C K; for some
compact set Kj.

LEMMA 2.2.2.

(1) For any |t| < T, the map ®(-,t) is Lipschitz on K;
(2) there exists C' > 0 such that |det J,®(z,t)| < 1+ C|t| for a.e. x € K and
forall |t| < T.

Proof. Let M > 0 be a Lipschitz constant for Y relatively to K;. Then (we
consider ¢t > 0)

Iﬂaﬂ—émﬂhﬂwﬁéY@@ﬁD%—y—A1%M%$Mﬂ
SW—M+A\W@@ﬁ»—Y@@ﬁ»WS

t
<lo =yl + M [ [0(as) - @) ds.
0

By Gronwall Lemma |®(z,t) — ®(y,¢)| < M|z — y| with M = ™", By Rademacher
Theorem ®(-, ) is differentiable for a.e. z. Let # € K be such a point. From

t
|D;(x + sej, t) — @iz, t)| < |s]di; + M/ |D(z + sej, 7) — ®(x, 7)|dT
0

S ]s]&;j + M1‘8|t
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(M, := M M) it follows that

0P, (xz,1)
——— 1 <6 + Myt
’ Oz, ‘ i
and finally for some C' > 0 we have det J,®(z,t)| < 1+ Ct for a.e. v € K. O

Proof of Theorem 2.2.1. Let Y € {X,...,X,,}. By (2.2.6) the function f is
continuous in the Euclidean topology and Y f is a well defined distribution. If Y f is
a continuous and linear operator on L'(R™) it follows that Y f € L>°(R"™).

Fix 7 € int(K) and let U = U(Z,¢e) :={z € R" : |[x — 7| < ¢} C K for some
€ > 0. The claim is that there exists C' > 0 such that

(Y S, o) < Clely forall ¢ € C5°(U).
Such estimate, if proved, will hold by density for all ¢ € L}(U). Integrating by parts

i == [ f@ Zaaz

/f 2)Yo(x dx—/f 2)div(Y) da.

The divergence of Y is (essentially) locally bounded and therefore for some C' > 0
not depending on ¢

’/f z)div(y d“f" < Cswp |f(@)llelh- (2.2.7)

In order to estimate the first integral consider
1
[ r@vels) de=tim [ f@)e@0) - o) ds
U U

Write ®;(z) = ®(x,t), let U,(y) = ®; '(y) and perform the change of variable z =
Wy(y) to get

/ fl )) di = / (@) o) det JT, (y)] dy.
o4 (U)

Being ¢ € C§°(U) we may assume spt(yp) C ®,(U) N U it [t] if small enough, and
the integration domain ®,(U) can be replaced with U. By Lemma 2.2.2 the estimate
| det JU,(y)| <1+ C|t| holds and thus

[ et ds] = [y [ (raldet 700 - 1) )oto) e
< limsup|%|/U <|f(\Ift(x)) — fz)| + C|t|\f(q;t(x))|>|¢(x>| de.

t—0

The path ¢t — U,(x) is an integral curve of =Y. Thus by (2.2.6) |f(¥:(z)) — f(x)] <
Ld(W,(z),x) < L|t|. This yields

ﬁ / F(W(2)) - F(@)le(@) d < L]glh.



3. DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS IN C-C SPACES 65

Now, for ¢ > 0 there exists A(¢) > 0 such that U,(z) € U(Z,e + A\(t)) for all z € U
and \(t) — 0 as t | 0. Therefore we can write

/!f(‘l’t(flf))lko(w)\dxéH<PH1 sup [ f(2)],
U 2€U(Z,24\(1))

and finally
| / [(@)Y (@) da| < (L+ sup | (2) el (2.2.8)
By (2.2.7) and (2.2.8)
(V@) < (L+C sw |f@)]) el

z€U(Z,e)

and this shows that Y f is a continuous linear functional on L'(U(7,¢)), ad as a
consequence Y f € L*(U(z,¢)) and

Y £, LU (z,¢)| < L+C sup |[f(x)]. (2.2.9)

zeU(Z,¢e)

Let now o € R” be a point such that f(x) = 0 (this is not restrictive), | X f(x)| > 0
and | X f| is approximatively continuous at x. Applying the above argument to the

vector field
Z !X f

whose integral curves are X —subunit, we find from (2.2.9)

X (@) = ¥ f(@)] = lim |Y £,L=(U(@,))] < L.

3. Differentiability of Lipschitz functions in C-C spaces

The weak derivatives of a real valued Lipschitz function in a C-C space define a
“differential” that exists almost everywhere. But the space needs some more proper-
ties.

Let (R, d) the the Carnot-Carathéodory space associated with the vector fields
X1,y Xon € Lipo(R™;R™), m < n. The vector fields will be assumed to be of the
form

=0, + Z a; ()8, jH+1,..,m. (2.3.10)
i=m-+1
Secondly, (R", d) endowed with Lebesgue measure will be assumed to be a locally
homogeneous metric space. Precisely, we assume that for any compact set K C R”
there exist 4 > 1 and ry > 0 such that

|B(z,2r)] < d|B(x,r)| foralze K and 0 <r <r. (2.3.11)

Finally, we assume the following Morrey type inequality which will be discussed
in chapter 4. For a.e. x € R" there exist C' > 0, p > 1 and ry > 0 such that for all
0<r<ryand f € Lip(R",d)

|f(z) = fy)] < OT(][B( ) | X f(2)P dz) v for all y € B(x,r). (2.3.12)
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EXAMPLE 2.3.1. Assumptions (2.3.10), (2.3.11) and (2.3.12) hold in any Carnot
group. But there are many other C-C spaces satisfying them. Consider, for instance,
R3 endowed with the C-C metric induced by the vector fields X; = 9,, and X, =
Oy, + 230,,. Since [X, Xo] = 2710,, and [X, [X;, X5]] = 20,, the Chow-Hérmander
condition is satisfied. If z; # 0 the homogeneous dimension of (R3d,|-|) in a
neighborhood of z is 4 and the Morrey inequality (2.3.12) holds. This will be explained
in chapter 4.

We introduce a suitable definition of differential. If x = (21, ...,x,) € R™ we shall
write T = (21, ..., Tp,) € R™.

DEFINITION 2.3.2. Let (R",d) be a C-C space associated with a family of locally
Lipschitz vector fields X = (Xi, ..., X,,) of the form (2.3.10) A function f : R* — R
is X —differentiable at x € R"™ if there exists a linear transformation 7" : R™ — R
such that

o FW) — f@) =TG- 2)

=0.
y—w d(x,y)

The X —differential of f at z is dx f(x) :=T.

THEOREM 2.3.3. Let (R™,d) be a C-C space associated with a family of locally
Lipschitz vector fields X = (X1, ..., X;n). Assume (2.3.10), (2.3.11) and (2.3.12). A
Lipschitz function f € Lip(R",d) is X —differentiable for a.e. x € R" and dx f(z) =
(X1 f(@), ..., X f ().

Proof. The proof follows an idea of Calderén [37]. By Theorem 2.2.1 the deriva-
tives X f(x), j =1,...,m, exist for a.e. z € R". By (2.3.11) Lebesgue differentiation
Theorem 1.6.5 applies and

lim | Xf(z) = Xf(x)]Pdz=0 (2.3.13)
710 B(z,r)

for a.e. z € R™ and for all p > 1.
Fix x € R™ such that | X f(x)| < oo, (2.3.13) holds and (2.3.12) holds for some
p > 1 which from now on is fixed. Define

9(y) = fly) — (X [f(x),z —9),

and notice that by (2.3.10)

Xg(y) = X[f(y) = Xf(2).
By (2.3.12) we obtain

lg(y) — g(x)| < Cr (][ | Xg(2)P dz)l/p for all y € B(x,r).

B(z,r)
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Choosing r = 2d(z,y) we get

[fy) = fz) = (Xf(@), 2 =9)| _ |9(y) = g(=)]
d(x,y) d($7y)

1/p
gmxf Xg()"d2)
B(z,2d(z,y))

gmxﬁmMMMXﬂ@—Xﬂwvwf@

The last term tends to zero as d(z,y) — 0 owing to (2.3.13). O

4. Eikonal equation for the Heisenberg distance

The Heisenberg H™ group has been introduced in chapter 1. We recall that H" is
identified with C" xR = R?*"*!. The Heisenberg gradient is Viy = (X1, ..., X, Y1, ..., Yn)
where

Xj =0y, +2y;0,, Y; =0, —22;0,, j=1,..,n. (2.4.14)
In this section the function d : H" — [0, +00) is the Heisenberg C-C distance from
the origin. Recall that Z = {(z,t) € H" : z = 0} is the center of the group. We begin
with the following Theorem proved in [144].

THEOREM 2.4.1. The function d is of class C* in H" \ Z and
|Vid(z,t)| =1 (2.4.15)
for all (z,t) € H" such that z # 0.

Proof. For the sake of simplicity we consider the case n = 1. Set Q = {(¢, p, 0) €
R3:9 e R, 27 < po < 27, o > 0} and define & : Q — H* by

(9, 0, 0) = (x(d, 9, 0), y(J, 9, 0), (U, ¢, 0)), (2.4.16)
where a1 ) p

( cos — cos ) + sin ¥ sin o

z(V, ¢, 0) = SO@ ‘

—sin¥(1 — cos pp) + cos ¥sin pp
y(¥,¢,0) = ( i) ) £ (2.4.17)
0 — sin

\ t(W, ¢, 0) = 2%-

We chose A = cos?), B =sind and s = g in (1.8.96). The range of ® is H'. In fact,
if o > 0 is fixed, then equations (2.4.17) with 9 € [0,27) and —27/p < ¢ < 27/p
parametrize the boundary of the ball B(0, o).

One can compute the determinant of the Jacobian

B 4gogsin w0 — 2(1 — cos o)

= i .

It is easily seen that the equation ssin s+ 2 cos s = 2 has the solutions s = 0, =27 for
|s| < 27. This means that

det JO(J, ¢, 0)

det JO(J, ¢, 0) =0

if and only if oo = +27 or o = 0 (the case ¢ = 0 must be excluded). The set of the
points ®(¥, , o) with o = £27 is exactly Z.
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By the inverse function Theorem the function ® is a local diffeomorphism in the
open set {(J,¢,0) € R®: o > 0 and |pg| < 27}. Moreover, by the definition of d we
have U (4, p, 0) := d(®(V, p, 0)) = 0. The function ¥ just defined is of class C'*° and
since d = W o @' then d is of class C* in H' \ Z.

The above discussion is still true in H" for n > 1. The Heisenberg group satisfies
the hypotheses of Theorem 2.2.1, and since d is clearly 1—Lipschitz

|Viad(z,t)] < 1 (2.4.18)
for a.e. (z,t) € H". But |Vgd| is continuous on H" \ Z and (2.4.18) holds for (z,t) €
H"\ Z.

Fix z # 0 and let «y : [0,7] — H" be the geodesic joining 0 to (z,t), which exists
and is unique as shown in chapter 1. In particular v is of class C*° and

Zhlj ) + ho;Y;( Zhlj 2 4 hy(s)* =1 forall s € [0,T).

Notice that v(s) ¢ Z for all s > 0. Differentiating the identity s = d(v(s)) we find

_ ;sd( (s)) = (Dd(~(s)),%(s))

= Z haj () X;d(7(s)) + hoj(s)Yid(y(5)) < |Vad(7(s))]

for all s € (0,7]. Choosing s = T we get |Vud(z,t)| > 1, which along with (2.4.18)
gives |Vd(z,t)| = 1. O

5. Distance from a surface in the Heisenberg group

In this section we study the eikonal equation for the distance from a surface in
the Heisenberg group. Let d be the left invariant C-C metric in H" and for a closed
set K C H" define the function dg : H" — [0, +00)

dic(z,1) = inf d((2%),(C,7)).

Since dg is the lower envelope of a family of 1—Lipschitz functions bounded from
below, then dk is 1—Lipschitz. By Theorem 2.2.1 |Vgdg(z,t)| < 1 for a.e. (2,t) € H".
In section 6 we shall prove - in a more general framework - that |Vgdg(z,t)| = 1 for
a.e. (z,t) € H" \ K. In this section we consider the special case when K is a surface
which has a “uniform tangent ball” property.

We introduce some more notation. The horizontal space of H" is the 2n—dimen-
sional vector bundle spanned by the vector fields Xy, ..., X,,, Y1, ..., Y,. Precisely

H(z,t) := span{Xi(z,1), ..., Xp(2,1), Yi(2,1), ..., Yo(z, 1)} € R* L,
Define the map m(. 4 : H(z,t) — R*"

n

W(z,t)(Z a; X;(z,t) + bﬁ@(z,t)) = (a1, ey Ap, b1,y oy by).

Jj=1
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Let A(z,t) be the matrix of the coefficients of the Heisenberg vector fields (2.4.14) as
in (1.1.1) and define g(, 4 : R*" — R*"*! by

000 (V) = A(z, t)v.
Notice that if Q@t) : R#"*1 — R?" is the transposed map of g, then

VHf(Z7t) = Q%;w(Vf(Z,t)),
for any f € CH(R*"*).
DEFINITION 2.5.1. Let S C R?"*! be a surface of class C! locally given by the

equation f = 0. A point (z,t) € S is said to be non characteristic if |V f(z,t)| # 0.
The surface is non characteristic if all its points are non characteristic.

The Euclidean normal to the surface S at a point (z,t) € S is
v(ot) = L&D
IVf(z 1)
The point (z,t) is non characteristic if the projection of v(z,t) onto the horizontal
space H(z,t) does not vanish.
As a first step we show that a geodesic starting from the center of a ball hits the

surface of the ball in the direction given by the projection of the Euclidean normal
to the surface onto the horizontal space.

LEMMA 2.5.2. Let B = B((20,t0),0) be the ball of H" centered at (29,to) with
radius o > 0. Let (z,t) € OB\ (20,t0) - Z, and let vy : [0, 0] — H" be the geodesic
joining (zo,to) to (z,t). Then

Tz (V(0)) = Vid((2, 1), (20, to))- (2.5.19)

Proof. For the sake of simplicity we consider the case n = 1 and write X = X; and
Y =Y;. We begin with (zg,t9) = 0. Let (2,t) € 9B(0,0) \ Z, and fix ¥ € [0,27) and
¢ € (—2mp, +2mp) such that ®(I, ¢, 0) = (z,t). The map ¢ was defined in (2.4.16).
The geodesic 7y joining 0 to (z,t) has velocity (recall (1.8.97))

(1) = (cosVsin o7 + sin ¥ cos o7) X (Y(7)) + (cos ¥ cos o1 — sin ¥ sin 7)Y (y(7)),
for all 0 < 7 < p. Hence,

(1) (Y(0)) = (cos ¥ sin pp + sin v cos @ o, cos ¥ cos o — sin ¥ sin @p). (2.5.20)

Write d(z,t) = d((z,t),0). The derivatives Xd(z,t) and Yd(z,t) can be computed
by means of the map ®. Indeed

Xd(z,t) = (Xd)(2(V, ¢, 0) = (2™ X)d 0 D(V, ¢, 0)-
Here d®~! stands for the differential of =1, map that exists because (z,t) ¢ Z, and

0 0 0
PLX = - — =,
d a1 (9, ¢, Q)aﬁ+02(19>¢79)a¢+03(19,¢7 Q)ag

As d(P(V, p,0)) = o we find Xd(®(9, p,0)) = c3(9, ¢, 0) and an explicit computation
of c3(9, p, 0) gives

Xd(P(¥, p,0)) = cossin pp + sin d cos pp.
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Analogously
Yd(®(, ¢, 0)) = cost cos po — sin ¥ sin pp.
By (2.5.20) this proves the thesis (2.5.19) if (29, %) = 0.

We study the case (zq,t0) # 0. If (2,t) € 0B((z0,t0),0) \ (20,%0) - Z, let ((,7) €
0B(0, 0) \ Z be such that (zo,to) - (¢,7) = (2,t) and consider the geodesic 7 : [0, o] —
H' joining 0 to (¢, 7). The curve v = (20,%) -7 is the geodesic joining (20, ) to (z,t).

If ¥ = aX (3) + bY (), by the left invariance of the vector fields X and Y we find

e (3(0) = T (a(0)X (7(0) + b(e)Y (1(0))) = (a(0), b)) = m(c (V(0))-
By the first part of the proof

e (1(0) = men (F(0) = Vid(¢, 7),
and again by the left invariance of the vector fields
Viad(C,7) = (Viad)((20,t0) ™" - (2,1))
= VH(d«ZOJtO)il ' (Zv t))) = VIHId((Za t)? (ZO;to»'
O

Since our analysis is local we can assume that S = OF where E is an open set in
R2?%*1 In this way we can define the signed distance from S

inf d((z,t),(¢, 7)) if (2,t) € FE
ds(z,t) = (<3

— inf d((z,t),(¢, 7)) if (2,t) € R*TH\ E.
(¢,m)es

DEFINITION 2.5.3. Let £ C R?"*! be an open set. A set K C OF is said to have
the uniform interior ball property relatively to E if there exists g > 0 such that for
all (z,t) € K there exists (¢, 7) € E such that B(((,7), 00) NOE = {(2,t)}. K is said

to have the uniform ball property if it has the uniform interior ball property relatively
both to £ and to R*"*!1\ E

EXAMPLE 2.5.4. In H! = C xR consider £ = {(z,t) e H' : t > 0} and S = OF =
{(2,t) e H' : t = 0}. We briefly show that K = {(2,0) € S : |z| > €} has the uniform
ball property for any € > 0.

By the parametric equations (1.8.98) for the Heisenberg ball and from Remark
(1.8.2) it can be easily computed the total Euclidean size in the vertical direction of
B(0,r), which is 272 /7. The left translation of B(0,r) by the vector (0,7%/7) € CxR
is indeed an Euclidean translation. Thus

B((0,72/m),r)NS ={(2,0) € S : |z| =2r/7}

because 2r/m is the radial coordinate at which the maximal height in the surface
0B(0,r) is achieved. Choosing gy < e7/2 the uniform ball property can be checked
for K C S.

REMARK 2.5.5. If K is a subset of non characteristic points in a surface of class
C? in R? = H! then it should have the uniform ball property. At present I am not
able to prove (or disprove) this statement.
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LEMMA 2.5.6 (Gauss Lemma in H"). Let S = OF C R*"*! be a surface of class

C' given by the equation f =0 (f > 01in E) and let K C S be a compact set with the

uniform ball property. There exists o > 0 such that for all (z,t) € K there exists a

geodesic 7y : [—00, 0] — H" such that v(0) = (z,t), 0 = ds(y(0)) for all |o| < 0o and
va(Z7 t)

Tz (¥(0)) = el 0)] (2.5.21)

Proof. Without loss of generality we shall prove the claims for ¢ > 0. There exists
0o > 0 such that for all (z,¢) € K there exists ({,7) € E such that B((¢,7),00)NS =
{(2,t)}. Let (2,t) and (¢, 7) be fixed and write B := B(((,7), 09). Since S is of class
C! by Remark 1.8.2 (2,t) ¢ ((,7) - Z and thus (z,t) is a regular point of dB. It
follows that S and 0B have the same tangent space at (z,t)

TS = T(.)0B,

and as a consequence they also have the same Euclidean normal at (z,t) with opposite
sign. Let v(z,t) be the inward unit normal to B at (z,t).
Let v : [0, 0] — R?**! be the (unique) geodesic such that v(0) = (z,t) and

v(00) = (¢, 7). As B(((,7),00) NS = {(2,t)} then ds(y(0)) = o for all 0 < p < 0.
Moreover, by Lemma 2.5.2
T (1(0)) = =Vad((z, 1), (¢, 7)), (2.5.22)

where in the derivatives Vigd((z,t), (¢, 7)) the point (¢, 7) has to be thought as fixed.
On the other hand

_ Vf(z1)
Vi 01

Vd((z,0), (G, 7)) —v(z,t) =

and hence

— IVd((Zat)a (Ca T))|’va<Z>t)‘ VHf(th>

—Vud((z,1), (¢, 7)) V7. 0) SATEIE (2.5.23)
By Theorem 2.4.1 |Vd((z,t), (¢, 7)) = 1 and (2.5.23) implies
[Vd((z, 1), (G T)IIVaf(= )] _ 4
Vf(z 1) ’
so that (2.5.22) and (2.5.23) give (2.5.21). O

REMARK 2.5.7. If S = 0F C R?*""! is a surface of class C' and K = {(z,t)} C S
has the interior ball property then (z,t) is a non characteristic point of S. Indeed,
Ti.yS = T(h0B for some ball B and (z,t) is a regular point of 0B which is non
characteristic for 0B.

THEOREM 2.5.8. Let S = OF C R?*™™ be a surface of class C' and let (2,1) € S
be a point having a neighborhood in S with the uniform ball property. Then the signed
distance dg is of class C' in a neighborhood of (z,t) and moreover |Vgds| = 1 in this
neighborhood.

Proof. Let U C S be a neighborhood of (z,¢) with the uniform ball property.
Let ~, A be variables in R?"*! and recall the definition of the Heisenberg Hamiltonian
H(v,A) in (1.8.95).
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Let (z,t) € U and notice that |V f(z,t)| # 0 by Remark 2.5.7. Therefore we can
consider the Cauchy problem

( 10H(v,))
R
y o8 A)
A=—3 9 (2.5.24)
7(0)—(@t)t
\ )\(0) |VH];((ZZ t))|

There exists gp > 0 such that the solution (v (), Az (s)) of (2.5.24) is defined for
|s| < o for all (z,t) € U. Let (v, A) be such a solution. Since (s) € H(y(s)) then

Y(8) = 0y(5) (M) (7(5)))- (2.5.25)

Moreover, from (1.4.38) it follows that 4(s) = 0,(s) (], (A(s))) and thus the following
identity holds

Ta(5) ((8)) = 055 (A(8))-
Writing (7, A) = (Y200, A(z)) and taking s = 0 we finally find

| Vaf (2t
() (Y0 (0) = 06 (Aen(0) = wif—i,t;y

Define W : U X [—gp, 00) — R*"*! letting WU((z,1),s) = Y (s). The function ¥
is of class C'. If we prove that ¥ is a local diffeomorphism it follows that dg is of
class C'. In order to check this define © : U x [—gg, 0o] — [0, +00) by O((z,t),s) =
ds(¥((z,t),s)). By Lemma 2.5.6 (take gy smaller if necessary) ©((z,t),s) = s and so
© is smooth. Consequently, if ¥ is invertible, dg = © o U~! is of class C'.

We show that the differential d¥((z,¢),0) : T,1HS ® R — R**! is an isomor-
phism. It is easy to see that if v € T(. ;S then d¥((z,t),0)v = v. We show that
d¥((z,t),0)(Z) is transversal to T{, ;5.

Js
Let ¢ € CY(R?*"!) be a test function and compute

(2,1, 0) () o = oo W((=1),5)| _ = dp(W((z,1),0) e ((=1),0)

0s
' Vi f(z, t
= dp(2,1) 1= (0) = d(z, o0 IVE; ) >
This shows that (2,1)
a - VHf Z7t
d¥((z,t),0) (g) = 0 (m)

Assume by contradiction that

15}
dU((2,1),0 (—) € T.nS.
((z,1),0){ 5, (=)
Since V f(z,t) is orthogonal to T{. S, it follows that

0= <Q(z,t)(VHf(Za t), Vf(z,t) = (Vaf(z1), Qé,t)vf(z7t)> - |VHf(th)|27

and thus Vg f(z,t) = 0. But this is not possible because (z,t) is non characteristic
by Remark 2.5.7.
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Finally, we show that |Vgds| = 1 in a neighborhood of (z,t). Take (z,t) in a
neighborhood of (z,t) in H" where dg is of class C'. Let T = dg(z,t) > 0 and
let v : [0,7] — H" be a geodesic such that v(T') = (z,t) and dg(y(s)) = s for all
0 < s <T'. This identity can be differentiated at s = T to find

1= (Vds(2,t),7(T)) = (Vds(2,1), 00 (T2 (V(T))))
= (00 Vds(2,), T (F(T))) = (Vads (2, 1), 7 (F(T)))-

We used (2.5.25). As a consequence 1 < [Vuds(z,t)||me0(¥(T))] < [Vads(z,t)|.
Theorem 2.2.1 gives the opposite inequality a.e. and by continuity |Vgdg| = 1 in a
neighborhood of (Z, ). O

6. Eikonal equation for distance functions in C-C spaces

Let (R™, d) be a C-C space induced by the vector fields X7, ..., X,,, € Lip,,.(R™; R").
We shall assume the following hypotheses:

(H1) The metric d is continuous with respect to the Euclidean topology of R™.
(H2) The metric space (R, d) is complete.
If (H1) holds then by Theorem 1.4.2 hypothesis (H2) is equivalent to require the
boundedness of C-C balls with respect to the Euclidean metric.
Let K C R™ and define the distance function from K

di () == yig}f(d(:v,y).

If di(x) = limg oo d(x, yx), we can assume that y, € K N B(z,r) for some r > dg(z)
and for all £ € N. If K is closed then K N B(z,r) is compact (by (H1) and (H2)),
and - possibly extracting a subsequence - we can assume that y, — y € K. Hence
d(z,y) = dg(x) and dg(z) = mingex d(z,y).

The function dg : (R™,d) — R is 1—Lipschitz and Theorem 2.2.1 implies that the
derivatives X dg, j = 1,...,m, exist almost everywhere. Moreover

| Xdg(z)] <1 for ae. ze€R" (2.6.26)

In order to reach equality in (2.6.26) for a.e. x € R"\ K we need the global
existence of geodesics and a chain rule to differentiate the distance function along
geodesics. Such tools are at hand in the following cases:

(C1) the vector fields Xj, ..., X, € Lip,,.(R™ R™) satisfy the conditions (2.3.10),
(2.3.11) and (2.3.12);

(C2) the vector fields Xy, ..., X,,, are of Grushin type as in (1.9.99);

(C3) the vector fields X, ..., X, are smooth and span{X;(z),..., X;,(x)} = R" at
every x € R".

All Carnot groups and many other C-C spaces induced by Hormander vector fields
are in Case (C1). Case (C3) is essentially the Riemannian one. In all these cases we
are able to prove the following Theorem ([148]).

THEOREM 2.6.1. Let (R™,d) be the C-C space induced by a family of vector fields
X1, ..oy Xpn € Lipy, (R™; R™) that satisfy (C1), (C2) or (C3). Assume (H1) and (H2).
Let K C R" be a closed set and let dx be the distance from K. Then

| Xdy(z)] =1 (2.6.27)
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for a.e. z € R"\ K.

Proof. We shall deal in detail with Case (C1). By (H2) and Theorem 1.4.4 (i)
geodesics exist globally. We shall write f = dg and T = (2, ...,x,,) € R™ if 2 € R™.
The function f : (R",d) — [0, +00) is 1—Lipschitz. By Theorem 2.3.3

fly) = fx) = (X[f(x),§ - T)

li =0 2.6.28
o 2.9 (2029

for a.e. z € R™, and moreover by Theorem 2.2.1
IXf(x)] <1 (2.6.29)

for a.e. z € R™.

Let z € R" \ K be a point such that (2.6.28) and (2.6.29) hold. By (H1) and
(H2) there exists zp € K such that d(z,x¢) = dg(z) := T > 0. Take a geodesic
v € Lip([0, T]; R™) such that v(0) = = and y(T") = xy. Notice that

dre(Y(t)) = d(y(t), 20) =T — 1
for all ¢ € [0,T7]. Since

(1) =Y hi(t)X;(y(t), forae. te[0,T]

with A = (hq, ..., hy,) measurable coefficients such that |h(t)| < 1 for a.e. t € [0,T],
from the special form of the vector fields (2.3.10) it follows that

F(t) = 7(0) + /t h(s)ds for all t € [0,T],
),

where ¥ = (71, ..., Ym), and thus
|7(t) —5(0)| <t forall t € [0,T] (2.6.30)
As t = d(vy(t),7(0)), from (2.6.28) it follows
(@) = f(7(0)) = (X f(2),7(t) —7(0)) + o(t). (2.6.31)
On the other hand
f(r(#) = f(4(0)) = di (y(t)) = di(v(0)) = (T' = 1) = T = —t, (2.6.32)

so that (2.6.32), (2.6.31) and (2.6.30) all together give

1= [{(Xf(x), (5(t) =7(0))/t) + o(1)] < |X[(2)] + o(1),
for all t € (0,7], and letting ¢t | 0 we find |X f(z)| > 1. This inequality and the
converse one (2.6.29) prove that | X f(z)| =1 for a.e. z € R™\ K. The proof is ended
in Case (C1).
In Case (C2) the vector fields are of the form (2.3.10) outside a vector subspace
and Theorem 2.3.3 still applies on the complement of this subspace.



CHAPTER 3

Regular domains and trace on boundaries in C-C spaces

The first part of this chapter deals with regular domains in C-C spaces (general
references on the subject are [174], [44], [89], [92], [42], [43], [65], [66], [147]),
while the second part is devoted to trace theorems for sub-elliptic gradients (related
references are [60], [71], [25], [13], [146], [56]).

Section 1 is a survey of results concerning regular domains in metric spaces. We
first introduce John domains (see Definition 3.1.1, [112] and also [100] for general
references) and uniform domains (see Definition 3.1.10, [113], [136], [135], [169],
[174], [42]). In homogeneous spaces with geodesics the class of John domains equals
that of Boman domains (see Theorems 3.1.8 and 3.1.9, [32] and [89]) introduced in
[27]. This is of particular relevance because conditions involving chain of balls (as in
the definition of Boman domains) are a key technical tool in proving several theorems
in Functional Analysis such as global Sobolev-Poincaré inequalities, compactness the-
orems of Rellich-Kondrachov type, optimal potential estimates, relative isoperimetric
inequalities (see chapter 4, [109], [126], [74], [78], [89], [128], [100]). The definition
of uniform domain can be rephrased in the language of chain of balls, too. Indeed,
it implies the Harnack chain condition (see Definition 3.1.17 and Proposition 3.1.18)
which in the Euclidean space is relevant in the study of the non-tangential boundary
behavior of harmonic functions (see [110]). Similar results have also been established
in C-C spaces in [42] (see also [65] and [66]).

In section 2 we show that a smooth domain 2 C R"™ with non characteristic
boundary with respect to a system of Hormander vector fields X1, ..., X,, is a uniform
domain in the metric space (R",d), being d the C-C metric induced by Xj, ..., X,,
(see Theorem 3.2.1). The results proved in section 3 are concerned with C-C spaces of
Grushin type: we introduce a class of admissible domains possibly with characteristic
boundary (see Definition 3.3.1) which are uniform (Theorem 3.3.3). In section 4 we
prove that a connected, bounded open set Q C R" with boundary of class C11! is
a uniform domain in the metric space (R",d), being d the metric associated with a
Carnot group structure of step 2 (Theorem 3.4.2). Finally, in section 5 we give a
sufficient condition for a connected, bounded open set of class C? in a Carnot group
of step 3 to be a John domain (see Definition 3.5.2 and Theorem 3.5.5).

The second part of the chapter deals with trace theorems. In section 6 we prove
a trace theorem on non characteristic boundaries for sub-elliptic gradient associated
with a system of Hérmander vector fields (see Theorem 3.6.4). In section 7, within
the framework of the Grushin plane we prove a trace theorem for domains that have
“flat” boundary at characteristic points (see Theorem 3.7.5) and we show that this
result is sharp (see Proposition 3.7.6).
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1. Regular domains in metric spaces

We consider a metric space (M,d). If v : [0,L] - M and 0 < a < b < L
we shall denote by 7.4 the restricted function g4 : [0,0 — a] — M defined by
Vap)(t) = y(t +a). A domain @ C M is a connected open set. The metric space
(M, d) will be said with geodesics if every couple of point x,y € M can be connected
by a continuous rectifiable curve with length d(zx,y).

DEFINITION 3.1.1. Let (M, d) be a metric space. A bounded open set Q@ C M is
a John domain if there exist xo € 2 and C' > 0 such that for every = € €) there exists
a continuous rectifiable curve parametrized by arclength ~ : [0,7] — Q, T' > 0, such
that v(0) =z, y(T') = xo and

dist (7(¢); Q) > Ct. (3.1.1)

DEFINITION 3.1.2. Let (M, d) be a metric space. A bounded open set Q@ C M is
a weak John domain if there exist xy € 2 and 0 < C' < 1 such that for every x € ()
there exists a continuous curve = : [0, 1] — Q such that v(0) = z, v(1) = zy and

dist(y(t); 092) > Cd(v(t), x). (3.1.2)

REMARK 3.1.3. If (M,d) is a metric space with geodesics every ball B(x, ),
xo € M and r > 0, is a John domain with constant C'=1 in (3.1.1).

DEFINITION 3.1.4. Let (M,d) be a metric space. A set E C M satisfies the
interior (exterior) corkscrew condition if there exist o > 0 and k > 1 such that for
all 0 < r <ryand z € OF there exists y € E (y € M \ F) such that

% < dist(y; OF) and d(z,y) <.

A set E satisfies the corkscrew condition if it satisfies both the interior and the exterior
corkscrew condition. The constant k will be called the corkscrew constant of E .

Clearly, if 2 is a John domain then it satisfies the interior corkscrew condition.

PROPOSITION 3.1.5. Let (M,d, ) be a doubling metric space with arcwise con-
nected balls. If E C M satisfies the interior corkscrew condition then there exist
rog >0 and C' > 0 such that for all x € OF and 0 < r <1y

p(ENB(z,r)) = Cu(B(z,r)).
Proof. Fixx € 0F and 0 < r < 1. There exists y € E such that d(z,y) < r/4 and
dist(y; OF) > r/(4k), k > 1 being given by Definition 3.1.4, as well as ro > 0. Since

balls are arcwise connected B(y,r/4k) C E and therefore B(y,r/(4k)) C ENB(z,r).
Moreover, B(x,r) C B(y,2r). By Proposition 1.6.3

uw(ENB(x,r)) 2 u(Bly,r/(4k))) = Cu(B(y, 2r)) = Cu(B(z, ),
where C' > 0 is a constant that does not depend on . O]

THEOREM 3.1.6. Let (M,d) be a doubling metric space with geodesics. Then
Q C M is a weak John domain if and only if it is a John domain.
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The proof of Theorem 3.1.6 can be found in [100, Proposition 9.6] and for the
Euclidean case in [136, Lemma 2.7].

DEFINITION 3.1.7. An open set 2 C M is a Boman domain if there exists a
covering F of 2 with balls and there exist N > 1, A > 1 and v > 1 such that

(i) AB C Q for all B € F;
(ii) Y gerxap(x) < N for all x €
(iii) there exists By € F such that for any B € F there exist Bj, ..., By such
that B, = B, u(B; N Biy1) > 1/N max{u(B;), u(B;;+1)} and B C vB; for all
i=0,1,.. k.

Under additional hypotheses on the metric space the definition of John domain
is equivalent to that of Boman domain (see [32] and [89, section 6]). In the proof of
the following two theorems we shall essentially follow [89].

THEOREM 3.1.8. Let (M,d, i) be a doubling metric space. If Q C M, Q # M, is
a weak John domain then it is a Boman domain.

Proof. We shall denote by § > 0 the doubling constant. By Whitney Covering
Theorem there exists a family B of disjoint balls such that for some o > 1 and
g€ (0,1) with af < 1

(i) 4aB C Q2 for all B € B;
(ii) Q= UBEB ab;

(iii) r = Bdist(z;00) for all B = B(z,r) € B.

Since M is doubling we can also assume that there exists N > 1 such that

(iv) D pep Xaan(x) < N for all z € Q.

We show that F = {2aB : B € B} is a covering of () that satisfies the conditions
in Definition 3.1.7 with A = 2. Let 2y € € be the John center given in Definition 3.1.1
and let By € F be a ball containing zo. If B = B(x,r) € F we have to find a chain
of balls joining B to By. By hypothesis there exists a continuous curve v : [0, 1] — Q
such that v(0) =z, (1) = 2y and

dist(y(t); 092) > Cd(~(t), x) (3.1.3)
for all t € [0, 1] and for some C' > 0 depending only on 2. By compactness and by (ii)
there exist By, ..., B, = B € F such that y([0,1]) € UF_, 1/2B; and 1/2B,N1/2B,, #
() foralli =0,1,....k — 1. Let r; := r(B;) be the radius of B;. By (iii)
T i Titl

208 2 2

;nHé = dist(z;41;092) > dist(x;; 0Q) — d(x;, xi41) >
a

and thus
1 1 1 1
7"i+1<m + 5) > Ti<m — 5)
The argument is symmetric. Letting A = (1+af)/(1 —af) with 0 < af < 1 we find
forany i =0,1,....k— 1
Alriy <1 < Arg, (3.1.4)

The constant A depends only on the covering. Since B; C B(wiy1,d(x;, Tiy1) + 74)
and by (3.1.4) d(xi, ziy1) + i < 71i/2 +rip1 /2418 < riga(1/2 4 3A/2) := Ayrigy we
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get B; C A1 B;1 and analogously B; ;1 C A1 B;. As a consequence, there exists m > 1
depending only on the covering and on the doubling constant such that

m” (Big1) < w(Bi) < mp(Bisa). (3.1.5)
We claim that

p(BN Bisr) > =y max{u(B), p(Bi)). (3.16)

Assume that 7; < 747 and let y € 1/2B;N1/2B;41. Then B(y,r;/2) C B;N B4, and
B; C B(y,2r;). Thus by the doubling property of u
1
1(B; N Bit1) = w(B(y,ri/2)) = 1(B(y,2r:)) =

0?2
By (3.1.5) the claim (3.1.6) is proved.
The open set €2 will be proved to be a Boman domain if we show that there exists
a constant ¥ > 1 such that

B = B(z,r) CvB; foralli=0,1,.. k.

1
52 1(Bi).

We claim that there exists 7 > 1 depending only on the covering and on the John
constant C' in (3.1.3) such that

r<wovr; foralli=0,1,..,k. (3.1.7)
Fix i and let ¢ € [0, 1] be such that v(¢) € B;. Then by (iii)

= <
2046 = dist(x; 09) < d(z, ;) + dist(x;; 0N2)

and by the weak John condition (3.1.3)

d(z,x;) < dist(z; B;) +1; < d(x,y(t)) +r; < édist(v(t); o) + r;

l(n + dist(x;;0Q)) + 4.

Q

All together we find

o 5 < (1+41/C)dist(z;;00) + (1+1/C)r; < (1+1/C)(1+ 1/(2a0))r;
and (3.1.7) holds with 7 = (1 + 1/C)(1 + 2a0).
Finally, if z € B(x,r) then by (3.1.7), (3.1.3) and by (ii)

d(z,x;) < d(z,z)+d(x,v(t)) + d(y(t), z;) <r+1/Cdist(y(t); 0) + 1,
< (L+2)ri + 1/C(r; + dist(24;00)) < [(1+2) +1/C(1 + 1/(2a8))]r;
This shows that B(z,r) C vB; with v =[(1+7)+ 1/C(1+ 1/(2a0))]. O

THEOREM 3.1.9. Let (M, d, i) be a doubling metric space with geodesics. If 2 C M
1s a Boman domain then it is a John domain.

Proof. By Proposition 3.1.6 it will be enough to show that  is a weak John
domain. There exists a covering F of 2 with balls such that for some A > 1 and
v>1

(i) AB C Q for all B € F;
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(ii) there exists By € F such that for all B € F there exists a chain of balls
By,...B, = B € F such that B; N B;y1 # 0 and B C vB; for all i =
0,1,....k—1.

Conditions (i) and (ii) are the only properties of Boman domains used in the proof.
Let By = B(xg,r9). We have to show that there exists C' > 0 such that any = € Q
can be joined to xy by a curve satisfying (3.1.2). Let B € F be a ball containing z
and let By, ..., By = B € F be a chain of balls satisfying (i) and (ii). If B; = B(z;,1;)
we claim that

ri < o 1dist(Bi; o) foralli=0,1,... k. (3.1.8)

Fix ¢ > 0. There exist y € B; and z € 09 such that d(y,z) < dist(B;;00) + ¢
and there exists a geodesic 7 : [0,7] — M such that %(0) = y, ¥(T) = z and
length(%) = d(y, z). Since AB C 2 there exists t € [0,7T] such that d(3(t),x;) = Ar;.
Now, since d(¥(t), z;) > (A — 1)r; + d(y, x;) we have
(A =Dy <d(3(t), ) — d(y, x:) < d(3(1),y),

and from d(3(t),y) + d(3(t), z) < length(y) = d(y, z) it follows that

(A — D)y + dist(AB;; 092) < d(Y(t),y) + d(7(t), z) = d(y, z) < dist(B;;090) + .
Since € > 0 is arbitrary we get (3.1.8).

Let y; € BN Bjy1,1=0,1,....k — 1. Join by geodesics x to xg, T t0 Yp_1, Yr_1
t0 Tg_1,..-, 1 t0 Yo and yo to z and let «y : [0, 7] — Q be the curve obtained joining

all such geodesics. Let ¢t € [0,7] and assume that v(t) € B;. Then, since B C vB;
and using (3.1.8)

d(y(t),z) < d(y(t), zi) + d(zi, x) < (1+v)r;

14+v 1+v
< ist(B;; 082) < i ;OS2
< A—ldISt( 5 00) < A_ldlst(fy(t),a )
and (3.1.2) holds with C' = (A —1)/(1 +v). O

We introduce now uniform domains.

DEFINITION 3.1.10. Let (M, d) be a metric space. A (bounded) domain 2 C M
is a uniform domain if there exists € > 0 such that for all z,y € (2 there exists a
continuous rectifiable curve v : [0, 1] — Q such that v(0) = z, v(1) = v,

1
length(ﬁ)/) S gd(x,y), (319)
and for all ¢ € [0, 1]
dist(y(t); 0Q) > e min{length(vjo,4), length(yp1))}- (3.1.10)

DEFINITION 3.1.11. Let (M, d) be a metric space. A (bounded) domain 2 C M is
a weak uniform domain if there exists € > 0 such that for every z,y € €2 there exists
a continuous curve v : [0,1] — Q that v(0) = z, y(1) =y,

diam(vy) < %d(x,y), (3.1.11)

and for all ¢t € [0, 1]
dist(y(t); 0Q) > e min{diam(vyy), diam(yy1)}- (3.1.12)
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Uniform and weak uniform domains correspond respectively to the domains de-
fined by “length cigars” and “diameter cigars” in [169]. If conditions (3.1.9) and
(3.1.10) hold for all z,y € Q such that d(x,y) < d for some § > 0 then Q is also
called (e,9)—domain. If Q is a bounded (g,0)—domain then it is uniform. This is a
consequence of the following localization lemma (see [169, Theorem 4.1]).

LEMMA 3.1.12. Let (M,d) be a metric space, Q@ C M be a bounded open set and
0 < r < diam(Q2). If for any z € 0 and for all xz,y € QN B(z,r) there exists
a continuous and rectifiable curve v : [0,1] — € joining x to y and such that hold
(3.1.9) and (3.1.10) for some € > 0 not depending on z, then Q is a uniform domain.

Recall that a metric space (M,d) endowed with a Borel measure p is Ahlfors-
regular if there exist () > 0 and o > 0 such that for all z € M and r > 0
o 'r? < pu(B(x,r)) < ar®. (3.1.13)

The following Theorem uses a “packing argument” introduced in [136]. It is stated
and proved for Ahlfors regular metric spaces but it holds for doubling spaces.

THEOREM 3.1.13. Let (M, d, 1) be an Ahlfors regular metric space with geodesics.
If Q C M is a weak uniform domain then it is a uniform domain.

Proof. There exists ¢ > 0 such that for all z,y € {2 there exists a continuous curve
v :[0,1] — € such that y(0) = z, v(1) = y and (3.1.11) and (3.1.12) hold.

Let ¢ € [0,1] be such that diam(vj7) = diam(ygz1)) =: 6. We shall construct a
rectifiable curve & : [0, 1] —  joining x to y(¢) such that

1
length(x) < g—d(x, ), (3.1.14)
1

and for ¢ € [0, 1]
dist(k(t); 0Q) > e1length(kjo), (3.1.15)
for some £; > 0 depending on ¢, 3 and Q).
Let T = (1 4+ t)6. The function ¢ : [0,¢{] — [0,7] defined by ¢(t) = (
t)diam(7jo,) is continuous and increasing. Define the reparameterization & : [0, T
M by i(s) = v(p*(s)). Since d(y(t),z) < diam(yj94) < ¢(t) we have

d(k(s),z) < s forall s€l0,T]. (3.1.16)

1+
| —

Moreover, by (3.1.12)
dist(k(s); 002) = dist(”y(gp_l(s); 082)) > e min{diam (i, ,-1(s)]), diam(y,-1(5),1) }

: £s

> ediam(Yjo,e-1(5))) = m,

and thus o s
dist(R(s); 092) > 5 (3.1.17)

Now define tqg = T, t; = inf{t € [0,t0] : d(R(t), R(ty)) < eto/4} and by induction
for any ¢« € N let t,41 = inf{t € [0,t;] : d(R(t),k(t;)) < et;/4}. Let x; = R(t;) and
notice that by (3.1.17) B(z;,et;/2) C 2 for all ¢ € N.

We use the “packing argument” of [136]. We claim that there exists k¥ € N such
that

1 _
tivk < §ti for all £ > k and for all 7 € N. (3.1.18)
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Assume that

1
We have to find an upper bound for k£ independent from 7. If 1 < 7 < h < i+ k then
xp ¢ B(xj,et;/4) and the balls B; := B(z;,et;/8), j = i+ 1,...,i + k, are disjoint.
Moreover, if A = (1 +¢/8) then B; C B(z, At;). Indeed, if z € B; then by (3.1.16)
and using t; < ¢;

d(z,x) < d(z,z;) +d(z;,x) <et;/8+t; < (1+¢/8)t;.

Then
0 b b 1 & eti\@ _ 1 reti\@
()@ = u(Be M) = u( | B) = 2 w8 = - 3 (F) = k(F)
j=it+1 j=i+1 j=i+1
and thus
k<o(2)°

This proves the claim (3.1.18).

Let k1 : [0, L) — € be the rectifiable curve obtained joining by geodesics parame-
trized by arc length zy to z1, x1 to xs,..., ; to x;41 and so on. If L < 400 then x;
can be completed letting (L) = x. For any ¢ € N fixed let 7; € [0, L) be such that
k1(7;) = x; and let L; be the length of k; restricted to [7;, L). Then

k—1 400 615_1 +oo 1 E];jt
L; —de],:cjﬂ Zt = Zztl“ﬁ <7 Etwkﬁ 21.

s =0 k=0 j=0

(3.1.20)

Now, since tg = T = (1 +t)d < 2diam(7yjp7) < 2diam(y) and diam(y) < 1/ed(z,y)
by (3.1.11), when ¢ = 0 we find

length(k;) < Ek% < kd(z,v). (3.1.21)

Let  : [0, L] — €2 be the continuous rectifiable curve parametrized by arc length
defined by k(t) = k1 (L —t). By (3.1.21) & satisfies (3.1.14). Moreover, if k(t) € B;
then by (3.1.20)

et; 1k
< <242t
length (ko) < Lj + 1= 5(4 + Q)t]

and by (3.1.17)
dist(k(t); 9Q) > dist(x;; Q) — d(z;, s(t)) > =L — =L = =2

so that
dist(k(t); 0) > e1length(kp )
with

e mln{l c }
e k' 4+2kS
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REMARK 3.1.14. The following Proposition will be used in section 4 in Theorem
3.4.2. The curves constructed in this Theorem satisfy

d(v(0),~(t)) ~ diam(yp)- (3.1.22)

PROPOSITION 3.1.15. Let (M, d) be a doubling metric space with geodesics and let
Q C M be an open set. Assume that there exists A > 0 and r > 0 such that for any
z € 0Q and for all z,y € B(z,7) N there exist two John curves v,,7, : [0,1] — Q
starting respectively from x and y, with John constant X\, such that v,(1) = ~,(1) and

max{diam(y,), diam(~,)} < %d(m,y).

Assume also that (3.1.22) holds. Then Q is a uniform domain.

Proof. Let v be the curve sum of v, and ~,. First of all

2
diam(y) < diam(7,) + diam(vy,) < Xd(az,y).

Consider now a point y(t) and assume that v(t) = 7,(¢). Then
dist(y(2); 0) = dist(v,(t); 092) > Ad(7.(t), x)
~ Adiam ((7,)p,g) = Amin {diam (72 )0.4), diam((z) 1) }-

If v(t) is in 7, the estimate is the same. The claim follows from Lemma 3.1.12 and
Theorem 3.1.13. U

DEFINITION 3.1.16 (Harnack chain). Let (M, d) a metric space, let  C M be a
domain and let @ > 1. A relatively compact set K C €2 is a—non tangential in Q if

1
—dist(K;09) < diam(K) < adist(K; 012).
o

A sequence of balls By, By, ..., B, C 2 is a a—Harnack chain of 2 if

(1) Bz N Bifl 75 (Z) for all 1 = 1, ey /{Z;
(i) every ball B; is a«—non tangential.

DEFINITION 3.1.17. Let (M, d) be a metric space. A bounded domain Q C M is
a Harnack domain if there exists o > 1 such that for all n > 0 and for all z,y € Q)
such that dist(x;0Q) > n, dist(y; 0Q2) > n and d(z,y) < Cn for some C' > 0 there
exists a a—Harnack chain By, By, ..., By C 2 such that z € By, y € By, and k depends
on C but not on 7.

PROPOSITION 3.1.18. Let (M, d) be a metric space and assume that there exists
0 < § < 2 such that diam(B(x,r)) > or for allz € X andr > 0. If Q C M is a

uniform domain then it is a Harnack domain.

Proof. Let 2 be a uniform domain with constant ¢ > 0. Let n > 0 and take
x,y € Q such that dist(z;09) > n, dist(y;02) > n and d(z,y) < Cn for some
constant C' > 0. Let v : [0,1] — Q be a continuous rectifiable curve such that
7(0) =z, v(1) =y , length(y) < d(z,y)/e and (3.1.10) holds. Let t € (0,1) be such
that length(vp,7) = length(v1)). We shall construct a Harnack chain of balls joining
x to y(t).
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Define By = B(z, dist(x; 0Q2) /4

~—

. Clearly,

diam(By) < —dist(x; 0Q) < dist(By; 0f2),

DN | —

and moreover 5 5
diam(By) > Zdist(m;aﬁ) > Zdist(Bo;(?Q).

With ap = max{1,4/0} = 4/6 the ball By is ap—non tangential in €.
Define

th = Sup{t S [07ﬂ : ’y(t> S BO}; Ty = 7(t1)7
1
r = §dISt(I1,aQ), Bl = B(xl,rl).
By (3.1.10) dist(z1; 0€) > elength(vj.,]) and

1
length(yjo.4,1) > d(z, 1) > Zdist(:v; o) >

>3

Then

1
r = Edist(x; o) > glength(wg,h]) > %7 (3.1.23)
Since diam(By) < 2r; = dist(z1; 092)
2dist(By; 092) > dist(z1;0) > diam(B;),

and since by hypothesis dr; < diam(By)
2
dist(By; 002) < dist(z1;00) = 2r; < Sdiam(Bl).

With « := max{ayg, 2,d/2} = ap both By and By are a—non tangential.
By induction assume that x,_; and Bjy_; have been already defined. Now, if
d(zg—1,7(t)) < en/8 we stop. Otherwise we define

tr =sup{t € [0,7] : v(t) € Br_1}, xr = y(tx),
1
Te = §dist(xk;6Q), By, = B(xg, ).

Exactly as above we have
2dist(By; 02) > dist(zy; 0Q) > diam(By),

and moreover
2
dist(By; 0Q) < dist(zy; 0Q) = 21y, < gdiam(Bk).

This shows that Bj is a—non tangential.
By (3.1.10), arguing as in (3.1.23)

dist(z; 02) > elength(vjo,)) > elength(vyjos,)) > ed(z, 1) > %7,
and thus .
e > g (3.1.24)

Assume that d(z,y) < Cn for some C' > 0. We claim that that there exists k € N
depending on C' but not on 1 such that d(zx,y(t)) < en/8 so that By, By, ..., By cover

([0, 2]).
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First of all by (3.1.9)

1 1 Cn
length = —length(v) < —d < .
ength(vp) = jlength(v) < —d(w,y) <
Moreover, for any 7 in the inductive definition using (3.1.24) we obtain
length(ype, 4,_1)) > d(zs, 2-1) > 13 > %7
where tg = 0, so that
b ken
length(Vys,,.0) = Zlength(%ti,ti_ll) >

i=1
The condition on k& which proves the claim is

k:577>C'77 4C
8 ~ 2 g2

Thus k can be chosen independently from 7.

2. Non characteristic boundary

In this section we begin the study of regular domains in C-C spaces. We shall prove
that a bounded smooth domain without characteristic points is uniform with respect
to the C-C metric induced by a system of Hérmander vector fields X = (X7, ..., X,,).

If Q@ ¢ R™ is an open set with regular boundary, z € 92 and & = 0 is a local
equation for 0f2 in a neighborhood of z, then the point x is non characteristic if there
exists j = 1,...,m such that X;®(x) # 0. If every z € 02 is non characteristic then
() is said to be non characteristic.

THEOREM 3.2.1. Let (R",d) be the C-C space associated with a family X =
(X1, ..., Xon) of Hormander vector fields and let Q C R™ be a (Fuclidean) bounded
domain with boundary of class C*°. If Q) is non characteristic then it is a uniform
domain.

Before proving Theorem 3.2.1 we shall establish some Lemmata. First we recall
that a non characteristic surface can be made flat by a diffeomorphism and that a
resulting transversal vector field can be orthogonalized and the other ones can be
made lie on the surface.

LEMMA 3.2.2. Let U C R™ be a neighborhood of 0 € R™ and let Y € C*(U;R™)
be a vector field such that (Y (0),e,) # 0. Let x, = g(x1,...,2,-1) = g(a’) be a
function of class C* such that g(0) = 0 and Vg(0) = 0. Possibly shrinking U, there
ezists a diffeomorphism ® € C*(U;R™) such that d®(z)Y (z) = e, for allz € U and
®(2', g(2)) = (', 0) for all (2, g(2')) € U.

The proof of Lemma 3.2.2 can be essentially found in [85] where even less regu-
larity is required.
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REMARK 3.2.3. Let )~(1, ,)Zm € C*(R™;R™) satisfy the Hormander condition

and induce the C-C metric d. Write z = (2, z,) € R"™! x R and assume the vector
fields are of the form

= b;(2)0, —|—Zaw )0i, j=1,...,m—1, X, = 0.
The new family of vector fields

still satisfies the Hormander condition. Moreover, if d is the corresponding C-C metric
and K C R" is a compact set, there exist ¢; and ¢y such that on K

clig d< 0267 and cl|)zu| < | Xul < 02|Xu| (3.2.26)

for all u € C'. A proof of the equivalence between d and d can be found in [85].
Actually, it can be proved that each one of the two equivalences in (3.2.26) implies
the other one (see [100, Theorem 11.11]).

The notations I, Z, [£]; with & € R*™™ &7, Y;, d(V;), S; and Sy have been
introduced in Chapter 1, section 6, subsectlon 6.3.

LEMMA 3.2.4. Let (R",d) be the C-C spaces induced by the Hormander vector
fields X1, ..., X,, € C°(R™,R") of the form (1.6.65). Let K C {z = (2/,x,) € R"! x
R : x, = 0} be a bounded set. There exists a constant « > 1 such that for all ',y € K
there exists a rectifiable curve parametrized by arclength curve v : [0,t] — R™ such
that:

(i) 7(0) = («',0), 7(to) = (¥, 0) and ty < ad((<',0), (y',0));
(ii) if v = (Y1 -0y Tn) then 4, (t) >0 for all t € [0, to];

Proof. Let K C € for some bounded open set £y C R™. Let k be the minimum
length of commutators that assures the Hormander condition on €.

We are in order to apply Theorem 1.6.10. Fix the constants 0 < a < b and
ro > 0 as in Theorem 1.6.10. Possibly using a covering argument assume that
d((y',0),(2',0)) < arg. There exists a multi-index I = (iy,...,7,—1) € Z satisfying
(1.6.70) and there exists £ € R"™! such that y' = ®; /(). Suppose for the sake of
simplicity that & >0 forall k=1,...,n — 1.

By Theorem 1.6.12 we can write

n—1 Nk
1/d(Y;
Do (6) = H HSUlk Ay, leX]lk)( )
k=1 1=1
with oy € {1,2}, 7 € {—1,1}, di < K, ju. € {1,...,m — 1} and N, less than a
constant not depending on z’ and ¥/'.

We show how to define the curve 7 relatively to the factor S,,, (dix&, L/d(Y; T X g )-

If, for instance, oy, = 1 then consider

1/d(Y; d _
exp(din&y " (70X — X)) exp(di&y " X, (7))
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for some 7’ € R"L. Set t = dlké’;/dm’“) and define v : [0, 2¢{] — R" by
(1) = exp(tX,,)(Z') ifo<t<t
T = expl(t = D(7uXs, — X)) (exp(EX,) (7)) i F<t<2F

The curve v obtained joining curves of the type just defined is rectifiable and is pa-
rametrized over an interval whose total length is bounded by C|¢|; with C' constant
not depending on 2/, ¢’ € K. By (1.6.73) claim (ii) is verified. Moreover, by Theorem
1.6.10

b
€l < —d((@',0), (', 0)),
and claim (i) is verified with o = Cb/a. O

LEMMA 3.2.5. Let (R™,d) be C-C spaces induced by the Hormander vector fields
X1y ey Xop € C®°(R™,R™). Let Q C R™ be an open set with C* boubdary. If zo € 092
1s a non characteristic point then there exists a neighborhood U of xy such that for
all x,y € QN U there exists a continuous rectifiable curve v : [0,1] — Q such that

v(0) =z, (1) =y and (3.1.9), (3.1.10) hold.

Proof. By Lemma 3.2.2 and Remark 3.2.3 we can assume without loss of generality
that zp = 0, Q = {z = (¢/,x,) € R" : 2, > 0} and X1, ..., X}, are of the form (1.6.65).
Let U be a bounded neighborhood of the origin, let z,y € Q2 NU and assume that
Zn, < Yp. Define § := d(x,y) and notice that 6 > y, — x,. If £ := (2/, 2, + §) and
gy = (v, x, + 0) then d(z,y) < d(z,z) + d(z,y) + d(y,y) < 30. By Lemma 3.2.4
there exists a rectifiable curve parametrized by arclength 7 : [0,T] — ©Q such that
¥(0) = (), Y(T) = (§), n(t) >z, + 6 for all t € [0, 7] and T < ad(7,y) < 3ad. We
can also assume T' > 6. Let T := 6 + T + (y, — ) and define 7 : [0, T] — Q by
(2, 20 + 1) fo<t<s
Y(t) =14 (t—9) if6<t<6+T
(V2 +0—1t) if5+T<t<+T+ (Yp — Tn).
Since T <20 + T < (24 3a)d = (2 + 3a)d(x,y) and ~ is parametrized by arclength
then length(vy) < T =< (2 + 3«)d(z,y) and condition (3.1.9) holds (possibly up to a
reparametrization of v on [0, 1]).
We have to check condition (3.1.10). As length(y) > 6 then
) ift €[0,0]

length(v[oﬂ ~
( [ET}) ift e [5 + T, T]

min{length(vyj ), length(yp1)} = { length(~
It will be enough to prove that for all ¢ € [0,0 + 7]
dist(y(t); 0Q2) > elength(vj0.4) (3.2.27)
for some uniform constant ¢ > 0. If t € [0, ]
dist(y(t); 0Q) = @, +t >t = length(yp4)-

If t € 6,0 + T) then
dist(y(t); 0Q2) = x,, +0 > 0,
whereas
length(yp) <6+ 71 < (14 3a)d.
Therefore we get (3.2.27) with ¢ = 1/(1 + 3a). O
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Proof of Theorem 3.2.1. By Lemma 3.2.5 and Theorem 3.1.12 the thesis immedi-
ately follows.

3. John and uniform domains in Grushin space

Let (z,y) € R" ! x R = R" and consider the vector fields
Xy = sy Xy = 0,y X = |2]°0), (3.3.28)

where a > 0. Let (R", d) the C-C space associated with such vector fields (see chapter
1 section 9).

DEFINITION 3.3.1. Let 2 C R"™ be a connected open set with Lipschitz boundary
such that 99 is of class C! in a neighborhood of every point (0,y) € 99.

A point (0,y) € 09 will be said flat if there exist a neighborhood V of (0,y) and a
neighborhood U of the origin in R"~! such that 9QNY = {(x, p(z)) : € U} for some
p € CY(U;R) with Vip(0) = 0. A flat point (0,y) € 9Q will be said a—admissible if
there exists a constant C' > 0 such that

IVo(z)| < Clz|*  for all z € U. (3.3.29)

Finally, 2 will be said a—admissible if flat points in 9€) are a—admissible or if €2
has no flat points.

REMARK 3.3.2. Let Q = {(z,y) € R" : y > p(x)} where ¢ € CYR"!) is a
function such that ¢(0) = 0, |Ve(z)| < c|z]® for all z € R"! and for some ¢ > 0.
The surface 9Q C (R",d) is bilipschitz equivalent to (R"™! |- |). Indeed consider
d: (R ]-]) — (R, d) defined by ®(z) = (z,p(x)). If 2,7 € R"! are such that
|z| < |x| then

(@) — ¢(@)| < clz|*a — 2| < 2]a|**,
and by Proposition 1.9.1
[z — 7| < d(®(x), (7)) = d((z,(x)), (T, ¢(7)))
o(z) — p(7)]
||

THEOREM 3.3.3. IfQ) C R" is a bounded a—admissible domain then it is a uniform

domain in (R",d).

<o —7|+ < (1+0)fz -zl

Proof. By Theorem 3.1.12 the uniformity is a local property of the boundary.
If (z,y) € 002 and = # 0 then 02 is Lipschitz in a neighborhood of (z,y) and the
uniform property in this neighborhood follows as for Euclidean Lipschitz domains
in R™. We have to check that there exist connecting curves that satisfy conditions
(3.1.9) and (3.1.10) in a neighborhood of a point (0,y) € 992. We may assume y = 0.
Let U C R™! be a neighborhood of 0 and let ¢ € C'(U) be a function such that
{(z,p(z)) :z €U} =00NV, being V C R" a neighborhood of 0, ¢(0) = 0 and

IVo(x)| < k|z|*  for all z € U.
We can assume U = {x € R"1 : |z] < ry} for some ry > 0 and Q NV = {(z,y) €
R":zel,y>¢(x)}
Let (z,y),(&,n) € Q with z,§ € U. Assume that |{] < |z| and n < y. We shall
distinguish two cases:
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(A) |z|*™ > |y —n);

(B) lz[** <y —nl.

First, we discuss how to connect the points (z,n) and (z,y), y > n, by a rectifiable
curve whose length is comparable with the distance between the points. In case (A)
take the curve

ly — 1

Y(t) = exp(tXn)(z,n) = (2,0 + |2|"t), 0<t< EC (3.3.30)
whose length is (by Theorem 1.9.1)
y—n
length(vy) = | P | < cd((z,y),(x,n)). (3.3.31)

In Case (B) the curve is constructed in the following way. We introduce a param-
eter # > 0 that will be fixed later. Let

2 Bla+1) Vet gy
T=— atl 4 T Ty — - — 3.3.32
2 o 2Oy 4, (3332

and define v : [0, 7] — R" by (v := x/|z|)
Y(t) = exp(H(Xp + 8> X)) ()
i=1 (3.3.33)
= (x+ﬁtv,n+ (|x + Btv|**! — |x\°‘“)) ,

if 0 <t <T/2and

1
Bla+1)

Y(t) = exp(t(Xn — B ) X)) (7(T/2))
i=1
if T/2 <t <T. It can be checked that v(T) = (x,y). The length of v is estimated
by
length(v) < kT < kly — 0| @) < ckd((z,y), (z,1)), (3.3.34)
where k is a constant that depends only on « and f.

Let now (z,y),(§,n) € Q be such that || < |z| < ro/2 and y > 7, and write
d:=d((x,y),(&,n)). Let A > 0 be a constant that will be fixed later and fix 6 > 0
such that

d((z,y), (z,y +9)) = A\d. (3.3.35)

The points (x,y) and (£,7n) will be connected by a rectifiable curve ~ piecewise

defined in the following way
(1) a path v which joins (z,y) to (z,y + 9);
(2) a path v which joins (z,y + §) to (£,y + 9);
(3) a path v® which joins (£,y + d) to (&,7).

We begin with (1). In Case (A), that is |z[*T! > §, take YV (t) = (z, y+|z|*t) with
0 <t<d/|z|*. By (3.3.31) and (3.3.35) length(y™)) < cd((x,y), (z,y + §)) = c\d.

We claim that there exists a constant k; > 0 such that the inequality

d(y(t),00) > ed(y(t), (x,y)), 0<t<§/|x|” (3.3.36)

holds as soon as € < kj.
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Since d(y(t), (z,y)) < t, we have to show that d(y(t),0€) > et. This is true if and
only if B(y(t),et)NoQ = 0, and by (1.9.103) a sufficient condition is Box(v(t), coet) N
09 = (), and this amounts to

o(x +v) <y+ || — coct(|x| + coet)”
for all t € [0,6/|x|*] and |v;| < coet, i =1,...,n — 1, and since y > ¢(x) we find the
stronger condition

L = t|z]|* > coct(|x] + c2et)® + p(z + v) — p(z) = R. (3.3.37)
By case (A) t < d/|z|* < |z| and using (3.3.29) (we can assume z+v € U and £ < 1)
o(z +v) = @) < klvllz +v[* < Kv[(jz] + V)" < keset([x] + coet)
< keget(1 + o) x|

Analogously (|z| + coet)® < (1 4 ¢2)*|z|*. Thus

L =t|z|* > etlz|c(1 + 2)*(1+ k) > R
as soon as € < ki := [co(1 + co)*(1 + k)] L.

In case (B) we choose vY) : [0, T] — R™ of the form (3.3.33) for a suitable 3 > 0
with 7" as in (3.3.32). We claim that there exists a constant ks > 0 such that if

e < B < ko then d(yWM(t),0Q) > et for all 0 < ¢ < T. It suffices to show that
Box (7 (t), coet) N O = ) for 0 <t < T/2, that is

oz + ptv+w) <y+ (|2 + Btv|*Tt — |2|*T) — coet(|z + Btv| + caet)?,

1
Bla+1)
for all 0 <t < T/2 and |w;| < eeet (v := z/|z|). Since y > ¢(x) we find the stronger
condition

L:=g(x+ ptv+w) — o)+ coet(|z + [tv] + coet)”
< m(m L Btv|™H |27t = R, (3:3:38)
Now,
[p(z + Btv + w) — @(x)| < k|Btv + wl|z(1 + (Bt + coet) /| 2])|*
< kt(B + coe) (|| + (B + ca6))?,
and taking ¢ < (8
L < kBt(1 + ca)(Jx] + Bt(1 + 2))* + c2fBt(|z] + Bt(1 4 ¢2))*
< Bt(k(1 4 c2) + c2)(|z| + Bt(1 + ¢2))”
< Btk (|| + Bt)°,
with k; depending on ¢1, ¢; and «a.
On the other hand, by the mean value theorem

1 a+1 a+1
R > mﬂx‘i‘ﬂtﬂ =z + (8/2)tv]) +)

> %Kﬁ/?)tVHx (B2
> tho(|z| + Bt)°.



90 3. REGULAR DOMAINS AND TRACE ON BOUNDARIES IN C-C SPACES

Thus (3.3.38) holds as soon as 3 < ky := ky/k1.
The definition of ) is similar to that of 4. The estimate of the distance

from the boundary is identical, while the estimate of the length follows from (3.3.35).
Indeed

d((&,m), (& y+9)) <d((&n), (v, y) +d((z,y), (z,y + ) +d((z,y +5),(§,y +6))
= 2+ \)d,
and (recall (3.3.34))

length(y"®) < ked((€,m), (& y +6)) < ke(2 + N)d.

The curve v? is the horizontal line
7(2)(75):—( |€_ |ty+5) 0<t<|€— x|

Clearly, length(v®?) = |¢ — 2| < d.
The total length of v can be now easily estimated

length(y) = length(7") + length(y®) + length(y¥) < Ld

where L is a constant depending only on k£ and a. This is (3.1.9).
By the analysis of (! and by (3.3.35)

d((z,y +9),00) > min{ky, k2 }d((z,y + ), (z,y)) = min{k;, ke }Ad = d,
if we choose A\ = min{ky, k»}~!. On the other hand
d(v?(t),09) > d((z,y +6),09Q) > d((z,y), (&)
> L~ Ylength(y) > L™ min{d(y® (1), (2,y)),d(+*(t), (€,7))}.
This proves (3.1.10) relatively to v®) and the proof is ended. O

We shall now show that the condition of a«—admissibility is sharp in the sense that

a domain of class C! that is not a—admissible is not a John domain. We consider in
R? the vector fields X; = 9, and X, = |2|*0,,.

REMARK 3.3.4. It can be easily seen that in the metric space we are dealing with
the Definition of John domain 3.1.1 could have been equivalently given requiring that
any z in the closure of © can be connected with zy in such a way that (3.1.1) holds.

PROPOSITION 3.3.5. Let Q C R? be a C' domain, assume that 0 € 09 is a
characteristic point and that in a neighborhood of 0 we have Q = {y > ¢(x)} where
o € CY(—06,0) is a function such that p(0) = 0, ¢'(0) = 0 and (z) > c|z|® for all

€ (=0,0), for some ¢ > 0 and for some 3 < a+ 1. Then  is not a John domain
in (R?,d).

Proof. In view of Remark 3.3.4 it will be enough to prove that for any € > 0,
for any to > 0 and for any rectifiable continuous curve parametrized by arclength
7v 1 [0,t5] — R? such that v(0) = 0 there exists ¢ € [0, to] such that dist(y(t); 0Q) < et.
Because of Lemma 1.9.3 this is implied by

Box(y(t), ciet) N OQ # B, (3.3.39)
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with ¢; > 0. Consider a curve ~ solution of
{"Y = hX1(7) + haXa(7)

7(0) =0

with the condition h? 4+ h3 =1 a.e. , that is
t t s @
10 = u0al0) = ( [ i) ds, [ o] [miryar]”as).
0 0 0

Relation (3.3.39) is implied by

e(n(t) + cret) > 72(t)
and thus by

L= c( /Ot ha(s) ds‘ + clet>ﬁ > /Ot ha(s)

But L > c(c,et)? and since |hy|,|ho| < 1

/ h1(7'>d7"a ds == R. (3.3.40)
0

Inequality (3.3.40) holds if c¢(a + 1)(ciet)? > t*F1 which is true for all ¢ > 0 small
enough since § < o + 1. O

ExXAMPLE 3.3.6. Carnot-Carathéodory balls need not be uniform domains. Con-
sider in R? the Grushin vector fields X; = 9, and X» = 20, and let (R? d) be the
induced C-C space. Let B = B(0,1) be the C-C ball centered at the origin with
radius 1. The ball B is z— and y—symmetric, and using the geodesics equations
(1.9.104) it can be shown that

OB N {(2.4) € B 12,y > 0} = { (2(9),y(9)) = (Sigﬁ, 20 _4;12“279) 0<d <)
Since
(@) ) = (— =)

we can put above and outside B a cone with axis in the direction (0, 1), vertex at
the “north pole” N = (0,1/(27)) and angular opening 2arctan7. If 0 < arctan 8 <
7m/2 — arctan 7 then (z,2/m + fz) € B for all 0 < x < x( for some xy > 0 depending
on 3.

Consider the points P = (z,2/7 + fz) and Q = (—z,2/7 + fx) with 0 < 2 < xy.
Then d(P, Q) = 2x. If v: [0,T] — B is any rectifiable curve such that v(0) = P and
1T) =Q

length(y) > d(P,N) + d(N, Q).
By Proposition 1.9.1 (withm =1, k=1,a=1and A = f3), as 22 < Bz if x < 3, we
have
d(P,N) = d(N,Q) ~ z + (8z)"/”.
Thus d(P, N) = d(N,Q) > Cz'/? for some C > 0 and for all small 2. Therefore we
find for all 0 < x < xg

C
length(v) > 20z = AP Q).
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This shows that condition (3.1.9) can not hold.

4. Uniform domains in groups of step 2

In this section we study uniform domains in homogeneous groups of step 2. We
shall work in R endowed a left invariant metric induced by a system of vector fields
X = (X, ..., X;,,) which generates a stratified Lie algebra of step 2. In R” = R™ x R?
we denote x = (2/,2") € R™ x R? and by abuse of notation we shall write 2’ = (2/,0)
and z” = (0,2"). We say that 2’ are the variables of the first slice and that 2" are
the variables of the second slice.

The vector fields can be assumed to be of the form

X]’ = 8]' + Z qjkﬁk, ] = 1, ., m,

k=m+1

where ¢j; = g¢jx(2’) are homogeneous polynomials of degree 1 in the variables z’.
Introduce the group law

r-y=r+y+Qx,vy),
= (xl T YL T T Y Tt + Y1 + Qm+1(x7y)7 s 7Qn(x7y))7

where Q = (Q1,...,Qy) With Q1 = ... = Q,,, =0, and Q; = Q;(2',y'), j=m+1,...,n,
are homogeneous polynomials of degree 2 that can be assumed to satisfy

|Q;(=",y) < Cla'lly. (3.4.42)
We may assume that the vector fields X, ..., X,, are left invariant with respect to
the introduced law.

We denote by d the Carnot-Carathéodory distance induced on R” by X1, ..., X,,
and by B(z,r) the open ball centered at © € R™ with radius > 0. We also introduce
in R™ the following continuous homogeneous norm

]| = fa'| + [2"]"/2. (3.4.43)
By a standard argument it can be proved that

d(z,y) =y -zl (3.4.44)
Letting Box(z,7) = {z -y € R" : ||y|| < r} by (3.4.44) there exists ¢ > 1 such that
forallz e R" and r > 0

Box(z,c 'r) € B(x,r) C Box(x, cr).

(3.4.41)

DEFINITION 3.4.1. Let S C R" be a hypersurface of class C'! given in a neighbor-
hood U of zy € S by the local equation ® = 0 where ® € C'(U). The point z, is
characteristic if X1®(zo) = ... = X;n®(z0) = 0.

We denote by e; the j—th coordinate versor and if x = """  x;e; € R" and
je{l,...,n} we write
i’j = Z Ti€;.

1<i<n,ij

THEOREM 3.4.2. Any connected, bounded open set Q2 C R™ with boundary of class
CHis a nta domain in the metric space (R, d).
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Proof. The proof will be split in several numbered small steps.

1. We claim that for all zy € 0f) there exists a neighborhood U of zy such that
for all x,y € U N2 there exist continuous curves v, and 7, : [0,1] — Q satisfying
hypotheses of Proposition 3.1.15.

2. Let U be a neighborhood of xy and let ® € C'(U) be a function such that
oNU ={z el : d(x) =0} We shall distinguish two cases:

(C1) | X 1®(x0)| = ... = | XmP(z0)| =0 (¢ is a characteristic point of 0€);

(C2) | X 1®(xo)| + ... + | XmnP(x0)| > 0 (x¢ is a non characteristic point of ).

We notice that if x € 02 NU then, possibly shrinking U, the translated surface
7t (02 NU) can be expressed in parametric form by an equation of the type
y; = ¢(y;) for §; belonging to a neighborhood of the origin in R"™! and ¢ of class
C1. If we are in Case 1 we have to choose j € {m +1,...,n}, while if we are in Case
2 we can choose j € {1,...,m}.

3. Case 1. We consider an open set {y € R : y; > ¢(y;)} where j > m and
© € CHYYR™1) is a function such that ¢(0) = 0. Define

v, = —0;0(0), fori=1,..,m, and v = (V1,...,Un,0,...,0).

Write also .
o(05) = = > viyi + (i)
i=1

where ¢ can be written by the Taylor formula in the following form
V() = (@) = D0y = D 9oy + O(1g,1%),
i=1 i>m, i
and satisfies the growth estimate
()] < N19501*. (3.4.45)

Here we used the homogeneous norm introduced in (3.4.43) and the fact that y belongs
to a bounded set.

Our construction will take place in two main steps. In the first step we define

“canonical” John curves starting from points near the boundary. In the second step
we join points near the boundary by curves satisfying the hypotheses of Lemma 3.1.15.

4. First step. Define
Ni=2 Npy=- and N=(N,..Ny,0,..,0),
|| ||
and if v = 0 simple set N = 0. For ¢ > 0 let t; = o|v|. Fix z = ze; with 2; > 0 and
define the continuous curve v : [0,1] — R

(t)_ ZEtN:tN—f—ZL']e], 1f0§t§t1,
v - I'(th)—l—(t—tl)Gj:t1N+(t—t1+Ij)€j, 1ft1§t§1

5. We claim that there exist o, A € (0,1) such that for all ¢ € [0, 1]
dist(y(t); 092) > Ad(y(t), z). (3.4.47)
If 0 <t <t then d(y(t),z) =~ ||zt - v(t)|| = ||[tN]| = ¢, and (3.4.47) is equivalent to
Box(y(t), M) 0 {y; = (5;)} = 2, (3.4.48)

(3.4.46)
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which is implied by

(v + 1, > [6(5;)], for all y € Box(y(£), At). (3.4.49)
Points in Box(7(¢), At) are of the form

with ||h]] < At (@ does not depend on the variables on the second slice) and thus we
have to check that

(VAN + h) +x; + hj + Q;(tN, h) W( )])‘
which is guaranteed by
ol + (v, h) + 25 > [yl + [Q(EN. B)] + [ ((v(t) - h);) |-
Now, since [(v,h)| < Mv|t then t|v| + (v,h) 2 t|v| as soon as A < 1/2. Moreover
|hj| <* and by (3.4. 45)
/\ 2 A )N
(&) - ;) [ S ([ (v(®) - B = IEN + by + Q5 (N, B
S+ R+ lQEN, h)|* < ¢
Moreover |Q;(tN,h)| < At? < 2. Thus (3.4.48) is implied by
eo(tlv| + x;) > 2, (3.4.51)

where ¢ is a small but absolute constant. Since z; > 0, (3.4.51) holds provided that
t <olyv| and 0 < gy. Our claim is proved if 0 < ¢ < t;.
6. We study the case t > t;. Notice that in this case

d(y(t), x) ~ ||a7t ()| =t + (t — t1)% =: 6(t). (3.4.52)

Let a = (t—t;)"/% so that §(¢) = t; +a. We shall sometimes write § instead of 6(¢). We
claim that there exists 0 < A < 1 such that the John property Box(v(t), Ao (t))N{y; =
©(y;)} = @ holds for all t > ¢;.

Points in Box(7y(t), Ad) are of the form

V() -h= 0N+ (-t +x;)e) - h
=tHN+(t—t1+x5)e; +h+ Q(t1 N, h),
with ||h|| < Ad. Thus, the John property is ensured by

(v, ts N+ h) + (t —t1) + 2; + Q;(t1N, h) > ‘w (th + hy+Q;(t,N, h)) ) ,

(3.4.53)

which (write ¢ — t; = a?) is a consequence of the following stronger inequality
bl + a2 + o5 > Bl + Q5 (N, B + [o(2)], (3.4.54)

where z denotes the argument of ¢ in the previous equation.
Now, |l/\HhH < Alv|ty + Alv|a and A|v|t; can be absorbed in the left hand side, as
soon as A < 5. We also note that

Q;(t1N, h)| < th][h]| < A6 < 15 + A6°
Moreover

2l S ta 4 IR+ Qi (0N, )| S 61+ A0+ (8:A8) Y2 2 1+ A0,
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and by (3.4.45)
W) S NI2l” S+ A%+ X0d S 8]+ Aa® + Ma
~t] + N6 ~ t] + Aa’.

Since the term Aa? can be absorbed in the left hand side and z; > 0, then (3.4.54)
will follow if we prove that for all a > 0

eo (tilv] +a*) > 6 + Av]a
where gy > 0 is a small but absolute constant. Replacing t; = o|v| we get
eo (o|vf’ + a*) > o®|v] + A|v]a. (3.4.55)

now, since o%|v|? + Avja < (02 + 3)[v|* + 34 (3.4.55) holds for all a > 0 provided
0% +2)% < gpo and 2)\? < g.

7. Second step. We prove that, given = and y in the open set {z; > ¢(%;)}
there exists a continuous curve connecting them and satisfying (3.1.9) and (3.1.10).
Without loss of generality we can assume that = z;e; with ; > 0 and y = y;e; +9;
with y; > ¢(y;). In the first step the “canonical” John curve starting from z has
been defined in (3.4.46). The parameters v, N and t; = o|v| are defined as in the
first step and are relative to x. The constant o does not depend on .

8. Our next task is to write the curve starting from y. First we notice that, letting
D) =¢; — go(gj), we have for i =1,...,m

Xi® (&) = —0p()) + Z qi(§) O ®(8),

k>m
and hence

Let now w = y; + ¢(y;)e;. We look for the parameters v;,i = 1,...,m of the
curve starting from w™ -y = (y; — ¢(J;))e; relatively to the translated boundary
w™ - {z; = p(2;)}. Denote these parameters by i, ..., ,. Then we find by left
invariance

o .
v = (Xi®)(9; + #(d;)e;) = =0hp(i) + Y qik(y)g—gk(ﬁj —PEN e —g, emoir)

k>m
= —0i0(0) + 4 () = Y @y (d))-
k>m,k#j
(3.4.57)
Define - -
N = <i, ...,VTm,O, ...,O), and t; = ol|p|.
i

The “canonical” John curve v, starting from y can be defined (by left translation of
(3.4.46)) in the following way . If 0 <t < let
Y(t) = (95 + ¢ (@5)e;) - (LN + (y; — o(F5))e;)

N : (3.4.58)
= g5 +tN +yje; + Q(y, tN),
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and if t > #; let
W(t) = (95 + e(@s)es) - (BN + (t =t +y; — o(i5))e))
=g, + N+ (t —t1 +y;)e; + Qy, 1 N).
9. Denote by v, and -, the curves starting from x and y. The curves ~, and

7y can not be expected to meet as Proposition 3.1.15 requires. Thus we enlarge the
curve v, by constructing a curvilinear cone around it. Define

[t if 0<t<ty,
o(t) —{ t+(t—t)Y? ift >ty

and recall that d(t) ~ d(7.(t),z). For A > 0 let U(A) = {h € R™ : ||h]| < A}, and if
h = (I 1) € U(N) define hy = (6(t)1,5(¢t)*R"). As h € U(N) the family of curves

(3.4.59)

tN+l'j€j+ht+Q<tN,ht) 1f0§t§t1,

M) =Y. (t)  he =
Vo (t) = 7a(t) - b tN 4+ (t—t +35)e; + he + QLN hy) ift >t

forms a curvilinear cone with core ~,. By the triangle inequality, if A is small enough,
then for any h € U()\), the curve t — ~(t) is a John curve starting from z. ;From
now on we assume that A has been fixed small enough in order to ensure this property.

10. Two cases must be distinguished:

(A) d(z,y) < nlv|;

(B) d(z,y) > nlv|.
The parameter 0 < n < 1 will be fixed later. Note that if 0 is a characteristic point,
then Case A is empty.

11. Study of Case A. We claim that there exist n > 0 and M > 1 such that for
all z and y there exists h € U()) such that v, (Md(z,y)) = v (Md(z,y)). A correct
choice of 0 < < 1 and M > 1 will show that the two curves meet in their first tract
(see condition (3.4.68)).

Without loss of generality we can assume |v| < || (otherwise the roles of x and y
should be interchanged). If ¢ < ¢; = o|v| then ¢ < {; = o|v| and 7, (t) = 7"(t) reads

G; +tN +yje; + Q(y,tN) = tN + zje; + hy + Q(EN, hy). (3.4.60)
We have to show that for any A > 0 the solution h = (h’, h”) of this equation belongs
to U(N) if t = Md(x,y) and M is great enough.
As t <t then §(t) =t and h, = (th',t°h”). Projecting (3.4.60) along the first m
components we get the equation ' + tN = tN + hj that is

th =y +t(N — N). (3.4.61)
Replacing t = Md(x,y) we find that the solution h’ satisfies
/
wi<—L v ow 4.62
W] € G + 1N = N (3462

First of all notice that d(z,y) ~ ||(—z;e;) - (yje; + 9;)|| > |v/], which gives |y/| <
d(x,y). Moreover, using the inequality
v w v — w|

— <2
CIm [0]

if v,w € R™\ {0},
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and the explicit form (3.4.56) and (3.4.57) of v and v we get
IN -~ N| < 2’”,‘,”'
2 « .
< Z io(0) — Bip(d;) + ais(w) — Y an@)Ohe(@y)]  (3.4.63)
—1 k>m, k£
d(z,y)

< o (lisl + 1) <
] (193 + 1y/'1) o]

The last string of estimates follows from the boundedness and the Lipschitz continuity
of 0;¢ and from

d(z,y) = |[(=z;e;) - (95 + yse;)||
= ||g; + (y; — z5)e; + Q(—zje;, 95 + yje5) || (3.4.64)
= 95 + (y; — z5)esll > 511 2 1951,

because y lies in a bounded set.
Putting (3.4.63) into (3.4.62) and using Case A we get

1 d(x y) 1
n < — - — A.

This shows that |h'| < A as soon as M is great enough and 7 is small enough.
We project now (3.4.60) along the components of the second slice obtaining

i +yie; +1Q(y, N) = xje; + b + tQ(N, hy).

Here b} = t*h" and h, = th’ where }’ is the vector determined in (3.4.61) and satisfies
the estimate (3.4.65). The last equation has a unique solution h” which satisfies

971+ ly; — =) 1 -
’ tgj : +¥|Q(Z},N)|+|Q(N,h/)‘

Here we have to replace t = Md(x,y) but first we notice that by (3.4.64),
d(z,y) = 1195 + (y; — z)esll = 19717 + lys — 252, (3.4.66)
Moreover |Q(y, N)| < || < d(x,y) and by (3.4.65)

|hll| S

1
QN W) S K| S 57+

Putting all these estimates together we find
1
— 3.4.67
Thus |A"] < X as soon as M is great enough and 7 is small enough.
Our claim will be proved if we show that the choice of M and 7 is compatible

with the condition Md(z,y) < t; = o|v|. As we are in Case A then d(z,y) < n|v|
and we find the stronger condition

| h//

Mn<o (3.4.68)

which can be satisfied.



98 3. REGULAR DOMAINS AND TRACE ON BOUNDARIES IN C-C SPACES

12. In view of Proposition 3.1.15 we have to estimate the diameter of the curves
74 and ~,. First of all by (3.4.46) we have diam(y,) = Md(z,y). Moreover, if
0<s,t<Md(z,y) and ||h|| <1

d(73(s), 72 (1)) < d(75(5),72(5)) + d(va(s), % (1)) + d(7:(8), 72 (1))
S sl + diam(yz) + [[7e]] < 3Md(z, y),

and thus diam(y?) < d(z,y).

13. Study of Case B. In this case the points x and y satisfy d(z,y) > n|v| where
n > 0 is from now on a fixed constant. Recall that t; = o|v| and t; = o|7|, and for
R >0 let

t, =t + R*d(z,y)* and t, =t + R%d(z,y)’.

As above let U(A\) = {h € R™ : ||h]| < A} and write hy = (6(¢t)1,6(¢)*Rh") where now
§(t) =ty + (t — t1)Y? ~d(y(t),z) for t > t,.

14. We claim that there exists R > 0 such that for all x,y there exists h € U(\)
(A is the parameter fixed at the end of 9.) such that v,(¢,) = 7"(t,) (the times ¢,
and t, depend on R).

This equation gives

G; + N+ (t, —t1 +yj)ej + Qy, L N) = tuN + (t, — ty + xj)ej + by, + Q(LiN, hy,).
Replacing t; = o|v|, t; = o|v|, t, — t; = R*d(x,y)? and t, — t; = R*d(z, y)* we find
§; + ov + (R*d(z,y)* + y;)e; + o|v|Q(y, N)

) ) (3.4.69)
= ov+ (Rd(z,y)” + ;)€ + he, + o|[V|Q(N, hy, ).
Projecting this equation along the coordinates of the first slice we get
Yy +ov=ov+h, (3.4.70)
and the solution h; satisfies
by | < ||+ olv| + olp|.
We use |y| < d(z,y) and o|v| < o/nd(z,y) (this is Case B). By (3.4.57)
71 < N0 ()| + las )+ D law(y) O (3))]
k>m.k#j
S 10ip(0)] + 10:0(0) = D10(5)| + || (3.4.71)
d(x, y)

Svl+d(ry) S .
(¢ has Lipschitz continuous and bounded derivatives) and ultimately we obtain for
some great but absolute constant Cj

d
| < Oo@ = Cod(z,y) (3.4.72)

(the parameter 1 has been fixed in 11. and can be considered from now on an absolute
constant).
Projecting (3.4.69) along the coordinates of the second slice we have

Jj +yje; +0lv|Q(y, N) = xje; + hi, + a[v|Q(N, hy,).
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Thus

WL = 5+ (4 — a5)e; + a171QUy, V) — olWIQ(N, B ),
where R satisfies (3.4.72). Notice that by (3.4.66) [¢]| + |y; — =;| < d(,y)* and
moreover, taking into account (3.4.72) and Case B

ol llQIN, i)l < Ivlihi, | < d(x,y)*.
By (3.4.71)
olP|lQW NI S [7lly'| < d(w,y),
and hence |h{ | < d(x,y)?. Finally
el _ i+ B2 dwg) _ day) 1

5(ty) 5(ts) "~ 0(ty) b (t—t)2 TR

and ||h]] < X as soon as R > Cy/A where Cj is a great but absolute constant. Our
claim is proved and the proof of the Theorem in the characteristic case is ended.

15. The estimates for diam(y”) and diam(v,) can be obtained as in 12.

16. Case 2. We now study the non characteristic case. Assume without loss of
generality that Q = {y € R" : y; > ¢(9;)} where j € {1,...,m} and p € CHH(R"})
is a function such that ¢(0) = 0. Let v; = —0;¢(0) if i = 1,...,m with ¢ # j, and
v; = 1. Finally write v = (14, ..., Ui, 0, ..., 0).

s

17. First step. We construct John curves starting from near the boundary. The
function 1 defined by

)=o)+ Y. v (3.4.73)
i=1,...,m,i#j
satisfies
I R DR
i=hemiz] (3.4.74)
= |2 010y + 051|151

i>m

because y belongs to a bounded set.
Fix a point € € of the form x = xje; with z; > 0. For ¢t > 0 define the curve
starting from x

Yt)=z-tv=u- (tej +t Z Vi6i>. (3.4.75)

i=1,...m,i#j

Note first that d(y(t),z) =~ |[tv] = t|v| ~ t.
18. We claim that there exist o > 0 and 0 < A < 1 such that for all 0 <t <,

dist(y(¢); 02) > At. (3.4.76)

The John condition (3.4.76) is equivalent to Box(y(t), A\t) N 02 = @.
Points in Box(7y(t), At) are of the form

z-tv-h=uxe; - (tv+h+tQv,h))
=uzje; +tv+h+tQv, 1)+ Q(xjej, tv + h') = z,
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where h € R™ and ||h]| < At. We have to check that (z is defined in the last equation)
T + 1+ hj > gp(éj) = — Z Vi(tl/i + h1> + 1/1(%),
i<m,i#j

by (3.4.73). Since |hg| < At, k= 1,...,m, if A > 0 is small enough, the last inequality
is ensured by

g (L=Nt+t Y = Anl) 2 [9(E)];

i<m,i#]
which is implied by
go(xj +1t) > |Y(Z)] (3.4.77)
The right hand side of (3.4.77) can be estimated by (3.4.74)
G S N5 = (|25 + by + Q. 1) + Qe tw + W)
SN+ [[Q(v, W) + 1Q(jey, tv + 1)1
S+ (Hy|A) + (z5]tr + B]) S 2+ a4,

where we used |v| < 1. Then (3.4.77) is ensured by
E()([L’j + t) > t2 + l‘jt,

where €y > 0 is a small but absolute constant. This inequality is trivially satisfied as
soon as t < gg.

19. Second step. We prove the uniform condition. Given two points x,y € 2 we
have to connect them by curves 7, and +, satisfying the hypotheses of Proposition
3.1.15. Assume that z = z;e; with z; > 0 and write y = §; + y;e; with y; > ¢(7;).

We first notice that if d(z,y) < dist(x; 02) then x and y can be connected simply
by a geodesic. Therefore, without loss of generality we can assume that

d(z,y) > dist(z; 0Q). (3.4.78)
20. We claim that there exists a constant Cy > 0 such that
z; < Cod(z,y) (3.4.79)

for all z = xje;,y € Q satisfying (3.4.78) and lying in a bounded set (say the unit
Euclidean ball with center at the origin). Indeed, if £ = &; + ¢(&;)e; € 99 then

d(x,§) ~ || —xj€;) (éj +90(éj)ej>||
= |90(§J) — x| + |é§| + ‘5” + Q( x]6]7€] + 5] e])
= 0(&) — a5l + €]+ [€" + Q- aye;, &) |2,

We used here the bilinearity of () and the property 0 = (—e;) - e, = —Q(e;, ;). In
order to prove (3.4.79) it will be enough to show that

z; < Co(le&) — il + 1§51+ [€" + Q( = wye5. €)|"%). (3.4.80)

2
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By the Lipschitz continuity of ¢ we find
z; < |z; — o) + 1) S |z — 0(E5)] + 1451

= |z; — (&) + 1€} + 1¢"]

Sl — @)+ €1+ 16" + Q(=zje;, )| + |Q(—wje;, €

Sl — o)+ (€] + 16" + Q(=zje;, DIV + 21|

S lay = o) + €5+ 16" + Q(—wse5, 62,
We used here the fact that all the involved vectors lie in a bounded set. Our claim
(3.4.79) is proved.

21. Our next step is to compute the “canonical” John curve starting from a generic
point y € 2. The point y and the boundary of {2 will be translated by a suitable vector
n € R™ in such a way that 7-y lies in the half axis {ce; : @ > 0}. Using the equations
of the translated surface the correct vector of parameters 7 can be computed and the
curve starting from y will be defined as v, (t) =n~' - (n-y) - (tv) =y - (tv) for t > 0.

22. We claim that there exist o > 0 and Cj > 1 such that for all y € QN {|y| < o}
there exists n € R™ such that:

(i) n - 0N contains the origin;
(ii) n -y belongs to {Ae; : A > 0};
(iii) || < Colgl-
We look for n = (n/,n"). If 5" is given, we can define ' by the equation

!/

n==9;— ;= n")e; (3.4.81)
and (i) is satisfied. Indeed the point z := 7; — 1" + o(7; — n")e; € 9Q and
n-z=n0+n"+9—n"+ oG —n")e; + QU i + o(¥; —n")e;) =0,
by (3.4.81).
We shall soon prove that the implicit equation
n'+y" + Q=g — e(d; — n")e; U + yje;) =0, (3.4.82)
has a solution n”. This ensures that the vector n = (1, n”) satisfies (ii). Indeed
n-y= (=g +n0" =@ —n"e;) - (9 + 9" +yje;)
=y 0"+ (v — (@ —n")e; + Q=G5 — (g5 — 1")ej. 4 + yje;),

which belongs to the j—th axis if and only if (3.4.82) holds.
We prove the existence of the solution 7”. First notice that by the bilinearity of

Q

Q=1 — @ —n")ej,v) = Q(— 45 —yie; + (yj — (@5 — ")) e, y)
= Q((y; — (@, —n"))esy)
= (y; — (@ — ") Qes, y)).

The map y' — Q(e;,y’) is linear and does not depend on y;). Thus equation (3.4.82)
is equivalent to the equation

W'y (v = ey —0")Qles, 7)) = 0. (3.4.83)
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We show that there exists o > 0 such that if y € Q and |y| < o then (3.4.83) has a
solution 1" satisfying
"] < 29;]. (3.4.84)
We use a fixed point argument. Letting F(n") = —y” — (y; — (¥ — n”))Q(ej,g);)
equation (3.4.83) becomes F(n") =n". Let D = {n € R" : |n| < Cy|y;|}. If we show
that for some Cy > 0 F(D) C D, then the continuous map F' has a fixed point by
Brouwer theorem. Indeed
[F")] < 1y +1QUes 91| (s — (@ — ")

<191 + Cl;1 (s | + 1351 + ")

< [g;1(1 +4C1y]) < 2141,
as soon as |y| < o = 1/(4C) (here the constant C' depends only on the surface).
Moreover by (3.4.81) and by (3.4.84)

'] = 19;| + (@5 — ") < 1551 + "] < 1951
This proves claim (iii).
23. We compute 7 by a left translation argument. Let ®(y) = y; — ¢(y;). The
parameters v at the point y = 0 are given by v; = X;®(0), i = 1,...,m. Then for any

point § = fj + gp(éj)ej belonging to the surface {® = 0} the parameters v; = v;(&) are
given by

vi(§) = (Xi®)(¢)

(33' + ) a(€)0n > = 1= (€)hp(&)) if i = j,

k>m k>m

(+qu ) &) = —0up(6) = Y an(€)hp(§)) Hfi<m, i# ]

k>m k>m

Let n € R™ be a vector relative to y as in the claims (i), (ii) and (iii) in 22. The
correct value of the parameters is given by the evaluation of the previous equation at
the point —n (this is because the point —7 is taken to the origin by the left translation
7). Define 7; = v;(—n). Set U = (4, ..., Ui, 0, ..., 0). We claim that

v — v S 19 (3.4.85)

If ¢ # j, by the Lipschitz continuity of ¢ and by claim (iii)

k=m+1
S 100(0) = dip(=i)l + Y Jaw(=n)] Ok ( =)
k=m-+1

S Al + 'l = Il < 195l
The estimate of the j—th component of v — v is even easier and we skip it.

24. Let ~y, be the curve starting from = = z;e; defined in (3.4.75) and let 7, be
the curve starting from y € ) defined for ¢ > 0 by

V() =y - (t0) = g5+t +yse; + " + QY tv),
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where 7 is the vector of parameters discussed above. We now construct a cone with
core . For A > 0let U(N\) = {h € R" : |h|| < A} and for ¢ > 0 define hy = (th', t*h").
Note that h; = t||h|| >~ d(v.(t),7:(0))[|R|. Finally let

() = g - () - b = g - (0 + b+ Qb B3 (0) - ho
= wxe; +tv+ hy +tQ(v, by) + Q(zje5,tv + hy).

25. We claim that there exist M > 0 and ¢ > 0 such that for all z = z;e; € Q
and for all y € Q such that |j;| < o there exists h € U()) such that v (Md(z,y)) =
v, (Md(z,y)). Here X is a parameter small enough to ensure that for all h € U(X\) "
is a John curve with constant A.

Equality 7, (t) = 72(t) reads

Uittr 4+ yje; +y" + QY ) = xje; + tv 4 hy +1Q(v, hy) 4 2;Q (e, tv + hy).

(3.4.86)

Projecting this equation along the coordinates of the first slice we get
Ui+t + yje; = xje; 4+ tv + th (3.4.87)

and the solution b’ satisfies |h/| < +{|¢;|+|y; — ;| +t|v—v|}. Replacing t = Md(z,y)
we find
951+ ly; — 5 _

M)

7] <
By the equivalence
. 172
d(z,y) = (=) -yl = |y — 5] + 5] + |y + Q(==5e, 9|, (3.4.88)
and by (3.4.85) we obtain for some absolute constant Cy
1
1] < OO(M - Q) (3.4.89)
as soon as |y;] < p.
We project now (3.4.86) along the coordinates of the second slice obtaining
Y +tQY,v) = hi +tQ(v, hy) + 2;Q(ej, tv + hy),
where h} = th' and h' satisfies (3.4.89). We deduce that
|7y < [y"]+ QY 2)| + Qv hy)| + 2;|Q(ej, tv + hy)l.
We estimate separately each term in the right hand side. By (3.4.88) and (3.4.79)
' < 19" + Q(=zje5, 95) + 1Q(—wse5,5)| < d(w,y)* + 25155 < d(x,9)?,
Moreover |Q(y',7)| < ¢| S d(x,y) and by (3.4.89)
1
IS Irl S (57 + o).
Q) < 1l S ¢35 + o
The vectors v and 7 are bounded. Finally, again by (3.4.79) z;|Q(e;, tv + h})| <
td(z,y). Then

1
|7y S d(x,y)? + td(a,y) + tQ(M n Q))
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and replacing t = Md(z,y) we finally get
1 1
h// < - _
which shows that ||h|| < A if M is great and p is small enough.

5. John domains in a group of step 3

In this section we study John domains in groups of step 3. In order to make
explicit computations we shall study the simplest Carnot group of step 3 whose Lie
algebra has the lowest dimension, which is 4.

Consider in R* the vector fields

1 1 1

X1 = 81 — 55(7283 — {E<LE11’2 + CYSC%) + 5%3}84,
1 r, ., «Q

Xg = 82 + 523163 + {E(xl + 04271.2132) — 51’3}64,
1

X3 = 83 + 5(1‘1 + OZI2)64

X4 = a47
where o € R is a real parameter. The commutation relations are
[X17X2] = X37 [X17X3] = X47 [X2a X3] - CV)(47

and all other commutators vanish. Thus, for any o € R the vector fields X, X, are
generators of a Lie algebra of differential operators in R* of step 3. It can be checked
that the following group law on R* makes X, X5, X5 and X, left invariant.

1
xT - y — (1’1 + y17$2 + y27a73 + y3 + §(l‘ly2 - m2y1)7

1
Ta+ Ys+ E{(yl + aya)(Tay1 — T1y2) + (v1 + awe)(T1y2 — xzyl)}

1
+ 5{(95193 — x3y1) + a(x2ys — yzilfg)}).

Notice that 7! = —z. Introduce the abbreviations
1 1
Q1($1, $2,$3) = —{E(%@ + al‘g) + 5953}
1 o
G2 (1, T2, T3) = {E(l’% +aryx2) — 59173} (3.5.90)
q3(x1, x2) = §($1 + axs),
and
1
Q3(1’179€27y17 y2) = §($1y2 - x2y1)
1
Qua(1,72,73,Y1, Y2, Y3) = 12 (Y1 + aya)(Tayn — 21y2) + (21 + axa)(T1Y2 — x2yl)}

1
+ 5{@193 — 23y1) + o(T2y3 — yot3) |,
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in such a way that
x -y = (T1+ Y1, T2 + Y2, T3 + Y3+ Qs(21, T2, Y1, Y2),
T4+ Y4 + Q4($17 T2, X3, Y1, Y2, 93))

We denote by d the Carnot-Carathéodory distance induced on R* by X; and X,
and by B(x,r) the open ball centered at z € R? with radius r > 0. Define also the
following homogeneous norm in R*

]l = Jwo] + o] + Ja|"2 + 2] 2.
By a standard argument it can be proved that
d(x,y) ~ |y (3.5.91)
Define the Box
Box(z,7) = {z-y € R*: |jy|| <r}. (3.5.92)
By (3.5.91) it follows that there exists ¢ > 1 such that for all x € R" and r > 0
Box(x,c 'r) C B(z,r) C Box(z, cr).

Let S C R* be a 3—dimensional surface of class C'. If z; € S there exists a
neighborhood U of zy in R* and there exists ® € C*(U;R) such that SNU = {x €
U:P(z) =0} and VO # 0 on SNU. A point z € SNU is said to be characteristic if
and only if X;®(z) = Xy®(z) = 0. From a geometric point of view this means that
X7 and X5 belong to the tangent spaces to .S at x.

DEFINITION 3.5.1. A characteristic point x € SNU is of first type if X3P (z) # 0,
is of second type if X3P(x) = 0.

If x € SNU is a characteristic point of second type then X;®(x) = 0,P(x) can
not be 0. Otherwise it would be X;® = --- = X,® = 0 at z and this is impossible
because V® # 0 and X1, ..., X, are independent at each point.

We are interested in expressing S in parametric form in a neighborhood of xg € S
after a translation that takes xg to the origin. Notice that x is a characteristic point
(of first, second type) of S if and only if 0 is a characteristic point (of first, second
type) of the translated surface zy* - S. Indeed, ®(z - ) = 0 is a local equation for
Ial -5 at 0 and since X1, X5, X3, X, are left invariant

Xj(é(l'()l')) :Xj(I)(ZL'Q), j = 1,...,4.

If ¢ is a characteristic point of second type there is only one possible parametriza-
tion of S in a neighborhood of xy: the variable x4y must be given in terms of the
variables x1, zo, x3. Such a choice of parametrization will be also possible in a neigh-
borhood of zy. Let € S be a point near xy and let now V C R* be a neighborhood
of 0. There exist D C R3 open neighborhood of 0 € R?® and ¢ € C*(D;R) such that

(z71-8) NV = {(y1,52,y3, 2(W1,92,43)) € R*: (y1,12,43) € D}.
Notice that ©(0) = 0. We say that ¢ is a local parametrization of S at = of second
type.

DEFINITION 3.5.2. A connected, bounded open set Q C R* is admissible if
(i) Q is of class C?;
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(ii) there exists k& > 0 such that for any xy, € 02 characteristic point of second
type there exists 4 C R* open neighborhood of zy such that if ® = 0 is a
local equation for 022 "YU then for all x € 90Q NU

]Xlzcb(:c)] + ]X22<I>(x)| + (X1 Xo + XoX1)P ()]
< (X0(@) [ 1Ko () [V 4 | Xy ().

REMARK 3.5.3. The needed flatness of 02 at characteristic points of first type is
guaranteed by the assumption that 9 is of class C?. Inequality (3.5.93) becomes
trivial as soon as we are away from the characteristic set of second type.

(3.5.93)

REMARK 3.5.4. The meaning of (3.5.93) near a characteristic point of the second
type can be clarified representing the surface in parametric form as follows. Let & = 0
be a local equation for 02 in a neighborhood of a characteristic point of second type
xo € 0. Take a point in Jf2 belonging to this neighborhood and assume without loss
of generality it is the origin. Assume that (3.5.93) holds. Since 0,®(0) = X,®(0) # 0,
by the implicit function Theorem there exist a neighborhood D of the origin in R3
and a function ¢ € C?(D) such that ¢(0) = 0 and (we write z = (w1, T2, x3))

O(z,p(x)) =0 forallz e D. (3.5.94)

If we apply the vector fields X;, Xy and X3 to identity (3.5.94) and evaluate the
expressions thus obtained at x = 0 we obtain

019(0) + 042(0)d10(0) = 0,
02®(0) + 04P(0)02(0) = 0,
932(0) + 022(0)I50(0) =0
Since 0, (0) # 0 we get
_10:2(0)] _10:2(0)] _ 039(0)]

Applying the second order operators X2, X3 and X; X, + X, X, to the identity
(3.5.94) and evaluating the expressions thus obtained at x = 0 we get
02D + [204D + 02D D10]01p + 0, P O2p = 0,
D3P + [2004® 4 97D Oap)Oop + 04 D30 = 0,
2812@ + [2824(13 + 82@ 82@]81@ + [2614@ + &fCI) 8190]82(,0 + 2(94@ (912@ =0.
All square brackets are bounded functions and 0,® is away from 0. Thus
|080(0)] < [072(0)] + |01p(0)],
|030(0)] < 103(0)] + [0260(0)],
|0120(0) < 1012%(0)] + [01p(0)] + [D260(0)] -
The signs “<” mean that the estimates are uniform in a neighborhood of the charac-
teristic points xy we are considering.
Now let z € R* and consider z — ®(z). Applying X;, Xo, X3, X7, X2 and
X1X5 4+ X5 X; to @ and evaluating at x = 0 we see that
X19(0) = 019(0), Xo®(0) = 0,P(0), X3P(0) = 9;9(0),
X7®(0) = 97®(0), X30(0) = 059(0), (X1 X5+ XpX1)®(0) = 20129(0).
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Using all these estimates, from (3.5.93) we deduce that the function ¢ which
parametrizes 0f) satisfies

1070(0)| + |030(0)] + [0%,0(0)| < k(|019(0)[12 + 920(0) [V + [050(0)),  (3.5.95)

where now & is a new constant that depends on k and that is uniform in a neighbor-
hood of the characteristic point of second type we are considering.
By Taylor formula with ¢(0) =0

©(y) =01p(0)y1 + Oap(0)y2 + D30(0)ys3
1 1
+ 58390(0)% + §3§¢(0)y§ + 950(0)y1y2 + O([ly]1*),

where ||y|| = |y1] + |y2| + |y3]*/2, and (3.5.93) implies (possibly with a new uniform
constant k)

lo(y) — O1(0)yr — Dop(0)y2 — D30(0)ys| <

< k(lyll” + (10100 + 1020(0)[/2 + 1050(0) ) (7 + v3))-
(3.5.96)

If 0 € 09 is a characteristic point of second type, i.e. J1p(0) = Da¢(0) = I30(0) = 0,
then (3.5.96) gives the growth condition |o(y)| < k||y||>. If this is not the case, then
a quadratic term (y? + y3) is admitted, but its coefficient must disappear in a way
controlled by |91¢|'2 + [0a|*/? + |05¢p|. The constant k should be uniform.

THEOREM 3.5.5. If Q C R* is an admissible domain then it is a John domain in
(R, d).

Proof. We shall construct “canonical” John curves starting from points near the
boundary 9€). The proof will be split in several numbered small steps.
1. Fix a point zy € 99, let U C R* be a neighborhood of xy and let ® € C?(U;R)
be a local equation for 02 NU. We shall distinguish three cases:
(C1) X1P(z0) = Xo®P(z0) = 0, and X3P(xg) # 0 (z0 is a characteristic point of
first type);
(C2) X1P(xg) = Xo®(xg) = X3P(29) = 0 (29 is a characteristic point of second
type);
(C3) | X1P(x0)| + | Xa®P(z0)| > 0 (x is a non characteristic point of 9Q);

2. Case 1. After a translation 0 € 9€) can be assumed to be near xy. Thus,
in a neighborhood of 0 the surface 02 admits a parametrization of first type, i.e.
there exists a function ¢ = ©(y1, 92, y4) of class C? such that p(0) = 0 and we have

0 = {ys = ©(y1, Y2, y4)}. Define
v
vy = —3190(0), Vo = —02S0(0)7 V= (Vl,VQ), Ni=—, Ny =—

and if v = 0 simply set N; = Ny = 0. Moreover let 1(y) = ©(y) + v1y1 + vaye. Then,
using a Taylor expansion for ¢(y) we have

W) = [@(y) + iy + vaya] < v2 + 42 + |yl (3.5.97)

Consider now a point z = (0,0,23,0) € Q with 0 < x3 < 1. We shall define a
continuous path « : [0,1] — € such that v(0) = x and dist(y(t); 9Q) > Ad(y(t), z)
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for all t € [0,1] and for some A > 0 depending only on 2. The path will be made by
two pieces.
3. First piece. Let 0 > 0 and define ¢; = o|v|. For t € [0,¢;] we define
’y(t) = (O, O, I3, 0) : (tNl, tNQ, 07 0)

Notice that d(vy(t),z) ~ t.

4. We claim that there exist 0 < o, A\ < 1 absolute constants such that for all
t <1ty

Box(y(t), At) C . (3.5.98)

Condition (3.5.98) is equivalent to the John property for « in this first piece. The
first piece is trivial if ¥ = 0. Points in Box(7y(¢), At) are of the form

v(t) - h =1(0,0,23,0) - (tN1,tN3,0,0) - (hy, ho, hs, hy)
= (0,0,23,0) - (tN1 + h1,tNy + ho, hs + Q3(t N1, tNa, hy, h),
yhy + Q4(tNy,tN2, 0, hy, ho, h3))
= (tNl + h1,tNay + ha, x5 + hg + Q3(t N1, tN2, hy, ha),
yha + Qu(tN1,tNo, 0, hy, ho, hs3)
+Qa(0,0, 23, Ny + hy, tNy + g, hs + Qa(tN1, Ny, by, h2))>

with h = (hl, hg, hg,h4) and ||h|| S L.
Now, v(t) - h € § provided that (recall that ¢(z) = —1v121 — 1229 + ¥(2))

w3+hs + Q3(tN1,tN2, hi, ho) > —v1(tNy + hy) — va(tNy + ho)+
+ ¢<tN1 + 1, t Ny + ho, hy + Q4(tN1, N2, 0, by, hy, h3) (3.5.99)

—I— Q4(0, O, ZL‘3,tN1 —f- hl,tNQ + hg, h3 —I— Qg(tNl, tNQ, hl, hg)))
Since v1 N1 + 15Ny = |v| last inequality is guaranteed by
x3 + [v[t > [hy||n]| + [hol|ve| + |hs] 4 |Q3(t N1, tNa, by, ho)| + [¢0(2)],

where z = (z1, 22, 24) denotes the argument of ¢ in (3.5.99). Note that |h||v1] +
|ho||va] < Alv|t and this term can be absorbed in the left hand side if A is small.
Moreover |hs| < At? and |Q3(t Ny, t Ny, hy, hy)| < At?. Then, in order to prove inclusion
(3.5.98) it will be enough to show that

eo(s + [v[t) > M + [1(2)]

for some g5 > 0 small but absolute. We estimate z;, z; and z4. Clearly, |z =
[tN1 + hi| St and |z9] = [tNg + ho| < t. Moreover,

|24 = [hy + Qu(tN1, tN2, 0, b, ho, hig)
—f- Q4(0, 0,1’3, tNl —I— hl, tNQ —I— hg, h3 + Qg(tNl,tNQ, hl, hg))‘
<A+ ast

because Q4(0,0, x3,&1,82,&3) = 1/2{(—2381) + a(=&x3)}.
Thus by (3.5.97)

[W(2)] S 2+ 25 + |2 S8+ M+ wgt = 8 + gt
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because M\t < 2 (we assume ¢ < 1).
We finally have to prove the inequality
eo(xs + |v|t) > 2 + ast, (3.5.100)
which holds if ¢t < o|v| with o > 0 small depending only on © (we used z3t < z3ov <
o).
5. Second piece. From now up to the end of Case 1, t; = o|v| will be fixed. For
t > t; define
fY(t) = (07 07 I3, 0) : (thh t1N27t - tla O>7
and note that d(y(t),z) ~t; + (t — t;)"/2. Write b = (t — t)"/? and 6(¢) = t; + b.
6. We claim that there exists a positive A < 1 such that for all t; <t <1

Box(v(t), \(t)) € Q. (3.5.101)

Condition (3.5.101) is equivalent to the John property for v in its second piece.
Points in Box(y(t), Ad(t)) have the form

/y(t) ' h = <O’ 0756370) : (t1N17t1N27b270) . (hla h17 h37 h4)
= (t1N1, 11Ny, 25+ 0%, Q4(0,0, 3, £y Ny, £y N, b)) - (ha, ha, s, ha)

= <t1N1 + hi,ti Ny + hg, 23 + b% 4 hs + Q3(t, Ny, 1Ny, hy, hy),

,Q4(0,0, 23,1 Ny, ty No, b%) + hy + Qa(t1 N1, t1 No, 23 + b*, hy, ho, h3)>7
with h = (hy, ha, hs, hs) and ||h]| < A§(t). Now, v(¢) - h € Q provided that
23+b” + hy + Q3(t1 N1, t1Na, ha, ha) > —vi(t1N1 + hy) — va(t1 Ny + ho)

+ ¢(t1N1 + hi, t1Na + ho, Qa(0,0, 23,1 Ny, £y No, b) + hy (3.5.102)

+ Qa(t1 N1, 1Ny, w3 + b7, ha, h, h3)>,
which is implied by
tilv| + x5+ 6% > (||| + [vo|[ho] + [hg| + Q3 (t1 N1, t1 N, b, ho)| + [(2)], (3.5.103)

where z = (21, 22, z4) is the argument of ¢ in (3.5.102). In order to prove (3.5.103)
note that |v||hy| + |v2||he| S A|p|6(t) >~ Av|t; + A|v|b. The term A|v|t; can be put in
the left hand side. Moreover |hz| < \0?(t) S M2 + Ab? and |Q3(t1 Ny, t1 No, hy, ha)| <
A0 (1) < A2+ Ab2. The term Ab? can also be absorbed in the left hand side.

Claim (3.5.101) will be proved if we show that for some uniform constant ¢4 > 0
and for t; <t <1

We estimate 21, 29 and z4. First of all |z1] = [t1N7 + hy| St + AN(t) St + Ab
and the same estimate holds for |z3|. Moreover, writing 0 instead of §(t)

24| = ‘Q4(0, 0,23, t1 N1, t1 No, b*) + hy + Qu(t1 N1, t1 No, w3 + b*, by, ha, h3)‘
< asty + AP+ MI6 + A0? + Az + b%)§
~ a3ty + Aty + b)) + MG (4 + b) + My (t + 0)% + Mas + 0%) (¢ + b)
~ gty + MDA+ AV 4 Axsty 4+ Axsh &~ waty + M+ AP+ Aasb.
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Then by (3.5.97)
[W(2)| S 21l + |22l® + |2a] <4+ AP + maty + M+ XD + Aazb.
Thus (3.5.104) is implied by
eo(t1|v] + a3 + %) > AMy|b+ ] + A0° + a3ty + At + A + Aasb
~ Ny|b+ 15 + \b° + 23ty + Ab° + Az3h.

Inequality (3.5.105) holds for b = 0. This has been proved in (3.5.100) with ¢ = ¢;.
Taking a smaller constant in the left hand side of (3.5.100) we can assert that
(3.5.105) is guaranteed by

co(tL|v] 4+ 3 + b%) > Av|b + Ab? + \b® 4 Aasb. (3.5.106)

(3.5.105)

We can estimate the right hand side using |v| < 1 and b < 1 getting
AM|v|b+ 6% 4+ b° + 230) < A(|v)* +b* + 23).
Recalling now that ¢; = o|v| inequality (3.5.106) is proved.

7. Case 2. Let zy € 0f) be a characteristic point of second type. After a
translation we can assume that 0 € 0€) is near xy. Thus, in a neighborhood of 0
the surface 0€) admits a parametrization of second type, i.e. there exists a function
© = o(y1,y2,y3) of class C? such that »(0) = 0 and in a neighborhood of 0 we have

aQ = {y4 - 90<y1a y27y3)}' Deﬁne
v = —81%0(0)7 Vo = —(9290(0)7 V3 = —3390(0)7 V= (Vh V2),

Nl - ﬂ) N2 = ﬁa N3 = ﬁ = Sgn(y3).
V| V| |vs]

If v =0 simply set Ny = Ny = 0. If v3 = 0 set N3 = 0. Moreover let ¥(y) =
©(y) + 11y1 + veys + v3ys. By (3.5.96) ¢ satisfies the following growth condition

@) S Myl + (w2 + s (yE + y2). (3.5.107)

We shall now construct the John curve starting from z = x4e4. Without loss of
generality (the map z +— z + ey, p € R is a left translation) assume that x = 0 €
0. We have to define a continuous path v : [0,1] — Q such that v(0) = 0 and
dist(y(t); 092) > Ad(~(t),0) for all ¢ € [0, 1] and for some A > 0 depending only on €.
We split the path in three pieces.

8. First piece. For o > 0 let

t —Umin{fuflﬂ,%}, (3.5.108)
3

and if ¢ € [0,¢;] define
v(t) = (Nit, Nat, 0,0).

Note that d(~(t),0) = t.
9. We claim that there exist positive constants o, A < 1 such that for all ¢ € [0, ¢;]
the following John property holds

Box(y(t), At) C €. (3.5.109)
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Points in Box(7y(t), At) are of the form
v(t) - h = (Nyt, Nat, 0,0) - (hy, he, hs, hy)
= (N1t + hy, Not + ho, hs + Q3(Nit, Nat, hy, hs),
,hy + Q4(Nit, Not, 0, hy, ho, h3)),
with h = (hq, ho, h3, hy) and ||h]| < At. Now, y(t) - h € Q if
hy + Qa(Nit, Not, 0, hy, ho, hy) > — v1(Nit + hy) — va(Not + he)
— v3(h3 + Q3(N1t, Not, hy, ho))
+ ¢ (N1t + hy, Not + hg, hs 4+ Q3(Nit, Not, by, hy)),
which is implied by
vt = [allha] + |vallho| + [vs]|hs] + |vs||Qs(N1t, Nat, by, ho))|
+ |t (N1t + ha, Not + ho, by + Qs(Nit, Nat, hy, hs))]| (3.5.110)
+ [ha| + |Qa(N1t, Not, 0, by, ha, hs)|.

Recall that ’Vthly + ‘Z/QHhQ‘ S )\‘I/lt, ’hg‘ S )\tQ, ’Qg(Nlt,Ngt, hl,hg)’ S )\t2, ‘h4’ §
A3 and |Q4(Nit, Not, 0, hy, ho, hg)| < A2, If 2 = (21, 29, 23) is the argument of ¢ in
(3.5.110) then we get

Ilz]| = [|(N1t 4 hy, Not + ho, hg + Q3(N1it, Not, hy, ho))|| St + Mt~ ¢,
and by (3.5.107)
[ S 2P+ (W2 + ) (e + 23) < 8+ (]2 + w2
We finally get the following inequality which is stronger than (3.5.110)
solv|t > At + Mus|t? + 2 + (v + |vs))E2,

where €y < 1 is an absolute constant. Dividing by ¢ we have to show that for some
g >0

colv] > % + ([v|V% + |us)t. (3.5.111)

(Alv| has been absorbed in the left hand side). It will be enough to determine all ¢
that solve the following two inequalities

t? < eolv| and t(|v|V% + |vs]) < eolv.
The first one gives t < go|v|'/? and the second one is consequently solved by t|vs| <
go|v|. Claim (3.5.109) is proved if ¢; is as in (3.5.108) for a small absolute constant
o>0.

10. Second piece. From now on ¢; is fixed as in (3.5.108). For n > 0 let
ty = nmax{|v|, [s3]*}, (3.5.112)
and if ¢ € [ty, 1, + to] define
v(t) = (t1N1,t1No, (t — t1) N3, 0).

Notice that
5(t) ==ty + (t — t1)Y2 ~ d(y(1),0). (3.5.113)
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If v3 = 0, then the third piece is trivial. In the sequel we shall sometimes write §
instead of §(t). Moreover, let b= (t —t,)"/2.

11. We claim that there exist positive constants 1, A\ < 1 such that for all ¢ €
[t1,t1 + to] the following John property for ~ holds

Box(v(t), Ao (t)) C Q. (3.5.114)
Points in Box(y(t), Ad) are of the form
Y(t) - b= (t1N1,t1No, (t — t1) N3, 0) - (hy, ho, b3, hy)
= (t1N1 + hy, tyNo + hy, (t — t1) N3 + ha + Q3(t1 N1, 1 Na, hy, hy),
s hy 4 Qu(ti Ny, ti No, (t — 1) N3, by, ho, b)),
with h = (hq, ha, hs, hy) and ||| < Xd. Now, v(t) - h € Q if
ha + Qu(tr Ny, 11 N, b2 1y, hg, hg) > —vn(ti Ny + hy) — va(t:Na + ho)
— v3(b* N3 + hy + Q3(ti N1, t1 No, ha, ha))
+ (81 N1 + hy, 1Ny + ha, b* Ny + hs 4+ Qs(t1N1, 1 Na, by, b)),
which is implied by
it + |vs|b® > |ha| + |Qa(ti N1, t1 Noy t — ty, ha, ha, h3)|
+ [va|[ha| + [va | ha| + [l hs| + [vs]|Qs(t1 N1, 1 Na, o, ho)
+ [ (£1 N1 + ha, 1 No + ho, 8 N3 + hs + Q3(t N1, t1Na, by, h(z?z)!).m)

We estimate now the right hand side: |hy] < A3, |Q4(t1 N1, t1 Ny, b2, hy, ha, h3)| <
)\53 + b2)\5 ~ )\53, |I/1||h1| + |I/2||h2| S )\|l/|5, |h3| S )\52 and |Q3(t1N1,t1N2, hl, h2)| S
A6 < A2

Let z = (z1, 22, 23) be the argument of ¢ in (3.5.115). Then |z| = [t; N1 + hq| <
t1 + A0 and analogously |z3| < t1 + AJ. Moreover, as b < §

(21, 22, 23)|| = [[(t1 N1 + h1,t1 Na + ho, b* N3 + hg + Q3(t1 Ny, t1 Na, hy, hs)||
Mt A A b N F (BA)YE ity + AT+ b~ 6.
This furnishes
[(2)] S 0%+ (WY + [ws]) (t2 + A0)?
SO+ [ 4 A 20 + [sft] + Alvs]d®,
and (3.5.115) is guaranteed by

Wty + |vs|b® > A0 + Mp|6 + Aws|6% + 6% + [v]V282 + Mpv|V262 + |us|t? + A|vs|02
(3.5.116)

Replacing 6 = t; + b we get
so(|v]ty + |v5|b?) > (8 +)® + Apv|(ts + ) + Nvs|(t, 4+ b)% + |v|Y/?43
+ M|Vt + b)% + |ws|t2,
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where ¢ is a small but absolute constant. Possibly changing ¢, it will be enough to
show that

co([v|ty + [ps]b?) > 8 + 0% + ||ty + Av|b + Mws|t] + A|vs|b?
+ U282 4 A2 M|V A st
Now, A|v|t; and A|vs|b? can be absorbed in the left hand side, and A|vs|t? + |v3|t? ~
|vs|t2. Then
co(|v|ts + [ps|b?) > £ + 0% 4+ Ap|b + |vs|t? + |02 + Nv|Y202. (3.5.117)
Inequality (3.5.117) holds with b = 0 by (3.5.111) with ¢ = ;. It will be enough
to show that
co(|v|ty + |vs|b?) > b 4+ Ajv|b + Av|V202. (3.5.118)
12. In order to prove (3.5.118) the following two cases must be distinguished:
(2A) [vs| < |v|*/%;
(2B) |us| > [v]'/2.
13. Case 2A. In this case t; = o|v|'/? and (3.5.118) becomes (with a smaller &)
so(|v % + |vs|b?) > b2 + A |b+ A|v|Y/202.

By the trivial estimate |v53]b? > 0 and letting A = 1 in the right hand side we get the
stronger inequality

olv? > b3 4 |v|b + v 2b2,
Setting b = |v|'/2a (this can be done because in Case 2A it should be v # 0) we
find &g > a® + a* + a which holds for all 0 < a < ag. Then (3.5.118) holds for all
0 < b < aplv|'/? and consequently our claim (3.5.114) holds for all ¢ < t; + a2|v|.

14. Case 2B. Here t; = o|v|/|vs|. The term A|v|'/2b% in the right hand side of
(3.5.118) is less than £o|v3|b* and can be absorbed in the left hand side. Then we get
the inequality (with a possibly smaller &)

2
50(ﬂ + |1/3]b2) > b 4+ Allb
]
that is
eo([V]” + [vs*b*) > b [vs| + Alv][ws]b.

Now, Alv||s|b < 3|v|* + 3|vs|?b? and both these terms can be absorbed in the left
hand side if X is suitable. Thus it suffices to solve

eo([V]” + [us[*6%) > 07|y

Setting |v| = 0 we find b < gg|vs| which gives the correct choice ty = €2|vs)?, as
declared in (3.5.112). Claim (3.5.114) is proved in Case 2B too.

15. Third piece. From now on t, is fixed as in (3.5.112). If ¢ > ¢; + t5 define
v(t) = (t1N1,t1 No, ta N3, t — (11 + t3)),
and notice that
3(t) ==t + 1 + (t — (t + 1)) = d(~(1),0).

As before we shall sometimes write  instead of §(t). Moreover, let a = (t—(t;+t5))'/3.
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16. We claim that there exists A < 1 such that the following John property for v
holds for all t; +t, <t <1

Box(y(t), Ad(t)) C €. (3.5.119)
Points in Box(y(t), Ad(t)) are of the form

Y(t) - h = (t1 N1, t1 N2, t2N3, a%) - (hy, ho, by, hy)
= (1N + b N+ hg, 12Ny + g + Qu(ti Ny, 1N, B, o),
a® 4 hy 4+ Qu(t1 N1, t1N3, ta N3, hy, ho, h3>)7
where h = (hq, ho, h3, hy) and ||h]| < X0. Now, v(t) - h € Q if
a® + hy 4+ Qu(t1 N1, t1 No, ta Ny, hy, ho, hs) > —v1 (N1 + hy) — va(ti Na + ho)
— v3(taNs + hs + Q3(ti Ny, t1 Na, ha, hy))
+ |¢(t1N1 + h1,t1Na + ha, toN3 + hs + Q3(t1 N1, t1Na, by, ha)) {
As usual we find the stronger inequality
|ty + [vslta + a® > |ha] 4 |Qu(ti N1, t1 Ny, t2 N3, hy, by, hs))
+ [t ||| + [vallha| + [vs]|hs| + [vs]|Qs(t1 Ny, 1 Na, b, ha))|
+ |W(t1 N1 + hy, tiNo + ha, taN3 + hs + Q3(t1 N1, t1Na, ha, ha))).

In the right hand side we can estimate |hy4|, |Q4| < A3, |v1||h1] + |va|lha] < A6,
’h3| S )\62 and |Q3(t1N1,t1N2,h1,h2)| S )\tld ,S )\52
Let z = (z1, 22, 23) be the argument of ¢. Then |z;| = |[t; N1 + hq| < ¢ + A0 and
|z2] <1 + Ad. Moreover
|z]] = ||(¢1N1 + ha,taNy + ho, taNs + hsg + Qs(t1 N1, t1 Na, by, ho))||
<t + A8+ 7 A+ (A2 =ty + A6+ 1)

2
By (3.5.107)
[W(2)] < Nl2)1* + (w2 + |vs]) (=7 + 23)
< (b 87 4+ 200+ (]2 + Jvs]) (1 + A0)?
13 57 AP 2|V + Bls| + Alv]20% + Aws|82.
Ultimately we have to show that

eo(t1|v] + ta|vs| + @) = A8 + Aw|6 + Aws|6% + 3 + £/

+ 2|2 + | + Np|H26%
Notice that |v|'/26% < 1(|v|§ + 6) and thus the term A|v|'/26? in the right hand side
can be deleted. Now, writing § = ¢; + t;ﬂ + a we get

eo(ti|v] + talvs| + a®) > A + MY 4+ Aa® + Avlty + M|ty + Mvla + A|vs| 2

+ Nwslts + Alwsla® + 6 + 65 + B2 + Bus|,
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and letting absorbe A|v|t;, Alus|te and Aa® by the left hand side we find the stronger
inequality

co(ta|v] + tolvs| + a®) > £ + 5% + Ap|t)? + A|v|a

+ Mus|a® + 2|2 4 £2|vs).

Such inequality holds if a = 0 (let ? = ¢, in (3.5.117)). Thus it will be enough to
prove that for a small but absolute constant g

eo(t1|v| + ta|vs| + a®) > Av|a + A|vs|a®, (3.5.120)
for all @ > 0.
We distinguish Case 2A and Case 2B.

17. Case 2A. In this case |v3| < |[v|'/2, t; = o|v|'/? and ty = n|v|. Using ta|vs| > 0
in the left hand side of (3.5.120), replacing t; = o|v|'/? and using also |v3| < |v|'/? in
the right hand side we get the stronger inequality

eo([v[** + a®) 2 Mlvla + |v|"2a?)
which holds because 3 and 3/2 are Holder conjugate exponents.

18. Case 2B. Here |v3| > |v|'/2, t; = ol|v|/|vs] and to = n|vs|?. in the left hand
side of (3.5.120) we use #;|v| > 0 and put 5 = n|rs/®. In the right hand side we
estimate |v| < |v2]. Thus we find the stronger inequality

co(|s + a®) > MwsPa + A|vs|a?,
which holds for all ¢ > 0.
19. Case 3. This is the non characteristic case and can be analyzed as in Theorem

3.4.2.
U

ExAMPLE 3.5.6. Using Theorem 3.5.5 we construct an example of John domain
Q0 C R* with respect to the metric structure of the group of step 3 considered in
section 5. Let g € C*(0,1) N C([0,1]) be a function such that

(t) = 1—tY% if0<t<1/4,
TW=Ya - if3a<t<1.

Such a function can be chosen with the additional property ¢'(¢t) > 0 for all t € (0,1).
Let

N(zy1, 79, 73) = (2] + 23)° + 5,
and define the open set
Q= {z eR*: |zy4| < g(N(z1,29,73))}. (3.5.121)

We notice that if N(x1,zq,23) > 3/4 then 99 has equation (23 4+ 23)® + 25 + 2} = 1.
If N(x1,72,73) < 1/4 then 9 has equation |xy| + [(22 4+ 22)8 4+ 2§]'/* = 1. Therefore
the boundary 9 is globally of class C* and is of class C? where N(zy,xs,23) # 0.
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We show that the points (0,0,0,£1) € 092 are the only characteristic points of
second type of ). Indeed, let (I)(ZL'l,.Z'Q,.Ig, xy) = g(N(x)) — x4 and compute

(N
X1®(z) = g'(N(2)) XN () — g1 ()
Xo®(z) = g'(N(2)) XoN () — ga()
O(z) = g'(N(2)) XsN(z) — g5(x),
Whgzre q1, ¢2 and g3 are defined in (3.5.90). We have x1q1(x) 4+ 22¢2(z) = —x3q3(x)
X N (z) = 1221 (2 + 23)° — 32923
XoN(z) = 1225(2F + 3)° + 3123,

and thus 1 X, N (z) + 2o XoN(z) = 12(23 + 23)%. Then
11 X0 + 15 Xo® = ¢/ (N (2))12(23 + 23)° + w3¢3 = 0,

but
13X3® = ¢'(N(2))625 — z3¢3() = 0,

and summing up the last two equations we finally get
g (N(z))(12(2F + 23)° + 625) =0,

which implies x1 = 29 = 23 = 0, as ¢'(N(z)) # 0.
In order to apply Theorem 3.5.5 we have to check that, letting ®(z) = N(z)/*—x,,
there exists a constant £ > 0 such that

IX20| + | X20| + |(X1.X, + X0 X1)®| < k(| X1 9Y2 + | Xo® Y2 + | X;3))

for all x € 0 such that 0 < N(z) < 1/4. We note that away from the origin
the function ® is smooth and moreover it is homogeneous of degree 3 with respect
to the dilations (z1, 2, z3,74) — (Az1, ATo, A\2w3, A324). Then the derivatives X;®
and X,® are homogeneous of degree 2 and their square roots | X;®|'/? and | X,®|/?
are homogeneous of degree 1. Analogously, X?®, X2®, X3® and (X, X, + X5 X,)®,
being derivatives of degree 2, are homogeneous of degree 1. Then the function H =
H(x1, %9, 23) defined by

|X12<I>| + |X22<I>| + (X1 Xo + X0 X1)D|

H—
| X1®[1/2 + | X, @12 4 | X530

is homogeneous of degree 0. We showed above that |X;®(z)|"/? + |Xo®(2)|Y/? +
| X3®(z)| > 0 for all N(z) > 0, and thus by the 0—homogeneity

sup  H(z)= max H(z) =k < +oc.
0<N(x)<1/4 N(z)=1/4
6. Trace theorem for Hormander vector fields

In this section we prove the trace theorem for Hérmander vector fields. We begin
with some Lemmata.
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LEMMA 3.6.1. Let 2 C R™ be an open set with C* boundary. Let K C OS2 be a
compact set of non characteristic points with respect to the vector fields X1, ..., X,, €
C>(R",R") satisfying the Hormander condition. If u = H" 1199, then there exist
ro >0, 0 < my; < my such that

B B
W BED B
r r
for all z € K and for all 0 < 1r < rg.

(3.6.122)

Proof. In view of Lemma 3.2.2 and Remark 3.2.3 X1, ..., X}, can be assumed to
be of the form (3.2.25) and K C 9Q C {(z,t) € R"! xR : t = 0}. The Lemma
follows from (ii) and (iii) in Theorem 1.6.10. O

Next, we recall Hardy inequality.
PROPOSITION 3.6.2. Let 0 < r < +oo. If1 <p < oo and if f € LP(0,r) then

/ /|f !dw dt< /yf )P da. (3.6.123)

Finally, we need the following formula for integration of “radial functions”.

LEMMA 3.6.3. Let d : R™ — [0,00) be a Lipschitz function such that |[{x € R™ :
d(z) < A} = o)A@ for some Q > 0, 0 > 0, for all A > 0, and |Vd(x)| # 0 for a.e.
x € R". Then .

/ o(d(x))dx = UQ/ ©(M)ACTdN (3.6.124)
{d(z)<r} 0

for all measurable functions ¢ >0, r > 0.

Proof. For € > 0 let g.(x) = X{jvaj>e}(x) and by the coarea formula write

() dx—/gor/ H"l()r
/{d(x)<)\} {d(x)=r} |Vd

Since H" '({d(z) = r} N{Vd(z) = 0}) = 0 for a.e. 7 > 0, by monotone convergence

we get
A
1
o(d(x dx:/gor/ dH" () dr,
/{d(:c)<>\} (d(@)) 0 ) (d)=r} |Vd(z)] (@)

for all A > 0. Choosing ¢ = 1 we find

A
1
o9 = [{z e R": d(z) < A _// ———dH" () dr,
1 (@) J 0 J{d(z)=r} (Vd(z)| (@)

and taking the derivative we obtain for a.e. A >0

1
cQN\ = / dH" (),
{d(z)=)\} |Vd(z)] (@)

which gives the proof. U

We are now ready to prove the main theorem of this section. In the next theorem
X = (X1, ..., X;) is a system of Hérmander vector fields of the form 3.2.25 and d is
the induced C-C metric on R™. We shall write (z,t) € R"! x R and for the sake of
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simplicity we contract the notation writing x = (z,0). Let = H" 'L{t = 0} be the
Lebesgue measure on R,

THEOREM 3.64. Let 1 <p<o0,s=1-— % and let U C R be a bounded open
set. If X\ > 0 and ty > 0 there exist C' > 0 and 69 > 0, such that

lu(z,0) — u(y,0)|P dedy .
/ A, ) (Bl d(z,9))) = / [ Xu(w,t)P dedt  (3.6.125)

UxUN{d(z,y) <50} Uxx(0,t0)

for all u € CH Uy x (0,t0)) NC Uy x [0,t0)), where Uy = {y € R*! : dist(y,U) < A\}.

Proof. Let U C €y for some bounded open set g C R™ and let £ € N be the
minimal length of the commutators which ensures the Hormander condition on 2.
Fix ro > 0 and 0 < a < b by Theorem 1.6.10. Define

/ lu(z,0) — u(y, 0)|
Uxtn{d(zy)<so} AT, y)Pu(B(z, d(x,y)))

Let Z be the set of the multi-indices I defined in chapter 1, section 6, subsection 6.3
and write

’u(xa 0) - U(y, O)’p
N(p,oo;U) =
(,d0;t4) / d / A2,y u(Bla, d(z, y))
u UN{d(z,y)<do} |( 0) ( O)|pd
u\zr, —uly, Y
< dx /

2:/ (@, )P u(B(x, d(w,y)))  (3:6:120)

UNA(z)N{d(z,y)<d0}

- Z/ff(x) dz,

IeT 7,

N(p,do;U) =

dxdy.

where f7 is defined by the last equality and we introduced the annulus
(@) = {y € R : I\ ()] 2d(, y) /)
1
> 2 d(J)}'
2 5 max|A;s(2)|(2d(z, y)/a)

Fix g < arg/2. By Theorem 1.6.10 the map y = ®;,(h) is one-to-one on the
set {h € R : |h|; < (2b/a)d(x,y)} where §j € Aj(x) is such that d(z,y) =
min{dy, maxyca, () d(x,y)} (the condition d(x,y) < dp amounts to 2d(x,y)/a < 7o
and ensures that Theorem 1.6.10 can be applied), and moreover ®;,.({h € R""! :
|kl < (2b/a)d(z,5)}) D B(x,2d(x,7)) D As(z). By the same theorem statement
(iif)
B(a, 2d(z,)) © @r0({h € R : [Al; < (2b/a)d(z.y)})
¢ Blx,2d(z,y) /a)

for all y € A;(z) and d(z,y) < 6o, i.e. 2d(z,y)/a < ry. Thus

2b 2
[hlr < —d(w, Dr.(h)) < —d0 < bro. (3.6.127)
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Set Hpgs,(x) = @, (U N Ar(z) N {d(z,y) < d}). Thus, by the first inequality of
(3.6.127),

0(,0) — u(®14 (1), 0" |Jy®y.0(h)
() < C Sl £ SAWIpN 6.
fil@) < /HI,W) R 4Bz, CIRlD) (3.6.128)

Note that (1.6.72) furnishes the estimate u(B(x, C|h|;)) > C|A(2)||h]*D. Letting
n = 2bdy/a and recalling that |J, @y (k)| ~ |Ar(z)| from (3.6.126) and (3.6.128) we
get

u(q)l :E(h), O)’p
;é; {Irlr<n} ”hM? +d(I) ( )
3.6.129
:Cz / W/’u(xao) _u(q)f,x(h),oﬂpdx,
€T oy 1T

If I = (i1,...,in—1) and |h]; < 1 set z(z) = x and define 2z (z) = [[}_, expr(h;Yi;)(2)
for K =1,...,n — 1, in such a way that z,_1(x) = ®;,(h). Thus, fixed a constant X,
0< N <A

/\uaj 0) — u(Pr.(h),0)P dx

< CZ/MW(ZH@),O) ~ u(en(x), )P da

< CZ/ HeXpT (),0) (3.6.130)

-1

—u ( expr(lY;,) H expp(h;Yi;)(z), 0) ’P dx

j=1

< CZ u(€,0) — u(expr(hiYi,)(€), 0)|” d,

W

where in each integral we performed the change of variable £ = z,_1(z) which has
Jacobian greater than a positive constant. Moreover, & € Uy if p is small enough.
Then, we have to estimate a finite number of integrals of the form

/u fu(,0) — ulexpp(H(R)Y)(x), 0) P de,

with d(Y) < k and [t(h)|"?Y) < |h|;. By Lemma 1.6.12 we can write exp;(tY) =
P Se (@t 1 X)) with oy € {1,2}, 7, € {~1,1}, 1 < ¢; < k, p less than an

absolute constant and 57, 53 as in (1.6.73). With triangle inequalities and changes of
variable quite similar to the ones in (3.6.130) we are led to the estimate of integrals
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of one of the two types
| tulexplaltmP 7)), 0) - ula, 0)pds or
Uys

[u(exp(glt(h)[V) (7 X; + T))(2),0) — u(w,0)Pdz,
Uy
with j =1,...,m—1,1 < ¢ < kand [t(h)|"/¥Y) < |h|;. If we consider, for instance, an
integral of the second type with 7 = 1 the computation in (3.6.129) can be concluded
in the following way (recall that ps +d(I) =p—1+d(I)):
dh
o | Il T, 0) ol 0
{Inlr<ny ’

(3.6.131)

klhlz
dh )
W/( / |Xu(exp(t(Xj+T))(I,O)|dt> ”
I
Z’{A/ 0

Il <n}
klh|r

C / IIhIIS%”)(/ </|Xu(exp(t(Xj+T))(x,0)|pdx>;dt>p

{Irlr<n} 0 Uy
kn r

~- C / %( / ( / |Xu(exp(t(Xj+T))(:U,0)|pdx>;dt>p

0 0 Uy

< c / /u Xu(exp(t(X; + T))(x, 0) da dt.

We used the Minkowski inequality, formula (3.6.124) and Hardy inequality (3.6.123).
Finally, write exp(¢(X; +7'))(x,0) = ©(z,t) and perform the change of variable
(&,7) = O(x,t). Since O(z,0) = (z,0) then

00(x,t) - (Ino_l Xj(f,0)>

Ox0ot
and thus © is a change of variable on the rectangle Uy x (0, gy), where gy is suitably
small. Choosing 0y small we obtain kn < gg and O(x,t) € Uy, x (0,tp) for all (z,t) €
Uy % (0,kn). Then

/ | Xu(O(z,t))P dedt < C/ | Xu(&, 7)|P dédr.
Uy x(0,kn)

Uxx(0,to0)

Integrals of the first type in (3.6.131) can be treated in the same way and the
proof of the Theorem is concluded. O

COROLLARY 3.6.5. Let Xy, ..., X,, € C®(R™; R"™) satisfy the Hormander condition
and let @ C R™ be a bounded open set with OS2 of class C* and non characteristic.

Letl<p<ooands=1-— %. There exist constants C, 09 > 0 such that

|u(z) — u(y) P dp(z)dp(y) .
d(w, y)P*u(B(z, d(z,y))) SCQ/\XU(JI)I d

OO x00N{d(z,y)<do}
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for all u € CH(Q) N C(Q), where pp = H* 1L O9N.

Proof. The proof follows from Theorem 3.6.4 using a standard covering argument,
Lemma 3.2.2 and Remark 3.2.3. U

ExXAMPLE 3.6.6 (Trace on subgroups of H"). Consider the Heisenberg group H",
n > 1. The homogeneous norm ||z, || = (|z|* + t?)'/* is equivalent to the C-C metric
d (see Proposition 1.7.4). The integer () = 2n + 2 is the “dimension” of H" and
|B((z,t),7)] = cr® for some ¢ > 0 and for all (z,¢) € H" and r > 0.

Consider the half space Q@ = {(z,y,t) € H" : z; > 0} for some j = 1,...,n
with boundary 0Q = {(z,y,t) € H" : z; = 0}. Actually, the hyperplane 02 is
a subgroup of H" and all its points are non characteristic. If 4 = H?*"L 09 then
w(B((z,t),7)) = mr?=! for some m > 0 and for all (z,t) € 9. Using the technique
developed in this section it can be proved that there exists a constant C' > 0 such
that (1 <p<ocoands=1- 1)

/ u(z,t) — u(C, )P du(z,t)du(C, T
22x 00 (¢, 7)1 - (2, 1) pstQ-1

for all u € C*(Q) N C(Q), where Vf is the Heisenberg gradient.

) < C/ \Viau(z, t)[P dzdt
Q

7. Trace theorem in the Grushin space

7.1. Trace theorem. In this section we focus our attention on the Grushin plane
where we prove that the trace estimate holds for domains which are sufficiently “flat”
at characteristic points.

Let d be the C-C metric induced on R? by the vector fields

Xy =0, and X,=|z|*0,, a>0.

It (z,y) € R* and 7 > 0 let B((z,y),7) = {(&n) € R® ¢ d((z,9),({,n) < r}
Moreover, define the “box”

Box((z,y),7) =[x —r,x+r] x [y = r(lz[ +7)% y + r(lz] + 7).

Such boxes are equivalent to C-C balls as shown in chapter 1 section 9. We recall the
main results concerning them (see [77]).

LEMMA 3.7.1. There exist constants 0 < ¢; < ¢y such that for all (x,y) € R* and
r>0

Box((z,y),c1r) € B((z,y),r) C Box((z,y), car). (3.7.132)
LEMMA 3.7.2. Let A > 0. For all (z,y), (&,n) € R? with |x] > [¢]
y—n . o
A -+ 20 ey 1)
d((z,y), (&,m) = |z =&+ ly —nl=7 if |z]*"" < Ay =], (3.7.134)

where the equivalence constants depend on .

DEFINITION 3.7.3. Let © C R? be an open set with 9Q of class C'. A point

(0,y0) € 0N is said to be a—admissible, o > 0, if one of the following two conditions
holds:
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(i) (Non characteristic case). There exist § > 0 and ¢ € C*(yo — d,yo + d) such
that ¥ (yo) = 0 and

9020 (=0,0) X (Yo = 6,90+ 0) = {(¥(y), ) : [y = wol, [¥(y)| < 3}
(ii) (Characteristic case). There exist 6 > 0 and ¢ > 0 such that
NN (—6,6) x (yo — 8,90 +6) = {(z, p(x)) € R* : |z| < 6},

where ¢ € C'(—4,0) and |¢'(z)| < c|z|* for all z € (—4,9).

Finally,  is said to be a—admissible if all the points of 9Q N {z = 0} are a—admis-
sible.

Let Q C R? be an open set of class C! and let v(z,y) be the unit normal to 9
at (x,y) € 092. Consider the modulus of the “projected” normal

[SIE

Xv(z,y)| = ((Xile,y), v, y)* + (Xa(e,y), v, y))?)

1
= (Vl(x’y)Q + |x|2ay2(x7 y>2> 27

and define the measure pu = | Xv|H! L 9Q. The measure p is the one that appears in
the left hand side of the trace estimates.
In the sequel we shall use the equivalence

“dé ~ |1 @ 3.7.135
[t = 1 maxe (3.7.13))
for any interval I C R, where the equivalence constants depend only on o > 0.

LEMMA 3.7.4. Let Q C R? be a bounded open set with 02 of class C* and suppose
1t 18 a—admissible. Then there exist 0 < my < mq and ro > 0 such that

my B 9) 1] (Bl y),r) < my B Y):7)| (3.7.136)

for all (z,y) € 0 and for all 0 < r < 1o,

Proof. Since away from the set {x = 0} we are essentially in a Euclidean situa-
tion it suffices to prove (3.7.136) for (z,y) € 0N belonging to a neighborhood of an
a—admissible point.

Suppose first that (0,0) € 9 is an a—admissible point of type (i) (non characteris-
tic). In a neighborhood of the origin €2 is the graph of a function ¢ € C*(—4,§) in the
variable y. If § > 0 and r > 0 are small, then the graph of ¥ meets 0Box((¢'(y),y), )
on its horizontal edges. This is ensured by |¢¥(y) — ¥ (y — r(|¢(y)| + 7)*)| < r, which
holds true provided y and r are small enough. Now

y+r(|¢(y)|+r)e
u(Box(((y), ), 7)) = / an

—r([¥@)l+r)*
= ar((u(y)| + rye = D00,

and (1.9.103) gives the proof of the required estimate.
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Suppose now that (0,0) € 02 is an a—admissible point of type (ii). Let ¢ €
C1'(—6,8) be the function whose graph represents 99 and such that |¢'(z)] < c|z|*
for all |z| < § and for some ¢ > 0. Then, if y = ¢(x) and |z| < /2

o) = @)= S| = Vel + ()2
(z,9) NG d | Xv(z,y)l o0

By Lemma 1.9.3 u(Box((x,y),c17)) < u(B((z,y),7)) < pw(Box((z,y), cer)), and, sup-
posing for instance 0 < x < §/2 and 0 < r < §/(2¢2)

N‘|0‘

x4cor

p(Box((z,v).e2r)) = | xulart <o [ e de
Box((z,y),c2r)NOY T—Ccar
~ ’BOX((Q:? y)> CQTM

< 2Ccyr(x + cor)® ~ )
r

The estimate from above in (3.7.136) follows by Lemma 1.9.3. In order to prove the
opposite inequality assume without loss of generality that the constant ¢ relative to
@ is greater than 1 and that x > 0. Introduce the new box

Box((x,y),c1r) = [x — ﬂr, z+ 2y
c c

X [y —car(z+ar)®y+ar(e+ar)?
C Box((z,y), c1r).

Since |p(z + 2r) — ()| < ar(x + ¢1r)®, the graph of ¢ meets 9Box((z,y), 1) on
its left and right vertical edges. Thus

Box((z,y),c17)NOQ

W(B((2.)),r)) > pu(Box((z,y), crr) = / Xv|dH!

c
_a,
c

J:—l—%r N ¢ ¢ N
>C €] d{’:C’ZT(a:—I—zr)

~ |BOX((:E7 y)a Clr)l
r )

which is the required estimate. We also used (3.7.135). O

THEOREM 3.7.5. Let X; = 0, and Xy = |z|*0y, a > 0. Let 1 < p < oo and
s=1-— ;%. If Q C R? is a bounded open set of class Ct which is a—admissible, then
there exist C' > 0 and g > 0 such that

ju(2) — w(QP_dp(2)du(C) s
/ d(z,Q)P*u(B(z,d(z))) < C/|Xu(x’y)| dxdy

AQx9QN{d(2,0)<do} 0

for allu € CHQ) N CO(RQ).

Proof. Since away from the set {x = 0} we are essentially in the Euclidean case,
it suffices to prove the estimate in a neighborhood of an a—admissible point which
may assumed to be the origin. Denote by U the intersection of 02 with a small fixed
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neighborhood of (0,0). Recalling that, by Lemma 3.7.4, d(z, ()" u(B(z,d(z,())) ~
d(z, )P~ B(z,d(z,¢))|, we have to prove that

o lu(z) —u(Q)?
N(p;U) = /uxu d(z, )P~ B(z,d(z,())]

<C [ Xuw,y)P dody.
Q

dpu(z)dp(C)

The a—admissible point can be of type (i) or of type (ii).

Type (i). We may assume that U = {(¢¥(y),y) : |y| < d} for some § > 0 and
Y € CY(—6,8) with (0) = 0, and that Q lies in the region {z > ¥(y)}. Write
z = (Y(y),y) and ¢ = (¥(n),n), and notice that, by the doubling property of the
Lebesgue measure, which follows from Lemma 1.9.3, |B(z,d(z,())| ~ |B((,d(z,())|.
Thus the kernel is essentially symmetric and the integration can be performed without
loss of generality on the set {|1(n)| < |¥(y)|}

o lu(z) — u(Q)[P
NG [ e T OB
_ / |u(2) — u(C)[Pdydn +/ lu(2) — u(C)[Pdydn
d(z, Q)P B(z,d(2,Q))|  Jp d(z, ()Pt B(z,d(2,())]
=14+ Ip,

where we let

A={(y,n) : |yl <6 |n| <6 [vm)]| < L) L] > |y —nl},
B={(y,n): |yl <0, n| <6 [v(n)| <o) L)t <|y—nl}.
We begin with the estimate of I4. If (y,n) € A then

N B ly — |
d<27C) - Wj(y) ¢(77)| + WJ( )|a

~ly—n WV =N _ ly—mnl
e L I =) = i

and
|B(z,d(2,0))] = d(z,¢)*(|¢:(y)] + d(2, ()" = d(z,)*[e(y)|*.

Without loss of generality assume y > 7. Let n = y — h and write (recall that
1+ps=

I, —/lu ety )’n”pllﬁ(y)lm‘“dydn

Iy nlp

dh
< / i / u((y), ) — u(ly — ),y — B)Ploly)Pe—2dy.
0 {l¥(y)[eF1>|h], ly|<d}

We shall connect the points (¢(y),y) and (¢(y — h),y — h) by the curves
Y1(t) = exp(t(X1 — bX2))(¥(y), y)

= (vt =b [ o)+ o) = e,
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where b = min{1,1/L}, L := sup, s [¢'(y)], and
72(t) - = exp(tX1)(¥(y — ),y — h)

In order to reach the height y — h, the curve ~; needs a time ¢; such that

/0 Cly) + rlodr = @ (3.7.137)

By (3.7.135) the left hand side is greater than C't;]¢(y)|* and then t; < C|h|/|¥(y)|*.
The time ¢y such that v,(t2) = v1(t1) can also be estimated by |h|/|¢¥(y)|*. Indeed

I
[y

The choice of the parameter b guarantees that ~,(t) € Q for all |y| < § and
0 <t <t;. In fact this happens if and only if

to=1y)+t1—yvy—h)| < Lh|+t; <C

@/J(jy — b/ot [ (y) + T|“d7> < Y(y) + t. (3.7.138)

This last inequality is a consequence of the following

(=1 [ W+ riear) —viw| < 16 [ )+ rloar <t
Since Uy (ty,y) = Ua(te,y — h) then |u(y(y),y) — u(v(y — h),y — h)| is less than
u(b(y),y) = u(Wi(t, ) + [y = h),y = h)) = u(Valts, y — h))|

<o [ a1ty - ).

and we find

26

neel[an [ e / Xu(Ws(t,))ldt) dy

0 (=8,0)0{[¢(y)[*+1=|Al} 0
26 b t2
p
el (X - mla)s)
0 (=60 {[¢(y) 1 =|hl} 0

=cuy + 19,

We shall estimate 11(41) and If) by the same technique and we begin with [1(41). Letting
in the inner integral 7 = [¢(y)|*¢, recalling that t; < C|h|/ | (y)|* and using the
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Minkowski inequality we find

26 C|hl
(1) dh dy o P
We o [ oiE( [ xmeewrpe)
0 (—6,0)n{|[¥(y)|>Ft1>|h[} 0
Toan X (/[ ()], gy
dh u(Wi(7/19 )" y)[Pdy\ s, \P
S/ (7 / ( / 9(g)]° ) )"
0 0 (—6,0)n{|[v(y)|>Ft1>|h[}

Since {|¢(y)|*™ > |h]} € {Cl(y)|*™ > 7} the last integral is estimated by an in-
P

tegral of the form fo% (ITII fOC\hI |f(T)]dT) dh with f not depending on h. So we can

apply the Hardy inequality to get

26 X \IJ o p
o SC/ / (X (/@) I o
0 J(=so)n{Cl)eti>r) [ (y)|*

) Ccé
<c[ [ xuwiy)pi
-6 J0

We let 7/|¢(y)|* =t and we used 7/|¢(y)|* < Cl(y)| < Cly| < C§. The Jacobian

matrix of ¥, is

OWs(y.1) < 1 Y (y )
Yot 0|y (y) +t|* 1 —=0b(|(y) +t* — [ )| )Y (y) )

By the same argument used in the proof of (3.7.138) we can see that if 6 > 0 is small,
then ¥y ((0,C9) x (—0,09)) C Q. Moreover |JW,(t,y)| = |14+ 00" (y)|Y(y)|*| ~ 1. Then

11(41) < C/ | Xu(z,y)[Pdzdy.
Q

We estimate now If). Note first that if 6 > 0 is small and (y,n) € A, we have

[ ()| < 2[¢(n)]- (3.7.139)

Indeed Ll¢(y)|*** > Lly —n| > [¢(y) — ¢(n)] = |1(y)| — ()], and thus |¢(n)| >
[U(y)| — Liw(y)|*™ > 1/2[(y)| if § > 0 is small. Taking (3.7.139) into account

with 7 = y — h, recalling that to < C|h|/|(y)|* < C|h|/|(y — h)|* and letting
7 = |¢(y — h)|*t in the inner integral we find that [1(42) is smaller than

7 dh d I
Y /)Xu v T h ‘d !
— —_— —_—, Y — T
| et (o (e 1))
|| ¥ (y — h)l ( (
0 (~8)N{Clu(y—h)|>+1> A} 0
26 Clh| -
- / (@ / ( / (X u(Ws( g5y — W) dy>l/pd7>p
—J A Yy — h)|°
0 0 (~8)N{Clu(y—h)|*+ 2 |hl)
26 Clhl

dh Xu(Wo (/| (y)]*, y)|P , \Vp NP
G Ry ey

0 (=38,6)N{Cly(y)|*F1=|hl}
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Since {C|¢(y)|*™ > ||} C {C|¥(y)|*T > 7}, we can apply the Hardy inequality to
get

26 a P
1 SC/ / | Xu(Wa(7/[ ()% y))l dy dr
35,6)N{Cl(y)|a+1>7} [ (y)|*

1) Cé
<c[ [ Xuwsyraay
—36 JO

Since |JUy(t,y)| = 1 the estimate for ]f) follows.
We now turn to the estimate of Igz. Writing again z = (¥(y), y) and ¢ = (¥(n),n),
if (y,n) € B then

d(2,¢) = [(y) — ()| + |y — n|/TD ~ |y — |/

because 1 € C' and |y — n| < 25. Moreover starting from the inequality |¢(y)] <
ly — |/ which defines B, we find

|B(z,d(z,¢))| = d(z,¢)*([¢(y)] + d(z,¢))"

~ |y — TV (W (y)| + |y — VD)
‘y 77| (at2)/ a+1)'

Assume 1 < y, let n =y — h and write

(s (b (), )P
Ip =~ 4 dyd
/ ry W -

/ |h|1+ ps / |U(¢(y)a y) - U(w(y — h)’ Y — h)|pdy

{lb )|+t <[hl, ly|<d}

The points (¥ (y),y) and (¥ (y —h),y — h) can be connected by the curves v, (t) :=
exp(t(X1—bX2))(¥(y),y) = Vi(t, y) and 1a(t) := exp(tXy)(Y(y—h),y—h) = Us(t
h). In order to reach the height y — h, the curve v, needs a time ¢ such that (3.7.
holds. By (3.7.135)

Y=
137)

t1 t
/ V) +ritdr =ty max e >u(3)"
0

TE[(y), Y (y)+t1

This yields ¢t; < C|h[Y@+1). The time t, such that 15(t;) = 71(¢1) can also be
estimated by |h|'/(@*1. By the triangle inequality we get

20 dh ) t1 P
I gC/ / / Xu(Wq(t,y))|dt) dy
5 [0 i _5(0 Xu(Ws(t,y)ldt
20 dh 4 to p
+ | — Xu(Us(t,y + h))|dt) d
[t [ (] utwate ) )

= CIY + 19,
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Now, by the Minkowski inequality

26 ClpV/ et

dh 1/p NP

Iy S/ — (/ (/ IXU(\Ifl(t,y))lpdy> dt)
o |h]"Terr Mo

(26)1/(e+1) Cr 1/p
<c/ p/ /|Xu (t y))|pdy> ")’
T
</ Xu((t, ) Py
(0,(28)1/ 41y x (=4,8)

We used s = 1 — 1/p, the change of variable r = h'/(*1) and the Hardy inequality.
The estimate of ]g) is analogous to the one of 11(42). This ends the trace estimates
for ce—admissible points of type (i).
Type (ii). Write U = {(z,¢(z)) € 0Q : |z| < §} for some ¢ € C'(—6,d) such
that |¢/(z)| < c|z|* for some ¢ > 0 and for all x € (—0,0). Write z = (x, ¢(x)),
¢ = (y,¢(y)), and observe that

u(z) — w(QP [zy|*
N(p;U) ~ dxdy.
(p’ ) /x|<5 ly|<d d( e

2, Q)P B(z,d(z, ()]
Since the integrand is symmetric up to equivalence constants, the integration may
take place on the set {|z| < |y| < §}. Since |¢'(y)| < cly|* we have |p(y) — p(z)| <
cly — x| ly|* < 2c|y|**t. Then on the mentioned set the C-C metric behaves as

d(2,§)2|y—x|+w

~ |y — z|.
[yl
By Lemma 1.9.3
|B(z,d(z, Q)| = ly — al*(Ja| + ly — 2)* = |y — z[* [y|*,
and, since ps — 1 = p — 2, we get

PN [ulz, p(x)) —uly, oY) |2[*
Npit) = /{x|<|y|<6} e

ly — P

By symmetry it suffices to consider the integration on A; := {0 < z < y < 0} and
Ay :={x >0, -0 <y < —zx}. Set h =y — z and write

_ p o
R XU
{0<z<y<d} |y - x|p

/ |h|p/ Ju ) — u(x =+ h,o(x+ h))[P [z dr.
We shall connect the points (z, ¢(z)) and (z + h, ¢(x) + h) by the paths
N(t) = exp(t(bXy + X)) (z, p(x))
= (m + bt, p(x / |z + bT\O‘dT) = Oy (x, 1),

for 0 <t <t :=|h|/b (here b € (0,1) is a fixed number such that 2°T'cb < 1), and

72(t) © = exp(t(X2))(x + h, p(x + h))
=(x+h,p(x+h)+ (x+ h)%) := Doz + h,t).
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If t = t1, 71 reaches the height p(z) + f lhl/ ’ (x + br)*dr. Thus the curve 7y, needs the
time o = Wh@( z)—plx+h)+ f'hl/b + b7)*d7| to reach the same height. The

hypothesis on ¢ and (3.7.135) give the estimate to < C|h].
The choice of b ensures that v, (t) € €2 for all ¢ € (0,¢;]. In fact this amounts to

o(x+0bt) < / |z + br|“dT.

In view of |p(x + bt) — p(z)| < cbt(x + bt)* and fot(x + b7)dT > fOt/Q(x + br)*dr >
t/2(x 4 bt/2)* the inequality is implied by cb(x + bt)* < 1/2(x + bt/2)* which holds
true if 2°Teh < 1.

By the triangle inequality

/ !h!p/ /Clhl [ Xu(® (xvt))ldt)plxlada:+
/ |h]p/ /clhl | Xu(Py(x + h, t))|dt> |x|adm]

=C [I + 10 Al
Now, by Minkowski and Hardy

5 clnl 5 U \p
(1) 1 p|a
Iy _/0 <|h|/0 (/0 | Xu(Pq(x,t))|P|z] dx) dt> dh

< C/ | Xu(Py(x,t))|P || dedt < C’/ | Xu(z,y)P dedy.
(0,8)%(0,6) Q
The last inequality follows from the fact that if 6 > 0 is small then ®; is one-to-one,
®1((0,0) x (0,0)) C 2 and
6(1)1($, t) . 1 b
otor  \ ¢ (z)+ ¢l +b0)* —z°] (z+bt)> |-

Thus [Jy(z,t)] = |2* = b/ (z)| > |2|* = bl (x)] > (1 = be)|z]* > (1 — 27D [z[*,
and the estimate for Igll) follows.
Analogously, recalling that to < C|h| and |z| < |z + h|

5,1 (Clhl 5 1/
<[ (5 ([ 1Xu(@s(+h )|+ hjds) pdt>pdh
! 0 h’ 0 0

g/: (ﬁ /OChl (/026 ]Xu(@z(x,t))]p\x]adw>1/pdt>pdh

<C | Xu(Po(x,t))|P|z|*dzdt.
(0,26)%(0,3)

Since |JPq(z,t)| = |x|*, the change of variable (£, 7) = ®y(x,t) ends the estimate for

2
19
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The integral on the set A = {0 < x < 0,—d < y < —x} can be treated in the
same way of [,4,, letting y = x + h and using the curves

T1(t) = exp(t(—bX1 + X)) (2, p(2)),
Ya(t) = exp(tXs)(x + h, p(x + h)).
OJ

7.2. Analysis of a counterexample. The hypothesis of a—admissibility for
the domain €2 in Theorem 3.7.5 is necessary. More precisely, there exist domains of
class C'! that are not a—admissible for which the trace estimate (3.7.5) fails.

Let o > 0, fix § € (0, + 1) and consider the domain

Q={(z,y) eR?: |2/ <y <1}

Except that at the points (£1, 1) the boundary 92 is of class C'. These points are not
important, problems stem from the boundary point (0,0) which is not a—admissible.
We shall consider the case p = 2. As usual write z = (z,y) and ( = (&, 7).

PROPOSITION 3.7.6. Let o« > 0 and B € (0,a+ 1). There exists v > 0 such that
the function u(z,y) = y~7 satisfies
I:= / | Xu|* dovdy < +oo
Q

and
v Juz) — u(QP
paxoq Az, Q)p(B(z,d(2,()))
Proof. We compute first 1. Indeed

dp(z)dp(C) = +oo.

1 yl/8 92 1
I — 72/ y—2'y—2</ 2|2 dm) dy = 2l / y~B-2H2a/8 g
0 —y1/8 20+ 1 J,
and
2 1-—
I<+0o & -2y—-242a+1)/f>-1 < 7<%ﬂ. (3.7.140)

Now we shall estimate N but first some remarks on d(z, () and u(B(z,d(z,()))
are in order. Let z = (z,2”) € 0Q with 0 < z < 1 and let r > 0. Assume that

r > gh/etl), (3.7.141)

From (3.7.141) it follows that 2 < r®*! < r(z +7r)® and thus 2° — r(z +7r)* <0.
This means that

Box(z,7) N {y < 0} # 0, (3.7.142)

i.e. the box Box(z, ) meets the lower half plane.
Analogously, since 8 < o + 1 we find z < 2%+ < and thus 2 — r < 0. This
means that

Box(z,7) N {z <0} # 0, (3.7.143)
i.e. the box Box(z,r) meets the left half plane.
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We now claim that, for r and z sufficiently small the right part {(¢,¢°) : 0 < t < 1}
of the boundary of {2 meets 0Box(z, r) at its upper horizontal edge. This is equivalent
to show that (z +r)? > 27 + r(z + r)®, which holds because

(x+7) =2 > Cr(z+7)' > r(x+7)°

for z,r < 0y, where 0y is a suitable constant (we have used § < a4+ 1). We also note
that the z-coordinate of the intersection point {(t,¢%) : 0 < t < 1} N OBox(z,r) is
(28 + r(x +7)*)YB. Then from (3.7.142) and (3.7.143)

p(Box(z,7)) = p(Box(z,r) N{(,n) : £ > 0})

(P +r(z+r)*)1/8
:/ €17 dE ~ 2 +r(x + 7).
0
Since r < x + 7 < 2r then  +r ~ r and p(Box(z,7)) ~ 2% + ro*1. But rot! <
2P + rott < 2rotl and this proves that if (3.7.141) holds then
p(Box(z,7)) o~ rott, (3.7.144)

We shall now briefly discuss d(z,() where z = (z,2%) and ¢ = (£,£7). Assume
that 0 < z < £ and that

L (3.7.145)
From (3.7.134)
d(z,¢) ~ (€ — x) + (&% — %)/ (D),
and using the equivalence ¢% — 2 ~ (¢ — )7~ we get

d(z, C) ~ (5 _ x)l/(a—&-l)((f _ x)a/(a+1) + f(ﬁ—l)/(a—f—l))

~ (€ — o)/ @D gB-D/ (4 D), (3.7.146)

In the last equivalence we used again § < a + 1.
Recalling (3.7.141) and (3.7.145) we define

D:{(Z,C)E@Qx89:0<x<§<go,§a+1ggﬁ_xﬁ’
oo > d(z,() > mﬂ/(aH)}'

Then, by (3.7.144) and Lemma 1.9.3
( )|2 |U
N> / ey = a+2 [ulz) = wOF 0.~ a1,

By (3.7.146) there is a positive constant k£ > 0 such that

d(z,¢) > (%)1/(0—%1)

and thus {(2,¢) € 0Ox 00 : 0 < x < & < 7, £21 < P 2P (E—2)¢P1 > kaP} C D.
Then, letting

E={(z,8):0<z<€<o0g, & <P —af (€ —2)P1 > kaP).
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we have

=By _ ¢£—Bv B-1
Y~ / T Sl [

)1/ (1) £(B=1)/( a+1))a+2

By _ 87
g/ o (€7 — 2 71)" dadg,
g T2Pr=Pr1ge(b) (€ — x)(a+2)/ a+1)

where (o, 3,7) =28y -+ 1+ (a+2)(—-1)/(a+1).

In order to separate the integration variables we perform in the last integral the
change of variable x = £t. The integration domain E changes in the following way.
The relation 0 < o < € < 0y gives 0 < t < 1, the relation (£ — 2)6°~1 > kaP gives
(1 —t) > kt?, and finally the relation £21 < €0 — 27 gives t# < 1 + £47F+1 which
is implied by the first one. This shows that in the new integral we may integrate on
the square {(¢,£) : 0 < ¢,£ < ¢} where 6 > 0 is a small but positive constant. Thus
we find

s dt 5 Chadi) dt
= ), erlaBm—BrrD/erD) [ #2B—BrI(] _ f)erd/arn

If (e, B,7) == p(a, B,7) — B+ (o« +2)/(a+ 1) > 1 then M = 400, which implies
N = +o00. Now, ¥(a, B,7) = 20v—20+(a+2)/(a+1)+1, and hence ¢ (a, 5,7) > 1
if and only if v > /(2 + 2). Finally

v > ﬁ = N =+oo. (3.7.147)

Notice that if 5 € (0, + 1) then
« - 20+1—-7
2+ 1) 26 7

and therefore we can choose

20+ 1 —
v e « « ﬁ>.

2(a+1)’ 23
The interval becomes empty when § = a + 1, i.e. exactly when the domain €2

becomes a—admissible. With such a choice I < +o00 by (3.7.140) and N = 400 by
(3.7.147). O



CHAPTER 4

Anisotropic Sobolev spaces
and functions with bounded X —variation

1. Anisotropic Sobolev spaces

The theory of Sobolev spaces associated with vector fields has been deeply devel-
oped in the last years and it is not possible here to give an exhaustive account of the
existing literature. We just mention the papers and books [26], [47], [67], [77], [75],
[81], [89], [172]. For the theory of Sobolev spaces in metric spaces we refer to [91],
[99] and [100]. More references can be found in the paper [100].

1.1. Introduction. Let X = (Xj,..., X,,) be a family of locally Lipschitz con-
tinuous vector fields and let €2 C R™ be an open set. We introduce an anisotropic
Sobolev space associated with X. If 1 < p < +o00 define

WiP(Q) = {u € LP(Q) : there exists X;u € LP(Q) for j =1,...,m,

o (4.1.1)
in distributional sense}.
We shall write Hy (Q) := W*(Q). If u € WiP(Q) we shall denote by
Xu = (Xqu, ..., Xpu)
the weak X —gradient of . The natural norm on W?(Q) is
by = lulur@ + Y 1Xjulir@) (4.1.2)

j=1

It is easy to show that the normed space in this way obtained is complete.

PROPOSITION 4.1.1. Endowed with the norm (4.1.2) WiP(Q), 1 < p < +o0, is a
Banach space and H(Q) is a Hilbert space with the natural inner product.

We can also define a space H?(Q) as the closure of W”(2) N C(£2) in the norm
(4.1.2). As in the classical theory of Sobolev spaces W?(€) and HY(Q) turn out
to be equal. The following theorem of Meyers-Serrin type was proved in [81], [51]
and [89] (see also [100, Theorem 11.9]) but in the case of vector fields of class C? its
proof had been already given in [86].

THEOREM 4.1.2. Let X = (Xy,...,X;n) be a system of locally Lipschitz vector
fields and let €2 C R™ be an open set. If u € W}(’p(Q), 1 < p < +o0, then there exists
(un)nen € WEP(Q) N C®(Q) such that

A fun = ulyyeio) = 0-

If w has compact support in €2 Theorem 4.1.2 can be proved by a Friedrichs
regularization technique. The general case follows by a partition of unity.

133
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1.2. Poincaré inequalities. One of the crucial tools in the theory of Sobolev
spaces is the Poincaré inequality for balls. In the setting of C-C spaces the Poincaré
inequality was first proved in [77] for a special class of vector fields and then in [109]
for Hérmander vector fields. A simple proof in Carnot groups was given in [171]
and a proof that implies all the known results has been recently given in [122]. The
Poincaré inequality is also central in the theory of Sobolev spaces in abstract metric
spaces [100].

THEOREM 4.1.3. Let X = (X1, ..., X,,,) be a system of Hormander or of Grushin’s
type (1.9.99) wvector fields on R™. If K C R"™ is a compact set there exist C' > 0,
ro > 0 and A > 1 such that

/|u—uB|dm§rC/ | Xu| dx (4.1.3)
B AB

for all u € C}(R™) and for all B = B(x,r) with x € K and 0 < r < 1, where
AB = B(z, Ar).

Proof. Since it is particularly elegant we give the proof for Carnot groups of [171].
Let a structure of Carnot group induced by X = (Xj,..., X,,) be given on R". The
group product of z,y € R™ will be denoted by = -y and Q > n will stand for the
homogeneous dimension of the group so that by (1.7.7) |B(z,7)| = kr@ for all z € R®
and r > 0 with £ = |B(0,1)|.

Fix B = B(xo,7) with xy € R" and r > 0 and let v € C}(R™). Notice that

[ @) = uslde = [ | o) = uys|do < £ [ juta) = uty)| dody

We perform in the inner integral the change of variable z = y~!-z, which has Jacobian
identically 1, getting

[ —uslde<f [ -2 —utwlasay < f [ty -l dsay

Indeed, if y € B then y~! - B C B(0,2r) because by Proposition 1.7.3 for all z € B
we have d(y™' - 2,0) = d(z,y) < d(z,z0) + d(xo,y) < 2r.

Let now z € B(0,2r) be fixed, let § = d(0, z) and take a geodesic 7 : [0,6] — R”
such that v(0) = 0 and v(d) = z with 6 < 2r. For some h € L>(0,6)™

7(t):Zhj(t)Xj(y(t)) and |h(t)| <1 forae. t€[0,d].

Then

uy-2) = uty) = [ Gutyr)de= [ Duty-2(0), Gl 0)

NE

:/O (Du(y - y(t)), > hij(t)X;(y-~y(t)))dt

1

<.
Il

)
- / (Xuly -7(), h(1)) dt.
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We used the left invariance of X7, ..., X;,,. As |h]ew < 1 we obtain

)
L/‘hdx)—-uB\dwfzjft/j J/ Xu(y - (1)) dedzdy
B B(0,2r)
/ / 7[|Xu y-v(t))| dydzdt.
B(0,2r)

The curve v depends on z. Since v(t) € B(0,2r) for all t € [0,6], if y € B then
y-v(t) € 3B = B(xg,3r). Indeed

Thus we finally get

1 6
u(xr) —u d:r;g—// / Xu(y)| dydzdt
) st e < g [ o)

B(0,2r)
<2r %/ | Xu(y |dy—r2Q+1/ | Xu(y)| dy.

O

REMARK 4.1.4. The constant A in AB in the rhs of (4.1.3) can be chosen A\ =1
because Carnot-Carathéodory balls are John domains (see Theorem 4.1.7 below).

REMARK 4.1.5. The Poincaré inequality (4.1.3) holds for more general systems of
vector fields than the ones mentioned in the statement of Theorem 4.1.3. A proof of

(4.1.3) is known when C-C balls can be represented by “almost exponential maps”
(see [122]).

Fix a compact set K C R™ and ry > 0. Let ) be the homogeneous dimension of
(R™, d) relatively to K defined as in Definitions 1.6.2 and 1.6.4 for balls B(x,r) with
xr € K and 0 < r < rg. Such @) is well defined because the C-C spaces we are dealing
with are doubling metric spaces, at least locally (see Remark 1.6.8 for the Hérmander
case). If 1 < p < @ define the conjugate exponent

9

Q-p
The Poincaré inequality (4.1.3) can be improved to the following Sobolev-Poincaré
inequality for balls (see [127], [78], [74], [89], [100]).

THEOREM 4.1.6. Let X = (X1, ..., X,,,) be a system of Hormander or of Grushin’s
type (1.9.99) wvector fields on R"™. If K C R™ is a compact set there exist C' > 0 and
ro > 0 such that if 1 <p < Q

][\u—uB]p da:' o STC ][ \Xu\pda:>p (4.1.5)

for all uw € C}(R™) and for all B = B(x,r) with x € K and 0 < r < 1o, where
AB = B(z, Ar).

Let (R™, d) be a C-C space associated with X7, ..., X,,, € Lip,,.(R", R™) and assume
that there exists ¢ > 0 such that for all z € R" and r > 0

|B(x,2r)| < §|B(z,r)] (4.1.6)

P (4.1.4)
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and let () > n be the homogeneous dimension introduced in Definition 1.6.4. Recall
the definition of John domain 3.1.1. The following Sobolev-Poincaré inequality has
been proved in the setting of C-C spaces in [78] and [89] but the result holds for
Sobolev spaces defined in abstract metric spaces that support a Poincaré inequality
for balls and have the doubling property (see [100]).

THEOREM 4.1.7. Let (R™,d,|-|) be C-C space associated with X = (Xq, ..., X;n),
with the doubling property (4.1.6) and with homogeneous dimension (). Assume that
the Poincaré inequality (4.1.3) holds. If 1 < p < Q and Q C R" is a John domain
(with small diameter) then there exists C' > 0 such that

. 1/p* 1/
<][ lu — ugq|? d:v) ! < C’diam(Q)(f | Xul? dm) ' (4.1.7)
Q Q

for all uw € C}(R™), where uq is the mean of u over .

From the study of John and uniform domains in C-C spaces contained in chapter
3 the following corollary immediately follows.

COROLLARY 4.1.8. Consider the following cases:

(i) (R™,d) is a Carnot group of step 2 with homogeneous dimension Q@ > n,
X = (X4, ..., Xn) is a system of generators of the Lie algebra of the group
and Q C R" is a connected, bounded open set of class C11.

(ii) (R, d) is the Carnot group of step 3 introduced in chapter 3 section 5 with
homogeneous dimension Q@ = 7, X = (X1, X3) are the generators of the Lie
algebra of the group and Q C R* is a connected, bounded open set which is
admissible according to Definition 3.5.2.

(iii) (R™,d) is the Grushin space induced by X1 = Opyy.ccy Xn—1 = On,_,, Xp =
|z|*0, where (z,y) € R"' X R and a > 0, Q C R" is a connected, bounded
open set with Lipschitz boundary which is a—admissible according to Defini-
tion 3.3.1 and QQ = n + a.

(iv) (R",d) is the C-C spaces induced by a system X = (X1, ..., X;) of Hormander
vector fields, 2 C R™ is a connected, bounded open set of class C™ with
small diameter and without characteristic points on its boundary and Q) is
the homogeneous dimension relative to ).

In cases (i), (i), (ii) and (iv) the Sobolev-Poincaré inequality (4.1.7) holds for 1 <
p<Q.

ExXAMPLE 4.1.9. Consider the Heisenberg group H" = R***1. We write (z,y,t) =
(2,t) € R?™ x R = H". Recall that Q = 2n + 2 is the homogeneous dimension of
the group. We give a counterexample to the Sobolev-Poincaré inequality (4.1.3) and
at the same time we formulate a problem related to the regularity of the integration
domain .

Let Q = {(z,t) € H" : |2|° <t < 1} where 3 > 1 is a real parameter. The domain
02 is not smooth when |z| = ¢ = 1 but this is not important because we are interested
in the characteristic point (0,0). If 3 > 2 then € is of class C? in a neighborhood
of 0 € 9Q and by Corollary 4.1.8 it supports the Sobolev-Poincaré inequality (4.1.7)
(for functions with support in a neighborhood of the origin).
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We consider the case 1 < § < 2. Let u(z,t) = t77. In view of a possible
counterexample to (4.1.7) we look for an exponent v > 0 such that

/ |Vigu|P dzdt < +o00  but / |ul? dzdt = 400, (4.1.8)
0 0

where 1 < p < @, for some ¢ > 1 which should be less than p* = pQ/(Q — p). We
have

1
/lVHu|pdzdtz/ tp(7+1)/ |2|P dz dt
Q 0 |z|<t1/P

1
~ / t*p(’y+1)+(Q72+p)/5 dt < +00 & < Q- (2 _ 6) _ p(ﬁ — 1).
0 Bp

On the other hand
— (92—
/ |u|? dzdt ~ / Tt @DBg— too & 4> w
q
An exponent «y ensuring (4.1.8) can be found if the following condition holds
Q-(-5) _Q-@-8)-ps-1)
Bq Bp ’

(4.1.9)

which also gives

p(@—(2-0))
Q-(2-p8)—-pB-1)
If 3 =2 (4.1.10) becomes g > p* which is exactly what one should expect. If 5§ =1
(4.1.10) becomes g > p.

If § < 2 we can find g < p* such that (4.1.9) holds and an exponent v > 0 ensuring
(4.1.8) does exist. If (4.1.10) does not hold the counterexample does not work. This
analysis suggests the following problem. Let 1 < § < 2 and let Q = {(2,t) € H" :
2| <t <1} If

q>

(4.1.10)

S 1Q-C-3)
Q-2-B)—pB-1)

then the following Sobolev-Poincaré inequality holds

(/Q Ju— uﬂ!qdzdt>1/q < C(/Q Vel dzdt)” (4.1.11)

In the Euclidean case similar Poincaré inequalities in Holder domains have been
proved in [162] and [101].

1.3. Potential estimate and Morrey inequality. The Poincaré inequality
(4.1.3) implies the following estimate of potential type.

THEOREM 4.1.10. Let X = (Xq, ..., X,n) be a system of Hormander or of Grushin’s
type (1.9.99) vector fields on R™. Let B C R™ be a ball in the C-C metric d with (small)
radius v > 0. There exists C' > 0 such that

ju(a) — up| < Or / Xu(y)

for all x € B and u € C§(R™).

d(z,y)

|—]B(x,d(:c,y))\ dy (4.1.12)
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The potential estimate (4.1.12) holds in much more general situations than the
ones stated in Theorem 4.1.10 (see [100]). In the case of Hérmander vector fields
formula (4.1.12) was first proved using the structure theorem for C-C balls of [151]
and the estimates for the Green function of the corresponding sub-elliptic Laplacians
of [157] (see [50], [78], [41] and see also [74]). But it became soon clear that (4.1.12)
can also be directly obtained from the Poincaré inequality (4.1.3) (see [79] and [85]).
Actually, the Poincaré inequality itself can be proved by (4.1.12) using the doubling
property of C-C balls and so it is equivalent to the potential estimate. That integra-
tion in the right hand side of (4.1.12) may take place on the ball B and not only on
a larger ball 7B with 7 > 1 has been recently shown in [128] (at least in the cases
considered here).

Let X = (X4, ..., X,,) be a system of Hormander or Grushin type vector fields.
Fix a compact set K C R™ and rg > 0. Let ) be the homogeneous dimension of
(R™, d) relatively to K defined as in Definitions 1.6.2 and 1.6.4 for balls B(z,r) with
x € K and 0 <r < ry. The following Theorem is proved in [127] (see also [141] for a
Morrey inequality involving non smooth vector fields). We shall give the proof since
a weak form of the Morrey inequality has been used in chapter 2.

THEOREM 4.1.11. Let K, rg and Q) be fixed as above and let p > (). There exists
a constant C' > 0 such that for all B = B(xo,r) with g € K and 0 <r < ry and for
all u € Wi?(B)

lu(z) = u(y)| < Cr (7{3 Xu(2)dz) " (4.1.13)

for a.e. x,y € B.

Proof. Without loss of generality assume that v € Cj(R™). Notice that |u(z) —
u(y)| < |u(x) — up| + |lup — u(y)| and thus it will be enough to estimate |u(x) — up|
using Theorem 4.1.10. By Holder inequality

lu(z) — up| < C/ |Xu(z)|%

< C’(/ | Xu(z )|pdz /p TBG Z<;)Z))| ) dz)l/p/.

dz

Now, the integration domain B = B(xg,r) in the last integral can be replaced by
B(ZL’, ZT) and lettlng Ak’ = {Z c Rn : 2—]{?,,,, S d(x’ Z) S 2—k+1r}

d(x, z)”
= d
/er Bla,da, ) © = Z/ \Bmdmzw :
B(x, 275 1)
_ZQP(k D yB 2R

By the doubling property |B(x,2 *"!r)| < C|B(z,27%r)| and by Proposition 1.6.3
|B(x,27%r)] > C27%¢|B(x,r)| where C is a positive constant not depending on z.
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Thus

d(x,z)p, N |B(z, 2 k)|
/B |B(z,d(z, 2))] dz< Or Z 2v' (k—1)
+00 1
< Cr|Bla, )Y k' —Q—1)"
k=0

Notice that p’ — Q(p' — 1) > 0 if and only if p > @ and thus the last sum converges.
We finally find

1/
ue) —usl < Or (4 1Xu)az) ",
B
and the claim is proved. O

1.4. Compactness. We end this section on Sobolev spaces stating a Compact-
ness Theorem which is very useful in applications. Let X = (Xj,..., X,,) be a system
of vector fields of Hormander or Grushin type and consider the C-C space (R",d).
Let Q C R™ be a bounded open set and let () > n be the homogeneous dimension of €2
according to Definitions 1.6.2 and 1.6.4. If 1 < p < @ we denote by p* = pQ/(Q — p)
the Sobolev conjugate exponent.

THEOREM 4.1.12. Let Q2 be a John domain in the metric space (R™, d) with small
diameter. Then:
(i) if 1 <p<@Q and 1 < q < p* the embedding W;p(Q) — L(Q) is compact;
(i) if p > Q and ¢ > 1 the embedding W' (Q) — LI(Q) is compact.

The assumption “with small diameter” can be omitted if (R™, d) is a Carnot group
or a C-C space of Grushin type. A proof of Theorem 4.1.12 can be found in [89] or
in [100] where an argument is used that works on general metric spaces with the
doubling property and with the Poincaré inequality (see also [115]). Other related
references are [54], [81], [125], [133], [156].

Using our study of John domains in chapter 3 we immediately get the following
Corollary.

COROLLARY 4.1.13. Let (R",d), X, Q and Q be as in Corollary 4.1.8 case (i),
(ii), (iii) or (v). Then the embedding WP () — LI(Q) is compact for all 1 < p < Q
and 1 < q < p*. Moreover, the embedding Wigp(Q) — LP(Q) is compact for allp > 1.

2. Functions with bounded X —variation

In this section we introduce the space of functions with bounded variation with
respect to a family of vector fields and study some of their basic properties.

Such functions have been introduced in [89] where an existence theorem of surfaces
with minimal X —perimeter is proved and then in [80] in connection with relaxation
of functionals depending on vector fields (see also [26]). The theory of BVx functions
has been subsequently used in the study of rectifiability in the Heisenberg group
(see [82]) and in the study of I'—convergence properties of families of functionals
involving degenerate energies (see [148] and [149]). Functions with bounded variation
in settings different from the Euclidean or Riemannian one have been also introduced
in Euclidean spaces with suitable weights [14] and in Finsler spaces [22].



140 4. SOBOLEV SPACES AND FUNCTIONS WITH BOUNDED X—-VARIATION

The definition of BVy we are going to introduce turns out to be equivalent to a
definition of BV function in a general metric spaces endowed with a doubling measure
and supporting a Poincaré inequality for balls (see [138] and [7]). We shall briefly
discuss the issue in Remark 4.2.7 below.

2.1. Introduction. GivenY € Lip, .(R"; R") we shall denote by Y* the operator
formally adjoint to Y in L?(R™), that is the operator which for all ¢, € C5°(R")
satisfies

n

VY pdr = / oY ) dx.
RTL
More explicitly,

n

if V(o) =) ai@)dp(z) then Y7(x) = =3 diai(z)()).

i=1
If X = (Xy,...,X,,) is a family of locally Lipschitz vector fields and ¢ € C1(R"; R™)
is a m—vector valued function, the X —divergence of ¢ is

dive () = = X5
j=1

DEFINITION 4.2.1. Let Q@ C R"™ be an open set. The space BVx(Q2) of the
functions with bounded X —variation is the set of all u € L!'(€) such that there
exists a m—vector valued Radon measure u = (p1, ..., tm) on Q such that for all

¢ € Co([R™)
[ wdivete)do = = [ (o)

where (p,du) = >0 pjdp;. By BVxc(2) we denote the set of the functions
belonging to BVx (U) for any U € €.

Next we introduce the X —variation of a function. For any open set 2 C R”
introduce the test functions

F(Q;R™) :={p € CH(ER™) : |p(x)] < 1 for all x € Q}.
The X —variation in  of a function u € Li () is
| Xu|(2) = sup /udivx(go) dx. (4.2.14)
PEF(QR™) JQ

By means of Riesz duality Theorem the following Proposition can be easily proved
(see [8, Proposition 3.6]).

PROPOSITION 4.2.2. Let u € LY(Q2). Then u € BVx(Q) if and only if | Xu|(Q2) <
+00. Moreover, | Xu|(Q) = |u|(R2), where p is the vector valued Radon measure in
Definition 4.2.1.

By Proposition 4.2.2 it follows that if u € W'(€) then u € BVx(Q) and

]Xu](Q):/Q]Xu(a:Hda:

As in the Euclidean case a simple but important property of BVy is the lower

semicontinuity of the variation with respect to the L . convergence.
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PROPOSITION 4.2.3. Let u,u;, € L'(Q), k € N, be such that upy — u in LL (),
then
lilgninf | Xug|(2) > | Xu|().

Proof. If p € F({;R™)

/udiVX(go) dr = lim
Q k—oo Jo

and taking the sup the claim follows. 0

uy divy (@) dz < ligglf | Xug|(92),

We now going to define the space of functions with bounded variation with respect
to a symmetric, non negative matrix. This space has been introduced in [80] and
used in [149] in connection with the study of I'—convergence of functionals with
degenerate energies (see also [23] for some general motivations in the case when the
matrix is positive definite).

Let A(x) be a symmetric, non negative nxn matrix defined for z € Q. Let V,, C R”
be the range of A(x), i.e. V, = {A(x)§ : £ € R"}, and denote by L, : V,, — V, the
linear map associated with A(x), i.e. L,(§) = A(z)¢ for all x € Q and € € V,. The
map L, is invertible and it can be easily checked that

0|y = (v, L770)Y2, v eV,
is a norm on V. Let
Fu(2) = {¢ € Lip,(§4; R™) : ¢(x) € V, and |[¢(z)|, <1 forall x € Q},  (4.2.15)
and define

|Du|A(Q2) = sup /udiv(¢) dx, (4.2.16)
PEFA(Q) JQ
and
BV4(Q) = {u € L'(Q) : [Du|a() < +o0}. (4.2.17)

If A(z) = C(2)TC(x) for all z € Q for some m x n—matrix C' with locally Lipschitz
continuous entries (see [167, Theorems 5.2.2 and 5.2.3| for a sufficient condition that
ensures this factorization) let X = (Xj,..., X,,) be the system of vector fields such
that X;; = Cj;. An interesting relation between the spaces BVx(€2) and BV,4(Q) is
given by the following result (see [80, Proposition 2.1.7 and Remark 2.1.8]).

PROPOSITION 4.2.4. Let A and X be as above. Then BVx(Q) = BV4(2) and for
any u € BVx(Q2) we have |Du|(2) = | Xu|(Q).

REMARK 4.2.5. If A(z) = C(x)TC(z) definition (4.2.16) can be equivalently given
as

| Dul4(Q) = sup { / wdiv(CT) de : 1 = (1, ..., i) is such that
Q

C"y € Lipy (R, 9] < 1},
Moreover, if A is positive definite on 2, i.e. there exists a constant A > 0 such that
(A(2)€,€) > NP forallz € Q and & € R",
then BV,4(Q) = BV(Q) (see [81]).
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2.2. Approximation theorem. The linear space BVx(f2) is a Banach space
endowed with the norm [u|gvy (@) = [u|vi(@) + |Xu[(€2). Anyway, smooth functions
are dense in BVx () only in the following weak sense (see [12] for the classical result).

THEOREM 4.2.6. Let X = (Xi,...,X,n) be a system of locally Lipschitz vector
fields and let Q@ C R™ be an open set. If uw € BVx(QQ) then there exists a sequence
(up)nen C C(Q) N BVx(Q) such that

hlim |lup — v =0 and hlim | Xup| de = | Xu|(Q).
— 0 — 00 9]

The proof of Theorem (4.2.6) uses standard Fridrichs regularization (see [80, The-
orem 2.2.2] and [89, Theorem 1.14]).

REMARK 4.2.7. In view of Theorem 4.2.6 and Proposition 4.2.3 the total variation
| Xu|(2) of a function u € L () could have also been defined as

| Xu|(Q2) = inf { li]?ig}f/ﬂ | Xup|do 2 (up)hew C€ CHQ), up — u in LIIOC(Q)}.

(4.2.18)

Till now no metric structure on R” was needed. Assume that X1, ..., X,, induce on
R™ a C-C metric d which is continuous in the Euclidean topology. If u € Lip,..(€2, d)
then by Theorem 2.2.1 the weak derivatives Xju, ..., X,,u exist almost everywhere and
belong to L2 (Q). In (4.2.18) we could also have required u;, € Lip,,.(£2,d) instead
of u, € C'(Q). Indeed, by Proposition 1.1.4 we have C'(Q) C Lip,,.(Q,d). Notice
the if u € Lip,.(£2) then | Xu| is a minimum upper gradient of u in (£2,d) (see [100,
Theorem 11.7]).

If we have a metric space endowed with a Borel measure and such that locally
Lipschitz functions have minimum upper gradient then the total variation of a locally
integrable function u can be defined by the relaxation argument in (4.2.18) taking
sequences of locally Lipschitz functions converging to u and considering the integral
of their minimum upper gradients (see [138]).

2.3. Compactness and Sobolev-Poincaré inequality. Thanks to Theorem
4.2.6 many properties of anisotropic Sobolev spaces with p = 1 remain true for
BVx(Q) functions. Let X = (Xi,...,X,,) be a system of Hormander or Grushin
type vector fields on R™ and let (R™,d) be the associated C-C space. Let 2 C R”
be a bounded open set and let () > n be the homogeneous dimension of the space
relatively to balls with center in {2 and small radius as in Definitions 1.6.3 and 1.6.4.

THEOREM 4.2.8. Let X, Q and Q be as above. If Q is a John domain (with small
diameter) then:

(i) There exists C' > 0 such that
o diam(2
][|u—uQ|Q ldx) v < c%f)pcuum (4.2.19)
for all u € BVx(Q
(ii) The embedding BVX(Q) — L9(Q) is compact for any 1 < q¢ < Q/(Q —1).

For the proof of Theorem 4.2.8 see [89] (but see also [73]). The Poincaré inequality
4.2.19 is the main tool to get isoperimetric inequalities in C-C spaces.
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THEOREM 4.2.9. Let X, Q and Q be as above. If ) is a John domain there exists
C > 0 such that for all measurable set E C R"

. n Q-1 diam(§2
min{|E 0 21 8"\ £) n9) % < 0T X el (). (42.20)






CHAPTER 5

Measures of surface type in C-C spaces

In this chapter we study several surface measures that can be defined in C-C
spaces: the perimeter measure, the Minkowski content and the Hausdorff measures
defined with the C-C metric. Sets of finite X —perimeter, which are the natural
generalization to the context of C-C spaces of the sets with finite perimeter introduced
by Caccioppoli [35] and De Giorgi [58] and [59], have been introduced in [89] and [80]
(see also [26]). The definition of X —perimeter does not require any metric structure
but when this structure is available the definition turns out to be a special case of a
general definition of sets with finite perimeter in metric spaces (see [138] and [7]). In
Theorem 5.2.1 we prove that if an open set has regular boundary then its perimeter
equals the Minkowski content of the boundary. This result has been proved in [148].
Finally, in section 3 the interplay with the Hausdorff measures will be discussed. In
the special case of the Heisenberg group perimeter also equals spherical Hausdorff
measure of codimension 1 (see [82]).

1. Sets of finite X —perimeter

1.1. Introduction. We begin with some preliminary notation. Given a system
X = (X, ..., X;) of locally Lipschitz vector fields in R we write for j = 1,...,m

n Ci1 ... Cipn
X(z) = chi(x)ai, and C=1{ : .. 1 |. (5.1.1)
i=1 Cml -+ Cmm

The adjoint operators X7, the divergence divxy and F'(€2;R™) with @ C R" open set
have been introduced in chapter 4 section 2.

DEFINITION 5.1.1. The total X —variation (or X —perimeter) of a measurable set
E C R™ in an open set 2 C R" is

OF|x(Q) = sup / div (o) da.
PEF(QR™) JE

The set E is of finite X —perimeter (or a X — Caccioppoli set) in Q if |0F|x () < +o0.
The set E is of locally finite X —perimeter in Q if |0E|x(U) < +oo for any open set
Ueq.

REMARK 5.1.2. Let X1,..., X, € Lip,..(R";R"), and let £ C R" be a X—Cac-
cioppoli set in €. If OF is the topological boundary of E it can be easily checked that
|OF|x(2\ OF) = 0 and that |0F|x = [0(R" \ E)|x.

When F is an open set with Lipschitz boundary its X — perimeter has the following
integral representation.

145
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THEOREM 5.1.3. Let EE C R" be a bounded open set with Lipschitz boundary and
let @ C R™ be an open set. Then

0F|x(Q) = / |Cn|dH™ !, (5.1.2)
OENQ

where n(x) is the Euclidean normal to OF at x and C' is the matriz (5.1.1).

Proof. First notice that

m

divi(p) = =D X705 = Y dilcjips) =0 ( > Cjz‘%‘) ,
j=1 i=1

j=1 i=1 j=1

and then by the divergence Theorem

/divx(gp)dxz/zai<z:cﬂapj> dx:/ ZniZCjigpjdHn—l
E Ei—1 j=1 j=1

O0F ;1 i—

= / (o, Cn)dH" .
oF

Thus
OE|x(Q) =  sup /<90,Cn)dH”‘1§ / Conl .
oF

PEF (S;R™) OENQ
We have to prove the converse inequality. The set

H={z € 0ENQ:n(x) exists and Cn(z) # 0}

is H" ! —measurable and since dF is Lipschitz Cn is a H" ! —measurable function
on H. Fix ¢ > 0. By Lusin Theorem there exists a compact set K C H such that
H" Y (H \ K) < ¢ and Cn is continuous on K. By Tietze-Urysohn Theorem there
exists ¢ € Cy(R2) such that

P(x) = EZ—% forall z € K, and |¢(x)] <1 forallze Q.
Finally, by Friedrichs regularization there exists ¢ € C3(Q; R™) such that |¢[. <1
and |¢ — ¥]s < e. Thus

|0E|X(Q>z/ (i, Cn) dH"—l_/

oF oF

(p— 1, CnydH" " + / (1, Cn) dH™ ",
OF
But

z€EOF

/ (o — 1, CnY dH™ > —eH" (D) max ||C/(x)]),
oF

where ||C| = maxj,<; |Cn|, and

/ (¢, Cn)y dH" ! = / (1, Cn) dH™ " + / (¢, Cn) dH™"
OFE K H\K

:/ |Cn|dH"—1—/ |Cn|dH”‘1+/ (¢, Cn) dH™ !,
H H\K H\K

n—1 < n—1 <
|CnldH"™ < H*(H \ K) max [|C(z)[| < e max [C(z)]

where

H\K
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and analogously

/ (,Cn)y dH" ' > —emax ||C(2)].
H\K

z€O0F

Putting together all the estimates we eventually find

OBx(Q) > /

Cn| dH™ — = max | C(2)]|(2 + H* (D)),
9ENQ z€0FE

and since € > ( is arbitrary the claim follows. 0

If xg € LY(Q) then E is of finite X —perimeter if and only if yz € BVx(Q)
and moreover [0F|x(Q) = |Xxg|(©2). If F is measurable then it is of locally finite
X —perimeter in Q if and only if xp € BVx 10¢(Q2).

If E C Qis a set of locally finite X —perimeter the distributional derivative
i = Xxg is a m—vector valued Radon measure (Definition 4.2.1) and |u|(U) =
| Xxe|(U) =|0E|x(U) for any open set U € 2 (Proposition 4.2.2). By the Polar de-
composition Theorem (see [8, Corollary 1.29]) there exists a |u|—measurable function
vE @ 0 — R™ such that p = vg|u| and |vg| = 1 |u|—almost everywhere. We shall
write |u| = |OF|x.

THEOREM 5.1.4. Let E C () be a set with locally finite X —perimeter. The follow-
ing generalized Gauss-Green formula holds

/ divy () do — — / (0, v5) dIOE|x,
Q 9]

for all p € Cj(;R™).
The vector vg will be called X —generalized inner normal of E.

Consider now a Carnot group (R", -, d,d) with canonical generating vector fields
X = (X1,....Xm). If h € R” we denote by 7, : R® — R™ the left translation
T(x) = h-x. The integer Q > n is the homogeneous dimension of the group
defined in (1.7.87). The following proposition describes the invariance properties of
the perimeter in Carnot groups.

PROPOSITION 5.1.5. If E C R"™ is a measurable set then for any Borel set B C R",
for all h € R™ and X\ > 0:

(i) |07(E)|x(m(B)) = |0E|x(B);
(i) |80A(E)|x(6x(B)) = A*"'OE|x(B).

Proof. We shall prove (ii). First notice that, if 1) € C*(R"), then

Xj(oda)(x) = MX;4)(0x(2)), (5.1.3)
for j = 1,...,m and A > 0. Indeed, recall that d)(x) = (A*zq,...,\* x,) where
a1 = ... = q,; =1 and ay,41, ..., a,, are integers greater or equal than 2. The vector

fields are of the form X;(z) = 0; + Y7 . a;(x)0;, where a;;(0x(z)) = A% a;;(x)
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(see (1.7.84)). Thus

Xj(odx)(z) = 0;(¢ 0 dy)(x) + Z a;;(2)0;( 0 6x)(x)

= A+ Y Ay (@0 )
i=m-+1
= AX;0)(02()).

Without loss of generality we can assume that B = () is an open set. Take ¢ €
F(65(2);R™). Since the determinant of the Jacobian of dy(x) is A% and X7 = —X,
we can write

1Vy r=\% vy z))dx
/md (o) dz = X /md () (3n(a)) d

ENQ)
=20 [ Y @) =22 [ Y X000 de
BENQ 5 ENQ 55
Since @ o ) € F(; R™) it immediately follows that
|00:(E)|x (0x()) < X IE|x (A).
The converse inequality can be proved in the same way. 0]

1.2. Coarea formula. In this section we study the coarea formula for vector
fields which has been proved in [89], [80] and [148]. A similar coarea formula in the
setting of metric spaces has been recently proved also in [138]. In the coarea formula
a solid integral is expressed as a superposition of surface integrals and the integration
measure is the perimeter of the boundary of the level sets of a Lipschitz function.
The problem of replacing the perimeter with Hausdorff measures has been recently
studied in [130] and [131].

THEOREM 5.1.6. Let Xy, ..., X, € Lip,..(R™; R™) and let Q@ C R™ be an open set.
If f € BVx(R2) then

[ X () = /_+OO |0E,| x () dt, (5.1.4)

where By = {x € Q: f(z) > t}.
Moreover, if Xy, ..., X,, induce on R"™ a continuous metric d and f € Lip(Q,d)
and u € LY(Q), then

—+00
/u|Xf|dx:/ (/ wdE|x ) dt. (5.1.5)
Q —o0 {zeQ: f(x)=t}

Proof. We begin with the proof of (5.1.4). First notice that the function

t — |0E|x(2) = sup / divy () dx
Ey

pEF(Q;R™)

is measurable being (countable) supremum of measurable functions. Indeed C§(Q; R™)
is separable.
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Without loss of generality assume that f > 0. Then by Fubini-Tonelli Theorem

I Xfl(2) = sup /fleX ) dx

peF (Q;R™)

“+00
= sup / / divy (p) dx dt
@EF(Q Rm) FEy

—+o0
< / sup / div () da dt / 05, (Q) dt
0 PEF(QR™) J By 0

In order to prove the converse inequality

SR NI (5.16)

o0

we begin with the case f € BVx(Q2) N C'(Q). The function

mit) — /Q\E X f| da

is differentiable almost everywhere because it is non decreasing. For h > 0 let

1 ifs>t+h
m(s)=4¢ &t ift<s<t+h
0 ifs<t,
and notice that
m(t+h) —m(t 1
b=l S sl = [ e plas
h h E\Eyin Q

Since 1, o f — xp, in LY(Q) as h | 0, by Proposition 4.2.3

(1) zn%ionf/ X (o f)| da > 0| x(€).
Q

This result holds for almost every ¢t € R and integrating

/Q\Xf|dx:/_:om’(t)dt2/_:o|8Et\(Q)dt

This proves 5.1.6 if f € BVx(Q) N C*(Q).
Let now f € BVx(Q). By Theorem 4.2.6 there exists a sequence (fi)ren €
BVx () N CY(Q) such that f; — f in L}(Q) and

Jin [ 15 do = 1X11(9).

Let EF = {x € Q: fi(x) > t} and notice that
+oo
tim [ [ (o)~ xe o) dido =t [ (fule) = f(o)]dz =0,
- JO J-—x0 —JO

and thus | gx () = xz ()| — 0in L(Q) for almost every ¢ € R. Again by Proposition
4.2.3

lim inf |0} x(Q) > [0E|(),
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and finally, by Fatou Lemma

+o00
XA = Jim [ Xl dz = Jim [ 0Bt ()

—+00

“+o00
z/ 1iminf|aEf|X(Q)dt2/ |OF;| x () dt.

This ends the proof of (5.1.4)

The next step is to prove that (5.1.4) holds for any Borel set B C 2. Note first
that (5.1.4) holds when  is replaced by a closed set F' C ). Indeed, the function
t — |0 x(F) = |0E|x(Q) — |0E|x(Q\ F) is measurable and

[XFI(F) = [XFI(2) = [ X FI(QN\ F)

:/+Oo|8Et|X(Q)dt—/+Oo|8Et|X(Q\F)dt:/+Oo|8Et|X(F) .

Let B C Q be a Borel set. Since | X f]| is a finite Radon measure on €2, by [63,
Theorem 2.2.2] there exist a decreasing sequence of open sets Ay C Q, k € N, and an
increasing sequence of closed sets F}, C €2 such that F, C B C Ay for all £k € N and

sup [ X f|(Fy) = [X f|(B) = Inf [ X f|(Ay).
keN €

Define F' = |J;2, F, and A = /2 A;y. The functions t — [0E;|x(F), |0F:|x(A)
are measurable, being upper and lower envelopes of a countable family of measurable
functions. Moreover, by monotone convergence

+oo
X7I(4) = Jim [Xf1(A0) = Jim [ O x(As)at

+o0 +o0
— [ jm oEls(40di= [ oEls(4)d
and analogously (5.1.4) holds for F. Since | X f|(F) = | X f|(B) = | X f|(A), it follows
that .
| om0,

o0

and [0F:|x(A\ F) = 0 and a fortiori |0E|x(A\ B) = 0 for a.e. t € R. Hence,
t — |0F|x(B) = |0E|x(A) — |0E;|x (A \ B) is measurable. Finally

—+o00
XAB) = ot [ ORI (A
+00 too
2/ ’icnglaEt\X(Ak)dtz/ |0F:|x(B)dt,
—o0 RE —00

and

+o0
X/|(B) = sup / OB x (Fy)dt

keN J —oco

+oo +o0
g/ Sup|8Et|X(Fk)dt§/ |OE,| x (B)dt.

o0 kEN (o)

This ends the proof of (5.1.4) for Borel sets.
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We notice that if f locally belongs to Wiél then the measure |X f| is absolutely
continuous with respect to the Lebesgue measure and (5.1.4) holds for any measurable
set.

We prove (5.1.5). If f € Lip(Q2,d) then by Theorem 2.2.1 | X f| € L*(2) and
f locally belongs to W;l. Let u € LY(©2) be a non negative function and write
u =Y o, 1/kxa, with A; C Q measurable with finite measure (see [61, Theorem
1.1.7]). By the monotone convergence theorem

=1 =1
wlXfldr =) — [ xalXfldv=") —|Xf|(As)

o0 1 400 > 1 400
=1 oo k=1 " o0 IO

+o0o
—00 Q

In the general case write © = u™ — u~ and apply the argument to vt and u~.
Since f € Lip(R",d) and d is continuous with respect to the Euclidean topology, then
f is continuous. It follows that 0{x € Q: f(z) >t} C {z € Q: f(x) = t}. Thus by
Remark 5.1.2 the support of the measure |0F;|x is contained in {x € Q: f(x) = t}.

[l

The Hypotheses (H1) and (H2), and the Cases (C1), (C2) and (C3) have been
introduced in chapter 2 section 6.

COROLLARY 5.1.7. Let (R™,d) be the C-C space induced by a family of vector
fields X, ..., X, € Lip(R™; R"™) that satisfy (C1), (C2) or (C3). Assume (H1) and
(H2). If u € LY(R") then

/ ula) dr = /0 m ( /8 o 1) dp, ). (5.1.7)

where OB(0,r) = {x € R : d(2,0) =} and p, = [0B(0,7)|x.

Proof. By Theorem 2.6.1 we have | Xd(z,0)| =1 for a.e. x € R™ and by Remark
5.1.2 we can apply formula (5.1.5).
U

COROLLARY 5.1.8. Let (R",-,dy,d) be a Carnot group with canonical generating
vector fields X1, ..., X, € C°(R™;R") and homogeneous dimension Q. If u € L'(R™)

then
+oo
/ u(x) dx:/ (/ u(ér(:v))rQ’ldu>dr, (5.1.8)
n 0 8B(0,1)
where p = |B(0,1)|x.

REMARK 5.1.9. Formula (5.1.8) gives an explicit representation of the (unique)
surface measure whose existence for Carnot groups was proved in [67, Proposition

1.15].
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2. Minkowski content

In this section we prove that the perimeter of a X —Caccioppoli set is equal to
the Minkowski content of its boundary. This result has been established in [148].
Let (R™,d) be a C-C space associated with the vector fields Xj, ..., X,,,. The metric
d will be assumed to be continuous. Let K C R™ be a closed set and define dg(z) =
mingex d(z,y). If r > 0, the r—tubular neighborhood of K is

I(K)={z e R" : dg(z) < r}.

The upper and lower Minkowski content of K in an open set {2 C R™ are respectively

L.(K)NQ
M™*(K)(Q) := limsup —| ()N ’,
rl0 2r
I.(K)N
M-(K)(Q) = limint L2 0
r10 2r

If M*(K)(Q) = M~ (K)(Q) this common value will be called the Minkowski content
of K in © and denoted by M (K)(£2).

We shall prove that if K = OF with E C R™ bounded open set with C? boundary
the Minkowski content of OF equals the perimeter of E. Our proof will work in the
following three cases:

(i) Xi,...,Xpm € C(R™";R"™).
(il) Xy, ..., X;n € Lipy, (R™;R™) N L*(R™).

(iii) Xy,...,X,, € Lip,,.(R™ R") and there exists a bounded open set Qy C R™

such that £ € €y and

(1+ xs;l{% | A(x)]])diam(F) < meEIgienmo |z — v, (5.2.9)
where A = C7T is the matrix of the vector fields (according to (1.1.1) and

(5.1.1)).
The key property ensured by (i), (ii) and (iii) is d®) < d for all k € N, being d®
the Riemmanian distances approximating d which have been constructed in chapter

1 section 2 (see Theorem 1.2.1 for case (iii), Remark 1.2.3 for case (ii) and Remark
1.2.2 for case (i)).

THEOREM 5.2.1. Assume (i), (ii) or (iii). Let Q C R™ be an open set and let
E C R" be a bounded open set with C* boundary and such that H" ' (OE N oQ) = 0.
Then M(OF)(Q) exists and

M(OE)(Q) = |0E|x (). (5.2.10)
Proof. The proof will be written for case (iii). We prove separately that

M~ (0E)(Q2) > |0FE|x(9), (5.2.11)

M*(OE)(Q) < |0E|x(Q). (5.2.12)

The former inequality follows from the lower semicontinuity of the perimeter. The
latter one requires the Riemannian approximation.
Define the signed distance

o(z) = { (1) ifz e R\ E,
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and if € > 0 let for z € R"

o(@) +5 iffo(z)l <e

pe(x)=1¢ 1 if o(z) > ¢
0 if o(z) < —e.
The function o : (R™,d) — [0,400) is 1—Lipschitz and by Theorem 2.2.1 (d is con-
tinuous) | Xo(z)| <1 for a.e. x € R™. Then

1
Xed@ =5 [ Xelds
€ Jan{lel<e}

< Lifr e 0sjoto)) < oy = [OEI0D

2e
As p. — xg in L'(Q), by Proposition 4.2.3

OELx(©) < liminf [ X¢-|(2) < M~ (0F)(€),

This proves (5.2.11).

We turn to (5.2.12). Let X*)| k € N, be the family of m + n vector fields defined
in (1.2.15) which generates a metric d*) of Riemannian type. Let Cj, be the matrix
of the coefficients of X*) as in (5.1.1). By (5.2.9) and Theorem 1.2.1

d(z,y) = sup d®(z,7) (5.2.13)
keN

for all z, y belonging to a neighborhood of E. We notice here that only the inequality
d(z,y) > d*®(z,y) will be needed. Such an inequality holds in cases (i) and (ii) by
Remarks 1.2.2 and 1.2.3.

Let d(;bl(x) = minycpp d¥ (z,y) and define

) d%) ifzeE
o) = { ~d®(@) ifzeR"\E.

Since OF is of class C? the function gy, is of class C! in a neighborhood of F. This is a
classical result in Riemannian Geometry. Moreover, by Theorem 2.6.1 | X ® g, (2)| = 1
in this neighborhood.

Now define the upper and lower Minkowski contents

M;(@E)(Q) := lim sup [{re: |29k(x)| <r}
rl0 r

9

{z €9 o) <1}
2r

By (5.2.13) |ok| < |o| and thus {z € Q : |o(x)| < r} C {x € Q : |o(x)] < r}. It
follows that

M, (0OF)(Q) := liml%nf

M*T(OE) () < MF(OE)(Q). (5.2.14)
We shall soon prove that
MOE)(Q) = M, (0E)(Q) = |0E|(9). (5.2.15)
Here and in the sequel we write |0E|x(2) := |0E|xw ().
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By Proposition 5.1.3

= lim |Cen| dH!

e Janok (5.2.16)
:/ |Cn|dH"™ = |0E|x(Q).

QNOE

In fact, Cy(z) — C(z) for all z € R™, C being the matrix of the vector fields X, ..., X;,
as in (5.1.1). Thus, by (5.2.14) and (5.2.15)

M*(0E)(©) < lim My (0F)(©) = lim |0E[() = |0E|x (2.

Tim |OE]()

This completes the proof of the Theorem if we prove (5.2.15).
Now k is fixed. Let E, = {z € R" : gi(z) > s}. Since [XFg| = 1 in a
neighborhood of OF by the Coarea formula (5.1.5)

0 t 1 1 [t
Hz € o ()| < t}] _ _/ |X® op| dz = _/ |OE,|1(Q) ds.
2t 2t J{jonl<tine 2t )
If we show that
lim [0F]1(©2) = [0F4(€) (5.2.17)

then (5.2.15) is proved.
We consider first the case ) = R™ and ¢t > 0. By Theorem 5.1.4

/ diVX(k)(X(k)Qk)dxz/ <X(k)0k,VEt>d|3Et’k_/ (X oy, vi)d| OBy,
Et\E n n
and by (5.1.2)

Cyng X(k)Qk

~|Cyng| [ X® gy’

VE

\V4 T
where ng(z) = \vgigmgl

tation formula holds for vg,. Thus, since | X*)g;| = 1 in a neighborhood of F

is the Euclidean normal to OF at z. An analogous represen-

(k)

X® g, XM oy
div e (X® dx:/ X®p, 2 Gk g19E —/ X®p, 2 Cky 19R
[ v (X0 de = [ (X0 Ty doBil [ (xOo, ity dioBs

= |0E|,(R") — [OE[x(R").

Since divyw (X® g,) € L in a neighborhood of JF, the first term converges to zero
when ¢ | 0, and we deduce that |0E;|,(R") — |0FE|(R™) as ¢ | 0. Then (5.2.17) is
proved and this concludes the proof if {2 = R".
We finally consider an arbitrary open set 2 C R™. Since xz, — Yz both in L}(Q)
and in LY(R™\ Q), by Proposition 4.2.3
|0F|,(2) < liminf [0F;|,(Q2),
o (5.2.18)
DE(R"\ ©) < liminf |9 (B"\ ). -

From

|0E1(Q) < |0E;x(Q) = [0E:|x(R") — 0B, |x(R™ \ Q),
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using the second inequality (5.2.18) and the convergence in R™ established above we

find
i sup |OF () < 10FIL(R") — lim nf |0 (R" \ ©)
t10
< |0E[(R") — [OE[(R" \ Q)

< |0E|k(Q) + |0E|(092)
< IDE(Q) +/ (Cng| dH"™ = |OE[(%).

DENIN
Here we used H" 1 (OF N 0N) = 0. Together with the first inequality in (5.2.18) this
proves that |[0F:|x(Q2) — |0F|k(S2) as t | 0. The case t — 0~ is quite similar and the
theorem is completely proved. 0

REMARK 5.2.2. The approximation technique used in the proof of Theorem 5.2.1
is “Riemannian” only from the metric point of view. The metric d*) is Riemannian
but the measure of the k—tubular neighborhood of OF and the surface area of OF
have been computed respectively by Lebesgue measure and perimeter instead of using
the Riemannian volume and area. The reason is that these latter diverge.

The Riemannian quadratic form inducing on R™ the metric d* is given by gx(z) =
(Cr(z)TCh(x))™ and if E C R™ is a bounded open set with regular boundary, the
Riemannian volume and area of OF are respectively

1
Vol (E) = /E Vv det g (z) de = /E NIRRT dx,

Arean(05) = [ (g na),n(a) 2 Aet o)

_ |Ckn(x)| dHn—l
/8E V/det(Cr(2)TCr () ’

where n(x) is the Fuclidean normal to OF at x.

Consider, for instance, in R3 the Heisenberg vector fields X = 0, + 2y9, and
Y = 8, —220;. Tt can be easily checked that det(C}FCy) = 1/k*(1+1/k%)[4(z* +y?) +
1+ 1/k% and

lim Vol (F) = klim Area(0F) = +oo.

k—o0

REMARK 5.2.3. The proof of Theorem 5.2.1 shows that My (0F)(R") = |0E|x(R™)
for all £ € N and that
lim My (0E)(R") = |0F|x(R")

k—oo

for any family of vector fields X = (X, ..., X;n).

3. Hausdorff measures, regular surfaces and rectifiability

In this section we study the relationship between perimeter and Hausdorff mea-
sures defined with the C-C metric. Only few results concerning this problem are
known, and mainly in the setting of Carnot groups [83] and in particular in the
Heisenberg group [82]. One of the problems is the lack of a geometric covering the-
orem: even in the Heisenberg group a covering theorem of Besicovitch type does not
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seem to hold (see the counterexamples constructed in [158] and [120]). Anyway, the
asymptotic doubling formula for perimeters in metric spaces proved in [7] makes pos-
sible the spherical differentiation which yields the exact relation between perimeter
and spherical Hausdorff measures.

3.1. Hausdorff measures. Let (R",d) be a Carnot group with homogeneous
dimension ) > n. Using the left invariant metric d the following Hausdorff measures
can be defined in R" (see [63, 2.10] and [133, chapter 4]). For any 0 < s < Q, d >0
and for any A C R” let

+oo

H;5(A) = inf {7(3) Z(dlam( )t AC U E;, diam(E;) < 5}
j=1 j=1
+o0
S;5(A) = inf {fy(s) Z(dlam tAC U B;, diam(B;) < ¢, B; closed balls}
j=1

and then define
Hj(A) =supHjs(A), and Sj(A) =supS;s(A).

§>0 5>0

Here, diam(F) is the diameter of £ C R" in the metric d and 7(s) is a suitable
normalization constant. The measure §; is usually called s—dimensional spherical
Hausdorff measure. Since a set £ C R" is contained in a closed ball B with radius
diam(F) and since diam(B) is twice the radius of B (this is true in all Carnot groups)
it easily follows that Hj(A) < S5(A) < 25H5(A).

Let X = (Xy,..., X;,) be a system of generators of the Lie algebra of the group
and if £ C R” is a measurable set denote by |0E|x(R") its X —perimeter in R™. Sets
having the corkscrew property have been defined in Definition 3.1.4.

ProPOSITION 5.3.1. Let E C R™ be an open set with the corkscrew property.
There exists C > 0 depending on the homogeneous dimension (Q and on the corkscrew
constant such that H$ " (OF) < C|0E|x(R").

Proof. By Proposition 3.1.5 there exists C' > 0 such that for all z € OF and
0<r<rg
|B(x,r)| < Cmin{|B(z,r) N E|,|B(z,r) N (R"\ E)|}. (5.3.19)
Fix 0 < r < ro/5. By Vitali covering Theorem there exists a disjoint sequence
of balls {B; = B(z;,r) : i € N} with x; € OF such that the enlarged family {5B;}
covers OF. By compactness there exists N € N (depending on ) such that

N
OF C U B(z;,5r).
i=1

Thus by (5.3.19)

B(w;,r

e
1
ngr(aE ) <y(Q—1) E diam (B(w;, 5r))% ?

||Mz

N
C
< = " |B(zi,r)[V? min{|B(x;,r) N E|,|B(xs, ) N (R"\ E)[}@1/@
.
=1



3. HAUSDORFF MEASURES, REGULAR SURFACES AND RECTIFIABILITY 157

By the isoperimetric inequality (4.2.20) with Q = B(xz;,r) (which is a John domain)
1

~| By, r)[V9 min{| B(as, r) N E|, |Bwi,r) 0 (R \ B)[}9"Y9 < ClOB|x(B(wi,1),
r

and hence, since the balls are disjoint

N
Hion(OE) < C Y |0B|x(B(x:,1) < ClOE|x(R").
i=1
The claim follows letting r | 0. U

REMARK 5.3.2. The proof of Proposition 5.3.1 works in any C-C space provided
that the relative isoperimetric inequality for balls holds.

3.2. Regular surfaces. We introduce regular surfaces in Carnot groups. The
implicit function Theorem stated in this subsection actually holds for vector fields of
“Carnot type” (see [83]).

DEFINITION 5.3.3. Let 2 C R™ be an open set. A function f : Q — R is said
to belong to C'%(Q) if it is continuous in 2 and the derivatives X f, ..., X, f exist in
distributional sense and are continuous functions.

DEFINITION 5.3.4. A set S C R" is a X—regular hypersurface if for all z € S
there exist an open neighborhood U of x and f € C%(U) such that

() 1X ()] #0:
(i) SNU={yelU: f(y) =0}.

REMARK 5.3.5. If S C R" is a C! hypersurface then it is X —regular if and only

if it does not contain points which are characteristic with respect to the vector fields

X. On the other hand, there are X —regular hypersurfaces that are not of class C*
and not even locally Lipschitz in the Euclidean sense (see [82, Remarks 5.9 and 6.6]).

The implicit function theorem we are going to state has been proved in [83] and
in [82] for the special case of the Heisenberg group. We refer to these papers for the
proof.

Let 2 C R™ be a fixed open set such that 0 €  and let f € C%(2) be such that
f(0) = 0. Define

E={xecQ: f(x) <0}, S={re: f(x)=0}
If S is a X—regular hypersurface we can without loss of generality assume that

X1£(0) > 0.

THEOREM 5.3.6 (Implicit Function Theorem). There exists an open neighborhood
U of 0 in R™ such that E is of finite X —perimeter inU, OENU = S NU and

Xf(z)

vp(z) = —
[ X f ()]
where vy 1s the generalized inner unit normal given by Theorem 5.1.4. Moreover, there

exist an open neighborhood YV C R™™! of 0 and a continuous function ® : V — R™ such
that SNU = {P(§) e U : £ € V} and the X —perimeter has the integral representation

X F(@(0))
e = | i

forallz e SNU,
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REMARK 5.3.7. The function & is continuous. The problem of determining what
kind of additional regularity ® could have seems to be an open problem even in the
Heisenberg group (see [82]).

3.3. Rectifiability in the Heisenberg groups. In the Heisenberg group the
link between perimeter and spherical Heusdorff measures has been investigated in [82].
Consider H"* = R?"*! endowed with the algebraic and metric Heisenberg structure.
In this subsection we shall denote by X the system of the Heisenberg vector fields
(1.8.91), by « -y the product (1.8.89), by J, the dilations (1.8.90) and by @ = 2n + 2
the homogeneous dimension.

If ECR" € R"”and r > 0 define

E.,={yeR":z-6,(y) € E} =01/ (x " - E)}.
The projection 7 : R® — R?*" is defined by m(x1, ..., Tons1) = (21, ..., 2,). If v € R?"
let
St(w)={z e R": (x(x),v) >0}

S7(v) ={x e R": (n(z),v) <0}.

(5.3.20)

It can be checked that for any v € R?®
T(w)=S8T(v)NS (v) ={r € R": (n(x),v) =0}
is a subgroup of H".
DEFINITION 5.3.8. Let £ C R” be a X —Caccioppoli set. A point z € R" is said

to belong to the reduced boundary of E, x € O'F, if

(i) |OE|x(B(z,7)) > 0 for all r > 0;
(i) if vg € R?*" denotes the generalized inward normal given in Theorem 5.1.4
then
ve(r) = lim ve d|OF|x,
710 B(z,r)
and moreover |vg(x)| = 1.

The following blow up theorem for sets of finite perimeter in the Heisenberg group
at points of the reduced boundary has been proved in [81] along the way of De Giorgi
classical result. Actually, in [81] homogeneous cylinders have been used instead of
C-C balls, but these can be used as well.

THEOREM 5.3.9. If E is a X -Caccioppoli set, x € O*E and vy € R*" is the gener-
alized inward normal, then the characteristic function of E,, converges in L (R*"*1)
as | 0 to the characteristic function of ST (ve(x)). In addition, for all R > 0

13% |0E, .| x(B(0, R)) = |0ST (ve(x))|x(B(0, R)) = cR*, (5.3.21)

where ¢ > 0 1s a geometric constant.

DEFINITION 5.3.10. A set K C R" is X-rectifiable if there exists a sequence of
X-regular hypersurfaces (.5;);en such that

NG (K U SZ») —0. (5.3.22)

1€N
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THEOREM 5.3.11. If E C R" is a X -Caccioppoli set then
(i) O°F is X -rectifiable, that is 0'E = N U2, K;, where HS ™' (N) = 0 and K;
18 a compact subset of a X -reqular hypersurface S;;
(ii) |0F|x = S 'L O"F with a suitable choice of v(Q — 1).

Balogh has recently proved in [17] that if F is an open set of class C! and C(OF)
denotes the set of characteristic points of JE then HY '(C(JE)) = 0. Since points
in OF \ C(OF) are in the reduced boundary then from Theorem 5.3.11 the following
Corollary immediately follows

COROLLARY 5.3.12. If E C R?""! is an open set of class C' then |OF|x(R*"*1) =
SYH(OE).

The main technical problem in the proof of Theorem 5.3.11 given in [82] is proving
that the measure |0F|x has support in 0*E. In order to establish such property the
following result, which has been established within the theory of perimeters in metric
spaces in [7], plays a crucial role. We shall state it in the context of the Heisenberg
group.

THEOREM 5.3.13. Let £ C R*"*! be a X-Caccioppoli set. There exist T > 0 and
k > 0 such that for |0E|x—a.e. x € R*"!

FElx(B FEl|x(B
7 < liminf 0B |x(B(x, 7)) < limsup 0B |x(B(z,r))
r]0 r@-1 10 rQ-1

< 400

and
> k.

[B(z,r)NE| [B(x,r) N (R E)| }

lim inf min ,
{ |B(z, )] |B(z,7)|

10






CHAPTER 6

An application to a phase transitions model

1. Introduction

In this chapter we apply several results obtained in the previous chapters to the
study of a problem of the Calculus of Variations connected to phase transitions mod-
els. Consider the family of functionals

Q:(u) = E/Qq(x,Du) dx—l—%/QW(u) dr, &>0, (6.1.1)

where € is a smooth, bounded open set of R", u: Q — R, and W : R — [0, +00) is a
double-well potential that supports two phases of the model (i.e. W has two isolated
global minimum points). For the sake of simplicity we assume here W (u) = u?(1—u)?
but W can be more general (see section 3). The integral perturbation with integrand
function ¢ : Q@ x R™ — [0,400) is a term that penalizes the formation of interfaces
in the model and it may degenerate in the sense that ¢ could vanish on big parts of
Q x R™.

Functionals of type (6.1.1) have arisen in a variety of applications as, for instance,
in the study of stable configurations in the context of Van der Waals-Cahn-Hilliard
theory of phase transitions (see [36], [96]). This model can be described by a fluid
under isothermal conditions which is confined in a bounded container €2 and whose
Gibbs free energy per unit volume is a prescribed non convex function W of the
density function u. The space of admissible smooth densities is the class

Az{u:Q—>[0,1]:uEC’l(Q),/uda::V},

Q
where 0 < V' < |Q] is the given total mass of the fluid in €.
In the classic isotropic model to every density w one can associate the energy

& (u) = eQ.(u) where
q(z,&) = |€]* forallz € Qand £ € R", (6.1.2)

and € > 0 is a small parameter (see [96] for a physical motivation and also [2] for
a simple nice introduction to the subject). The problem of determining the stable
configurations is the study of the variational problem inf{&.(u) : u € A} and the
mathematical problem is then to study the asymptotic behaviour as € | 0 of the
solutions u. of these problems or equivalently, as the sets of the solutions agree, the
ones of the rescaled problems

inf{Q.(u): ue A}. (P.)

A relevant variational convergence which turned out to be very useful to this goal
is the I'—convergence introduced by De Giorgi (see [53] for an introduction to this
topic). More precisely, the functional Q. : A — [0, 4+00] can be extended, with a slight

161
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abuse of notation, to a functional Q. : L*(Q2) — [0, +00] defined +oo outside A, and
now the variational problem is the characterization of @ = I'(L'(Q2)) — lim. o Q-.

In the isotropic scalar case, i.e. when ¢ is as in (6.1.2), this variational problem
was studied by Gurtin ([96]) in some particular situations, who also proposed sev-
eral conjectures (see also [97]). Following a Gurtin’s conjecture and using previous
['—convergence arguments contained in [140] Modica proved in [139] that

Ow) = { 20|0E|(Q) ifu=p €BV(Q), [ENQ| =V

+00 otherwise (6.1.3)

where [0F|(Q2) is the perimeter of E in 2, BV(Q2) is the classical space of functions
with bounded variation in {2 and

a:/o VW(s)ds. (6.1.4)

Moreover, Modica also proved the existence of a sequence (e, )pen of solutions
of the relaxed problems (P.,) strongly converging in L'(Q) as &, | 0 to a function

up = x g solution of the geometric problem
inf{20H" 1 (O"ENQ): xg € BV(Q), |[ENQ| =V} (6.1.5)

Here 0'F is the (Euclidean) essential boundary of E. In particular, this result yields
a “selection criterion” singling out a solution uy among the infinite collection of the
ones of the imperturbated real physical problem

min{/QW(u)dx: u € LHQ), /Qudx:V} (6.1.6)

(see [96] for a discussion of the physical meaning of this problem).

These results were generalized by Bouchitté ([29]) and Owen-Sternberg ([152]) to
anisotropic functionals (). allowing the function ¢ to be very general but always as-
suming at least a coercivity property which, in the case when ¢ is a positive quadratic
form, i.e.

q(z,6) = (A(z)€,€) x€Q and & € R", (6.1.7)
with A(z) symmetric n X n matrix, amounts to the existence of a constant g > 0
such that
(A(2)E,€) > No|é* forallz € Q and & € R™ (6.1.8)
Under this hypothesis Bouchitté proved in [29] that there exists a limit solution
up = x g which solves the following geometric problem

inf {za /W*Em(x)yE(x), vp(e))2dH" : xp € BV(Q), [ENQ| = v} (6.1.9)

where vg denotes the generalized outward normal to E (see [8]) and « is the constant
(6.1.4).

The isotropic vector valued-case, i.e. if u : Q@ — RP and ¢ : Q x R — [0, +00)
is as in (6.1.2), was studied by Sternberg ([166]), by Kohn and Sternberg ([118]),
by Baldo [16] and by Fonseca and Tartar ([69]). The anisotropic vector-valued case
was also studied by Barroso and Fonseca ([19]). Moreover, other variations of the
functionals @ in (6.1.1) have been studied by Alberti and Bellettini ([3] and [4]),
Alberti, Bouchitté and Seppecher ([5]) and Fonseca and Mantegazza ([68]). Finally,
Baldi and Franchi have recently proved in [15] a I'—convergence result for the family
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of functionals (Q.). in the special case when ¢(z, &) = |¢|?w(z)! =2/

As—weight on R™.

In this chapter we prove I'—convergence results in the case when ¢ : 2 x R" —
[0, +00) is a non negative quadratic form, i.e. ¢ is as in (6.1.7) but the matrix A(z)
is only non negative definite on ; in particular (6.1.8) may fail. More precisely,
suppose that there exists a m x n matrix C(z) = [¢j;(z)] with Lipschitz continuous
entries on R™ such that

and w is a strong

A(r) = C(x)"C(z) for all v € Q, (6.1.10)

where C7 denotes the transposed matrix of C. Clearly, according to (5.1.1) the
rows of the matrix C' defines a family of vector fields which, after a Riemmanian
approximation, will be the key tool in our proofs. In chapter 4 section 2 the space
BV4(£2) has been defined for any non negative definite matrix A (see (4.2.17)). In a
natural way the A—perimeter measure in € of a measurable set £ C R" is

|0E]4(€2) = |[Dxp|a(€). (6.1.11)
Now, let @ : L'(Q) — [0, +00] be the functional

Q) — { 20|0FE[4(Q2) ifu=xg € BV4(), |[ENQ| =V (6.1.12)

400 otherwise,

where « is the constant (6.1.4).
Then, if (). are the functionals (6.1.1) with ¢ of the form (6.1.7) with A satisfying
(6.1.10) we prove that

Q=TL(Q) - limQ. (6.1.13)

for every bounded open set 2 C R" with boundary of class C? (see Theorem 6.3.3
and Remark 6.3.4).

Under the weak assumption (6.1.10) only, the result (6.1.13) does not provide a
meaningful selection criterion to single out preferred solutions among the ones of the
limit geometric problem

inf{2a|0E|4(Q) : ECR", |[ENQ| =V} (6.1.14)

because a minimizing sequence (u., Jnen of the problems (P;, ) need not be relatively
compact in L'(Q) if A vanishes on big parts of .

Under the hypotheses

(1) X is a family of Hérmander or Grushin’s type vector fields, and
(2) Q is a bounded open set of class C? and a John domain in the C-C space
(R™, d) induced by the vector fields X (see Definition 3.1.1 in chapter 3)

we prove that the relaxed problem of (P.) has a solution u. in the anisotropic Sobolev
space HY(Q), (see (6.3.46) and Theorem 6.4.3). Moreover, a sequence of solutions
(e, Jnen is relatively compact in L!'(Q), and using the I'—convergence result (6.1.13)
we show that, up to a subsequence, it strongly converges in L'(2) to a solution
uy = xg of problem (6.1.14) (see Theorem 6.5.2).

In section 5 several examples will be given in which all previous hypotheses are
satisfied.
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2. Preliminary results

First of all we recall the definition of I'—convergence. We refer to [53] for a general
introduction to the subject.

DEFINITION 6.2.1. Let (M, d) be a metric space, and let F, Fj, : M — [—o00, +00],

h € N. F is said to be the I'—limit of the sequence (F})nen, and we shall write
F =T(M) — limy_, Fj, if the following conditions hold
ifx € M and zj, > = then F(x) < li}lLrn inf Fy,(zp), (6.2.15)
Ve € M 3(xp)pen such that x;, — = and F(x) > limsup Fj(xp). (6.2.16)
h—o0

The proof of the following “Reduction Lemma” can be found in [140].

LEMMA 6.2.2. Let (M,d) be a metric space, F,Fy, : M — [—o00,+00], h € N,
D C M and x € M. Suppose that:

(i) for every y € D there exists a sequence (yp)pen C M such that y, — y in M
and limsup F () < F(y);

h—o0
(ii) there exists (xp)peny C D such that x, — x and limsup F(z,) < F(z).

h—o0

Then there ezists (Zp)peny C M such that limsup Fy,(z,) < F(z).

h—o0

Next, we state an approximation theorem for BVx functions, or better for sets
of finite X —perimeter, which is necessary in order to bypass the following technical
difficulty. In the Euclidean setting one of the main tools in the approximation of a
set of finite perimeter in 2 by means of sets with regular boundary in R™ (not only
in ) is the property of a function v € BV(2) N L*°(2) to be extendible to a function
u € BV(R™) N L*(R") with |Dul(092) = 0, if  has Lipschitz boundary (see [139,
Lemma 1] and [166, Lemma 1]). It is not known if such a property does hold for
BVx () functions. Nevertheless, the following Proposition can be proved (see [149]).
X = (Xy,..., X}, is a given system of locally Lipschitz vector fields.

PROPOSITION 6.2.3. Let Q C R"™ be a bounded open set with C? boundary, and
let E C 2 be a measurable set such that |0E|x(Q) < 400 and 0 < |E| < |2|. Then
there exists a sequence (Ep)nen of open sets of R™ such that

(i) Ep is bounded and OF}, is of class C* for all h € N;
(i) By — E in LY(Q);
(i) |0Bn]x(©) — [0 (©);
(iv) H"Y(0E, N 9Q) =0 for all h € N;
(v) |E,N Q| = |E| for all h € N.

Since we are working in a bounded region the vector fields may be assumed globally
bounded and Lipschitz continuous. Precisely, we assume that there exists L > 0 such
that

X@)| <L and [X;(x) = X;(y)| < Lz —y (6.2.17)
forall z,y € R" and j =1, ..., m.

Let o > 0 and consider the family of vector fields X, , = (X7, ..., X, 00, ...,00,)

where X7 = J, * X; and and (J),>0 is a family of mollifiers. Under assumptions
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(6.2.17) we proved in chapter 1 section 2 that for any ¢ > 0 there exists 7, > 0 such
that

m

Z 2 < o?le)P + Z (X (x),€)* (6.2.18)

for all x € R™ and for all ¢ € R™". We shall erte
Xo = Xoy, - (6.2.19)

The coefficients of the vector fields X, are of class C'*° and if d, is the C-C metric
induced by them then the C-C space (R",d,) is a complete Riemannian manifold (see
chapter 1 section 2 and Theorem 1.4.2).

3. The results of I'—convergence

This section deals with the I'—convergence results. First, we introduce the func-
tionals involved. Let W € C?(R) be a function with two “wells” of equal depth

W) =W(1)=0, W(s)>0 if s£0,1, W"0)>0, W'(1)>0. (6.3.20)

Let X be a given system of locally Lipschitz continuous vector fields in R". Fix
a bounded open set @ C R" and for € > 0 define the functionals F., F' : L}(Q) —
[0, +00]

Fu(u) = /Q <€\Xu\2 + éW(u)) drv if u € HY(Q)
+00 if uw € LY(Q)\ HY(Q),

and .
Flu) = { 20|0F|x(Q) if u = xg € BVx(Q)

+00 otherwise
where o = fol VW (s)ds.
Let 0 < V < |9, introduce the set of admissible functions

Ay = {u c LY(Q): / uder =V, u>0 ae. in Q}, (6.3.21)
Q
and let Iy be the indicator function of Ay, i.e. the function which takes the value 0
on Ay and +oo outside. Finally, define
G.=F.+Iy and G=F+1Iy. (6322)
Let () nen be a sequence of real numbers such that ¢, | 0 and let G, = G, , F), = F,.

THEOREM 6.3.1. Suppose that X1, ..., X,, € Lip,,.(R";R"), let W € C*(R) be as
n (6.3.20) and let Q C R™ be a bounded open set with C* boundary. Then

G =T(LY(Q)) - Jim G,
.e. by definition
Vu € LY(Q) and Y(up) € LYQ) if up, — u in L(Q) then G(u) < lilfn inf G, (up),

(6.3.23)
Vu € LYQ) 3(up) € LYQ) such that u, — u in LY(Q) and G(u) > limsup G, (uy).

h—o00
(6.3.24)
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Proof of Theorem 6.3.1. We divide the proof in two steps.

Step 1. Assume that Xi,..., X, € C°(R";R"), and that the system X induces
on R" a finite C-C metric d which is continuous in the Euclidean topology. We also
assume the following eikonal equation:

(Ek) Let K C R" be a closed set. If dx(z) := inf ek d(z,y) then Xdg(z) =
(X1dg(x), ..., Xindg (z)) € R™ exists and | Xdg(z)] =1 for a.e. z € R"\ K.

Under such hypotheses we shall prove the thesis. We begin with (6.3.23). Let up, — u
in L'(Q2) and assume without loss of generality that liillrn inf Gp,(up) < 4+00. Possibly

extracting a subsequence we can also assume that u,(z) — u(x) for a.e. x € Q. By
Fatou Lemma

/ W(u(x)) de < hm mf/ W(up(x)) dx < h}{n inf £,Gj(up) = 0.

We deduce that u(xz) € {0,1} for a.e. = € Q and we can write u = yg where
E:={x € Q:u(x)=1}. Moreover u= xg € Ay.

Define the increasing function ¢ € C*(R) by p(t / VvV W(s)ds and put w(z) =
o(u(z)) and wp(x) = p(up(x)). By the coarea formula (5.1.4)

| Xw|(2) = /_ h |0{z € Q: p(u(x)) > t}|x(Q2)dt

[e.9]

= /0 |0{z € Q:u(z) > s} x(Q)'(s)ds
— |0E|x(Q / VW(s)ds =

We can assume that 0 < uy(z) <1 and from

[ 1onte) = wi@)ldo < sup (0] [ funle) ~ ulo)]ds
t€[0,1] Q

we deduce that w;, — w in L'(Q). By Proposition 4.2.3

Glu) = 2| Xw|(Q) < 211}1Lminf/ Xwn ()] da
< QIiI{ninf/ Xun ()| (un ()| dz
—00 Q

1
< lim inf <5h|th(x)|2 + s—W(uh(x))> dx
h

h—o0 Q
< liminf Gy, (up,),
h—o0

and (6.3.23) follws.
We now turn to the upper bound estimate (6.3.24). By Proposition 6.2.3 and by

Lemma 6.2.2 we can reduce to prove (6.3.24) for u = yg, £ C R™ bounded open set
with C* boundary such that |[EN Q| =V and H* 1 (0Q N IE) = 0.
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Define g : R" — [0, +00)

in d E
mind(z,y) o€

o) =<¢ 7" n
mind(z,y) s €R"\E,

and write xo(t) = X(0,400)(t). Then u(z) = xo(o(x)) for all z € R™. Let x : R = R
be the maximal solution of the Cauchy problem

{ X' () = vW(x(t))
x(0) = 3.

It is easy to see that, as W(0) = W(1) =
that lim; o x(f) = 1 and lim;_,_ o, x(¢) =
such that (see [166, (1.21)])

1—x(t) <ce @, forall t>1. (6.3.25)

X is a strictly increasing C? function such
0. Moreover there exist t € R, ¢;,¢co > 0

Fix ¢ > 0 and write t. = vYelogl/e where ¥ > 3 is a constant that will be
determined later. Define the function A, : R — R in the following way

x(t) ifo<t<k
pe(t if%§t<%
Adlt) = 1() if ¢ > 2=

1—A(—t) ift<O.

where p. : R — R is the uniquely determined polynomial of degree 3 for which
A, € CYHR)NC™(R\ {+t. /e, +2t./e}) (see [24] for the construction of p.) satisfying

Ipe = Uiooqee et o) = OE* ™) and  |p|ioe (. et ) = O(E?). (6.3.26)

Now define x.(t) = A.(t/e) for t € R and v.(z) = x.(o(x)). It is easy to see that
v. € HY™(Q) and Xv.(z) = x’(o(x)) X o(z) a.e. It can be easily checked that (see for
instance [148, Theorem 9))

lim/ |ve — uldx =0, (6.3.27)

elO (e}

limsup F.(ve) < F(u) = G(u). (6.3.28)
el0

The functions v. will be now perturbated so as to satisfy the integral constraint
without disturbing inequality (6.3.28). Let us begin to show that if 6. = [, v. dz—V,
then 6. = O(e) (see also [166, Theorem 1]). Notice that

Oe :/Q(ve—u)dx
- / (x(o(x)/e) = 1) da +/ (p(o(x)/e) = 1) du
{zeQ:0<p {zeit<o(

(z)<te} z)<2t.}

o O oxe@ e [ (o)) de

zeQ:—t.<o(x)<0} (z)<t:}

Because of (6.3.26) if ) > 1 the second and fourth integrals are O(e).
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We estimate the first one. By hypothesis (Ek) |Xp| =1 a.e. on R and using the
coarea formula (5.1.4) we get for ¢t > 0

V) = Hr €250 < ofo) < 0] = [ ORLx(@) ds

where E := {x € R" : p(x) > s}. By the coarea formula (5.1.5) and integrating by
parts

| a-xe@)eyde= [ x(s/NI0BLx(@) ds
{xe:0<p 0

(z)<te}
1 [*
= V)L - x(@log(1/2) + - [ X5V ()i
0
By Theorem 5.2.1 (see also [11]) V(¢t) = Lt + t67(t), where L = |0E|x () and
6t :[0,4+00) — R is a function such that

lim sup [6%(s)| = 0.
€l0 se0,t.]

By (6.3.25) it follows that V' (¢.)(1 — x(91og(1/¢e))) = O(e) if ¥ey > 1. Moreover
E/O Y (s/)VH(s) / VIV (s
< (L+ sup |67 (s) / sv/W(x(s/e))ds

s€[0,te]

e(L+ sup [67(s)]) SVW(X(S))d&

S€[0,te] 0

and the integral in the last expression is bounded because of (6.3.25). In conclusion
if we choose ¥ > max{3,1/cy} this ends the proof of 6. = O(e).
Consider now the family of functions u. = (1 + n.)v. with n. = —d./ fQ vedz. Of

course, U, € H;OO(Q) and u. € Ay since 1417, > 0 and [, u.dz = V. If we show that

lim sup G¢(u.) < limsup F.(v.), (6.3.29)
el0 €l0

statement (6.3.24) will be proved.
Notice that

1
Gluz) = / (0 X0l 4 S W (e + me0s)) dn
{weQ:|o(x)|<2te} £
1
+ W +n.)[{z € Q: oz) > 2t}

IS5 2 15
< / X de 4 ) / AL (o/e)[? da
Q € {9669 lo(x)|<2te }

1
+- W (ve + neve) do + W( +n)|{x € Q:o(x) > 2t}

{ze|o(z)|<2t:}
By (6.3.20) and by Taylor’s formula

1 Q.
Wl € 0 of) > 2] < Dl
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for some & € (1 — 1,1+ n.) and hence this term is O(e). Moreover, since

/ [AL(o/2) d < sup X' [P{z € O+ [o()] <t}
{zeQ:|o(x)| <2t }

+ lea"i‘”(ts/a,%s/a)’{x € Q:t. <Jo(z)| <2t}
and by (6.3.26) we get

| (2 + 1)

im ——= IAL(o/e)]? dx = 0.
el0 € /{xeﬁtg(w)SQts}
In order to prove (6.3.29) it suffices to show that
1
lim — (W (ue) — W(ve))dx = 0.
el0 € {xeQ:|o(x)|<2t }
Indeed, by the Mean Value Theorem there exists 7 > 0 such that

1 e
—/ W (us) — W(ve)|dx < i ‘|{x € Q:|o(x)] <2t} sup |[W'(s)],
{zeo( c

€ z)| <2t} s€[0,1+7]

and the last quantity approaches to zero as € | 0.

Step 2. We prove the thesis under the only assumption X, ..., X,, € Lip,,.(R";R").
Indeed X = (X4, ..., X},) may be assumed to satisfy (6.2.17). For o > 0 let X, be
the family of vector fields defined in (6.2.19), i.e.

X, = (X", .., X7, 001,...,00,) = (X7,... X))

Now, X7 € C*(R™R"™) for all j = 1,...,m + n, these vector fields are bounded on
R™ and by (6.2.18)

m m+n
D (X)) <D (X7(2),)*  forallz,& € R™. (6.3.30)
j=1 i=1

The C-C distance d, induced on R™ by X, is a Riemannian metric and since the
vector fields are bounded (R",d,) is a complete metric space. We notice that by
Theorem 2.6.1 the family X, satisfies the eikonal hypothesis (Ek).

Therefore the first step of the proof does apply to the functionals G? : L}(Q)) —
[0, +00]

1
2 L - 1
G (u) = 5/9 | Xou|® de + 5 /QW(U) dr if ue Hy ()N Ay (6.3.31)
+0o0 otherwise.
Precisely, for all ¢ > 0
(L)) — ligl G =G7, (6.3.32)
where G7 : L}(Q2) — [0, +o0] is the functional

GJ(U) _ { 20./|6E|XU(Q) if U =Xg € BV)Q,(Q) mAV

+00 otherwise. (6.3.33)

By the vector fields’ form
Hy (Q) =HY(Q) c H (), forall o >0,
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and then by (6.3.30)
G.(u) < G%(x), for all u € L}(Q) and for all ¢,0 > 0. (6.3.34)

Let G',G" : L1(Q) — [0, 4+00] be respectively the lower and upper I'—limits of
(Ge)eso (see [53, chapter 4]), i.e. if u € L1(Q)

G'(u) = T(LY(Q)) — lir?l(i)nf Ge(u),
G"(u) = T'(LY(Q)) — limsup G (u).

el0
Then, from [53, Proposition 6.7], (6.3.34) and (6.3.32)
G'(u) < G"(u) < G7(u) for all u € LY(2) and for all ¢ > 0. (6.3.35)

We claim that
G(u) < G'(u) for all u € L}(Q). (6.3.36)

Indeed, by [53, Proposition 8.1] we have to prove that for every u € L*(Q), for every
sequence (up)pen C LY(Q) strongly converging to u in L'(2) and for every sequence
(en)nen of real numbers such that e, | 0

G(u) < lilfn inf G, (up),
and this can be done exactly as in the first step of the proof where only the coarea

formula (5.1.4) is involved.
Define

D = {xr : E C R" bounded open set, 0E € C*, |[ENQ| =V, H" (OE N IN) = 0},
and notice that D C BVy, () for all ¢ > 0. If u = yg € D then from (5.1.2)

G (u) = 2a|0E|x,(Q) = Qa/ |Con| dH", (6.3.37)
OENQ

where C7(z) is the (m +n) x n matrix of the coefficients of the vector fields X?’s as
in (5.1.1), and n is the Euclidean normal to OF.
In particular, from (6.3.37) we get for all u = xp € D

lim G7(u) = 2« / |Cn|dH"™! = G(u), (6.3.38)
ol0 OENQ

being C'(x) the matrix of the coefficients of the vector fields X;’s. On the other hand,
from (6.3.36), (6.3.35) and (6.3.38)
G(u) < G'(u) < G"(u) < G(u) forall u €D,
whence
G(u) =T(LY(Q)) - liﬂf)l Ge(u) forall u € D. (6.3.39)
Applying (6.3.36), (6.3.39), Proposition 6.2.3 and Lemma 6.2.2 we finally find
G =T(LYQ)) - hg]l G..
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The last result in this section deals with the I'—convergence of functionals defined
with degenerate quadratic forms. Let A(z) be a symmetric, semidefinite positive
matrix and consider the functionals @, Q. : L'(Q) — [0, +oc] defined as

s/(ADu,Du)dijé/W(u)dx if ue CH Q)N Ay
Q Q

—+00 otherwise,

Q=(u) = (6.3.40)

and
Q) = { 20|0E[4(Q) if u=xr € BV4(Q) N Ay (6.3.41)

~+00 otherwise,

where V', Ay, W and « are as in Theorem 6.3.1.
The following Lemma gives a sufficient condition for the factorization property
(6.1.10). Its proof can be found in [167, Theorem 5.2.3].

LEMMA 6.3.2. Let A(x) be a symmetric, non negative n X n—matriz with entries
of class C*(R™) and assume there exists Ag > 0 such that
0?A

|<W(flf)f,5>\ < Aol€)? forallz,é €R™ andi=1,..,n. (6.3.42)

Then there ezists a symmetric n X n—matriz C(x) with Lipschitz continuous entries

such that A(x) = C(z)TC(x) for all x € R™.

THEOREM 6.3.3. Let Q C R"™ be a bounded open set with C* boundary and let
A(z) be a symmetric, positive semidefinite n X n—matriz , i.e. (A(x)&, &) > 0 for all
x,& € R™. Suppose that A has C? entries and satisfies (6.3.42). Moreover, assume
that there exist C' > 1, ug > 0 and p > 1 such that

CHulP < W(u) < ClulP for all |u] > u. (6.3.43)
Then
Q=T(LY(Q) - hg}l Q-. (6.3.44)

REMARK 6.3.4. When the matrix A is positive definite on 2, i.e. there exists
Ao > 0 such that (A(z)€,&) > No|&|? for all z € Q and ¢ € R™ Theorem 6.3.3 is well
known under the only hypothesis of continuity of the matrix entries (see [29] and
23]).

Proof of Theorem 6.3.3.By Lemma 6.3.2 there exists a n xn matrix C(x) with Lip-
schitz continuous entries such that A(z) = C(2)"C(x) for all x € R". Let X3,..., X,
be the family of vector fields whose coefficients are the rows of the matrix C'(x) as in
(5.1.1). By Propostion 4.2.4 we can write the functionals Q). and @ as follows

1
5/|Xu|2dx+g/W(u)dx ifue CY(Q)N Ay
Q Q

—+00 otherwise,

Qe(u) =

and

+00 otherwise.

Q) = { 20|0E|x(2) if u=xg € BVx(Q)N Ay
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By a general I"'—convergence result (see [53, Proposition 6.11]) (6.3.44) holds if
and only if

Q = T(LN(Q)) — lim se™ (LH(Q)Q. (6.3.45)

where sc™(LY(Q))Q. : LY(Q) — [0,+00] is the relazed functional of Q. with respect
to the topology of L*(Q).
Recalling Theorem 6.3.1 we only have to prove that for every € > 0

, 1 N
s (LY() Q. (1) = Go(u) = S/Q | Xu|” de + E/QW(U) dr ifue Hy(2)N Ay
otherwise.
(6.3.46)
The inequality sc™ (L' (Q2))Q-(u) > G.(u) follows at once by a well known charac-
terization of the relaxed functional (see, for instance, [53, Proposition 3.6]) and by

the lower semicontinuity of G, with respect to the topology of L'(Q2). We claim that
sc” (LY(2)Q.(u) < Go(u)  for all u € L'(Q). (6.3.47)
If G.(u) = +oo there is nothing to prove. Let u € HL(Q) N Ay be such that
G.(u) < +o00. The growth condition (6.3.43) implies u € LP(€). Since u € HL(Q) by
Theorem 4.1.2 there exists a sequence (vy)neny C CH(2) N HY () such that v, — u
in HY(Q). Moreover, as u € LP(Q) and the technique of approximation by con-
volution is involved, it is not restrictive to assume that v, — wu in LP(Q). Let
¢y = fQudx/ vahdx and define u;, = cpvy. Then u, € HY(Q) N Ay, v, — u in
HY () and
up, — u  in LP(Q). (6.3.48)
By (6.3.43), (6.3.48) and Carathéodory continuity Theorem (see [53, Example 1.22])

lim Wuh dx—/W ) dzx.

h—o0

Eventually
sc™ (L) Q. (u) <hm1nf /\th| dx + — /Wuh da:

<5/|Xu\2dx+ /W )z = G.(u).
This proves (6.3.47). As a consequence, (6.3.46) and (6.3.45) do hold. O

4. Convergence of minima and minimizers

In this section we study existence and asymptotic behavior of minima and mini-
mizers of the functionals G, and Q). defined in (6.3.22) and (6.3.40). To this purpose
we recall the following fundamental variational property of I'—convergence (see [53,
Corollary 7.20]).

THEOREM 6.4.1. Let (M, 0) be a metric space and let F,F, : M — [0,+00] be
such that F = T'(M) — limy_o Fy,. Let (en)nen be a sequence of real numbers such
that e, | 0, and let (up)peny C M be a relatively compact sequence of e,—minimizers,
i.e. Fp(up) <infy Fy, + ey for all h € N. Then

W ) = e, ),
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(i) every cluster pointw € M of (up)nen is a minimum of F, i.e. F(u) = %11\141 F(v).

In order to apply Theorem 6.4.1 a fundamental tool will be the compact em-
bedding of H?(Q) in LP(Q) which has been discussed in chapter 4. Here we shall
proceed somehow axiomatically. An open set 2 C R™ will be said to support the
H " () —compact embedding, 1 < p < 400, if

(C), the embedding Hy"(Q) < LP(Q) is compact.

In the Euclidean case the compact embedding is known to imply a Poincaré in-
equality. Following the same proof an analogous result for vector fields can be ob-
tained. Anyway, we notice that assumptions ensuring (C),) usually also ensure the
Poincaré inequality.

PROPOSITION 6.4.2. Let X = (Xy,..., X}) be a family of Lipschitz vector fields
on R™ that connect the space. Let 2 C R™ be a connected bounded open set. If (C),
holds for 1 < p < +oco then there exists C' > 0 such that

/ lu — ug|P do < C’/ | Xul? dz (6.4.49)
0 Q

for all u € HYP(Q), where ug := ][ udz.
Q
Let G. be as in (6.3.22). The first result of this section is the existence of minima
for the functionals G. and the compactness of the family of such minima.

THEOREM 6.4.3. Let X = (X3,..., X,,) be a family of Lipschitz vector fields on
R"™ that connect the space, let 2 C R™ be a connected, bounded open set such that the
compact embedding (C)y holds, and finally let W : R — R be a function satisfying
(6.3.43) for some p > 2. Then for all € > 0 there ezists u. € Ay such that

GE e) = i Ge . 6.4.50

(ue) = min Ge(u) (6.4.50)

If, in addition, Q2 supports the compact embedding (C)y, then the family {u. : ¢ > 0}
is relatively compact in L'(£2).

Let G be the functional defined in (6.3.22). Choosing M = L'(Q), F,, = G., and
F = G in Theorem 6.4.1 and taking into account Theorem 6.3.1 and Theorem 6.4.3
we get the following Corollary.

COROLLARY 6.4.4. Let X, Q2 and W be as in Theorem 6.4.3. Moreover, assume
that Q is of class C? and W satisfies (6.3.20). Let (g5)nen be a sequence of real
numbers such that €, | 0. Then:

(i) there exists uen}rﬂ?m G(u) = }}LIIOIO ueril%?(l) Ge, (u);

(i) if (un)nen is a sequence of minimizers of (G, Jnen (Ge, (un) = ming,er1 () Ge, ()
then there exist a subsequence (un,)jen and a function ug = xp € BVx ()
such that uy,, — g in L'(Q) and G(ug) = minyer1 () G(u).

Proof of Theorem 6.4.1.The proof can be essentially carried out as in [139] and
we shall only sketch the main steps.

The existence of u. € Ay such that (6.4.50) holds can be proved by the direct
method of Calculus of Variations. To this aim we have to check that G, : L'(Q) —
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[0, +00] is lower semicontinuous and coercive (see, for instance, [53, Theorem 1.15]).
The lower semicontinuity and the coercivity follow as in the classic case by the com-
pact embedding (C)2, by the Poincaré inequality (6.4.49) and by Fatou Lemma.

Let us prove that the family of minima {ue : € > 0} is relatively compact in L*(2).
Define ¢ € CY(R) by ¢(t) = [ /W(s)ds, and let v.(z) == p(u.(z)) € Hy(Q). By
(6.3.43) and arguing as in [139 Proposmon 3, proof] we get the existence of two
positive constants c3, ¢4 such that

/ ve dr < ¢3]Q| + 4G (u.)  forall e € (0,1),
Q

and moreover
1

1 1
/ | Xv.| de = / o (u0)| X | dr < -/ (€|Xua|2 + —W(ug)> dr = ~G.(u.).
If we show that G.(u.) < C' < +o0o for all € > 0 and for some C' > 0, then the set

{v. : € > 0} is bounded in HY' () und hence relatively compact in L'(€) by the
compact embedding (C);. The function

1 fa <9, —¢
we(x) = %—l—%(ml—ég) ifd.—e<x <. +¢
0 ifIlz(SE—F&

belongs to HY () for all ¢ > 0 and for all §. € R. Since 0 <V < |9, §. € R can be
chosen in such a way that w. € Ay. If z € (6. — €,0. + &) x R"1 N Q then

m 1 m
Xw.(2)? = (Xjw.(x))* = e 3 (en(x)? < /e
7=1 7=1
Moreover W (w.) < supeoq W(t) and thus

1
Ge(w:) = / <a€|Xwg|2 + —W(wg)>d:p
QN{dc—e<z1<dc+e} €

C
§E|Qﬂ{5€—e<x1<6a+e}|§C<+oo.

This proves that G.(u.) < C' < o0 for all € > 0.

Since the set {v. € L'(Q) : € > 0} is relatively compact there exist v € L'(Q2) and
e, | 0 such that v, — v in L'(Q). The function ¢ is strictly increasing and thus
there exists ¢y = ¢! € C'(R). Define u(z) := ¢(v(z)) and notice that u., = ¥(v,,).
Arguing as in [139] we finally get u., — u in L'(Q). O

Let V and Ay be as in (6.3.21) and let Q. be the functionals defined in (6.3.40).
The second result of this section deals with the compactness of ().’s minimizers.

THEOREM 6.4.5. Let Q be a connected, bounded open set, let A(x) be a symmetric
matriz of functions on R™ and let Y = (Y1, ..., Y;) be a family of Lipschitz continuous
vector fields on R™ that connect the space. Assume that:

(i) A(z) has entries of class C*(R") and satisfies (6.3.42);

(i) (A@)E.E) > 0, (¥5(x). €)% for all v.€ € B
(iii) the compact embeddings (C); and (C)g hold with X =Y relatively to §;
(iv) the function W in the functional Q. satisfies (6.3.20) and (6.3.43).
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Let (ep)nen be a sequence of real numbers such that €, | 0. Then every sequence
(un)nen of ep—minimizers of Q. (i.e. Qe (up) < infyea, Qe (u) + 1) is relatively
compact in LY(Q).

Let @ be the functional defined in (6.3.41). Choosing M = L'(Q), F}, = Q., and
F = (@ from Theorem 6.4.1 and Theorem 6.4.5 we get the following Corollary.

COROLLARY 6.4.6. Let 2, A and Y be as in Theorem 6.4.5. Assume that € has
C? boundary and that W satisfies (6.3.20) and (6.3.43). Let (5)nen be a sequence of
real numbers such that €, | 0. Then:

(i) there exists ué{l}?ﬂ) Qu) = hh_)rglo ueiLnlf(’Q) Qe (w);

(ii) iof (un)nen is a sequence of ep—minimizers of (Q., )hen then there exist a
subsequence (uhj )jen and a function ug = xg € BVa(Q) such that Up, — Ug

in L'(Q) and Q(up) = minyep ) Qu).

Proof of Theorem 6.4.5.By assumption (i) Lemma 6.3.2 can be applied and arguing
as in the proof of Theorem 6.3.3 we conclude that

/ <€|Xu|2 + %W(u)) de ifueCH(Q)NnAy
Q

—+00 otherwise,

Qe(u) =

for a suitable family X = (X1, ..., X,,) of Lipschitz continuous vector fields. Moreover,
for every € > 0 and for all u € L1(Q)

s (L'(Q))Q:(u) = Ge(u),

being sc™(L(02))Q. the relaxed functional of Q. with respect to the L!(£2) topology
and G. the functional defined in (6.3.22).

On the other hand by assumptions (ii) X can be assumed to satisfy (Xc), and
by (iii) (C); and (C), can be assumed to hold relatively to X and 2. Theorem 6.4.3
can be applied. As pointed out in the first part of the proof of Theorem 6.4.3 G, is
coercive with respect to the L*(2) topology and from a well-known result of relaxation
theory (see, for instance, [53, Theorem 3.8|) there exists

R

The thesis follows. 0

5. Examples

The compact embedding (C), is known to hold when € is a John domain in the
metric space (R", d), being d the C-C metric induced by the vector fields (see Theorem
4.1.12 in chapter 4). A particular case of Corollary 4.1.13 is the following result.

COROLLARY 6.5.1. Let (R™,d) be the C-C space induced by the vector fields X
and let Q C R"™ be a bounded open set. Assume we are in one of the cases (i), (ii),
(iii) or () in Corollary 4.1.8. Then the embedding W () < LP(Q) is compact for
all 1 < p < +o0.

From Corollary 6.5.1, Theorem 6.4.5 and Corollary 6.4.6 we get the following

result. Let Q., @ be as in (6.3.40) and (6.3.41) and let W be a function which
satisfies (6.3.20) and (6.3.43).
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THEOREM 6.5.2. Let Y = X, (R",d) and Q connected, bounded open set of class
C? be one of the cases (i), (i), (i) or (iv) in Corollary 4.1.8. Let A(x) be a matriz
of functions on R™. Assume that:
(i) A(z) = CT(x)C(z) for all z € Q where C(x) is a m x n matriz with Lipschitz
continuous entries on R";
(i) (A(2)€, &) = 325, (Y(2),)? for all z,§ € R™;
Then, if (up)nen is a sequence of e,—minimizers of Qe, (Qe, (upn) < infyea, Q. (u)+ep,
with ey, | 0) then there exists a subsequence (u;)jen and a function ug = xg € BVa(2)
such that w,, — g in L'(Q) and Q(ug) = minyer1 ) Q(u).
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