EXISTENCE OF TANGENT LINES TO
CARNOT-CARATHEODORY GEODESICS

ROBERTO MONTI, ALESSANDRO PIGATI, AND DAVIDE VITTONE

ABSTRACT. We prove that length minimizing curves in Carnot-Carathéodory spaces
possess at any point at least one tangent curve (i.e., a blow-up in the nilpotent ap-
proximation) equal to a straight horizontal line. This is the first regularity result
for length minimizers that holds with no assumption on either the space (e.g., its

rank, step, or analyticity) or the curve.

1. INTRODUCTION

Let M be a connected n-dimensional C*°-smooth manifold and 2" = {X1,..., X, },
r > 2, a system of C"*°-smooth vector fields on M satisfying the Hormander condition.
We call the pair (M, 2") a Carnot-Carathéodory (CC) structure (see Section[2)). Given
an interval I C R, a Lipschitz curve v : I — M is said to be horizontal if there exist
functions hy, ..., h, € L*>(I) such that for a.e. t € I we have

Y(t) = Zhi(t)Xi(V(t»- (1.1)
i=1
Letting |h|:= (h? + ...+ h?)Y/2 the length of 7 is then defined as

L(~) :=inf {/!h(t)\ dt | h e L*(1,R") s.t. holds} .
I

The infimum is attained by a unique h € L*°(I,R"): in the sequel, h denotes this
minimal control. We will usually assume that curves are parameterized by arclength,
i.e., |h(t)|=1 for a.e. t and L (I) = L(7).

Since M is connected, for any pair of points x,y € M there exists a horizontal
curve joining x to y. We can therefore define a distance function d : M x M — [0, 00)
letting

d(z,y) :=1inf {L(y) | 7 : [0,T] — M horizontal with v(0) = z and v(T) = y}. (1.2)

The resulting metric space (M, d) is a Carnot-Carathéodory space. Typical examples
of Carnot-Carathéodory spaces are given by sub-Riemannian manifolds (M, 2, g),
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where ¥ C T'M is a completely non-integrable distribution and ¢ is a smooth metric
on 9.

If the closure of any ball in (M,d) is compact, then the infimum in is a
minimum, i.e., any pair of points can be connected by a length-minimizing curve.
A horizontal curve v : [0,7] — M is a length minimizer if L(y) = d(v(0),v(T)).
In Carnot-Carathéodory spaces (or even in the model case of Carnot groups) it is
not known whether constant-speed length minimizers are C'*°-smooth, or even C'-
smooth. The main obstacle is the presence of abnormal length minimizers, which
are not captured by the natural Hamiltonian framework, see e.g. [13, 2]. In [I2],
Montgomery gave the first example of such a length minimizer. Contrary to the
Riemannian case, stationarity conditions do not guarantee any smoothness of the
curve: in [9] it is proved that no further regularity beyond the Lipschitz one can be
obtained for abnormal extremals from the Pontryagin Maximum Principle and the
Goh condition (which is a second-order necessary condition, see e.g. [2]).

However, some partial regularity results are known. If the step is at most 2 (i.e., for
any x the tangent space T, M is spanned by the r + (}) vectors X;(z), [X;, Xj](z)),
then all constant-speed length minimizers are smooth. In the context of Carnot
groups, the regularity problem was recently solved also when the step is at most 3
(independently by Tan-Yang in [I8] and by Le Donne-Leonardi-Monti-Vittone in [§]).
In [I7] Sussmann proved that, in presence of analytic data (and in particular in Carnot
groups), all length minimizers are analytic on a dense open set of times, although it is
not known whether this set has full measure. Building on ideas contained in [IT, 10],
Hakavuori and Le Donne recently proved in [4] that length minimizers cannot have
corner-type singularities. Other partial regularity results are contained in [14]. We
also refer to [Il, [15], 16, 19] for surveys about the known results on the problem.

At any point « € M the Carnot-Carathéodory structure (M, 2") has a nilpotent
approximation (M, 2 ), which is also a Carnot-Carathéodory structure. The con-
struction, which is recalled in Section [2| uses a one-parameter group of anisotropic
dilations (d))aso associated with 2". In Definition [2.4] given a horizontal curve
v [=T,T) — M, we define the tangent cone Tan(v;t) for =T < t < T. This cone
contains the horizontal curves in (M, .2°>) which are obtained as a blow-up limit
of v with respect to the dilations (d))x>o centered at ~y(t¢), along some infinitesimal
sequence of scales. The manifold M is also a vector space and we call horizontal
line a horizontal curve in (M, 2*°) passing through 0 € M* and with constant
minimal controls Ay, ..., h, (see (L.1))).

The following theorem is the main result of the paper.
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Theorem 1.1. Let v : [T, T] — M be a length minimizer parametrized by arclength
in a Carnot-Carathéodory space (M, d). Then, for any t € (=T, T), the tangent cone
Tan(v;t) contains a horizontal line.

Theorem has a reformulation that does not depend on the construction of
(M=, Z ), see Remark . A version of Theorem holds for the extremal points
t =0and t =T of a length minimizer ~ : [0, 7] — M. In this case, the tangent cone
contains a horizontal half-line; see Theorem [5.2] These results imply and improve
the ones contained in [I1], 10, 4]: while in these papers the existence of (linearly
independent) left and right derivatives is assumed in order to construct a shorter
competitor, Theorem provides a mild form of pointwise differentiability which
automatically excludes corner-type singularities.

Theorem [L.1lis deduced from a similar result for the case when M = G is a Carnot
group of rank r > 2 and 2" = {X},..., X, } is a system of left-invariant vector fields
forming a basis of the first layer of its Lie algebra g. The reduction to this case relies
on the following facts:

(i) if k € Tan(y;t) and & € Tan(x;0), then & € Tan(v;t), see Proposition [2.8}
(ii) if v is length-minimizing in (M, 2Z") and & € Tan(v;t), then x is length-
minimizing in (M, 2°>°), see Proposition [2.7}
(iii) if G is a Carnot group lifting (M, 2°>°) and & lifts to G a length-minimizing
curve £ in (M, 2°>°), then & is length-minimizing in G, see Proposition m

The proof of Theorem [I.1]in the case of a Carnot group, in turn, is a consequence
of Theorem [1.2] below. Let g = g1 @ - - - @ g, be the stratification of g and let (-, -) be
the scalar product on g; making X, ..., X, orthonormal. The integer s > 2 is the
step of the group and r = dim g; its rank. We denote by S"~! = {v € g1 : (v,v) = 1}
the unit sphere in g;. We define the excess of a horizontal curve v : [-T,7] — G
over a Borel set B C [T, T] with positive measure as

1/2
Exc(y; B) := inf (7[ (v, %(t))? dt) :
veS™=1 \ /g
The excess Exc(v; B) measures how far 4z is from being contained in a single hyper-
plane of gy, see Remark [3.2] For length-minimizing curves, the excess is infinitesimal
at suitably small scales, as stated in our second main result.

Theorem 1.2. Let G be a Carnot group and let v : [-T,7] — G, T > 0, be a
length-minimizing curve parametrized by arclength. Then there exists an infinitesimal

sequence 7; J 0 such that
lim Exc(v; [—n:,m:]) = 0. (1.3)

1—00
Again, this result has a version for extremal points: for a length minimizer ~ :
[0,7] — G the excess Exc(v;[0,7;]) is infinitesimal, see Theorem When r = 2,
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(1.3) implies that there exists x € Tan(v;0) of the form x(t) = exp(tv) for some
v € g1. This proves Theorem for M = G with r = 2. When r > 2, the situation
can be reduced by induction to the case r = 2, using the facts (i) and (ii) above.

The proof of Theorem [1.2| goes by contradiction and uses a cut-and-adjust construc-
tion performed in s steps, see Section . If we had Exc(v;[—n,n]) > ¢ for some € > 0
and for all small n > 0, then we could find ¢; < --- < t, such that, roughly speaking,
the vectors §(t1),...,5(t,) € g1 are linearly independent in a quantitative way, see
Lemma . We could replace the “horizontal projection”  of v on the interval [—n, 1]
with the line segment joining v(—n) to v(n), whose gain of length would be estimated
in terms of the excess, see Lemma {4.4] and we could lift the resulting “horizontal
coordinates” to a horizontal curve in G. The end-point might have changed, but the
vectors ¥(t1), ..., () could then be used to build suitable correction devices restor-
ing the end-point, taking care to keep a positive gain of length. This construction is
detailed in Sections [3] [4] and [5] and is a refinement of the techniques introduced and
developed in [11] and [4].

Acknowledgements. We thank L. Ambrosio for several discussions and for being an

invaluable mentor and friend.

2. NILPOTENT APPROXIMATION AND TANGENT CONES TO CURVES

In this section, we recall the construction of the nilpotent approximation of a
Carnot-Carathéodory structure (M, Z"), with 2" = {Xy,..., X,.}, and we define the
tangent cone to a horizontal curve. We also recall the lifting to a Carnot group.

2.1. Nilpotent approximation of CC structures and horizontal lines. We de-
note by Lie(X1, ..., X,) the real Lie algebra generated by X1, ..., X, through iterated
commutators. The evaluation of this Lie algebra at a point x € M is a subspace of

the tangent space T, M. If, for any x € M, we have
Lie(Xy,..., X,)(z) =T, M,

we say that the system 2" = {Xj,..., X, } satisfies the Hormander condition and
we call the pair (M, 2") a Carnot-Carathéodory (CC) structure. If the Hormander
condition holds, then the topology induced by d is the standard one on M.

Let U C M be a neighborhood of a fixed point zy € M and let ¢ € C*°(U;R") be a
chart such that ¢(xg) = 0. Then V' := ¢(U) is a neighborhood of 0 € R™. The system
of vector fields Y; := ¢, X, with ¢« = 1,... r, satisfies the Hormander condition.

For a multi-index J = (j1,...,jk) with & > 1 and jy,...,Jx € {1,...,7}, define the

iterated commutator

Yi=Wn b Vo Yo
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We say that Y is a commutator of length ¢(J) := k and we denote by L’ the linear
span of {Y;(0) | £(J) < j}, so that {0} = L° C L' C ... C L* = R" for some minimal
s > 1. We select multi-indices Ji, ..., J, such that, for each 1 < j <'s,

g(JdimL(J'*l)Jrl) == K(Jdiij) =J

and such that, setting Z; := Y, Z1(0), ..., Zgimzs(0) form a basis of L7.
Possibly composing ¢ with a diffeomorphism, we can assume that for any point

x = (x1,...,2,) €V we have

r = exp (i :ciZZ-) (0).

This means that (z1,...,x,) are exponential coordinates of the first kind associated
with the frame Z;,...,Z,. To each coordinate x; we assign the weight w; := £(.J;)
and we define the anisotropic dilations d, : R™ — R"

(z) = (A\xq, ..., \""xy,), A > 0. (2.4)

We will frequently use the homogeneous (pseudo-)norm

n

|z|| := Z|xi|1/w", x € R". (2.5)

i=1
The following proposition is well-known. See [5, Theorem 2.1] for a proof of the
analogous statement for exponential coordinates of the second kind. See also [6] for

a general introduction to the nilpotent approximation.

Proposition 2.1. Forany:=1,...,r we have Y; = aﬂaim +.. .—i—am% for functions
a;j = pij + 145, 7 = 1,...,n, such that:
(i) pi; are homogeneous polynomials in R” such that p;;(0yz) = A~ 'p;;(x) for
any A > (0 and z € R™;

(ii) r;; € C*°(V) are functions such that }\ILI(I) N Tir(6yz) = 0.

The vector fields Y;°,..., Y > in R" defined by

oo - 8
Vit = Z%(@T
— X
7j=1
are known as the nilpotent approximation of Y7, ..., Y, at the point 0 and satisfy the

Hoérmander condition in R, see [0, Lemma 2.1]. The pair (R, 2°*°) with 2™ =
{Yr°, ..., Y, >} is a Carnot-Carathéodory structure. We set M>° := R"™ and we call
(M, Z ) a tangent Carnot-Carathéodory structure to (M, Z") at the point zo € M.

The vector fields Y™, ..., Y > have polynomial coefficients. In fact, the coeffi-
cient p;j(x) depends only on the coordinates zi,...,z;_1. The real Lie algebra
g := Lie(Y™,...,Y,>®) is stratified and nilpotent: all commutators with length at
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least s + 1 vanish (see e.g. [3]). In particular, g is a finite dimensional real vector
space.

Let G be the abstract connected and simply connected Lie group having g as its
Lie algebra. By the nilpotency of g, the exponential map exp : g — G is a global
diffeomorphism. The group law - on G is related to the Lie bracket of g via the
Baker-Campbell-Hausdorff formula: for any X,Y € g we have exp(X) - exp(Y) =
exp(P(X,Y)), where

P(X)Y):=X+Y + Sz:ﬂ S (ad X)"(adY)" - - (ad X)*(ad V)"

VAN
p=1 p+1 0<k1,..,kp<s (By ooy + Dbl KL )]
0<L1,....bp<s
ki+0;>1

(2.6)
Here, ad X : g — g is the adjoint mapping ad X (Y') := [X,Y]. The group G is a
Carnot group, which means that it is a connected, simply connected and nilpotent Lie
group whose Lie algebra g is stratified, i.e., it has a decomposition g = g; & - - - & gs
satisfying [g1, g;-1] = ¢; and [g, gs] = {0}. The number s is the step of the group.
For any X € g, the flow (z,t) — ®;*(z) is a polynomial function in (z,t) € M~ xR
and X is therefore complete. For any XY € g, + € M* and t € R we have the
formula for the composition of flows

o ) (1) = BY 0 & (). (2.7)

This identity follows from the fact that the left and right hand side are polynomial
functions in ¢ and have the same Taylor expansion in t by the Baker-Campbell-
Hausdorff formula for vector fields, see [6, Lemma A.1].

If X € g,, its flow satisfies for any A > 0, ¢ € R and = € M* the following identity

@} (dx(2)) = 0a(®; (2)), (2.8)

which follows from (d,).X = AX.

The group G acts on M on the right. The action M* x G — M is given by
(z,9) = x - g := & (z), where g = exp(X). In fact, by (2.7), for any h = exp(Y) we
have

z - (gh) = &7 (2) = @Y 0 & () = (x - g) - h. (2.9)

The proof of the following proposition is elementary and is omitted.

Proposition 2.2. Let k : R — M be a horizontal curve in (M>, 2°>). The
following statements are equivalent:
(i) The minimal control of x is constant and x(0) = 0.
(ii) There exist ¢y,...,¢, € Rsuch that & =), ¢;Y;°(k) and x(0) = 0.
(iii) There exists Y € g; such that x(t) = ®)(0).
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(iv) There exists zp € M such that x(t) = 0:(zo) (here d; is defined by (2.4) for
any t € R).

Definition 2.3. We say that a horizontal curve x in (M, Z°*°) is a horizontal line
(through 0) if one of the conditions (i)-(iv) holds.

The definition of positive and negative half-line is similar, the formulas above being
required to hold for ¢ > 0 and ¢ < 0, respectively.

2.2. Tangent cone to a horizontal curve. Let (M, 2") be a CC structure and let
v [=T,T] — M be a horizontal curve. Let ¢ be a chart around the point = = ~(t),
for some t € (=T, T, such that ¢(x) = 0. Finally, let §, be the dilations introduced
above and denote by (M>, Z*°) the tangent CC structure to (M, Z") at the point

x.

Definition 2.4. The tangent cone Tan(vy;t) to v at t € (=T,T) is the set of all
horizontal curves x : R — M such that there exists an infinitesimal sequence 7; | 0
satisfying, for any 7 € R,

i &y o(y(t + 7)) = K(T),
with uniform convergence on compact subsets of R.

The definition of Tan(+;t) depends on the chart ¢ and on the choice Zi, ..., Z,
of linearly independent iterated commutators. When v : [0,7] — M, the tangent
cones Tan™ (v;0) and Tan™ (7; T') can be defined in a similar way. Tan™(;0) contains
curves in M defined on [0, c0), while Tan™ (+y; T") contains curves defined on (—o0, 0].

When M = M or M = G is a Carnot group, there is already a group of dilations
on M itself. In such cases, when v(t) = 0, we define the tangent cone Tan(y;t) as
the set of limiting curves of the form (t) = lim 61, (¢t 4+ n;7).

The tangent cone is closed under uniformzajoﬁvergence of curves on compact sets.
We need the following observation in order to initiate the proof of Theorem [I.1]

Proposition 2.5. For any horizontal curve v : [-T,T] — M the tangent cone
Tan(v;t) is nonempty for any ¢t € (—=7,T). The same holds for Tan™(;0) and
Tan™ (;T'), for a horizontal curve ~ : [0,T] — M.

Proof. We prove that Tan™(v;0) # 0. The other proofs are analogous.
We use exponential coordinates of the first kind centered at v(0). By (1.1), we

have a.e.
T n T 8
¥ = th’Yi(W) = Zzhiaij(ﬂ%,
i=1 J

j=1 i=1
where h; € L>(—T,T) and a;; = p;; + r;; are functions satisfying the claims (i) and
(ii) of Proposition 2.1} In fact, we can also assume that ||i||.c= 1 and that the closure



8 R. MONTI, A. PIGATI, AND D. VITTONE

.= B(0,T) of the CC ball B(0,T) is compact: this is true for small enough T,
which is enough for our purposes. Then v(t) € K for all ¢ € [0,7] and we have
[%(t)|< C for some constant depending on ||a;; ||z~ (k). This implies that |y(t)|< Ct
for all ¢ € [0, 7.

By induction on k > 1, we prove the following statement: for any j satisfying
w; > k we have |v;(¢)|< Ct*. The base case k = 1 has already been treated. Now
assume that w; > k > 1 and that the statement is true for 1,...,k — 1. Since r;; is
smooth, we have 7;; = ¢, + rijr, where g;; 1 is a polynomial containing only terms
with homogeneous degree at least w; and |ry;x(z)|< Clz|[*~! on K (here |z| denotes
the usual Euclidean norm).

Each monomial ¢,z of the polynomial p;; + ¢;; has homogeneous degree w, :=

> o W, > wj — 1. If @y, = 0 whenever w,, > k, then we can estimate
o= II bl < ot < o,
miwp,<k—1
using the inductive hypothesis with £ replaced by w,,, < k—1. Otherwise, there exists
some index m with w,, > k and «,, > 0, in which case

7)< Clym(t)|< O,

using the inductive hypothesis with & replaced by k—1. Thus |p;;(v(t)) +gijx(7(2))
Cth=1. Combining this with the estimate |ry;x(7(¢))|< Ct*~, we obtain |a;;(v(t))
Ct*~1. So we finally have

y, (1)|< Z/ |ai; (y(1))| dr < Ct*.

Applying the above statement with £ = w;, we obtain
()< Ot (2.10)

IAIA

for a suitable constant C' depending only on K and 7'
Now we prove that Tan™ (v;0) is nonempty. For n > 0 consider the family of curves
Y(t) := 017y (v(nt)), defined for ¢t € [0,7'/n]. The derivative of 4" is a.e.

Zzh )t ay (v (nt)) ai]

7j=1 =1

where, by Proposition and the estimates (2.10]), we have

|ai; (v ()| < Clly(nt) [ < Cnt) 1.

We are using the homogeneous norm ||-|| defined in (2.5)). This proves that the family
of curves (7)o is Lipschitz equicontinuous. So it has a subsequence (7"); that is

converging locally uniformly as n; — 0 to a curve k : [0,00) — R"™. Now it is easy to
see that « is horizontal in (M, 2°>): see also the proof of Lemma [3.5 O
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Remark 2.6. The following result was obtained along the proof of Proposition [2.5]
Let (M, Z") be a Carnot-Carathéodory structure. Using exponential coordinates of
the first kind, we (locally) identify M with R™ and we assign to the coordinate z;
the weight w;, as above. Assume that 7" > 0 is such that K := B(0,7T) is compact.
Then there exists a positive constant C' = C(T) such that the following holds: for
any horizontal curve 7 : [0,7] — M = R™ parametrized by arclength and such that

7(0) = 0, one has
|v;(t)|< Ct*i, forany j=1,...,nand t € [0,T]. (2.11)

We shall use this fact in the case of Carnot groups where, by homogeneity, the constant
C does not depend on T.

If v is a length-minimizing curve, then the curves in Tan(v;t) are also locally

length-minimizing.

Proposition 2.7. Let v : [-7,7] — M be a length-minimizing curve in (M, Z),
parametrized by arclength, and let x € Tan(y;t) for some t € (=7,7T). Then & is
parametrized by arclength and, when restricted to any compact interval, it is length-
minimizing in the tangent Carnot-Carathéodory structure (M, 2Z™*).

The proof of Proposition [2.7]is contained in [I1, Proposition 2.4] (the quoted paper
deals with equiregular CC spaces, but the proof of this proposition works also in our
more general setting). The following fact is a special case of the general principle
according to which the tangent to the tangent is (contained in the) tangent.

Proposition 2.8. Let v : [-7,7] — M be a horizontal curve and ¢t € (=7,7). If
k€ Tan(vy;t) and k € Tan(k;0), then k € Tan(v;t).

Proof. We can without loss of generality assume that ¢t = 0 and that v takes values
in R" = M. Let N > 0 be fixed. Since k € Tan(k;0), there exists an infinitesimal
sequence & | 0 such that, for all t € [N, N] and k € N, we have

1

2k"

Since k € Tan(v;0), there exists an infinitesimal sequence n; | 0 such that, for all
t € [-N,N] and k € N, we have

%) = d1/g (&)<

I5(6) — 61/ (&< Sk

It follows that for the infinitesimal sequence oy, := &m we have, for all t € [-N, N],

1
ok—1"
The thesis now follows by a diagonal argument. 0

%) = &1/0 (ot | < WK (E) = 0176,k (Ext) |+ 110176, K (Ekt) — 010, V(owt) ]| <
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When ~ : [0,T] — M, there are analogous versions of Propositions and for
Tan™ (;0) and Tan™ (v; 7).

2.3. Lifting of tangent structures to Carnot groups. It might happen that, at
some points, the vector fields Y, ..., Y,> are R-linearly dependent and the group G
could have rank strictly less than r. To avoid this situation, we lift the tangent CC
structure (M, Z°*) to a free Carnot group. We give some details of the construction,
which is well-known (see [0]).

Let F' be the free Carnot group of rank r and step s, and denote by f =1 ®- - - D s
its Lie algebra. Let Wiy,..., Wy be a basis of { adapted to the stratification. In
particular, Wy,..., W, is a basis of f; and we let # = {Wy,...,W,}. Via the
exponential mapping exp : f — F, the one-parameter group of automorphisms of
f given by Wy +— XW, if and only if W) € §f; induces a one-parameter group of
automorphisms (ES\A) a>o of I, called dilations. In the next sections, we will use the
simpler notation d, := 3\,\. In exponential coordinates for F' these dilations coincide
with the ones introduced in .

Let GG be the abstract Carnot group constructed in the previous subsection starting
from (M, 2Z>°) with Lie algebra g. Since g is a quotient of §, there exists a unique
homomorphism ¢ : F' — G such that ¢.(W;) = Y,>* € g. We define the map
7 F — M> by 7°(f) := 0-¥(f), where the dot stands for the right action of G
on M.

Definition 2.9. We call the CC structure (F,#') the lifting of (M>, 2 *°) with
projection 7 : F' — M.

Proposition 2.10. The lifting (F, #") of (M>, 2>°) has the following properties.
(i) For any x € M* and ¢ = 1,...,r, we have 7°(W;)(x) = Y,>°(x).
(ii) The dilations of F' and M commute with the projection. Namely, for any
A > 0 we have

7T0005,\:(5)\O7TOO.

Proof. (i) Let x = 7>(f) for some f € F. Using the homomorphism property for
¥ : F'— G and the action property ([2.9)), we find

RN = el en)] = Lo e
= %ﬂ“(f) - (exp(tWy)) T e (W2) (2 (f)) = Y2 (7(f))

(ii) Let A > 0 and x € M*. By (2.§), for any X € g; we have

oa () - exp(AX) = &M (6, (2)) = 6, (cp{f (x)) — 0u(z - exp(X)). (2.12)
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We prove the claim for f = exp(W) with W € fy:

T (0r(£)) = 7 (exp(AW)) = 0 - exp(Mp, (W)
= 2, (0) = 6,27 (0) = Sr(xf).
In general, any f € F'is of the form f = fifs... fr with each f; € exp(f;). Assume by

induction that the claim holds for f = fifs... fr_1. By ([.12), letting f, = exp(W)
we have

~

T(0x(f)) = 7 (0A(f) exp(AW)) = 0 (35 () exp(AV))
= (0-9(0x(f))) - P(exp(AW)) = 7=(3:(f)) - Y(exp(AW))
5 -

= 0\(m([)) - elexp(AW)) = Sr(7(f) - ¢ (exp(W))) = dr(7™(f))-
O

Let kK : I — M® be a horizontal curve in (M, 2°>°), with minimal control
h € L>=(I,R"). A horizontal curve & : I — F' such that

= i hi(t)W;(R(t)) forae tel

is called lift of k to (F, #).

Proposition 2.11. Let (F,#') be the lifting of (M, 2°>) with projection 7>
F — M®°. Then the following facts hold:
(i) If x is length-minimizing in (M, 2°*°), then any horizontal lift & of & is
length-minimizing in (F, #).
(ii) If & is a horizontal (half-)line in F', then 7> o & is a horizontal (half-)line in
(Mo, Z).

Proof. Claim (i) follows from L(r) = L(x) and the inequality L(x') > L(x), whenever
' is horizontal and x = 7 o k’. We now turn to Claim (ii). Let &(t) = exp(tW) for
some W € ;. The projection 7 o is horizontal by part (i) of Proposition [2.10[ The
thesis follows from characterization (ii) for horizontal lines, contained in Proposition
22

U

3. EXCESS, COMPACTNESS OF LENGTH MINIMIZERS AND FIRST CONSEQUENCES

In this section we prove Lemma (3.6 which provides the correct position for the
correction devices introduced in Section [d, We work in the setting of a Carnot group.
Let G be an n-dimensional Carnot group with Lie algebra g = g;®- - -®g,, endowed
with a positive definite scalar product (-,-) such that g, L g; whenever i # j. We
also let |-]:= (-,-)/2. We fix an orthonormal basis Xi,...,X,, of g adapted to the
stratification, i.e., such that g; = span{X,,_,41,..., X, } forany j =1,..., s, where



12 R. MONTI, A. PIGATI, AND D. VITTONE

r; = dim(gy) + - - - + dim(g;) and ro := 0. We identify g; with R" through the fixed
orthonormal basis X7, ..., X, and denote by S"~! and G(r — 1) the set of unit vectors
and linear hyperplanes in g;, respectively.

We denote by exp : g — G the exponential mapping, by 7 : g — g; the projection
onto the first layer and by 7 : G — g, the mapping 7 = T o exp™!. For any curve ~y
in G we use the short notation v :=mo~.

In this section, I denotes a compact interval of positive length.

Definition 3.1. Given a horizontal curve v : I — G and a Borel subset B C I with
ZY(B) > 0, we define the excess of v on B as

Exc(y; B) := inf (7{9 (v, 4(1))? dt)m.

vesr—1

Remark 3.2. The excess can be equivalently defined as

Exc(y; B) := _inf (7{9 () =T (3(1)) [ dt>1/2v

IIeG(r—-1)

where we identify the hyperplane II with the orthogonal projection g; — II.

Remark 3.3. Given a horizontal curve 7, g € G and r > 0, setting 1 (t) := g (),
Y2(t) == 0, (y(t)), we have

Exc(v1; B) = Exc(y; B) and  Exc(yq; B) = r Exc(v; B).
Moreover, for v3(t) := 6,.(y(t/r)) we have Exc(ys;rB) = Exc(y; B).

Remark 3.4. The map from

ST x L*(I1,g1) 2 (v, u) (]{9 (v, u(t))? dt) v eR

is continuous. As a consequence, the infimum in Definition is in fact a minimum
and, by the compactness of S"™~!, we have

Exc(vx; B) — Exc(v; B)
whenever 4, — 4 in L*(I, g1).

The following compactness result for length minimizers parametrized by arclength

implies a certain uniform — though not explicit — estimate: see Lemma [3.6] below.

Lemma 3.5 (Compactness of minimizers). Let I be a compact interval containing
0 and let vy : I — G, k € N, be a sequence of length minimizers parametrized by
arclength with v,(0) = 0. Then, there exist a subsequence 7, and a length minimizer
Y : I — G, parametrized by arclength and with 7,(0) = 0, such that v, — 7o
uniformly and 4y, — Je0 in L*(1).
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Proof. By homogeneity, it is not restrictive to assume I = [0,1]. For any k& we have
v:([0,1]) € B(0,1), the closed unit ball, which is compact. Since all the curves 7
are 1-Lipschitz with respect to the Carnot-Carathéodory distance d, we can find a
subsequence 7, converging uniformly to some curve 7.

Since ||Yx, |l 22(j0,11,6:)= 1, up to selecting a further subsequence we can assume that
Yo, =T irEQ([O, 1], ¢1). Thus, identifying G with R™ by exponential coordinates and
p_assing to the limit as p — oo in

Vi (t / <Z Vi (T) X (Y, (7 ))) dr,

we obtain, for any ¢ € [0, 1],

-/ (Zwm(%om)) dr.

This proves that 7. is horizontal with j., = u. Moreover,

We already know that ||4s|| < 1 (because Yk, — Yoo and H’ykaLz (0,15,60)= 1),

£2((0,1]

5O ||k, 1 22(0,13.01) ”h”mqoi{]g gé)md since L?([0,1],g;) is a Hilbert space, this
gives 4, — Yoo in L*([0,1],g1) and Yy = Yoo in L*([0,1]). In particular, joo(t) is
for a.e. t € [0,1] a unit vector in g;. As all inequalities in ([3.13)) must be equalities,
we obtain L(Yeo) = d(700(0),700(1)), i-€., Yoo is & length minimizer parametrized by

arclength. 0

Lemma 3.6. For any ¢ > 0 there exists a constant ¢ = ¢(G,e) > 0 such that the
following holds. For any length minimizer v : I — G parametrized by arclength

and such that Exc(y; 1) > e, there exist r subintervals [a1,b1],...,[a,,b.] C I, with
a; < b; < a;yq, such that
|det (y(b1) — y(ar), ..., v(b) = y(an))| = (L))" (3.14)

The determinant is defined by means of the identification of g; with R" via the basis
X1, X

Proof. By Remark [3.3] we can assume that I = [0, 1] and that 7(0) = 0. By contradic-
tion, assume there exist length minimizers v, : [0, 1] — G parametrized by arclength,
with 7, (0) = 0 and Exc(y%;[0,1]) > ¢, such that

|det (1(b1) — (@), -, (b)) — y(arn))| < 27, (3.15)
for any 0 < a; < by <---<a, <b. <1. By Lemma 3.5 there exists a subsequence
(Vk, )pen such that vx, — 7o uniformly and 4y, — s in L*([0,1]) for some length
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minimizer 7, parametrized by arclength. Passing to the limit as p — oo in (3.15) we
deduce that

det (’y;.o(bl) — Yoo (A1), -+ s Yoo br) — ”y;.o(ar)) =0, (3.16)

forany0<a; <b<---<a, <b. <1.
Let S be the set of differentiability points ¢ € (0,1) of 7., and let

b1 == span{Y(t) [t € S} Cm

be the linear subspace of g; spanned by the derivatives §.(t). We claim that dim b; <
r. If this were not the case, we could find 0 < t; < --- < t,. < 1,t; € S, such that
Foo(t1), - -+, Yoo(t,) are linearly independent. Setting

CLiI:tZ‘, bz:t¢+5, izl,...,T

and letting ¢ | 0 in (3.16)), we would deduce that det (Yoo (t1), .- ., Yoo(tr)) = 0, which
is a contradiction.

As a consequence, there exists a unit vector v € g; orthogonal to h; and we obtain

xclni0.1) < ([ o (0))? ) "o

But from Exc(vg,;[0,1]) > ¢ and Remark (3.4 we also have Exc(7ys;[0,1]) > €. This
is a contradiction and the proof is accomplished. 0

Remark 3.7. Under the same assumptions and notation of Lemma[3.6] we also have
1y (b;) — v(a;)|> L' (1) forany i =1,...,r. (3.17)

Indeed, one has |y(b;) —7(a;)|< £'(I) by arclength parametrization and (3.14) could
not hold in case (3.17)) were false for some index i.

4. CUT AND CORRECTION DEVICES

In this section we introduce the cut and the iterated correction of a horizontal
curve. In Lemma {4.4] we compute the gain of length in terms of the excess. In the
formula , we establish an algebraic identity for the displacement of the end-
point produced by an iterated correction. We keep on working in a Carnot group
G.

The concatenation of two curves « : [a,a + da'| — G and f: [b,b+ V'] — G is the
curve ax 3 : [a,a + (¢’ + )] — G defined by the formula

o Bt) = a(t) if t € [a,a+ d
N ala+a)B) Bt +b— (a+a)) iftefatd,a+d +b]

The concatenation « * 8 is continuous if a and [ are continuous and it is horizontal

if and only if o and /3 are horizontal. The operation * is associative.
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Definition 4.1 (Cut curve). Let v : [a,b] — G be a curve. For any subinterval
[s,5'] € [a,b] with v(s") # ~(s) we define the cut curve Cut(y;[s,s']) : [a,b"] = G,
with " := b — (s’ — s) + |y(s') — 7(s)], by the formula

Cut(f% [Sa 8/]) = ’7|[a,s] * eXp( : w)|[0,|l(s’)—1(s)|] * 7‘[5’,1)}7

where
V(") = (s)

w= ="
[7(s") = 2(s)]
When 7(s') = 7(s), the cut curve is defined by
Cut(y; [s, s]) = 7|[a,s} * 7|[s/,b}'

Remark 4.2. If v is parametrized by arclength and horizontal, then the cut curve
Cut(~; [s, §']) is parametrized by arclength and horizontal. Moreover, its length is

L(Cut(y; [s,87)) = L(7) = (5" = 5) + |[7(s") = 2(s)]. (4.18)

Remark 4.3. The final point of the cut curve has the same projection on g; as the
final point of 7, i.e.,  (Cut(v;[s, s'])(0")) = 7(v(b)). Indeed, by Lemma [4.6] below we

have
m (Cut(y; [s, s)(b") = w(v(s) exp (|7 () — y(s)| w) v(s) "7 (b))
=7(s) + |2(s") = y(s)| w+ (y(b) = 1(5))
= (b).

Lemma 4.4. Let v : I — G be a horizontal curve parametrized by arclength on a
compact interval I and let J C I be a subinterval with #'(J) > 0. Then we have

1) ~ (Cut(:) > L el

Proof. Let J = [s, §'] for some s < s'. As in Definition [4.1] let w € g; be a unit vector
such that (w,y(s') — y(s)) = |7(s') — 1(s)

<w 7[8/7(15) dt> = M

Since ‘1’ =1 a.e., we have ‘1— w|2 =2 (1 — <w,1>) , and since r > 2 there exists a

, 1.e.,

unit vector v € g; with (v, w) = 0. Thus, for all ¢ such that 4(t) is defined we have

(v, 7(1)] = [{v, 7(t) = w)| < [3(t) —w].
We deduce that

/

Bxc(rils, ) <4 (40) dr < £ |30~ wf’

=2 (1 _ <w,]£8/i(t)dt>> =2 (1 — W) :
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Multiplying by .#*(J) = s’ — s and using (4.18]), we obtain the claim:
L) Bxe(r IR < 2((5 — 8) — |(s) = 2(3)]) = 2(L(7) — L(Cut(y; 7)) .
0

Given Y € g, we hereafter denote by dy : [0, ly] — G a geodesic from 0 to exp(Y')
parametrized by arclength; in particular, ¢y = d(0,exp(Y)). We denote by dy (¢y —-)
the curve dy traveled backwards from exp(Y’) to 0.

Definition 4.5 (Corrected curve and displacement). Let 7 : [a,b] — G be a horizon-
tal curve parametrized by arclength. For any subinterval [s, s'] C [a,b] and Y € g, we
define the corrected curve Cor(v;[s,s'],Y) : [a,b"] — G, with V" := b+ 2{y, by

Cor(v; [s,5],Y) := Vi * Oy * Vg oy * Oy (by — ) * Y]y

We refer to the process of transforming v into Cor(7;[s,s’],Y) as to the application
of the correction device associated with [s,s'| and Y. The displacement of the final
point produced by the correction device associated with [s, s'] and Y is

Dis(y: [s, 87, Y) = 7(b) ™" Cor(y: s, s, V) (5").

We will later express the displacement in terms of suitable conjugations C,(h) :=
ghg™! and commutators [g, h] := ghg 'h~!in G.

For any 1 < j < s, we denote by 7; : g — g, the canonical projection with respect
to the direct sum. The mappings 7; : G — g are defined as 7; := 7, oexp~'. Clearly,
one has ™ =7 and m = 7. We let w; :=g, B --- & gs and G, := exp(tv;). We also
agree that Gg;1 := {0}, the identity element of G, and wg; := {0}.

Lemma 4.6. The mapping 7 : G — (g1, +) is a group homomorphism. For any
1 <j<s, Gjis asubgroup of G and 7, : G; — (g;,+) is a group homomorphism.

Proof. Given points g = exp(z1 Xy + - -+ 2,X,,) and ¢’ = exp(z} X; +-- -+ 2/, X,,) in
G, by (2.6) we have exp~(g¢) = (z1 + 2)) X1 + -+ + (2, + /)X, + R with R € tv,
and hence

m(gg') = T(exp~'(gg")) = (x1 4+ 2) X1 + -+ + (2, + 1) X, = 7(9) + 7(g).

The fact that G; is a subgroup follows from the Baker-Campbell-Hausdorft formula,
and the assertion that 7; : G; — g; is a homomorphism can be obtained as above. [

The following lemmas describe how the homomorphisms 7; interact with conju-
gations, commutators and Lie brackets. We denote by Ad(g) the differential of the
conjugation Cj at the identity 0 € G. This is an automorphism of g. For X,Y" € g and
g € G, we have the formulas Ad(exp(X)) = ™) and C,(exp(Y)) = exp(Ad(g)Y),
see e.g. [7].
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Lemma 4.7. For any g € G and h € G; we have ghg™* € G; (i.e., G; is normal in
G) and 7;(ghg™') = m;(h).

Proof. With g = exp(X) and h = exp(Y’), we have

d X)
®|)Y:Y+&

exp !(ghg ™) = Ad(g)Y =YY =}
k=0

with R € w;4, because in the previous sum all the terms with £ > 1 belong to ;.
Hence, we have ghg™! € G; and
mi(ghg™) =T 0exp™H(ghg™) = T;(Y + R) = 7,;(Y) = m;(h).

Lemma 4.8. For any g € G and h € G with 1 < j < s we have

l9.h] € Gjr and  m;4([g, b)) = [7(g), m; ()]
A similar statement holds if g € G and h € G.

Proof. We prove only the first part of the statement, the second one following from
the first one and the identity [g,h] = [h,g]™*. Combining Lemma with Lemma
4.6, we obtain [g, h] = (ghg™')h~' € G; and

mi(lg. h]) = m(ghg™") + m;(h~") = m;(h) — 7;(h) = O,
so that [g,h] € Gj11. Now, writing g = exp(X), h = exp(Y') and using the formula
exp 1(ghg!) = e®XY as in the previous proof, we obtain

— (ad X)*
exp t(ghg™!) = Z (a X ) Y=Y+[X,Y]+ R,
k=0 '

where the remainder R’ is the sum of all terms with £ > 2 and thus belongs to v, .
As h™! = exp(—Y), the Baker-Campbell-Hausdorff formula gives

exp '([g.h]) = P(Y + [X.Y]+ R,-Y) = [X,Y]+ R + R,
where R” is given by the double sum in ({2.6)). Now, thinking each term of this double

sum as a (ky + 01 + - - - + kp + €, + 1)-multilinear function (and expanding each factor
containing Y + [X,Y] + R accordingly), we obtain that R” is a linear combination
of elements of the form

(ad Z7) - - - (ad Zg) Zg 1,
where k > 1 and Z; € {Y,[X,Y], R'}. Those elements where only Y appears vanish,
while the other terms belong to w;, since [X,Y], R’ € ;1 and £ > 1. We deduce
that R” € 5. Finally,

Tir1(lg, h]) =T ([(X, Y] + R+ R") =7, ([X, Y]) = [7(X), 7;(Y)],
since X =7(X)+ Rx and Y =7,;(Y) + Ry, with Rx € toy and Ry € wj. O
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Hereafter, we adopt the short notation ~|° := ~(a)~'~(b).

Lemma 4.9. Under the assumptions and notation of Definition 4.5] the displacement
is given by the formula

Dis(y: [s. ¢, Y) = Coy (|exp(¥), 117 ]) (4.19)
In particular, if Y € g; and 1 < j < s, then Dis(v; [s, 5], Y) € G411 and
e (Dis(y: [s, 81, Y)) = [V, 7(s") — 7(s)]-
Proof. We have
Cor(v; [s, 8], Y) (1) = ¥(s) exp(Y) 7[3 exp(=Y) 1]
1(s) [exp(0), 17| 17 1

1(5) [exp(¥), 217 | 1

hence

Dis(y; s, 81, Y)) = 1 [exp(¥), 717 | (1) = € ([exo(v). 417
IS

By Lemma , we have (7| ) (s —
using Lemma we obtain

exp(1), 71| € Gy and mn ([exp(0), 41 ]) = i 2() = (5],
The lemma now follows from equation (£.19) and Lemma [4.7] O

(s); moreover, m;(exp(Y)) = Y. Hence,

Definition 4.10 (Iterated correction). Let 7 : I — G be a horizontal curve para-
metrized by arclength on the interval I and let [} := [s1,t1],..., Iy := [sg, k] C I be
subintervals with ¢; < s;41. For any Yi,...,Y; € g we define by induction on k > 2
the iterated correction

Cor(v; I, Y15 .. s Iy, Vi) := Cor(Cor(y; 11, Yi; - . s Inm1, Yo )s I + 23,1 by, Ya)-

The iterated correction is a curve defined on the interval [a,g], with b := b+
2 Zle ly,. The displacement of the final point produced by this iterated correction
is
Dis(v; I, Yy .. .3 In, Vi) := (b)) Cor(vy; I, Ya; . . . I, Y3 ) ().
Corollary 4.11. For any I; = [s;,t;] C [ and Y; € g;, withi =1,...,k and j < s,

we have

Dis(y; I1,Y1; .. 5 I, Yi) € Gy (4.20)
and
k
mie (Dis(y; I, Yis o I Vi) = [V () — (si)]. (4.21)
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Proof. We prove (4.21]) by induction on k. The case k = 1 is in Lemma Assume
the formula holds for k—1. Letting 7 := Cor(~; I1, Y1;...; I;_1, Yi_1), which is defined

on the interval [a,g] (where bi=0b+2 > ionly,), we have

i<k
Dis(v; 1, Yi: .. .: I, Vi) = v(b) " Cor(F; I, + (b — b), Yy)

= ()" 3(b) Dis(F; I + (b — 1), Y4)

= Dis(y; [, Yi:. .3 o1, Y1) Dis(3; I, + (b — b), Ya).

Then, by Lemma [4.6, by the inductive assumption and by Lemma applied to 7
we have

T (Dis(y; I, Yas -5 I, Ya)

kol
—_

o~

Vi, y(t:) — ()] + [Yis Atk + (b — b)) — F(s5 + (b —b))]

¥

=1

|

Vi, a(t) = 2(si)l,

i

1
because J(ty + (b — b)) —A(sp + (b — b)) = 7(t) — 7(s1)- O

When dealing with curves v defined on symmetric intervals, it is convenient to
use modified versions of Cut and Cor, which we will denote by Cut’(v;[s,s’]) and
Cor'(v; [s, §'],Y). They are obtained from Cut(v; [s, s']) and Cor(~;[s, s'],Y) by com-
position with the time translation such that the new domain is a symmetric interval.

The iterated correction is then defined in the following way:
Cor'(v; Iy, Y1, .. .; Iy, Yi) := Cor'(Cor’(v; Iy, Yi; .o s Tp1, Y1 ); I + Y oicklyis Ye)-

The related displacement satisfies the properties (4.20]) and (4.21)) of Corollary
with Cor’ replacing Cor.

5. PROOF OF THE MAIN RESULTS

Let G be a Carnot group with rank r > 2 and step s, and let 2" = {X;,..., X,}
be an orthonormal basis for g; (recall that g is endowed with a scalar product such
that g; L g;). We first prove the one-sided version of Theorem ; we will illustrate
later how to adapt the proof in order to obtain Theorem [1.2|

Theorem 5.1. Let v : [0,7] — G, T > 0, be a length-minimizing curve parametrized
by arclength. Then there exists an infinitesimal sequence n; | 0 such that

lim Exc(v; [0,m;]) = 0. (5.22)

1— 00

Proof. Step 1. We can assume that v(0) = 0. Suppose by contradiction that there
exists € > 0 such that Exc(v;[0,¢]) > ¢ for any sufficiently small ¢ > 0. For k =
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1,...,s, we inductively define horizontal curves v*) : [0,7}] — G parametrized by
arclength such that:
(1) 7*(0) = 4(0) = 0;
(ii) (T) 'y *)(T}) € Gyy1, where G,y = {0};
(iii) L () < L(y), i.e., Ty < T.

In particular, ¥*) is a horizontal curve with the same endpoints as v, but with smaller
length: this contradicts the minimality of ~.

We define 4! := Cut(v; [0,7]), where the parameter n > 0 will be chosen later;
in fact, any sufficiently small n will work. In this proof, the notation O(-) and o(-)
is used for asymptotic estimates which hold as n — 0. By Remarks and , ~®
satisfies (i), (ii) and (iii) with & = 1.

Step 2. Let us fix parameters § > 0 and o := 1> g9 > --- > p, > 0 such that for
allk=1,...,s—1
(k+1)ok — or41
k
This is possible if £ is small enough: indeed, the inequality is equivalent to

> 1+ 8. (5.23)

Ok+1 + k k

% = T3 +k+1ﬂ’

and we can choose any ps € (0,1) and then p,_; < 1 so as to verify the (strict)
inequality when § = 0 and k = s — 1, then p,_5 similarly and so on. By continuity,
the inequalities will still hold for a small enough 5 > 0.

(k+1) is defined from

For any k = 1,...,s — 1, we define [} := [0,7%]; the curve v
7*) by applying several correction devices within I, see (5.26]). As soon as 7 < 1,
there holds [0,n] =1, C I, C--- C I, ;.

By Lemma [4.4] since Exc(v;[0,7]) > ¢, the gain of length obtained by performing

the cut is

provided n is small enough.
The curves v : [0, T};] — G will be constructed inductively so as to satisfy (i), (ii)
and (iii), as well as the following additional technical properties, which hold for y():

(IV) Tk Z Tk,1 if k Z 2;

(v) L (v®) < L(y) = (1 + o(1))n"*;
(vi) Y (t) = y(t+ (T = T})) for any t € [2n%,T}], i.e., on [2n%, T}] the curve y*

has the same projection on g; as the corresponding final piece of ~;

(i) |1 = 3]y, . = O):

Notice that (v) implies (iii) for small enough 7.
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Step 3. Assume that ”y(k) has been constructed, for some 1 < k < s — 1, in such a
way that (i)—(vii) hold. By (ii), there exists Ej € gxi1 @ - -+ @ gs such that

AT) I *N(T),) = exp(Ey).

Let us estimate 741 (FE)). First, by (vi) and the uniqueness of horizontal lifts, we
have

V(k)|2TSek = 7|Zk, where 73, := 2n% + (T — T}).

Hence, defining g, := v(73)~'v*) (212 ), we have

T
~EV(T3,) =~®) (2nee) 4 ®) ‘2;% = v(Tk) gk V|7Tk
=7(7k) ’Y\fh C’y|;k (gr) = ”Y(T)Cﬂ;k (9%,

iLe., g = C,ﬂfk (y(T)~'"~*)(T},)). By (ii), from Lemmawe obtain g € G411 and

Tht1(Ek) = o1 (’Y(T)717(k) (Tk)) = Mir1(gr) = O (W(kﬂ)gk) : (5.24)
The last estimate follows from Remark applied to the curve

y(me) ™! 7|[0,Tk](77€ — ) * V(k)‘[o,zngk]’

which connects 0 to () "1y*)(2n2). Its length is 73 4+ 212 and is controlled by 5n%
because, by (iv),

T-T,<T-T =L(y)— L(YY) < n < n.

Step 4. We now define y**1. As g,1 = [gx, 91], using estimate (5.24)) for 71 (E}),
there exist Yi,...,Y, € gi such that

r

Tea(B) = [Vi, Xi] and  [Vi|,....|¥;] = O (n®Fhe). (5.25)

i=1
Furthermore, we have Exc(v; Ix41) > & whenever 7 is small enough. We can then
apply Lemma to Iry1 and find [a1, by, ..., [ar, by C Iy (with b; < a;4q) such
that

!det (l(bl) —7(ar),...,y(by) — f_y(ar))‘ > ookt

Using (vii) we obtain, for small 7,
[det (% (b1) = 3™ (@1), ..., 20 (B) = 1B (ar))| > en'@r — O Do)
> EnTQk+1.
-2
This implies that for i = 1,...,r we have

Xi=Y ey (10) = 1"(ay),
=1



22 R. MONTI, A. PIGATI, AND D. VITTONE

where |¢;;| = O (np~2+1). This estimate depends on ¢ and thus on . So, defining

Zi =) iy ¢jiYj, from (5.25) we obtain

r

Tert(Br) = > _[Zi, 7™ (b)) — 7% (as)],

1=1

with | Z;| = O (n*+ee=eeir) - Finally, we let
’y(k—H) = COT(V(MQ [ala b1]7 _Zl; R [am br]a _Zr)' (526)

Since d(0,exp(Z)) = O(|Z|'/*) for Z € g, the extra length T}, — T} needed for the
application of these r correction devices is

" (k+1Dep—ep41
Tk+1_Tk:ZO<|Zi|1/k> :O<77 e > =o ('),
i=1

thanks to the inequalities ([5.23)) on the parameters g;. Thus, we obtain
L(y*) < L(W) + o(n'*?).

Step 5. We check that ~*+1) satisfies properties (i)-(vii). We have just verified
(iii) and (v), while (i) and (iv) are trivial. The property (vii) follows from the fact
that y**1 (as well as fy(k“)) is obtained from v (from 7(’“ ) by the application of
correction devices of total length o(n'+?).

In order to check (vi), we remark that

(k+1)

r-)/

:,yk+1 ’[On

ot (1 -0) * Ll 1

and that the final point of the first curve in this concatenation coincides with the
starting point of the second one. Since Ty 1 — Ty = O (nW#) = o(n%+1), if n
is small enough we obtain

(k+1) ‘[%

fy— Ok+1 T} 1 1] - 7 |[2n9k+1 (Ts1—Tr), Tk] ( (Tk:-i-l - Tk))

- 1‘[277%4-1 +(T=Thy1),T) ( + (T - Tk+1>> ’

the last equality holding because 2n%+t — (Tj,1 — T}) > 2n% when 7 is small. Thus,
A5+ satisfies (vi).
Finally, let us check (ii). By Lemma [4.6{and Corollary we have

HT) A (Tipr) = (VD) A (T)) (VW(T) A (Tsa)) € Grnn
and
M1 (V)Y (Tit1)) = Taga (exp(Er)) + mrr (Y (T) A F ) (Thgr)

T

= Tt (Be) + Y[~ Zisv(b) — ()]

i=1

=0.
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This concludes the proof. 0

We now prove Theorem [I.2] The proof is basically the same as that of Theorem
and we just list the required minor modifications below.

Proof of Theorem[1.3 The constraints imposed on the curves )| as well as the
cut and correction operations, have to be replaced by their symmetric counterparts.
For k = 1,...,s we inductively construct horizontal curves v* : [T}, Tx] — G
parametrized by arclength satisfying:
() 1) (- Tk> A(=T);
(i) (T ) "M(T}) € Gyya (in particular, v&)/(Ty) = (T));
') L (4! )<L(’y)1e T, < T,
(iv') Ty > Ty—y it k > 2;
¥) L) < L) = (1-+ o)’
U)o L l2nok, Ty 7‘ (202K +(T—T), T}(

+ (T —T})) and
— (T = T));

A [ S . [—T7—2ﬁgk—(T—Tk)]( .
(i) Hﬂ =2 g, = O
We list the necessary modiﬁcations in the various steps.
Step 1. The first curve is (V) := Cut'(v; [~n,7]), which satisfies (i’)—(vii’) for k = 1.
Step 2. The interval I is now [—an,n@k].
Step 3. Let Ej, Tk, gr be defined as in the proof of Theorem The estimate
Trt1(gr) = O (n(k“)gk) follows by applying Remark to the curve

/V(Tk)_l 7|[—Tk,7'k]<7—k - ) * ’y(k)|[_2ngk72nek] (527)

and observing that v(—7;) = v*(—=2n2). The length of the curve in is 273, +
Anor < 10m2.

Step 4. In the definition of v+ Cor is replaced by Cor’.

Step 5. The fact that y*+1) satisfies (vi’) follows from the identity

(k+1) k)l (k+1)|

* * |
il —T,—n?k+1] r - [0k 41 — (T 1 —Tx )%+ +(Th g1 —Tp)] e [nk+1 Ty ]’

where the final point of each curve in the concatenation coincides with the starting

point of the next one. [l
We finally prove Theorem and then state its one-sided version.

Proof of Theorem[1.1l As explained in the introduction, by Propositions [2.5] [2.7]
and it is not restrictive to assume that the Carnot-Carathéodory structure
(M, Z) is that of a Carnot group G; moreover, we can assume that ¢ = 0, v(0) = 0.

Let n; | 0 be the sequence provided by Theorem Since Exc(vy; [, n:]) — 0,
we can find a sequence (; | 0 satisfying

¢ Exc(y; [=m,m]) = 0.



24 R. MONTI, A. PIGATI, AND D. VITTONE

Let us set A\; := (;m; | 0. Up to subsequences, using Lemma [3.5| and a diagonal argu-
ment, we can assume that there exists a length minimizer v, : R — G parametrized
by arclength such that

Yi(t) = 5,\;1(7(&75)) — Yoo(t),

uniformly on compact subsets of R, and that 4; — . in L2 _(R). For any fixed N > 0
we have by Remark

Exc (7;; [= N, N]) = Exc(y; [-NGni, NGmi]) < (NG) ™2 Exe(y; [=ni, mi]) — 0,

the last inequality being true for any ¢ such that N¢; < 1. So, by Remark [3.4]
we deduce that Exc(7s; [~N, N]|) = 0, which means that j,(t) is contained in a
hyperplane h; of g; for a.e. t € [N, N|. Since this is true for any N, we deduce that
there exists a hyperplane b, of g; such that j(t) € by for a.e. t € R; in particular,
Yoo 18 contained in the Carnot subgroup H associated with the Lie algebra generated
by b1.

If the rank of G is r = 2, we conclude that v, is contained in a one-parameter
subgroup of G. Since 74, € Tan(y;0) is a length minimizer parametrized by arclength,
we deduce that 7, is a line in G.

Otherwise, we can reason by induction on r > 2: since H has rank r — 1 and 7 is
a length minimizer in H parametrized by arclength, there exists 7 € Tan(7;0) such
that 7 is a line in H C G. By Proposition we have 7 € Tan(v;0) and the proof is
accomplished. O

We state without proof the following version of Theorem [I.1] which holds for ex-
tremal points of length-minimizers. The proof uses the same arguments as the previ-
ous one and can be easily deduced from Theorem [5.1]

Theorem 5.2. Let v :[0,7] — M be a length minimizer parametrized by arclength
in a Carnot-Carathéodory space (M, d). Then, each of the tangent cones Tan™ (v;0)
and Tan™ (y;T) contains a horizontal half-line.

Remark 5.3. Theorem[I.T]admits the following reformulation in terms of the minimal
control h = (hy,...,h,) of a length-minimizer v : [-T,T] — M (parametrized by
arclength): for any ¢t € (—7,7) there exist an infinitesimal sequence 7; | 0 and a
constant unit vector v € S"~! such that

h(t+mn;-) —v  in L} (R).

Of course, an analogous version holds for extremal points.
Let us prove this fact. Let the chart ¢ and the vector fields Y;, ;> be as in Section
2l We can assume ¢ = 0. Theorem provides a sequence 7; | 0 such that the
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curves ¥ (1) := 01y,2(7(n;7)) converge locally uniformly to a horizontal line x, in
some tangent CC structure (M, 2°>°). We have

(0= [ ey o) ds,

where Y () := A71(6)).Y;(d1/A(x)). Up to subsequences we have h(1;-) = hoo in
L? (R), with [[hs]||co< 1. Since le/ " — Y7 locally uniformly, we obtain

loc

k(1) = /0 ' Z hoo(8) Y (K(s)) ds.

By Proposition Kk is parametrized by arclength. So |hw|= 1 a.e. and h., is the
minimal control of k. Since x is a line, h. is constant. Finally, for any compact
set K C R, we trivially have ||h(n; -)||z2(x)— ||Pool|2(k)- This gives h(n;-) = hs in
L2(K).

REFERENCES

[1] A. A. AGRACHEV, Some open problems. In Geometric Control Theory and Sub-Riemannian
Geometry, Springer INAAM Series 5 (2014), 1-14.

[2] A. A. AGRACHEV & Y. L. SAacHkov, Control theory from the geometric viewpoint. Ency-
clopaedia of Mathematical Sciences, 87. Control Theory and Optimization, II. Springer-Verlag,
Berlin (2004), xiv+412.

[3] A. BELLAICHE, The tangent space in subriemannian geometry. In Subriemannian Geometry,
Progress in Mathematics 144, ed. by A. Bellaiche and J. Risler, Birkhduser Verlag, Basel, 1996.

[4] E. HAkAVUORI & E. LE DONNE, Non-minimality of corners in subRiemannian geometry.
Invent. Math. (2016), online.

[5] H. HERMES, Nilpotent and High-Order Approximations of Vector Field Systems. STAM Rev. 33
(1991), no. 2, 238-264.

[6] F. JEAN, Control of Nonholonomic Systems: from Sub-Riemannian Geometry to Motion Plan-
ning. Springer Briefs in Mathematics. Springer, Cham, 2014.

[7] A. W. KNAPP, Lie groups beyond an introduction. Progress in Mathematics, 140. Birkh&user
2002.

[8] E. LE DoNNE, G. P. LEONARDI, R. MONTI & D. VITTONE, Eztremal curves in nilpotent Lie
groups. Geom. Funct. Anal. 23 (2013), 1371-1401.

[9] E. LE DONNE, G. P. LEONARDI, R. MONTI & D. VITTONE, Extremal polynomials in stratified
groups. Comm. Anal. Geom., to appear. Preprint available at cvgmt.sns.itl

[10] E. LE DoNNE, G. P. LEONARDI, R. MoNTI & D. VITTONE, Corners in non-equireqular
sub-Riemannian manifolds. ESAIM Control Optim. Calc. Var. 21 (2015), 625-634.

[11] G. P. LEoNARDI & R. MONTI, End-point equations and reqularity of sub-Riemannian
geodesics. Geom. Funct. Anal. 18 (2008), no. 2, 552-582.

[12] R. MONTGOMERY, Abnormal Minimizers. STAM J. Control Optim. 32 (1994), no. 6, 1605-1620.

[13] R. MONTGOMERY, A tour of subriemannian geometries, their geodesics and applications. Math-
ematical Surveys and Monographs, 91. American Mathematical Society, Providence, RI, 2002.
xx+259.


http://cvgmt.sns.it/paper/2207/

26 R. MONTI, A. PIGATI, AND D. VITTONE

[14] R. MoONTI, Regularity results for sub-Riemannian geodesics. Calc. Var. Partial Differential
Equations 49 (2014), no. 1-2, 549-582.

[15] R. MONTI, The regularity problem for sub-Riemannian geodesics. In Geometric Control Theory
and Sub-Riemannian Geometry, Springer INdAAM Series 5 (2014), 313-332.

[16] L. RIFFORD, Singuliéres minimisantes en géometrié sous-riemannienne, Séminaire Bourbaki,
Mars 2016 68eme année, 2015-2016, no. 1113.

[17] H. J. SUSSMANN, A regularity theorem for minimizers of real-analytic subriemannian metrics.
Proceedings of the 53rd IEEE Conference on Decision and Control (2015), 4801-4806.

[18] K. Tan & X. YANG, Subriemannian geodesics of Carnot groups of step 3. ESAIM Control
Optim. Calc. Var. 19 (2013), no. 1, 274-287.

[19] D. VITTONE, The regularity problem for sub-Riemannian geodesics. In: Geometric Measure
Theory and Real Analysis. Ed. by Luigi Ambrosio. Pisa: Scuola Normale Superiore, 2014, pp.
193-226.

E-mail address: monti@math.unipd.it
E-mail address: alessandro.pigati@math.ethz.ch
E-mail address: vittone@math.unipd.it

(Monti and Vittone) UNIVERSITA DI PADOVA, DIPARTIMENTO DI MATEMATICA, VIA TRIESTE
63, 35121 PADpovA, ITALY

(Pigati) ScuoLA NORMALE SUPERIORE, P1AZZA DEI CAVALIERI 7, 56126 Pisa, ITALY

(Pigati) ETH ZURICH, DEPARTMENT OF MATHEMATICS, RAMISTRASSE 101, 8092 ZURICH,
SWITZERLAND



	1. Introduction
	2. Nilpotent approximation and tangent cones to curves
	2.1. Nilpotent approximation of CC structures and horizontal lines
	2.2. Tangent cone to a horizontal curve
	2.3. Lifting of tangent structures to Carnot groups.

	3. Excess, compactness of length minimizers and first consequences
	4. Cut and correction devices
	5. Proof of the main results
	References

