A FAMILY OF NONMINIMIZING ABNORMAL CURVES
ROBERTO MONTI

ABSTRACT. In a four dimensional sub-Riemannian structure, we study a specific
family of abnormal extremals and we show that they are not length minimizing,
answering in the negative to a question that was recently asked. We extend the
result to a class of 4-dimensional sub-Riemannian manifolds of step 5.

1. INTRODUCTION

One of the main open problems in sub-Riemannian geometry is the regularity of
length minimizing curves. Minimizers may be abnormal extremals, in the language of
Geometric Control Theory, and R. Montgomery showed in [5] an example of abnormal
extremal that is length minimizing. Liu and Sussmann proved later that the existence
of length minimizing abnormal extremals is typical of rank 2 distributions [3].

All known examples of length minimizing curves are smooth. On the other hand,
there is no regularity theory of a general character for sub-Riemannian “geodesics”,
apart from the partial results of [2] and [6].

During the meeting Geometric control and sub-Riemannian geometry held in Cor-
tona in May 2012, A. Agrachev and J. P. Gauthier suggested the following situation,
in order to find a nonsmooth length-minimizing curve.

Consider in R* the vector fields

0 0 0 0 0
Nl Xi=—+ 4t X, — —
(1.1) ! 011 202 0xs 3 oxy’ 2 0o 221 Oxs’

and denote by D the distribution of 2-planes in R* spanned pointwise by X; and X:
(1.2) D(x) = span{X, (), Xo(x)}, =R

A Lipschitz curve 7 : [0,1] — R* is horizontal if 4(t) € D(y(t)) for a.e. t € [0, 1].
Namely, 7 is horizontal if there exist two functions hy, hy € L*°(0,1) such that

(1.3) ¥ = h1X1(y) + haXo(y) a.e. on [0, 1].
The length of ~ is then defined as
1
(1.4 L0)= [ g0
0
where g, is a metric on D(z), € R*.
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Fix a parameter a > 0 and consider the initial and final points L = (—1,,0,0) €
R* and R = (1,,0,0) € RY. Let 7 : [-1,1] — R* be the curve

(15) '71(75) =1, ’V2<t) = Oé|t|, 73@) =0, '74(75) =0, te [_17 1]

The curve 7 is horizontal and joins L to R. Moreover, it can be easily checked that
~ is an abnormal extremal in the sense of Geometric Control Theory. The question
is whether the curve 7 is length minimizing or not, especially for small o > 0.

The interest of this question arises from the following consideration. Let M be an
n-dimensional smooth manifold with n > 3, and let D be a completely nonintegrable
(i.e., bracket generating) distribution on M. Let D; = D and D; = [Dy,D; 4], i.e.,
D; is the linear span of all commutators [Dy,D;—1]. We let L, = {0} and L; =
D1+ ...+ D;, i > 1. By the nonintegrability condition, for any p € M there exists
r € N such that £,(p) = T,M, the tangent space of M at p. Assume that D is
equiregular, i.e., assume that for each i =1,... r

(1.6) dim (£;(p)/L;—1(p)) is constant for p € M.
In [2], Leonardi and the author proved the following theorem.

Theorem 1.1. Let (M, D, g) be a sub-Riemannian manifold, where g is a metric on

D, that satisfies (1.6) and
Then any curve in M with a corner is not length minimizing in (M, D, g).

A “curve with a corner” is a D-horizontal curve v : [0,1] — M such that at some
point t € (0,1) the left and right derivatives . (t) # Ygr(t) exist, are different and
nonzero.

In view of Theorem [1.1], it is natural to look for a nonsmooth length minimizing
curve in a sub-Riemannian manifold violating . The step r associated with
(M, D) has to be at least 5, because condition ([1.7)) is automatically satisfied if r < 4.
A first attempt could be to consider the free Carnot group of step 5 and rank 2. This
structure is diffeomorphic to R® and, by the results in [1], all abnormal extremals are
in principle computable.

If we drop the equiregularity condition , however, the search for structures
violating is easier. The manifold M = R* with the distribution D spanned by
the vector fields is one such example.

For n € N, we define the set of multi-indexes Z,, = {1,2}" = {(/81, ooy Bn) € N™
Bi,..., B0 = 1,2} and, for any § € Z,,, we let

(1.8) Xg=[Xp, [, [ Xs,_1, X5, ] -]

We define the length of the commutator Xz as len(Xz) = n if and only if g € Z,.
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For any 8 € Z3 UZy, we have Xg(0) = 0. On the other hand, when 5 € 75 we have
the following situation:

1

—16X5 = _8?54’ when 5= (1,1,2,2,1) or = (1,2,1,2,1)
(1.9) —1 X5 = __6 wh = (2,1
1,2,1
32 B 81;47 en /8 ( ) ) Y 7 )

Xp =0 otherwise.

In particular, there holds

1 0
— [ X2, X1], [[Xo, Xi], Xi]] = =—
48[[ 27 1]7 [[ 27 1]7 1“ ax47
and thus (1.7)) is violated with i = 2 and j = 3.
We show that the curve 4 in (|1.5)) is not length minimizing for any small «, thus
answering in the negative to the question raised by Agrachev and Gauthier. Namely,

we prove the following

Theorem 1.2. For any o > 0 with o # 1, the curve 4 in (L.5)) is not length mini-
mizing in (R, D, g), for any choice of metric g on D.

The proof of the theorem is constructive. For o # 1, we construct a horizontal
curve joining the left and right end-points L and R that is strictly shorter than 7.

When o = 1 the construction does not work and our shorter curves for a # 1
converge to the curve 7 as @« — 1 (see Remark . The problem of establishing
whether 4 for a = 1 is length minimizing or not is open.

In the second part of the paper, we extend Theorem to 4-dimensional sub-
Riemannian manifolds having at the corner point of the involved curve the same
infinitesimal structure as (R*, D).

Let M be a 4-dimensional smooth manifold and let D C T'M be a distribution
of 2-planes on M. Locally, we have D = span{Y, Y2}, where Y} and Y, are linearly
independent smooth vector fields on M. We denote by £, = span{;, [Y;, Y] : 4,7,k =
1,2} the pointwise linear span of D and of the brackets of D.

Fix a point p € M. We make the following three assumptions:

(H1) The vector fields

1 1
(110) }/17 }/27 }/:3:[_1[}/27}/1]) andnzl_G[}/la[}/la[Yr%Df%}/l]]]]

are linearly independent at the point p.

(H2) For all 8 € Z; UZy, we have
(1.11) Y5(p) = 0 mod Ls(p),
where Lo(p) = {Y(p) : Y € Ly},



4 ROBERTO MONTI
(H3) For all 8 € Zs with 8 = (x,%,%,2,1), we have
Y5(p) = 16Y4(p) mod Ly(p), for 5= (1,2,1,2,1) or 5 =(1,1,2,2,1),
(1.12) Ys(p) = —32Y4(p) mod Ly(p), for = (2,1,1,2,1), and
Y5(p) = 0 mod L2(p) otherwise.
Finally, let g be a metric on D making the vector fields Y; and Y5 orthogonal at p,
(1.13) 02, Y3) = 0.

In Section |5 we prove the following result. Below, we denote by 4. (¢) and Ag(t)
the left and right derivative of a curve «y : [0,1] — M at the point ¢ € (0,1). The
curve 7 has a corner at the point p = 7(t), if the left and right derivatives at ¢ exist,
do not vanish, and 4, (t) # Fr(t).

Theorem 1.3. Let (M, D, g) be 4-dimensional sub-Riemannian manifold satisfying
(H1)-(H3) and at the pointp € M. Let~ :[0,1] — M be a horizontal curve in
(M, D) having a corner at the point p = y(t), t € (0,1), such that g,(.(t), ¥r(t)) # 0.
Then ~ s not length minimizing.

The proof of Theorem relies upon a blow-up argument reducing the situation
to the one of Theorem [[.2] Theorem [I.3]is proved in Section [5] and the preliminary
nilpotent approximation is explained in Section [dl In Section [2, we set up the con-
struction of the shorter curve used to prove Theorem [I.2] In Section [3, we solve a
system of end-point equations, concluding the proof of Theorem [I.2]

We thank D. Vittone for his careful reading of an early version of this paper. We
also thank the referee for suggesting to us possible extensions of Theorem [1.2]

2. CONSTRUCTION OF THE COMPETING CURVE

In this section, we construct the competing curve used to prove Theorem [1.2] In
a first step, we cut the corner of 4 at ¢ = 0 in the xjxo-plane. Lifting the new
curve in R? to a horizontal curve in R* produces an error on the third and fourth
coordinates of the final point. To restore the final point, we use two devices. We
describe the intuition behind the construction. The vector fields X; and X5 in ((1.1)
have a Heisenberg group structure in the xyxox3 space. Thus, to restore the third
coordinate we have to add an “area” in the z;zo-plane equaling the “area” cut at
the corner. We do this by means of a “rectangle” having basis of fixed length and
variable height e, the first parameter.

Restoring the fourth coordinate is more delicate. This is due to the fact that the
coefficient of 0/0x, of X in , the power z2, is always non negative. This means
that the cut produces a positive error, see . To correct it, the perturbation of
~ must contain arcs where the first coordinate is decreasing. To do this, we add a
square with side length e9, the second parameter, at the final point R in the zix,
plane.
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Our goal is to prove that the final end-point can be adjusted via this construction.
Technically, this means that we have to find solutions €1, €5 to a system of two equa-
tions depending on the cut parameter. Moreover, we need to check that the cost of
length of “rectangle” and square does not exceed the gain of length of the cut. This
will be done in Section [3l

We begin the construction of the shorter curve.

2.1. Cut. Fix a cut-parameter 0 < n < 1/4, and let
T, = {(z1,22) € R*: a|z1| < 22 < an}.

The curve 7 is deviated along the cut, i.e., along the side of the triangle T}, parallel
to the xp-axis. In other words, we cut the corner. The cut produces an error on the
final point, namely on the third and fourth coordinates. To correct these errors we
use two devices, a “rectangle” and a square.

2.2. Rectangle. We deviate 4 along a “rectangle” put along 4. The length of the

basis is fixed. The height is a variable parameter. Namely, for ¢ > 0 we let
1 1
Rs1 = {(%1,332) € R?: 4—1 < < 5, ar) < To < 0y —|—€1}.

The curve 7 is deviated following clockwise three sides of the rectangle. When ¢; < 0
the construction is analogous, but the rectangle is below the curve and we follow its
boundary counterclockwise.

2.3. Square. Next we use a square with bottom-left vertex at R, the final point.
Namely, for any €5 € R we let:

Qe = {(z1,m2) ER*: 1 <y < 1+ s3], < 33 < a + |eal .

When g5 > 0 we follow the boundary of the square clockwise. When €5 < 0 we follow
the boundary counterclockwise.

The devices R., and ()., produce effects in the coordinates 3 and 4 of 74 after the
cut. We call v : [-1,1] — R* the curve obtained after using 7;,, R.,, and Q.,. To
construct the coordinate 73, we use the formula

t
(2.1) Y(t) = 2/ (voi1 — in)ds, £ [0,1].
—1
To construct 74, we use the formula
t
(2.2) u(t) = / vads, telo,1].
-1

On suitable subintervals, we shall use different parameterizations for ~.

We construct step by step the horizontal lift of ~.
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2.4. Effect of T,,. We parameterize on the interval [—n, ] the piece of v that is on
the horizontal part of 9T;,. We have, by (2.1)),

t
) = [ 2ands =2an(t+n). € [-n.i
-n
The final value of 3 is v3(n) = 4an?. The final value of 74 is, by (2.2)),
K 32
) = [ el e+ e = Lol
-

2.5. First segment. Now we have to follow for a time ¢t € [n,1/4] the piece of
the original curve 7 connecting the cut to the rectangle R.,. Here 3 is constant:
v3 = 4an?. The final value of v, is

32 1/4 1
n(1/4) = =’ + / 160°n* dt = 160°n* <_ _ ﬁ>.
3 n 4 3

2.6. Rectangle. 1% side. We compute ~3 along the first vertical side {(1/4, a/4 +
t)eR?:t€[0,e]} of R

t
(t) = dan® — 5 L€ [0, 1.

The final value is y3(e1) = 4an® — . This value is correct also when ¢; < 0. Along
this piece of curve, 7, stays constant because 4; = 0.

27d side. Along the second side of the rectangle we have

n(t) = }1 Tt (t) = % e tat, telo,1/4].
Then the third coordinate is
s (t) = dan? — % Y oet, telo,1/4],
v3(1/4) = dan?.

The final value of 74 at the end of this side is

1 1/4
v4(1/4) = 16a*n* <— - ﬂ) +/ (4am® — 2 251t)2dt
0

4 3 2
(2.3) 1 7 1 1
= 16a’n* <4_1 - §> + 4a’n* — 5&77261 + Ea%

This is the final value of 7, after the rectangle R.,. The number p is defined via the
last identity in ([2.3)).

34 side. We compute 73 along the second vertical side {(1/2,a/2 +t) € R?: t €
[0,&1]} of the rectangle R.,. We have to follow —X, and we get

73(75) = 40”72 +t, te [0751]7
’)/3(81) = 404772 +é&1.
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Here, v, is constant because 7; = 0 on this side of the rectangle.

2.7. Second diagonal segment. Now we have to follow for a time ¢ € [1/2, 1] the
piece of the original curve 4 connecting R., to the final point R. Here 75 is constant:
3 = dan?® + &1. We call Ag(e1;n) the final value of 74 before the square Q.,, and
namely (recall the definition of ¢ in (2.3)),

1
No(e1;m) = 0 + = (4an® + &)?

2
i 7 25
= 16a°n* <1 - §) + 5&7}251 + @E%

(2.4)

2.8. Square. Case 5 > 0. We compute the effect on the third and fourth coordi-
nates of the square ().,. Here, we do the computations for the case g5 > 0. In this
case, we follow the boundary 0@Q)., clockwise.

1%¢ vertical side. We follow the segment {(1,a +t) € R* : ¢ € [0,e5]}. The
coordinate 73 is

v3(t) = dan® + e, —2t, t € [0,e,],
’73(82) = 405772 +&1 — 282.
The coordinate 7y, stays constant along this side, 74 = Ag(e1; 7).

274 (horizontal) side. We follow the line segment {(1 +¢,a + &) € R? : ¢ €
[0, 2] }. The coordinate 73 is

v3(t) = dan? + e, — 289 + 2(a +&9)t, t € [0, €]
Y3(€2) = dan® + €1 — 265 + 2(a + &3)és.

Here, there is an important contribution to the fourth coordinate:

Ya(€2) = Aole1;m) + /052 (40”72 +e1 — 280 + 2(a + 52)t)2d75
= Ag(er;n) + (dan® + &1 — 2e5)%e,
+ 2(4an® 4+ 1 — 2e9) (o + £2)e3 + g(a + &3)%€3
= Aq(e2,€2;7).
Above, Aj(eg,e9;m) is defined via the last identity.

34 (vertical) side. We have to follow the vertical side {(1+ 5, a+¢) € R?: ¢ €
[0, 2]} along the vector field —X5. The final coordinate 73 is:

v3(g2) = 4am® + 1 + 20, + 4e3.

The coordinate 4 does not change.
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4*® (horizontal) side. We have to follow the horizontal side {(1 + ¢,o) € R? :
t €0, 82]} along the vector field —X;. The coordinate 3 is :

Y3(t) = dan® + e, + 2aey +4e3 — 2at, t € [0,¢,)
Y3(€2) = dan® + 1 + 4e3.

This is the final value of v3 after the entire construction, when g5 > 0. When €5, < 0
we have to replace €3 above with sgn(ey)|es|?. There is a change of sign. We call
['3(e1,e92; 1) the final value of 3 after the entire construction, and namely,

(2.5) [s(e1,e0:m) = 4an® + e + 4sgn(ey)|e]?.
The final value of 4 is:

va(e2) = Ay (e9,69;1 404772 + &1 + 2aey + 4e3 — 2at)2dt

c\

4
= Ay(g2,82;7 [ (4dan? + ey + 4e3)%eq + 2(dan® + &1 + 4e3)ae; + 504253]
= A()(El, ) + 482( + 252) [62(1 — 282) — 40(772 — 51]
4
+2e5 [4an® + €1 — 2(a + €2) — daes] + 553(2a + &3).

Recalling ([2.4)), we let for 5 > 0

7 25
Ly(er,e9;1m) = 16(127]4(1 g) + 2an g1+ — 48 2
(2.6) + 4e5(1 4 2e5) [e2(1 — 2e5) — dan® — &1

4
+ 265 [dam® + &1 — 2(a + &2) — daes| + ggg(za + £).

2.9. Square. Case ¢5 < 0. We compute the effect of the square ()., on the fourth
coordinate when €5 < 0. In this case, we follow 0(Q)., counterclockwise.

1% horizontal side. We follow the segment {(1 +¢,«) € R? : t € [0, |5]]}. The
coordinate 3 is

(t) = 4an® + e, + 2at, t €0, |e]],
v3(|e2]) = 4an® + e, + 2ale,)|.

The final value of the coordinate v, is
le2
(les]) = Aofers ) + / (4o + 21 + 20t)%dt
0

4
= Ao(e1;n) + |e2l(4an® + £1)® + 2ales|* (4anm® + 1) + §042|’32|3
= Ay(e1,€2;7).
Here, Aj(e1,¢e2) for g5 < 0 is defined via the last identity.
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274 (vertical) side. We follow the line segment {(1+|e|, a+t) € R? : t € [0, |e2]]}.
The coordinate 73 is
Y3(t) = 4am® + g1 + 2ales| — 2(1 4 |ea|)t, t €10, ]e2]]
vs3(|ea|) = 4am® + 1 + 2alea| — 2(1 + |ea])|eal-
The fourth coordinate does not change.

34 (horizontal) side. We have to follow the horizontal side {(1 + ¢, + |ea]) €
R?: ¢ € [0, |e2]]} along the vector field —X;. The coordinate 73 is:
(1) = dan’® + &1 + 2ales] — 2(1 + |ea])]ea| — 2(a + |ea))t,
s(le2]) = dan® + 1 + 2ales| = 2(1 + |ea])]ea] — 2(a + [e2]) e,

The final value of the coordinate 7, is
le2]
2
Ya(lea]) = Ay(e1, €95m) — / (4om2 + &1 + 2aleg| — 2(1 + |eg])|e2| — 2(a + |82Dt) dt
0
2
— Aier,22:m) — |eal (40 + &1 + 2alza] = 2(1 + |=a)) 2] )

4
+ 2(a+ [eof) ool (4a? + 21 + 2ales| = 2(1 + [l ) — 5o+ |eal) el

This is the final value of ~, after the entire construction when €5 < 0. Then for g5 < 0

we let:

7 25
Ly(er,e2;m) = 16042774(1 - g) + 50477251 - 4—85%

4
+ |ea|(4an® 4 £1)? + 2a|es* (4dan? + 1) + §a2|52\3
2
(2.7) ~ leal (4an? + 1 + 2ales] = 2(1 + |ea)) 2] )
+2(a + [ea) e (40 + 21 + 2alza] = 2(1 + 3]s

4
— Satle)lP,

3. PROOF OF THEOREM [1.2]

In this section, we complete the proof of Theorem We show that the system of
end-point equations has a solution, and we prove that, for a small » > 0, this solution
provides a curve that is shorter than 7.

To correct the coordinates 3 and 74, we have to find solutions ¢; and €5, depending
on the (small) parameter n > 0, to the following system of equations

[3(e1,62;m) =0
3.1
(8:1) { [y(er,e23m) = 0.
Here, T'y(g1,€9; ) is defined in (2.6 and (2.7)), for 5 > 0 and 5 < 0, respectively.
By (2.5]), the first equation I's(e1,e9;m) = 0 is

(3.2) 4am? + g1 + dsgn(ey)|es|* = 0.
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We compute €; using equation (3.2)) and replace this value into the second equation
[y(e1,e2;m) = 0.

3.1. Case a > 1. In this case, we look for a solution €5 > 0 and we use formula ({2.6))
for T'y(e1,e9; 7). Letting e = 0 > 0, we obtain the following equation in o

1
3 <31a2774 — 160y + 8an®o” + 2504> +

(3.3) A
+40°(1 — a + (3 — 2a) + 20%) + §04(2a +0)=0.

When a > 1 equation (3.3) reads
(3.4) d(0) = ®n*(31 — 16n) + 8an?c? + 12(1 — a)o® + o(c?®) = 0,

where o(03) contains terms with 0! and ¢°. Notice that the coefficient of o? is
negative, because a > 1. The function ¢ introduced in (3.4]) is continuous, and
moreover

¢(0) = a*n*(31 — 167) > 0,

as soon as 7 < 31/16. In fact, we have n < 1/4. On the other hand, we have

5/ a? 4/3\ _ 2 4791 3 4
¢(O‘/—a—1" >_an(31 120%) + o(n*) < 0,

provided that we choose a constant C' such that 12C? > 31 and 5 > 0 is small enough.
By the theorem of zeros for continuous functions, for any n > 0 that is small
enough, equation (3.4)) has a solution €5 = o > 0 such that

(3.5) ga =0 <CyJ o n'/3.
- a—1

Moreover, by (3.2)),

g1 = —4an® — dsgn(eg)|ea|? = —dan® — 4e3.

In particular, &, is asymptotic to —4an?, for small n > 0, and thus we have
(3.6) |e1| < Ban?,

for all n > 0 that are sufficiently small.

3.2. Case 0 < a < 1. In this case, we look for solutions &1, &5 to the system (3.1)
such that 5 < 0. The unknown ¢; is determined by (3.2]). We use formula ([2.7)) for
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Ty(e1,e9;m). Letting o = |eg| > 0, equation ['y(e1,e9;m) = 0 reads
25
16a2774(1 — g 3 (0 — an?)?

+ 160° 4+ 8ac* + %04203

> + 14an?*(o? — an?) + =

(3.7) —40%(c +a — 1)
+4(a+0)o*(c+a—1)

4
- g(CY—FO')QO'S =0.

We may shorten equation (3.7 in the following way:
(3.8) a®n*(31 — 167) — 8an?o? + 12(a — 1)0® + o(0®) = 0.
Compare equations (3.8)) and ([3.4). Notice that the coefficient of o2 in (3.8)) is nega-

tive. The same argument used in the case a > 1 proves that there exists a solution

lea] = o to equation (3.8) such that

2
(3.9) 0< les] =0 < CF ———p*3,
11—«

where C' is the same constant as in the case a > 1. As above, we deduce that

(3.10) le1] < 5an?.

3.3. Gain of length. We compute the difference between the length of the original
curve 7 and the curve 7 obtained after applying the cut 7, the “rectangle” R, , and
the square @,

Without loss of generality, we can assume that the metric g on D is the one making
X; and X orthonormal. In this case, the length L(y) of a horizontal curve v as in

E is
(3.11) / h(O)|dt, b= (hy, ha).
By (3.11] - the gain of length G(n) obtained through the cut 7T, is

(3.12) G(n) =2n(vV1+a?—1).

By and (3.9), the cost of length Cr(e1) of the correction made through the
“rectangle” R, is

CR(El) = 2|81| < 1005772.
By and , the cost of length Cg(es) of the correction made through the
square (¢, is

2
4/3

E (8%
CQ(€2) = 4|€2| S 4C ’ o n

—1
We conclude that

2
Gln) = Crler) = Cole) > 29(VIF a2 = 1) = 10ar? — 4C{ =" > 0,

o —
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for all n > 0 that are sufficiently small.
Thus, the construction provides a horizontal curve  shorter than 4 and joining the
same end-points L and R. This ends the proof of Theorem [L.2]

Remark 3.1. When o — 1, our solutions 1,5 to the system , along with the
parameter 7, converge to 0 and the shorter curve v converges to 7.

We may look for solutions to in the case « = 1. However, when o = 1,
equation for the case 0 = g9 > 0, reads

n*(31 — 167) + 8n°c? + 450* + o(c*) = 0.

This equation has no small solution ¢ > 0 for small 7.
On the other hand, when a = 1, equation (3.7 for the case o = |&3] with €5 < 0
reads

n*(31 — 16n) — 8n°c” + 530" + o(c*) = 0.

And also this equation has for small > 0 no small solution o > 0.

Remark 3.2. The shorter curve ~ constructed above has a “curl” at the end-point
R. When a > 1 this curl is oriented clockwise (i.e., 2 > 0). When 0 < a < 1 it is
oriented counterclockwise (i.e., 5 < 0). This suggests that the geodesic joining L to
R displays a similar behavior. One may wonder what is the behavior at the point R
of the length minimizing curve joining L to R when o = 1.

Remark 3.3. The proof of Theorem [1.2| shows why the problem of extending Theorem
to situations where fails is technically complicated. The presence of coef-
ficients depending on nonhorizontal coordinates (as the coefficient x3 in the vector
field X; in (1.1))) makes the construction of horizontal competitors complicated.

4. NILPOTENT APPROXIMATION

Let (M,D) be a 4-dimensional sub-Riemannian manifold satisfying (H1)-(H3) at
the point p € M, where D = span{Y7, Y5}, and let Y;,..., Y} be linearly independent
vector fields at the point p, as in . In this section, we construct the homogeneous
nilpotent approximation of (M, D) at p.

In a neighborhood of p € M, we fix the exponential coordinates of the first type
induced by the frame Y7, ...,Y} starting from p. Then we can identify M with R,
Y1, ..., Y, with vector fields on R*, and p with 0 € R*. We have

(4.1) xz&}xp(ixﬁﬁ-)((]), rv=(11,...,74) €R.

Here, the exponential mapping is defined by exp(Y)(0) = (1) where ~ is the solution
of ¥ =Y (v) and ~(0) = 0.

We assign to the coordinate x; the weight w; = 1, to x5 the weight wy = 1, to
x3 the weight ws = 2, and to x4 the weight wy = 5. In fact, the length of Y3 is
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len(Ys) = 2 and the length of Y} is len(Y;) = 5. The natural dilations adapted to the
frame Y7,...,Y, are

Sx(z) = (M1, Awg, N2w3, Nomy), x € RY, A > 0.

Let Y = Y3 be a commutator of Y7,...,Ys, with the notation (1.8) for iterated
commutators. Then we have

4
0

4.2 Y = ()=,

(4.2) 2 a0z

where a; € C®(R*), i = 1,...,4, are smooth functions that have the structure

described in the following proposition.

Proposition 4.1. Assume that (H1) and (H2) hold. There are polynomials p; :
R* — R and functions r; : R* = R, i =1,...,4, such that:
i) a;i(z) = pi(x) + ri(x), x € RY;
i) p;(6x(z)) = ANl Mpu (), where len(Y') is the length of Y;
iii) lim Ay (8,)0(2) =0, 2 € RY.

A—00

Proposition can be proved as in [4] on page 306. We omit the details, here.
Let Y = Yj be a vector field as in (4.2). For A > 0, we let

4
(4.3) YA(z) = Y A (5, /,\(ac))%, v € RY.

i=1
The mapping Y +— Y* is bracket-preserving. Namely, for any multi-index 3 and for
1= 1,2 we have

(4.4) [V, Y = [V, V3], A>0.

The vector fields Y7, ..., Y} induce on R* exponential coordinates of the first type
starting from O:

(4.5) T = exp (i :clY;’\) (0), =R

The proof of (4.5) relies upon the fact that if a curve 7 solves 4 = Zle z;Y;(7y) then
the curve vy = 6x(7) solves 4y = S0, A%z, Y (7).

By Proposition for any Y = Yj as in (4.2)), we can define the vector field Y
in R*

0
oo N A o 4
Y (37) )\h_{goy (I) - E_l pz(x)axiv reR ’
where p;, i = 1,...,4, are polynomials such that p; o 6y = A¥~'**(¥)p, In particular,

if w; < len(Y’) then p; = 0. Passing to the limit as A — oo in (4.4]), we see that also
the mapping Y +— Y is bracket-preserving

(4.6) Vi, V5] = [Y7°, V5], A>0.
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Moreover, passing to the limit as A — oo in (4.5) we see that Y;>®,... Y;>® induce
exponential coordinates of the first type:

4
(4.7) xzexp(ZﬁiKOO)(O), r € R
i=1
Then the vector fields Y, ..., Y are
0 0 0
Y =
! 0x; +Q18$3 +p181:4’
Yy = 0 + 0 + 0
2 = D2 q28x3 p26$4’
(4.8) | P 5
YO — [y Yool —
5= = g Ty
Y, :1_6[Y1 YR [ Y5, Y ]m:a_m

Above, ¢; and p; are polynomials such that ¢; 0 6y = A\g; and p; 05y = \p; fori = 1,2
and A > 0. In particular, for ¢« = 1,2, we have

¢ = anT1 + aipry  and  p; = pi + 3P + dﬂ?z,,

where a;;,d; € R are constants, p;; are homogeneous polynomials of degree 4 in the
variables x1,xs, and p;; are homogeneous polynomials of degree 2 in the variables
x1,Te. By the relation Y3 = i[YZOO, Y], we deduce that the polynomial ps is

(4.9) ps = 1{<£2 —|-q28i3)p1 - (ail +Q1aig> }

If Yy, ..., Y, satisfy (1.12] , then the vector fields Y™, ..., Y, satisty, for all g € Z;
with 5 = (>x<7 %, 2, 1),
Y52(0) = 16Y:°(0) for = (1,2,1,2,1) or 8= (1,1,2,2,1),
(4.10) Y52(0) = —32Y7°(0) for § = (2,1,1,2,1), and
Y57 (0) = 0 otherwise.

We claim that
(411) 5/100 = Xl and }/200 = XQ,

where X; and X, are the vector fields ((1.1]).

For any z € R*, let v : [O 1] — R* be the curve such that 4 = exp( 3, 2;Y,°(7))(0)
and 7(0) = 0. Condition implies that v(¢) = tz for all ¢ € [0, 1]. Differentiating
this identity at t = 1, we obtain

(4.12) le@xl leym .z eRY

=1
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The equation for the coordinate i = 3 in (4.12)) is z1q; + x2q2 = 0, i.e.,

2

E Qi3T5 = 0.

ij=1
This equation along with the relation ;[Y5°, Y1®](0) = 9/0z5 gives
(4.13) g1 =2x1 and ¢ = —2x;.

The equation for the coordinate i = 4 in (4.12)) is z1p1 + zope + x3p3 = 0. By (4.13))
and (4.9)), this equation reads

x
T1p1 + Topo + 23 (82}71 — 2x105p1 — O1pa — 235233]92) =0,

or, equivalently,

x x2
(4.14) z1p11 + z2por + Zg (2331]912 + 22922 + Oop11 — a1]?21> + Zg (822912 — a12922> =0.

Setting to 0 the coefficients of the powers of x5 in (4.14]), we obtain the equations:

(4.15) T1p11 + T2p2 = 0,

(4.16) 2z1p12 + 2wapeg + Oap11 — O1pa1 = 0,

(4.17) Oap12 — O1paz = 0.

Equation implies that

(4.18) pi=2p and pa = —z1p,

where

(4.19) p is a homogeneous polynomial of degree 3 in the variables x, xs.

Now equation (4.16)) reads
(420) 5]9 + 2%1]?12 + 2$2p22 =0.
The vector fields Y;>* and Y;* are

0 0
leoo = X1 +w1(9_$4 and }/200 = XQ +’LU28—$4,

where Xy, X, are the vector fields (1.1), and
(4.21) w1 = Tap + x3p12 + (di — 1)a3,
. Wy = —T1p + T3pas + da3.
We claim that w; = wy = 0. Once this claim is proved, the main claim (4.11)) will
follow.

We compute commutators of length 5 of Y> and Y;°, as functions of Xi, Xy, wy,
and w,y. First of all we have

0
(Y27, ¥7°] = [X2, Xa] + (Xowr — Xiwg) 5.
Ty
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Then, for any i, j,k = 1,2 we have
Y, [, [V, [V, Y]] = [, [ [ X, [, Xa]]]+
(4.22) o
+ (XinXngwl — XinXlewg — 4XZXJ83wk) a—
Ty

By (1.9) and (4.10), commutators (of length 5) of ;> and Y5, and commutators

of X7 and X satisfy the same relations at the point x = 0. From (4.22)), we deduce
that we have for all 7,7,k = 1,2

(4.23) X X; X Xow, — X; X; X Xqwy — 4X; X;05w, =0, at x =0.

Notice that X; X; X Xow; — X; X; X, Xjw, — 44X, X,;05wy, is a homogeneous polynomial
of degree 0 for the dilations (z1,z2, z3) — (Axy, Az2, A2x3), A > 0. Thus, equation
holds for all z € R*. By integration, we deduce that X Xp Xow — X; X Xqws —
4X 03wy, is constant in R3. For X; X Xowy — X; X Xjwy —4X 05wy, is a homogeneous
polynomial of degree 1, we deduce that it is identically zero. Repeating the same
argument, we conclude that for k = 1,2

(4.24) Xp Xow; — Xp Xqwy — 403wy, =0 in R®.
In order to analyze equation (4.24]), we preliminarily compute
Xowy = p + 2205p + x302p12 — 201p12 — 4(dy — 1) 223,
Xiwg = —p — 2101p + 2301paz + 2T2par + 4daTos.
When k = 1, equation (4.24) reads
301p + £10101p + 120109p — Op1a — 22101p12 — 2290122 + 272(0ap12 — O1p2a)+
—8(dy — 1)x112 — 8dows + 23(010ap12 — D1O1pag — 12(dy — 1)) = 0.

As O1p is a homogeneous polynomial of degree 2, we have x10,01p + x£20,01p = 20:p.
Also using the fact that pio is a homogeneous polynomial of degree 2, and using
identity (4.17)), the previous equation reads

501p — 10p1a — 8(dy — 1)w105 — 8doxs — 12(dy — 1)a3 = 0.
This implies
(4.25) di—1=0 and 0;p—2p1s — ;dgxg =0.
When k = 2, equation reads
30op + £10201p + 190205p — Opay — 2210ap12 — 22902p2 + 271 (01paz — Oopra)+
+8(dy — 1)22 4 8dax179 + 23(020sp12 — DaO1pag — 12ds) = 0.

Using the fact that dyp is homogeneous of degree 2, identity (4.17)), the fact that pss
is homogeneous of degree 2, and d; = 1, the previous equation reads

582]) — 10p22 + 8d2(lf1!)§2 — 12d2$3 =0.

This implies do = 0 and Op — 2poo = 0. We multiply the latter equation by xy, we
multiply by z; the second equation in (4.25]) (with dy = 0), we sum the two resulting
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equations and we obtain x101p + T20op — 221p12 — 2x9pee = 0. Using the fact that p
is homogeneous of degree 3, we finally obtain

(426) 3p - 21’1]?12 - 21’2])22 = 0.
From (4.26) and (4.20)), we deduce that p = 0 and thus p;s = pas = 0. We conclude

that wy = wy = 0 and this proves the main claim (4.11)).

5. PROOF OF THEOREM [L.3]

In this section, we prove Theorem . As in Section , we assume that M = R*,
p =0, D = span{Y7, Y5>}, and that the vector fields Y7, ..., Y} satisfy (H1)-(H3) and
induce exponential coordinates of the first type in R*, as in ({#.1). On D, we fix a
metric g satisfying (1.13)).

For A > 0, let Y;* and Y3 be the vector fields in and let D* = span{Y;}, Y;\}.
Let ¢* be the metric on D* defined by

gi\(Y;/\,Y;)\) :gél//\(m)(yjialfj)a €T ER4> Za] = 172
When X = oo, we let D = span{Y;®, Y}, where, by the discussion of Section [4]
we have Y™ = X; and Y5° = X5. On D>, we define the metric g
g (Y, V) = lim g (YA Y)) = lim g5, o) (Y3, Y)) = 90(Y5,Y;), = €RY
A—00 A—00

7 () )
Remark 5.1. From ({1.13]), it follows that
g (Y72, Y5°) = go(Y1,Y2) =0, z e R%
Without loss of generality, we also assume that ¢>°(Y;*°,Y,>*) =1 for all z € R* and

1 = 1,2. In other words, the metric ¢ makes the vector fields Y; and Y5 orthonormal.

It follows that linear mappings 7' : R* — R* of the form
T(z) = (U([E17$2),det(U)l'3,I4), r=(x1,...,14) € R
where U € O(2) is an orthogonal mapping in R?, are isometries of (R*, D>, g°°).

Let v:[—1,1] — M = R* be a D-horizontal curve such that v(0) = 0 and

(5.1) Y..(0) # ¥r(0),
where 47,(0) # 0 and 45(0) # 0 are the left and right derivatives of v at ¢ = 0.

For A > 0, the curves v*(t) = 6\v(t/\), t € [=), A], are D*-horizontal. Moreover,
the limit curve v : (—o0, 00) — R?

lim 7 (t) = 4R(0)t ¢ >0,
(5:2) 7 = { Yim A1) = 4L (0 £ < 0,

A—00

is D>-horizontal. Here, the vectors 47 (0) and 4z(0) are identified with vectors of R,
and have the form (x,x,0,0). The curve 7 lies therefore in the z;z,-plane.

Proposition 5.2. Assume that the curve v is length minimizing in (R*, D, g). Then
the curve v*° is length minimizing in (R*, D>, g>).
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Proposition is proved in [2], Proposition 2.4.

We conclude the proof of Theorem Assume by contradiction that there exists
a curve 7 as in Theorem that is length minimizing in (R*, D, g). By Proposition
, the curve v in is length minimizing in (R*, D>, ¢*°). By assumption, we
have go(9.(0),4r(0)) # 0. It follows that

(53)  GEGE0)AF0) = lm @(2(0),73(0)) = go(32(0), 3r(0)) £ 0.

By Remark and (j5.1)), we can assume that 4 has the form (1.5 with o > 0 (up
to re-parameterization), and by (5.3) we have o # 1. By Theorem [L.2] the curve 4>
is not length minimizing. This is a contradiction.
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