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Isoperimetric problem in H-type groups
and Grushin spaces

Valentina Franceschi and Roberto Monti

Abstract. We study the isoperimetric problem in H-type groups and
Grushin spaces, emphasizing a relation between them. Under a symmetry
assumption that depends on the dimension, we prove existence, additional
symmetry, and regularity properties of isoperimetric sets.

1. Introduction

Let M be a manifold, V be a volume, and P a perimeter measure on M. For
a regular set E C M, P(E) is the area of the boundary OE. The isoperimetric
problem relative to V' and P consists in studying existence, symmetries, regularity
and, if possible, classifying the minimizers of the problem

(1.1) min { P(E) : E € & such that V(E) = v},

for a given volume v > 0 and for a given family of admissible sets .«7. Minimizers
of (1.1) are called isoperimetric sets.

In space forms (Euclidean space, sphere and hyperbolic space) with their natu-
ral volume and perimeter, isoperimetric sets are precisely metric balls. In R™ with
volume e~1#I>.#" and perimeter e_‘w‘Q%"_l, isoperimetric sets are half-spaces,
[3]. This is the Gaussian isoperimetric problem, the model of the current research
direction on isoperimetric problems with density, [21]. A different way to weight
perimeter is by a surface tension, i.e., by the support function 7 : S*~* — [0, 00)
of a convex body K C R™ with 0 € int(K), 7(v) = sup ¢ (z,v). Namely, one can
consider

P(E) = /aE T(VE)d%"_l, vg outer normal to OF.

The isoperimetric problem for this perimeter and with V' = £ is known as Wulff
problem and isoperimetric sets are translates and dilates of the set K, see the
quantitative version in [4].
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In a different approach, the perimeter of a Lebesgue measurable set £ C R™ is
defined via a system X = {Xy,..., X}, h > 2, of self-adjoint vector fields in R",

h
(1.2)  Px(E)= sup{/E;Xigpi(x) dx : ¢ € CHR™;R"), max lo(2)] < 1}.

This definition is introduced and studied systematically in [10]. The perimeter Px
is known as X-perimeter (horizontal, sub-elliptic, or sub-Riemannian perimeter).
One important example is the Heisenberg perimeter, that is subject of intensive
research in connection with Pansu’s conjecture on the shape of isoperimetric sets
(see [2], [B], [13], [15], [17], [18], [19], [20]) and in connection with the regularity
problem of minimal surfaces.

In this paper, we study perimeters that are related to the Heisenberg perimeter.
Namely, we study the isoperimetric problem in H-type groups and in Grushin
spaces.

1) H-type groups. Let h = b @ ho be a stratified nilpotent real Lie algebra
of dimension n > 3 and step 2. Thus we have hy = [h1,h1]. We fix on h a scalar
product (-,-) that makes bh; and hy orthogonal. The Kaplan mapping, introduced
n [11], is the mapping J : h — End(h;1) defined via the identity

(1'3> <JY(X)’X/> = <Y, [X,X/D,

holding for all X, X’ € h; and Y € hy. The algebra § is called an H-type algebra
if for all X, X’ € h; and Y € b3 there holds

(1.4) (Jy (X), Jy (X)) = |[Y[*(X, X"),

where |Y| = (Y,Y)'/2. We can identify h with R” = R" x R¥, h; with R x {0},
and by with {0} x R*, where h > 2 and k > 1 are integers. In fact, h is an even
integer. We can also assume that (-, -) is the standard scalar product of R™. Using
exponential coordinates, the connected and simply connected Lie group of h can be
identified with R™. Denoting points of R™ as (z,y) € R® = R" x R¥, the Lie group
product - : R” x R® — R™ is of the form (z,y) - (2',y) = (x+ ',y +y + Q(z,2")),
where @ : R" x R" — R* is a bilinear skew-symmetric mapping. Let ij € R be
the numbers

G =1(Qlei,ej) er), ij=1,...,h, £=1,.. .k,

where e;,e; € R and e¢; € R¥ are the standard coordinate versors. An orthonormal
basis of the Lie algebra of left-invariant vector fields of the H-type group (R"™,-) is
given by

0 d
_ ¢ .9 . _
Xi_axi_ZZQij%ayg’ i=1,...,h,
(1.5) £=1j=1
Y; 9 j=1,...,k

_aTJj,



ISOPERIMETRIC PROBLEM 3

We denote by Py(E) = Px(E) the perimeter of a set E C R™ defined as in
(1.2), relative to the system of vector fields X = {X;,...,Xp,}. The vector fields
Y1,...,Y; are not considered.

2) Grushin spaces. Let R = R? xRF where h, k > 1 are integers and n = h+k.
For a given real number « > 0, let us define the vector fields in R"™

Xi:ai, i=1,...,h,
(1.6) L
Yi=|z|*—, j=1,...,k,

where |z| is the standard norm of x. We denote by P,(E) = Px(FE) the perimeter
of a set E C R™ defined as in (1.2) relative to the system of vector fields X =
{X1,..., X, Y1,..., Y} We call P,(F) the a-perimeter of E.

We study the isoperimetric problem in the class of z-spherically symmetric
sets in H-type groups and Grushin spaces. These two problems are related to each
other. We say that a set E C R" x R¥ is z-spherically symmetric if there exists a
set F' C Rt x R¥, called generating set of E, such that

E={(z,y) eR": (|z|,y) € F}.

We denote by .7, the class of .£"-measurable, xz-spherically symmetric sets.

Starting from the z-spherical symmetry, we can prove that the class of sets
involved in the minimization (1.1) can be restricted to a smaller class of sets with
more symmetries (see Section 3). Using this additional symmetry, we can imple-
ment the concentration-compactness argument in order to have the existence of
isoperimetric sets. In Carnot groups, the existence is already known, see [12]. In
Grushin spaces, the existence is less clear because z-translations do not preserve
a-perimeter.

In fact, we have existence of isoperimetric sets that are x- and y-Schwarz sym-
metric, i.e., of the form

(1.7) E={(z,y) eR" : Jy| < f(|=])},

for some function f : (0,79) — R, rq > 0, which is called the profile function of E.
The profile function has the necessary regularity to solve a second order ordinary
differential equation expressing the fact that the boundary of F has a certain “mean
curvature” that is constant. This differential equation can be partially integrated
and, for the profile function of a minimizer, it can be expressed in the following
equivalent way:

f/(’l“) 2a+h 1 K
(1.8) NEaTnE = rh T / ONCETIOE ds — 7 for r € (0,r9),

where h,k are the dimensional parameters, o > 0 is the real parameter in the
Grushin vector fields (1.6) (in H-type groups we have o = 1), and x > 0 is a real
parameter (the “mean curvature”) related to perimeter and volume.
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In H-type groups, the Haar measure is the Lebesgue measure. Moreover,
Lebesgue measure and H-perimeter are homogeneous with respect to the anisotrop-
ic dilations

(z,y) = ox(z,y) = Oz, %), A>0.

In fact, for any measurable set £ C R™ and for all A > 0 we have .Z"(5\(E)) =
A Z™(E) and Py (6,(E)) = A9~ Py (E), where the number Q = h + 2k is the
homogeneous dimension of the group. Then, the isoperimetric ratio

Q

is homogeneous of degree 0 and the isoperimetric problem (1.1) can be formulated
in scale invariant form. In the following, by a vertical translation we mean a
mapping of the form (z,y) — (z,y + yo) for some o € R¥.

Theorem 1.1. In any H-type group, the isoperimetric problem
(1.9) min {7y (E) : E € %, with 0 < £™(E) < oo}

has solutions and, up to a vertical translation and a null set, any isoperimetric set
is of the form (1.7) for a function f € C([0,70]) N CH([0,79)) N C>(0,70), with
0 < rg < o0, satisfying f(ro) =0, f/ <0 on (0,79), and solving equation (1.8)
: _ _ __QPu(E)

with o =1 and Kk = (CEWE

Isoperimetric sets are, in fact, C'°°-smooth sets away from y = 0. Removing the
assumption of xz-spherical symmetry is a difficult problem that is open even in the
basic example of the 3-dimensional Heisenberg group.

For the special dimension h = 1, we are able to prove the x-symmetry of isoperi-
metric sets for a-perimeter. Lebesgue measure and a-perimeter are homogeneous
with respect to the group of anisotropic dilations

(2,y) = Oa(z,y) = Az, A Ty), A >0.

In fact, for any measurable set £ C R™ and for all A > 0 we have Z"(J\(E)) =

M Z™(E) and P,(0\(E)) = MN'Py(E), where d = h + k(1 + «). Then, the

isoperimetric ratio

Po(E)?

Io(F) = —2—
( ) gn(E)dfl

is homogeneous of degree 0.

Theorem 1.2. Leta >0, h=1,k > 1 and n =1+k. The isoperimetric problem

(1.10) min { 7, (E) : E C R" £"-measurable with 0 < £"(E) < oo}

has solutions and, up to a vertical translation and a null set, any isoperimetric set
is of the form (1.7) for a function f € C([0,70]) N CH([0,79)) N C>(0,70), with
0 < rg < oo, satisfying f(ro) =0, f/ <0 on (0,79), and solving equation (1.8)

: _ _ _ dPy(E)
with h =1 andﬁs—m.
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In particular, for h = 1 isoperimetric sets are z-symmetric. When h > 2 we need
to assume the x-spherical symmetry.

Theorem 1.3. Leta >0, h > 2, k> 1 andn = h+k. The isoperimetric problem
(1.11) min {.7,(E) : E € ¥, with 0 < £"(E) < oo}

has solutions and, up to a vertical translation and a null set, any isoperimetric set
is of the form (1.7) for a function f € C([0,70]) N C*([0,70)) N C>(0,70), with

0 < 7o < o0, satisfying f(ro) = 0, f/ < 0 on (0,r9), and solving equation (1.8)
, _ dP.(E)
w@th K = Wﬂépn(E)

In the special case k = 1, equation (1.8) can be integrated and we have an explicit
formula for isoperimetric sets. Namely, with the normalization k = h — that implies
ro = 1, — the profile function solving (1.8) gives the isoperimetric set

w/2

(1.12) E- {(a:,y) ER™: |y| </

sin®*1(s) ds}.
arcsin |z|
This formula generalizes to dimensions h > 2 the results of [16]. When k£ = 1
and a = 1, the profile function satisfying the final condition f(1) = 01is f(r) =
1 (arccos(r) + rv/1 —r2), r € [0,1]. This is the profile function of the Pansu’s ball
in the Heisenberg group.

In Section 2, we prove various representation formulas for the perimeter of
smooth and symmetric sets. In particular, we show that for x-spherically symmet-
ric sets we have the identity Py (F) = P,(FE) with a = 1. This makes Theorem
1.1 a special case of Theorem 1.3.

In Section 3, we prove the rearrangement theorems. We show that when h =1
the isoperimetric problem with no symmetry assumption can be reduced to x-
symmetric sets. When h > 2, we show that the z-spherical symmetry can be
improved to the z-Schwarz symmetry. We also study perimeter under y-Schwarz
rearrangement. The equality case in this rearrangement does not imply that, before
rearrangement, the set is already y-Schwarz symmetric because the centers of the
x-balls may vary. However, for isoperimetric sets the centers are constant, see
Proposition 5.4. To prove this, we use the regularity of the profile function (see
Section 5).

The existence of isoperimetric sets is established in Section 4 by the concentra-
tion - compactness method. Here, we borrow some ideas from [9] and we also use
the isoperimetric inequalities (with non-sharp constants) obtained in [10], [6], and
[7].

Finally, in Section 5 we deduce the differential equation for the profile function,
we use minimality to derive its equivalent version (1.8), and we establish some
elementary properties of solutions.
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2. Representation and reduction formulas
In this section, we derive some formulas for the representation of H- and «-

perimeter of smooth sets and of sets with symmetry. For any open set A C R"
and m € N, let us define the family of test functions

Fn(A) = {w € CHAR™ : max |p(x,y)] < 1}.
(z,y)€A

2.1. Relation between H-perimeter and a-perimeter

Let Xi,..., X be the generators of an H-type Lie algebra, thought of as left-
invariant vector fields in R™ as in (1.5). For an open set £ C R™ with Lipschitz
boundary, the Euclidean outer unit normal N¥ : 9E — R" is defined at .#" -
a.e. point of 9E. We define the mapping NZ : 0E — R"

NE = (NP, Xq), ... (NE, Xp)).

Here, (-, -) is the standard scalar product of R™ and X is thought of as an element
of R™ with respect to the standard basis 01, ..., 0y.

Proposition 2.1. If E C R" is a bounded open set with Lipschitz boundary then
the H-perimeter of E in R™ is

(2.1) Pu(E) = /8 NG d

where "1 is the standard (n — 1)-dimensional Hausdorff measure in R™.

Proof. The proof of (2.1) is standard and we only sketch it. The inequality
Pu(B) < [ N y)ldan !
OF

follows by the Cauchy-Schwarz inequality applied to the right hand side of the
identity

h
|3 Xgi dady = [ VE gy,
B oE

that holds for any ¢ € %, (R™).

The opposite inequality follows by approximating NZ /|NE| with functions in
Fr(R™). In fact, by a Lusin-type and Tietze-extension argument, for any ¢ > 0
there exists ¢ € Z,(R™) such that

| WEpder [Ny anent -
OF OF
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The outer normal N can be split in the following way
NP =(NZ,Ny) with N € R" and N’ € R*.
For any o > 0, we call the mapping NZ : 0F — R"
(2.2) Ny = (N7, |2|*Ny)
the a-normal to OF. The same argument used to prove (2.1) also shows that
(23) Pu(B) = [ INEG@)ldoen
OE
for any set £ C R™ with Lipschitz boundary.
Remark 2.2. Formulas (2.1) and (2.3) hold also when OF is 5" !-rectifiable.

Proposition 2.3. For any x-spherically symmetric set E € ., there holds
Py (E) = P,(E) with a = 1.

Proof. By a standard approximation, using the results of [8], it is sufficient to
prove the claim for smooth sets, e.g., for a bounded set £ C R™ with Lipschitz
boundary. By (2.1) and (2.3), the claim Py (E) = P,(E) with a = 1 reads

(2.4 Pu(B)= [ \INFR+ e INg P,
oF

where N¥ = (N7, NE) R" x R* is the unit Euclidean normal to E. By the
representation formula (2.1), we have

h

PaE) = [ (v e,

i=1

where, by (1.5), forany i =1,...,h

)

k h 2
(X;, NE)? ( -y fjxjNy‘i)

(=1 j=1

= (NE)? —2NEZZQ (

=1 j=1

M»
Mn

QlrNE)

\\
—

=1j=
and thus

(2.5)
h

k h
S X, NE2= NP2 - 23S Qfa; NENE +ZZ Z QLQrwjz,NENE .

i=1 (=1i,j=1 i=1,m=1j,p=1
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Since the set E is z-spherically symmetric, the component NZ of the normal
satisfies the identity
x
(2.6) NF = —|NE|.

ol

The bilinear form Q : R” x R* — R* is skew- symmetric, i.e., we have Q(z,z") =
—Q(a',x) for all z,2" € R" or, equivalently, ” = *er Using (2.6), it follows
that for any ¢ =1,...,k we have

(27) Z sz J

1,7=1 1,j=1

l'j:

Next, we insert into identity (1.4), that defines an H-type group, the vector

fields
le o Y= ZN7 Js

where xr € RP, NE (Nf:, . ,Nﬁ), and X;, Y; are the orthonormal vector fields

n (1.5). After some computations that are omitted, using the definition (1.3) of
the Kaplan mapping, we obtain the identity

k h
(28) D D QUOBNGN wiry = lINSP.
¢{m=11,j,p=1
From (2.5), (2.7), and (2.8) we deduce that
h
D (X0, NP2 = INFI? + [P NP
i=1

and formula (2.4) follows. O

2.2. a-Perimeter for symmetric sets
Thanks to Proposition 2.3, from now on we will consider only a-perimeter.
We say that a set £ C R® = R? x R* is 2- and y-spherically symmetric if there
exists a set G C RT x R such that
E={(z,y) eR": (|zl,|y]) € G}.
We call G the generating set of E. In the following we will use the constant

Chk = hkwhwk s

where wy, = Z™({x € R™: |z| < 1}), for m € N.
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Proposition 2.4. Let E C R™ be a bounded open set with finite a-perimeter that
is - and y-spherically symmetric with generating set G C Rt x Rt. Then we
have:

(2.9) P.(E) = cpk sup / (skil&« (rh71¢1) 4 phteg, (Skild)g)) drds.
peF (Rt xRY) Ja

In particular, if E has Lipschitz boundary then we have:

(2.10) P,(FE) = chk/ |(NTG,7’0‘J\75G)|7ﬂh*15k71 d%l(r,s),
oG

where N¢ = (NY, N&) € R? is the outer unit normal to the boundary OG C
RT x RT.

Proof. We prove a preliminary version of (2.9). We claim that if F is of finite
a-perimeter and z-spherically symmetric with generating set ' C RT x R¥, then
we have:

(2.11)

k
P.(E) = hwy, sup / (87’ (r"tapy) 4t Z 5yj7/11+j>d7”dy =Q(F),
F j=1

YEF1 4k (RT XRF)

where @ is defined via the last identity. For any test function 1 € .7 (R x R¥)
we define the test function ¢ € %, (R"™)

(212) Sﬁ(l’,y) = <|:;|7/’1(|$7y)ﬂ/12(|$|ay)7~ . '5¢1+k(|x|ay)> for |I’| # Oa

and ¢(0,y) = 0. For any ¢ = 1,...,h, j = 1,...,k, and & # 0, we have the
identities

2
1 x;

2
Dipila,y) = ( )wluay) + L0 (el

Oy, on+i(x,y) = Oy 145(|2),y),

z  faf?

and thus, the a-divergence defined by

h k

: _ o 9vilz,y) a X 9%ntj(z,y)
(2.13) divap(z,y) = ; —ga tlal ; o0,
satisfies
— 1 k
(2.14)  divpp(z,y) = Ww1(\a:|,y) + Orthr (|, ) + |z|® ZGyjl/J1+j(|x|,y).
J=1

For any y € R* we define the section F¥ = {r > 0: (r,y) € F}. Using Fubini-
Tonelli theorem, spherical coordinates in R”, the symmetry of E, and (2.14) we
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obtain

(2.15)

k
h—1
/ divap dedy = / / / Y1+ Oty + 1Y 0y iy | A @) drdy
E R+ Fv) |z|=r r

j=1

k
h—1
—hon [ [ o b1+ Oy 410 Oy nes | drdy
Rk JFY N
Jj=1

r

k
= hwh/ O (r"Lapy) 4 poth=t Z Oy, 145 drdy.
F

J=1

Because v is arbitrary, this proves the inequality > in (2.11).

We prove the opposite inequality when F C R" is an z-symmetric bounded
open set with smooth boundary. The unit outer normal N¥ = (NF,NF) is con-
tinuously defined on OE. At points (0,y) € OF, however, we have NF(0,y) = 0
and thus N¥(0,y) = 0. For any € > 0 we consider the compact set K = {(z,y) €
OF : |z| > 6}, where § > 0 is such that Py (F;{|z| = é}) = 0 and

(2.16) / INE(z,y)|d#" ! < e.
OE\K

Let H C RT x R* be the generating set of K. By standard extension theorems,
there exists 1 € F1.,(RT x R¥) such that

(NS (r,), 7Ny (1, y))
[(NF (r,y), ro Ny (r,y)

P(ry) = for (r,y) € H.

The mapping ¢ € %, (R") introduced in (2.12) satisfies

" (z.9)
(2.17) olx,y) = ‘O‘ix for (z,y) € K.

Then, by identity (2.15), the divergence theorem, (2.17), (2.16), and (2.3) we
have

k
Q(F) > /F (@« (rh—lwl) 4 phlta Zaijlﬂ)drdy
j=1

:/ divagodxdy:/ (o, NEYanm—!
E OFE

- / INE(z,y)| doem ) + / (o, Ny dem
K OE\K

> P, (E) — 2.
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This proves (2.11) when OF is smooth. The general case follows by approximation:
let £ C R™ be a set of finite a-perimeter and finite Lebesgue measure that is -
symmetric with generating set ' C Rt x R¥. By [8, Theorem 2.2.2], there exists
a sequence (E;) ey such that each Ej is of class C™

lim Z"(E;AE)=0 and lim P,(E;) = P,(E).

j—o0 Jj—oo

Each Ej; can be also assumed to be z-spherically symmetric with generating set
F; C RT x R*. Then we also have

lim Z"F(F,AF) =0.
Jj—o0
By lower semicontinuity and (2.11) for the smooth case, we have

Q(F) <liminf Q(Fj) = lim Po(E;) = Pa(E).
j—o0

]A)OO
This concludes the proof of (2.11) for any set E with finite a-perimeter.
The general formula (2.9) for sets that are also y-spherically symmetric can be
proved in a similar way and we can omit the details.

Formula (2.10) for sets E with Lipschitz boundary follows from (2.9) with the
same argument sketched in the proof of Proposition 2.3. O

2.3. a-Perimeter in the case h =1

When h = 1 there exists a change of coordinates that transforms a-perimeter into
the standard perimeter (see [16] for the case of the plane h = k =1). Let n = 1+k
and consider the mappings ¢, ¥ : R — R"

|x|o¢+1

w(e.p) = (sen0) S5 ) and a(6n) = (sl + D)

a—i—l’y

Then we have ® o U = U o & = Idg~.

Proposition 2.5. Let h=1 and n =1+ k. For any measurable set E C R™ we
have

(2.18) Po(E) = sup { /W(E) divey dedn : b € %(Rn)}.

Proof. First notice that the supremum in the right hand side can be equivalently
computed over all vector fields ¢ : R™ — R™ in the Sobolev space WO1 ’1(R";R”)
such that ||¢||c < 1.

For any ¢ € #,(R"), let ¢ = ¢o®. Then for any j =1,...,k = n—1, we have

D1 (€,1) = Oe(p1 0 ®)(€,m) = |(c + 1)E[~ 757 001 (R(E, M),

(2.19)
877]' ¢1+j (57 77) = a'h' (‘pl-‘rj 0 (I’) (57 77) = ayj @H-j(q)(fa 77))
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In particular, we have ¢ € W, '(R";R") and ||[¢)||c < 1. Then, the standard
divergence of v satisfies

divip(€,m) = |(a + 1)E|” 54 diva (D (E, 1))

The determinant Jacobian of the change of variables (x,y) = ®(£,n) is
(2:20) | det J®(E,m)| = [(ar + 1)¢[ =T

and thus we obtain

/ divap(z, y) dedy = / div p(B(€, )| det JO(E, )| dedlny
(2.21) F (=)

- / divis(€, ) dedy.
V(E)

The claim follows.

3. Rearrangements

In this section, we prove various rearrangement inequalities for a-perimeter in
R™. We consider first the case h = 1. In this case, there are a Steiner type
rearrangement in the z-variable and a Schwarz rearrangement in the y variables
that reduce the isoperimetric problem in R™ to a problem for Lipschitz graphs in
the first quadrant RT™ x R*. Then we consider dimensions h > 2, where we can
rearrange sets in R” that are already a-spherically symmetric.

3.1. Rearrangement in the case h =1

Let h=1and n =1+ k. We say that a set £ C R" is a-symmetric if (z,y) € E
implies (—z,y) € E; we say that F is z-convex if the section EY = {z € R: (z,y) €
E} is an interval for every y € R¥; finally, we say that E is y-Schwarz symmetric
if for every z € R the section E* = {y € R* : (,9) € E} is an (open) Euclidean
ball in R¥ centered at the origin.

Theorem 3.1. Let h=1 andn=1+k. For any set E C R™ such that P,(E) <
oo and 0 < L"(E) < oo there exists an x-symmetric, x-convez, and y-Schwarz
symmetric set E* C R™ such that P, (E*) < P,(E) and L"(E*) = L™ (E).

Moreover, if P,(E*) = P,(F) then E is x-symmetric, x-convex and there exist
functions c : [0,00) — R¥ and f : [0,00) — [0,00] such that for £ -a.e. z € R we
have

(3.1) E* ={y e R" : |y — c(lz])| < f(l2])}-
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Proof. By Proposition 2.5, the set F' = ¥(F) C R" satisfies P(F') = P,(FE), where
P stands for the standard perimeter in R”. We define the measure p on R”

(3.2) u(F) = /F [+ 1)~ dédn.

Then, by (2.20) we also have the identity u(F') = £"(FE).
We rearrange the set I’ using Steiner symmetrization in direction £. Namely,
we let

Fr={(&n) eR": [¢] < 2 (F")/2},

where F" = {{ € R: ({,n) € F}. The set Fj is {-symmetric and &-convex. By
classical results on Steiner symmetrization we have P(Fy) < P(F') and the equality
P(Fy) = P(F) implies that F' is &-convex: namely, a.e. section F" is (equivalent
to) an interval.

The p-volume of Fj is

ur) = [ fos e =dean= [ ([ e+ neTac)an

For any measurable set I C R with finite measure, the symmetrized set I* =
(—2Y(1)/2, £ (1)/2) satisfies the following inequality (see [16], page 361)

(33) e < [ jeras

Moreover, if Z1(IAT*) > 0 then the inequality is strict. This implies that u(Fy) >
w(F) and the inequality is strict if F' is not equivalent to an &-symmetric and &-
convex set.

We rearrange the set F} using Schwarz symmetrization in R¥, namely we let

R ={(em er il < (LU

By classical results on Schwarz rearrangement, we have P(Fy) < P(F}) and the
equality P(Fy) = P(F}) implies that a.e. section F* is an Euclidean ball

(3.4) Ff = {neRF:|n—d(¢))] < o(l€])}

for some d(|¢]) € R* and o(|¢]) € [0, 00]. By Fubini-Tonelli theorem, the p-volume
is preserved:
(3.5)

() = [ 10+ e Fr g (Ede = [ ffa+ Del LM EDdE = (),
R R
Recall that 0y (z,y) = (Az, \*Tly). The set E* = §5(®(Fy)), with A > 0 such

that £"(E*) = £"(E), satisfies the claims in the statement of the theorem. In
fact, we have 0 < A < 1 because

LMD(Fy)) = p(Be) = p(F) > u(F) = L7 (),
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and then, by the scaling property of a-perimeter we have
Py (E*) = M71P,(®(F,)) < Py(®(Fy)) = P(Fy) < P(Fy) < P(F) = P,(E).

This proves the first part of the theorem.

If P,(E*) = P,(F) then we have P(Fy) = P(Fy) and A = 1. From the first
equality we deduce that the sections F f are of the form (3.4) and claim (3.1) holds
with ¢(|z]) = d(]z|*"/(a + 1)) and f(|z]) = o(|z|*™'/(a +1)). From A =1 we
deduce that

p(F) = Z(E) = L"(E") = Z"(0(F2)) = p(Fz) = p(F),

and thus F' is £&-symmetric and &-convex. The same holds then for F.

3.2. Rearrangement in the case h > 2

We prove the analogous of Theorem 3.1 when h > 2. We need to start from a set
E C R” that is z-spherically symmetric

E={(z,y) e R": (|z|,y) € F}

for some generating set F' C RT x R¥.
By the proof of Proposition 2.4, see (2.11), we have the identity P, (E) = Q(F),
where

k
(3.6) Q(F) = hwy, sup / (ar (r" ey ) ey 8ij1+j)drdy-
F

¢€91+k(R+XRk) j=1
Our goal is to improve the z-spherical symmetry to the z-Schwarz symmetry.
A set E C R™ is 2-Schwarz symmetric if for all y € RF we have

EY={zeR": (z,y) e E} = {z e R" : |z| < o(y)}

for some function g : R¥ — [0,00]. To obtain the Schwarz symmetry, we use the
radial rearrangement technique introduced in [13].

Theorem 3.2. Let h>2, k> 1 and n = h+k. For any z-spherically symmetric
set E C R™ such that P,(F) < 0o and 0 < Z"(E) < oo there exists an x- and
y-Schwarz symmetric set E* C R™ such that Py(E*) < Py(E) and L™(E*) =

Moreover, if Py(E*) = Py (FE) then E is x-Schwarz symmetric and there exist
functions ¢ : [0,00) — R* and f : [0,00) — [0, 00] such that, up to a negligible set,
we have

(3.7) E={(z,y) e R": |y —c([=)] < f([=[)}-
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Proof. Let F C RT x R be the generating set of E. We define the volume of F' via
the following formula

V(F) = wh/ rh=ldrdy = £™(E).
F

We rearrange F in the coordinate 7 using the linear density r"~!'*® that ap-

pears, in (3.6), in the part of divergence depending on the coordinates y. Namely,
we define the function g : R¥ — [0, oc] via the identity

1 9(y)
(3.8) g(y)hte :/ rh_l'mdr:/ rh=1+egy,
0 F,

Y

~—

and we let
Fr={(ry) e RT xRF:0<r < g(y)}.
We claim that Q(F*) < Q(F) and V(F*) > V(F), with equality V (F*) = V(F)
holding if and only if F¥ = F, up to a negligible set.
For any open set A C Rt x R*, we define

Qo(F; A) sup /8 h=1y, d?"oly7
F-
(3.9) e
Q;(F;A) = sup / rhilJ”J‘@y?wdrdy, ji=1,... k.
YeF1(A)JF ‘

The open sets mappings A — Q;(F; A), j =0,1,...,k, extend to Borel measures.
For any Borel set B C RF and j =0,1,...,k, we define the measures

1j(B) = Qj(F;RY x B),
15 (B) = Qj(F% R x B).

By Step 1 and Step 2 of the proof of Theorem 1.5 in [13], see page 106, we have

Mg(B) < u;(B) for any Borel set B C R* and for any j = 0,1, ..., k. It follows that

the vector valued Borel measures 1 = (uo, . . ., jx) and uf = (,ug, e ,ui) satisfy

|F(RY) < |ul(R),

where | - | denotes the total variation. This is equivalent to Q(F*) < Q(F).
We claim that for any y € R* we have

(3.10) fg(y)h:/ rh_ldTZ/ rP=tar,
h i F,

with strict inequality unless Fﬁ = F, up to a negligible set. From (3.10), by Fubini-
Tonelli theorem it follows that V (F*#) > V(F) with strict inequality unless F* = F
up to a negligible set. By (3.8), claim (3.10) is equivalent to

o (v f )™ (0] i)’
Fy, F,
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and this inequality holds for any measurable set F,, C R*, for any h > 2, and
a > 0, by Example 2.5 in [13]. Moreover, we have equality in (3.11) if and only if
Fy =(0,9(y))-

Let E% C R™ be the z-Schwarz symmetric set with generating set F'¥. Then we

have
LMEY) = V(F*) > V(F) = £"(E),

with strict inequality unless F' f = F. Then there exists 0 < A < 1 such that the
set Bf = 6,\(Ef) satisfies Z"(EY) = £"(E). Since A < 1, we also have

Po(E) = XT1P,(EY) < Po(EY) = Q(FF) < Q(F) = Po(E).

If P,(E*) = P,(E) then it must be A\ = 1 and thus F* = F, that in turn implies
E' = E, up to a negligible set.

Now the proof of the theorem can be concluded applying to E* a Schwarz
rearrangement in the variable y € RF. This rearrangement is standard, see the
general argument in [14]. The resulting set E* C R" satisfies P,(E*) < P,(E)
and also the other claims in the theorem.

O

4. Existence of isoperimetric sets

In this section, we prove existence of solutions to the isoperimetric problem for
a-perimeter and H-perimeter. When h > 2, we prove the existence of solutions in
the class of z-spherically symmetric sets. The proof is based on a concentration-
compactness argument.

For any set E C R™ and t > 0, we let

Bf ={(zy) €E:lel <t} and EF ={(z,y) € E:|a| =1},

WD B (@B pl<t) and B ={(y)cE: =t}

We also define

(4.2) vip(t) = A" HEY),
and
(4.3) WU (t) = /E afedam

In the following, we use the short notation {|z| < t} = {(x,y) € R™ : |z| < ¢} and
{lyl <t} ={(z,y) eR" : [y < }.

Proposition 4.1. Let E C R" be a set with finite measure and finite a-perimeter.
Then for a.e. t > 0 we have

(4.4) P,(E}.) = Po(E;EY) +vE(t)  and P.(E}.) = Py(E; E}) + v¥(¢).
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Proof. We prove the claim for E}_. Let {¢.}.~¢ be a standard family of mollifiers
in R™ and let

£(2) = / 6.z — w)dw, =z€R".
E
Then f. € C*°(R") and f. — xp in L*(R") for ¢ — 0. Therefore, by the coarea

formula we also have, for a.e. ¢ > 0 and possibly for a suitable infinitesimal sequence
of €’s,

(4.5) lim |fe — xpld#™ ! =0.
=0 J{jy|=t}

Since F has finite a-perimeter, the set {t > 0 : Py (E; {|y| = t}) > 0} is at most
countable, and thus

(4.6) P,(E;{lyl=t})=0 forae.t>0.

We use the notation V, fe = (Xife,..., Xnfe,Y1fe,... Yife), where X;, Y; are
the vector fields (1.6). By the divergence Theorem, for any ¢ € C}(R™ R") we
have

(4.7)
/ J(2)divap(2) dz — / (diva (fo0) — (Ve ) dz
{lyl<t} {lyl<t}

- / fa(z)|w|a<N7<P(Z)>dﬁf"‘1—/ (Vo for 92,
{ {

ly|=t} ly|<t}

where N = (0, —y/|y|) is the inner unit normal of {|y| < ¢}. For any t > 0, we
have

(4.8) lim fe(2)divyp(2) dz = / divyp(2) dz,
=70 {lyl<ty By
and, for any ¢t > 0 satisfying (4.5),
(49)  lim F@lel Np@drem = [ ol (N, ge))doen
=0 {lyl=t} By

On the other hand, we claim that

h k
{ > eidiy + > onpela|dul },

{lyl<t} ~ =1 =1

(4.10) lim (Vafe, p)dz = /

=0 Mlyl<ty

where p7 and p% are the distributional partial derivatives of xp, that are Borel
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measures on R™, because F has finite a-perimeter. For the coordinate y,, we have

/ onee(2)|e|By, fo(2)dz = / onse(2)|e]° / By be(|7 — wl)dw dz
{lyl<t} {lyl<t} E
_ / onee(2)a]® / B[ — wl)duw dz
{lyl<t} E
- / onsr(2)|z]° / be(| — wl)dp (w) dz
{lyl<t} Rm
- / / onse(2)]z]6e(|2 — w])dz dp (w),
n J{ly|<t}

where we let w = (£,7) € R" x R¥. By (4.6), the measure p% is concentrated on
{ly| # t}. Tt follows that

e—0

lim / n /{ ol 0ellz ~ wl)dz ) = /{ | erewlel g )

This proves (4.10).
Now, from (4.7)—(4.10) we deduce that

/ divap(2) dz = —/ |z|* (N, @(2))dsA" 1
En{lyl<t} En{lyl=t}
(4.11) h

k
/{ {Zsoidu%szowdu%},
=1

lyl<t} * =1

and the claim follows by optimizing the right hand side over ¢ € %, (R"™).

Proposition 4.2. Let E C R" be a set with finite measure and finite a-perimeter.
For a.e. t > 0 we have P,(E}_) < P,(E) and P,(E}_) < P,(FE).

Proof. The proof is a calibration argument. Notice that

Pu(BL) = Pa(BY: {lyl < 1)) + Pa(BL: {ly] > 1))
= Pa(Bs {Jy] < ) + Pa(EY: {ly] = ).

Let t > 0 be such that P,(E;{|]y| =t}) = 0; a.e. t > 0 has this property, see (4.6).
It is sufficient to show that

Po(ELi{lyl = 1}) < Po(Ei{ly| = t}) = Pa(E;{ly| > t}).
The function ¢(z,y) = (0, —y/|y|) € R™, |y| # 0, has negative divergence:
k

. 1y (k= Dl
diveo(z,y) = —|z|® Z (— - 7@3) =—-———<0.
— Ayl yl |y
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As in the proof of (4.11), we have

k
0> / divypdz = / |lz|*dom ! — / || Zcthd,u’g
En{ly|>t} BY (> o
S N e N ()]
En{lyl=t)
By the representation formula (2.3), we obtain
PulBLillyl = 1)) = [ Jal"d2e7! < Po(Ei{ly] > 1),

This ends the proof. O

We prove the existence of isoperimetric sets assuming the validity of the fol-
lowing isoperimetric inequality, holding for any Z"-measurable set £ C R" with
finite measure
(4.12) P, (E) > C£"(E) T
for some geometric constant C' > 0, see [10], [6], and [7]. By the homogeneity
properties of Lebesgue measure and a-perimeter, we can define the constant

(4.13) Cr = inf{Py(E) : £"(E) =1 and E € 7, if h > 2}.

Only when h > 2 we are adding the constraint £ € .. We have C; > 0 by the
validity of (4.12) for some C' > 0. Our goal is to prove that the infimum in (4.13)
is attained.

Theorem 4.3. Let h,k > 1 and n = h+ k. There exists an z- and y-Schwarz
symmetric set E C R™ realizing the infimum in (4.13).

Proof. Let (Fp)men be a minimizing sequence for the infimum in (4.13), with the
additional assumption that the sets involved in the minimization are x-spherically
symmetric when h > 2. Namely,

(4.14) L (Ep) =1and Py(En) < C; <1 + 1) . meN.
m

By Theorems 3.1 and 3.2, we can assume that every set F,, is z- and y-Schwarz
symmetric. We claim that the minimizing sequence can be also assumed to be in
a bounded region of R™.

Fix m € N and let E = E,,,. For any t > 0 such that (4.4) holds we consider
the set E¥ = EN{|z| <t} € .

We apply the isoperimetric inequality (4.12) with the constant Cy > 0 in (4.13)
to the sets Ef and E \ Ef_, and we use Proposition 4.1:

CrL™(EE) T < Po(BE) = Pa(E; {|2] < 1)) + vi(t)

d—1

Ci(1 = 2Z"(E{)) ™ < Po(E\ B ) = Po(E:{|z] > t}) + vp(t).

(4.15)
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As in (4.2), we let v%(t) = #""1(EF). Adding up the two inequalities we get
(4.16) CH(Z™EL)T + (1= ZL™(EL))T ) < Pa(B) + 205(2).

The function g : [0,00) — R, g(t) = Z"(E¥_) is continuous, (0,1) C ¢([0,00)) C
[0,1], and it is increasing. In particular, g is differentiable almost everywhere. For
any t > 0 such that P,(E;{|z| = t}) = 0, also the standard perimeter vanishes,
namely P(E;{|x| = t}) = 0. With the vector field ¢ = (z/|z|,0), and for t < s
satisfying P, (E; {|z| = t}) = Po(E; {|z| = s}) = 0, we have

—1
/ h=1 dz = / divpdz
E® \E¥_ || E® \E¥_

— e B - N ED + (o, vi)d ™.
o* ENn{s<|z|<t}
This implies that
lim "~} (BT) = " (EY),

s—t

with limit restricted to s satisfying the above condition, and thus

(4.17) g'(t) = lim !

st s —1t1

/ A" EY)dr = 4" (EY).
t

At this point, by (4.14), inequality (4.16) gives

d—

- 1
(4.18) Cr(g) T + (1 g) T —1- =) <29'(1).
m
The function 9 : [0,1] = R, ¢(s) = sT (1- $)“@" — 1 is concave, it attains
its maximum at s = 1/2 with ¢(1/2) = 2@ — 1, and it satisfies ¥(s) = ¥(1 — s),
¥(0) = ¢ (1) = 0. By (4.18) we have

@19) g0 = L (e0) - ) = Do)+ L vem) - 2).

m m

for almost every t € R and every m € N. Provided that m € N is such that
2/m < maxy) = 21/d _ 1, we show that there exist constants 0 < a,, < by < 00
such that inequality (4.19) implies the following:

(4.20) g'(t) > %w(g(t)) for a.e. t € [am, bm)-

In fact, by continuity of g and 1, and by symmetry of ¢ with respect to the line
{s =1/2}, for m large enough, there exist 0 < ay,, < by, < oo such that

0 < glam) =1~ g(bm) < 5 and Plglan)) = b(g(bm) =

By concavity of ¢ and monotonicity of g, it follows that ¢(g(t)) > = for every
t € [am,bm], and (4.20) follows. As m — oo we have g(by,,) — 1, that implies

2
o
2
m

liirl by, = sup{b > 0:g(b) <1} > 0.
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Moreover, as m — oo we also have g(a,,) — 0. Since the set E is z-Schwarz
symmetric, there holds g(a) > 0 for all a > 0. Therefore, we deduce that a,, — 0.

We infer that, for m large enough, we have a,, < b,,/2. Integrating inequality
(4.20) on the interval [b,,/2,b,,], we find

by 4 /bm qg'(t) 4 /W’m) 1 4 /1 1
4.21 — < — dt < — —ds < — ——ds = /.
A T ol A s Ll SR s kol M e R

We consider the set E,, = By . By (4.21), E,, is contained in the cylinder

{|z| < 261} and, by Proposition 4.2, it satisfies Pa(Em) < P,(Fn). Define the set
El =6, (Em), where \,,, > 1 is chosen in such a way that .£"(E] ) = 1; namely,
A 18 the number

1 Fl
(i)
where
(4.22) LEp) = L (Epn{|z] <bm}) = gbm) =1 — glan).

By concavity of ¥, for 0 < s < 1/2 the graph of ¢ lays above the straight
line through the origin passing through the maximum (1/2,¢(1/2)), i.e., ¥(s) >
2(21/4 — 1)s. Therefore, since g(a,,) < 1/2 and ¥(g(a,)) = 2/m, then

(am) € —=
am — 77
g m(21/d 1)
and thus
1 1/d m 1/d
P S CC T
L= ey m = 5177

By homogeneity of a-perimeter,

Po(ELY = M1P, (B,) < MLP, (B, < Aﬁ;lc,(1 + %)
d-1
<o) Ge) T

In conclusion, (EJ,)men is a minimizing sequence for Cr and, for m large enough,
it is contained in the cylinder {|z| < ¢}, where £ = 21/4+1¢;,

Now we consider the case of the y-variable. We start again from (4.15) for the
sets E}_ for t > 0. Now the set E can be assumed to be contained in the cylinder
{]z| < £}. In this case, we have

vl (t) = / |lz|* do" ! < s (EY) = 009 (t).
EY
So inequality (4.16) reads

d—1

(4.23) Cr (o7 + (1= g() T 1 ) < 209/(1).
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Now the argument continues exactly as in the first case. The conclusion is that
there exists a minimizing sequence (Ey,)men for (4.13) and there exists £ > 0 such
that we have:

i) Z"(Ep)=1for allmeN;
i) Po(Em) <Cr(141/m) for all m € N;
ili) B, C {(z,y) € R":|z| < £ and |y| < £} for all m € N;

iv) Each E,, is z- and y-Schwarz symmetric.

By the compactness theorem for sets of finite a-perimeter (see [10] for a general
statement that covers our case), there exists a set E C R™ of finite a-perimeter
which is the L'-limit of (a subsequence of) the sequence (E,,)men. Then we have

ZL"(E)= lim " (En)=1.
m—0o0
Moreover, by lower semicontinuity of a-perimeter

P,(F) <liminf P,(E,,) = Cj.
m—00
The set E is z- and y-Schwarz symmetric, because these symmetries are preserved
by the L'-convergence. This concludes the proof. O

5. Profile of isoperimetric sets

In Theorem 4.3, we proved existence of isoperimetric sets, in fact in the class of
z-spherically symmetric sets when h > 2. By the characterization of the equality
case in Theorems 3.1 and 3.2, any isoperimetric set F is x-Schwarz symmetric and
there are functions c: [0,00) — R* and f : [0,00) — [0, 00) such that

(5.1) E={(z,y) e R": |y —c([=)| < f([=])}-

The function f is decreasing. We will prove in Proposition 5.4 that, for isoperi-
metric sets, the function c is constant.

We start with the characterization of an isoperimetric set E with constant
function ¢ = 0. Let ' C RT x R be the generating set of E/

E={(z,y) eR": (|z[,|y]) € F'}.
The set F' is of the form
(5.2) F={(r,s)eR* xRt :0<s< f(r), € (0,70)},

where f: (0,79) — (0,00) is a decreasing function, for some 0 < o < oo.

By the regularity theory of A-minimizers of perimeter, the boundary OF is a
C* hypersurface where x # 0. We do not need the general regularity theory,
and we prove this fact in our case by an elementary method that gives also the
C*°-smoothness of the function f in (5.2).
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5.1. Smoothness of f

We prove that the boundary OF C R x R™ is the graph of a smooth function
s = f(r).

We rotate clockwise by 45 degrees the coordinate system (r,s) € R? and we
call the new coordinates (g, 0); namely, we let

o+ o o—0

\@’Si\/ﬁ'

There exist —o0 < a < 0 < b < oo and a function g : (a,b) — R such that the
boundary F C Rt x RT is a graph ¢ = g(p); namely, we have

oF = {(r(0).s(0) = (12219 s pe an).

Since the function f is decreasing, the function g is 1-Lipschitz continuous.
By formula (2.10) and by the standard length formula for Lipschitz graphs, the
a-perimeter of E is

b
Pa(E) = e / Necerw N
a

where ¢ = hkwpwy,. On the other hand, the volume of F is

e ([7(5)7 () )

For € € R and ¢ € C°(a,b), let g. = g + 1), sezs+a%,razr+e% and let

F. C R™ x RT be the subgraph in ¢ > |g| of the function g.. The set E. C R"
with generating set F. has a-perimeter

p(e) = Po(E:)

’ '\ 20 N2 h—1 k—1
- chk/a \/(S/—i_gjﬁ) + (r+5%) (r’—i—a%) (7’—1—5%) (s—i—a%) do,

and volume

ole) = 27 = . | b ( /Ij("’”w“’ (C’ - 0) " <U\E)> e do-) de.

Since F is an isoperimetric set, we have

_ 4 p@E)? _ dp™ T — pt(d — 1)t
dev(e)?=1|__ p2d—2 )
that gives
d—1 P, (FE
(53) p/(O) - Chkavl(o) = O, where Chka = a( ) .

d Z"(E)
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After some computations, we find

p/(o) ok b { (7“2047‘/ _ s/)wl + 20&7"20‘_17“/21&
(5.4) V2 Ja 2

s 4 2o
h—1 k-1
+ 5/2 +T2a7,/2 |:T + Ti|1/}}7,hfl$k71 dg,

and

b
(5.5) V'(0) = chk/ rh=tsk =1 dp.

From (5.3), (5.4), and (5.5) we deduce that g is a 1-Lipschitz function that,
via the auxiliary functions r and s, solves in a weak sense the ordinary differential
equation

(5.6)
1.2
d oy rPep o 2arZe—ly!
7(T}L 1gk—1 _ 2):rh 1k 1{ _ _+
A /5/ + 7,2047,/ A /S/ + TQQT/

do
n s’2+r2ar’2[h71 E—1
T

+ 7] — \@Ohka}-

s
By an elementary argument that is omitted, if follows that g € C*°(a, b).

We claim that for all o € (a,b) there holds ¢'(¢) # —1. By contradiction,
assume that there exists g € (a,b) such that ¢'(g) = —1, ie., () = 0 and
s'(p) = —V/2. Inserting these values into the differential equation (5.6) we can
compute g”(9) as a function of g(9); namely, we obtain

g//(g) — 2a+1 2(h N 1) B \/ﬁchkar(@)

(57) 7«(@)2a+1

Now there are three possibilities:

(1) ¢"() < 0. In this case, g is strictly concave at g and this contradicts the
fact that F is y-Schwarz symmetric.

(2) ¢"(g) > 0. In this case, ¢’ is strictly increasing at g and since ¢'(9) = —1
this contradicts the fact the g is 1-Lipschitz, equivalently, the fact that F is
x-Schwarz symmetric.

(3) ¢”(8) = 0. In this case, the value of g at g is, by (5.7),

V2(h —1)

(5.8) g(@) = -0+ o

V2(h—1)
Chka
ordinary differential equation (5.6) with initial conditions ¢g(g) given by (5.8)
and ¢'(g) = —1. It follows that g = g and this contradicts the boundedness
of the isoperimetric set; namely, the fact that isoperimetric sets have finite

measure.

This proves that ¢'(9) # —1 for all g € (a,b).

The function g(g) = —o0 + , 0 € R, is the unique solution to the
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5.2. Differential equations for the profile function

By the discussion in the previous section, the function f appearing in the definition
of the set F in (5.2) is in C°°(0,79). The function f is decreasing, f* < 0. By
formula (2.10), the perimeter of the set E with generating set F is

(5.9) Po(E) = chy /OT0 V()2 4 r2e L ()R

and the volume of E is

iy _ Sk [T e
(5.10) 2 (m) = /0 =L f (Yo

As in the previous subsection, for ¢ € C(0,r9) and ¢ € R, we counsider the
perturbation f 4 ¢ and we define the set

E. = {(z,y) € R" : |y < f(|z]) +ev(l2])}-

Then we have

p(e) = Pa(E:) = chk /TO V(4 e)? + 2 (f 4 ep) et L,
0

o) = 2" (B) = G [T 7 ewtean

and from these formulas we compute the first derivatives at € = 0:

o k—1 ¢/
p'(0) = Chk/o {\/fﬁfrzaw/ + (k- 1)fk—2\/mw] =1 dr.

ro
v'(0) = chk/ ety =L dr.
0

The minimality equation (5.3) reads

(5.11) /O "’ (ﬁ%w (b= 1) 72/ P4 2 Cra f ] 0) i =0

Integrating by parts the term with ¢’ and using the fact that v is arbitrary, we
deduce that f solves the following second order ordinary differential equation:

(5.12)

d Rt - : _— I
Tar (Th IJW> (= D)V 2 = Ca Y =0

The normal form of this differential equation is
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7 f, / « k—1 f/ f/2+ 2a%
a3 17 =L (P - -y ) - o S

and it can be rearranged in the following ways:

(514) e e

= (8 ) (7 - S e - an((5) )

With the substitution

(£) - ==
(5.15) z =sinarctan ( — ) = ——u——,
ro \/m

equation (5.14) transforms into the equation

(5.16) (rh=1z) = poth= ik \/ 1— 22 — Chpar™™

We integrate this equation on the interval (0,7). When h > 1 we use the fact that
r"~lz = 0atr = 0. When h = 1 we use the fact that z has a finite limit as
r — 0T, In both cases, we deduce that there exists a constant D € R such that

(5.17) z(r) = rlfh/ ath-1K \/ 1—22ds— Cta r+ Drl=h,
0

Inserting (5.15) into (5.17), we get

! " k-1 _C
(5.18) S rlfh/ grath=1 ke 4 Drtch
0

If h > 2, from (5.18) we deduce that D = 0. In fact, the left-hand side of (5.18)
is bounded as r — 0%, while the right-hand side diverges to +co according to the
sign of D # 0. In the next section, we prove that D = 0 also when h = 1, provided
that f is the profile of an isoperimetric set.

Remark 5.1 (Computation of the solution when k = 1). When k =1 and D =0,
equation (5.18) reads
f Chia

NGES T

and this is equivalent to

Chiar®t?

(5.19) f’(r) = —W,
hka

S [0, ’I"()).
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Without loss of generality we can assume that 7o = 1 and this holds if and only if
Chio = h. Integrating (5.19) with f(1) = 0 we obtain the solution

/2

1 a+1
f(r) = / \/% ds = / sin®*1(s) ds.
r — S arcsin r

This is the profile function for the isoperimetric set when k =1 in (1.12).

5.3. Proof that D = 0 in (5.18).

We prove that D = 0 in the case h = 1. We assume by contradiction that D # 0.
For a small parameter s > 0, let fs : [0,79) — R be the function

f(s) foro<r<s

fs(r) = { f(r) forr>s,
and define the set
Es = {(z,y) e R" : [y| < fs(|z])}.

Recall that the isoperimetric ratio is 7, (E) = P, (E)?/.£"(E)4~!. We claim that
for s > 0 small, the difference of isoperimetric ratios

_ Py(Ey)? Pu(E)?

T Z(E,)d1 7$n(E)d—1

B Pa(Es)dgn(E)d71 _ Pa(E)dgn(Es)d71
- gn(Es)d—lgn(E)d—l

Io(Es) — Io(E)

(5.20)

is strictly negative.
The a-perimeter of E is

PaB) = [
= Ok [f(s)k_l /os e dr /:O V2 4 e phmtph dr}
= Po(E) + cnk /OS [7"af(s)k*1 - \/Jmfkfl}rhfl dr,
and its volume is
LB = /OOO for" ™ dr = c,’f(/o f(s)erh =t dr + /:o JryE et ar)

—2(E)+ % [ (1) = 1)
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so, by elementary Taylor approximations, we find

LYE) TP (B =
= gn(E)dil{Pa(E) + cenk /0S [raf(s)kfl _ \/Jmfkil} i1 dr}d
= 2"(E)! {PQ(E)d + depp Po(E)4Y (/0 [r f(s)+ 1

R gkt phe dr> + Rl(s)},

where Rj(s) is a higher order infinitesimal as s — 0, and

d—1

Po(E) 2" (B)"™ = Pa(B){ £"(B) + 9% / (F() = f()") " dr |

= Pa(E)d{jn(E)dfl + WZH(E)dfg AS (f(S)k . f(T)k) Thfl dr

+ Ra(s)},
where Ra(s) is a higher order infinitesimal as s — 0. The difference is thus

A(s) = P(ES)dgn(E)d_l - Pa(E)dgn(ES)d_l

= e PulB) 2 (B gk — =1 20

where we let

As) = /0 ) = PR B ] Lt Ry ()
B(s) = /Os (f(s)]’c — f(r)k) r"=ldr + Rs(s).

Now we let h = 1 and we observe that the differential equation (5.17) or its
equivalent version (5.18) imply that

lim M

r—0t+ 7%

=D.

So for D # 0 and, in fact, for D < 0 (because f is decreasing) we have

A 1-vD?2+1
(S) — f(O)k717+ < 0,
s—0+ sath a+h
and
B(s)

im
s—0+ sath
It follows that for s > 0 small there holds

A L, 1-vD2+1 o
sh(fo)‘ = f(0)* 1@7_’_hdchkPa(E)d Lem(B) +o(1) < 0.

Then F is not an isoperimetric set. This proves that D = 0.
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5.4. Initial and final conditions for the profile function

In this section, we study the behavior of f at 0 and rg.

Proposition 5.2. The profile function f of an x- and y-Schwarz symmetric
isoperimetric set E C R™ satisfies f € C°°(0,19) NC([0,ro]) for some 0 < 1y < oo,
f' <0, f(ro) =0, it solves the differential equation (5.18) with D =0, and

!
lim f'(r)=-o0c0 and lim () = —Chka.

rsry r—0+ rotl h

Proof. By Remark 5.1, it is sufficient to prove that rg < co when k > 1. Assume
by contradiction that ro = oco. In this case, it must be

(5.21) lim f(r) =0,

otherwise the set F¥ with profile f would have infinite volume.
For e > 0 and M > 0, let us consider the set

Ky = {rZM:f’(T) > 76}.

Recall that in our case we have f’ < 0. The set K, is closed and nonempty for
any M. If Kp; = 0 for some M, then this would contradict (5.21).
Let 7 € Kps. From (5.13) we have

f”(F) > 7% + FQOL k 7 C} & (62 + f20¢)3/2
(5.22) T /() e
> Lypek =Ly
T2 fn)

provided that M is large enough. We deduce that there exists § > 0 such that
f'(r) > —e for all r € [F,7 + 6). This proves that Ky is open to the right. It
follows that it must be Kj; = [M,00). This proves that
. / _
A f=0,
and this in turn contradicts (5.22).
Now we have 1o < co and we also have
L= lim f(r)=0.
=Ty
If it were L > 0, then the isoperimetric set would have a “vertical part”. We would
get a contradiction by the argument at point (3) at the end of Section 5.1.
We claim that
lim f'(r) = —o0.
Ty

For M > 0 and 0 < s < rg, consider the set

Ki={s<r<ro:f'(r)>-M}.
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By contradiction assume that there exists M > 0 such that K, # () for all 0 < s <
ro. If ¥ € K, we have as above f”(7) > (k — 1)s**/f(s) > 0. We deduce that
there exists s < r¢ such that 0 > f/(r) > —M for all r € [s,7). From (5.13), we

deduce that there exists a constant C' > 0 such that

s
P02 g0y

Multiplying by f’ < 0 and integrating the resulting inequality we find
f'(r)? < 2Cog |f(r)| + Co,

for some constant Cy € R. This is a contradiction because lim log|f(r)] = —oc0.
=Ty
By Section 5.2, we have D = 0 in (5.18). In this case, by (5.17) we can compute
the limit

i) L Chia o [ asna k-1 5. Chka
Tlir(r){r ra+l _rlir(r)l+_T+r 0 s o 1== ds__T'

This ends the proof. O

Remark 5.3. The Cauchy Problem for the differential equation (5.13), with the
initial conditions f(0) =1 and f/(0) = 0 has a unique decreasing solution on some
interval [0, 6], with § > 0, in the class of functions f € C*(]0,4]) N C*((0,§]) such

that
f'(r)  Chka

r—0+ rotl h

This can be proved using the Banach fixed point Theorem with the norm

B |f'(r)]
[l —Tlg[gfgllf(r)lﬂrg[gfg] s

From Theorem 4.3 and Proposition 5.2, there exists a value of the constant
Chika > 0 such that the maximal decreasing solution of the Cauchy Problem has a
maximal interval [0, r¢] such that f(rg) = 0.

5.5. Isoperimetric sets are y-Schwarz symmetric

To conclude the proof of Theorems 1.1-1.3 we are left to show that for an isoperi-
metric set E of the type (5.1), the function ¢ of the centers is constant.

Proposition 5.4. Let h,k > 1 and n=h+ k. Let E CR"™ be a set of the form
E={(z,y) e R": |y —c(lz)] < f(|=[)}

for measurable functions ¢ : [0,00) — R¥ and f : [0,00) — [0,00]. If E is an
isoperimetric set for the problem (4.13) then the function c is constant.
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Proof. If E is isoperimetric, then also its y-Schwarz rearrangement E* = {(z,y) €
R™ : |y| < f(|=])} is an isoperimetric set, see Theorems 3.1 and 3.2. Then, by
Proposition 5.2, we have f € C*(0,r9) N C([0,7¢]) with f(ro) =0 and f' < 0. In
particular, f € Lip,,.(0,79). We claim that ¢ € Lip,,.(0,79).

Since F is x-Schwarz symmetric, for any 0 < r; < ro < o we have the inclusion

{y eR" : [y —c(ra)] < f(r2)} C{y € R": [y —c(ry)| < f(r1)}.
Assume o(r3) # c(r1) and let § = e(r) — ¢(r1)/|c(ra) — ¢(r1)|. Then we have
c(ra) +9f(r2) € {y € R* t |y — c(r1)| < f(r1)},
and therefore
lc(r2) = e(r1) + f(r2) = [e(r2) + 0f(r2) — c(r1)| < f(r1).

This implies that ¢ is locally Lipschitz on (0, 7).
Let FF C Rt x R* be the generating set of E:

E={(z,y) eR": (|z|,y) € F}.

By the discussion above, the set ¥ and thus also the set F' have locally Lipschitz
boundary away from a negligible set. By the representation formula (2.11), we

have
P,(E)=Q(F) = hwh/ N2+ 7“20‘|Ny|2rh_1 d%k,

where (N,,, N,) € R1*¥ is the unit normal to OF in RT x R¥ that is defined %
almost everywhere on the boundary. By the coarea formula (see [1]) we also have

—hwh/ he 1/ VN2 + 129N, |2 A dr,
oF,

1—N2

where OF, = 0{y e R¥ : (r,y) e F} ={y e R¥ : |y — c(r)| = f(r)}.
A defining equation for OF is |y — ¢(r)|*> — f(r)? = 0. From this equation, we

find
N (y—c,d)+ ff
T V- )+ 2y —
N, = y—¢
.

Vly =, @)+ Ff2+ 1y =l

and thus, by translation and scaling in the inner integral,

1 (y— (r),c(r)) , 2 20 -1 "
hwh/ - /y . M\/ N +f(r)}+r A1 () d

:hwh/O =L f ()R 1/l \/{ (y, c(r)) + f'( )}2+T2°‘d%k71(y)dr
ly|=1
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For any r > 0, the function ® : R" — R

®(z) = / - \/(<y, 2+ f1(1) + r2adat T (y)

is strictly convex. This follows from the strict convexity of ¢t — +/r2® +¢2. The
function @ is also radially symmetric because the integral is invariant under or-
thogonal transformations. It follows that ® attains the minimum at the point
z = 0 and that this minimum point is unique.

Denoting by F* the generating set of E*, we deduce that if ¢’ is not 0 a.e.,
then we have the strict inequality P,(E*) = Q(F*) < Q(F) = P,(F), and E is
not isoperimetric. Hence, ¢ is constant and this concludes the proof.

O
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