Universita degli Studi di Padova

DIPARTIMENTO DI MATEMATICA
Corso di Laurea Magistrale in Matematica

TESI DI LAUREA MAGISTRALE

Minimizing Clusters:
existence and planar examples

Candidato: Relatore:
Nicola Girotto Roberto Monti
Matricola 1180030

Anno Accademico 2018-19
27 Settembre 2019






CONTENTS

Introduction

1 Existence of the minimum

1.1 Partitioning problem and basic properties . . . . . ... . ..
1.2 Compactness criterion and some technical lemmas . . . . . .
1.3 Volume restoration diffeomorphisms . . . . . .. ... .. ..

1.4 Proof of the existence .

2 Regularity and planar cases
2.1 Regularity of the minimizers in R® . . . . .. ... ... ...
2.2 A perimeter minimizing variational problem . . . . . .. . ..
2.3 Regularity of minimal planar clusters . . . . . ... ... ...

2.4 Standard double bubble
2.5 Quadruple planar bubble

Bibliography

1l

vii

— O =

47
47
o4
99
66
72

79






RINGRAZIAMENTI

Ringrazio di cuore tutti coloro i quali mi hanno aiutato ad arrivare a questo
importante traguardo. In particolare il Prof. R. Monti per avermi seguito
con dedizione, pazienza e costanza durante il lavoro di stesura della tesi. Un
enorme grazie va poi alla mia famiglia per avermi sostenuto sempre in tutto il
mio percorso di studi, a Giulia e agli amici. Infine desidero ringraziare anche
tutti i compagni di corso con cui ho condiviso questi ultimi cinque anni.






INTRODUCTION

The problem of enclosing a fixed area inside a figure in the plane with least
perimeter was known since the times of ancient Greeks. They knew that the
optimal solution was a circle, although they did not prove this fact precisely
but just by approximation. Surprisingly, the first rigorous proof was found
only in the 19** century. First Steiner showed that, if a solution exists, then
it is necessarily a ball and, some years later, Carathéodory completed the
proof showing the existence of the minimizers. We could generalize this
problem, for example, trying to find two sets of fixed areas which minimize
the perimeter of their boundary. In general, this problem could be set with
N subsets of R™. This is called partitioning problem.

In this thesis we are going to study exactly this problem. Namely, we
define an N-cluster in R™ as a collection of N sets of finite perimeter and
with finite and non null Lebesgue measure. Moreover, these sets have to
intersect pairwise in null measure sets. Given a cluster £ = {&1,...,En}, we
define its perimeter as the H" '-measure of

N
Joe
i=1

and we denote it by P(€). Given m € Rf, we want to find, among all the
N-clusters of R™ with |&;| = m;, the one which minimizes the perimeter. In
other words, we have to determine

inf {P(€) : £ N-cluster, m(£) = m}

As we have already told, it is well known that the case N = 1 admits as
unique minimizer the n-dimensional ball. Moreover, notice that it has very
good geometric regularity properties. For the case N > 2, the first question
to face is whether this problem admits a solution, that is if there exists (at
least) a N-cluster of R™ which realizes the infimum. A cluster of this kind is
called minimizer. The other aspect to study is if this minimizer has some
relevant regularity properties.

We will proceed in this way. The first chapter will be entirely dedicated
to the proof of the existence of the minimizers. We followed and detailed
the version of [6]. The basic idea of the proof is to consider a minimizing

vil



vili INTRODUCTION

sequence, i.e. which perimeter converges to the infimum value, and show
that, up to extracting a subsequence, it converges to a certain admissible
cluster. We’ll start presenting in detail the problem, defining precisely a
cluster, its perimeter and the partitioning problem. Immediately after we
will deduce the basic properties of these quantities. The first important step
for the proof is the compactness criterion stated in Section 1.2. In fact, under
some suitable assumptions on the the minimizing sequence, this criterion will
allow us to extract a converging subsequence. The two statements in Section
1.3 represent the second important step. Indeed, we will see that we can
locally modify our cluster through a diffeomorphism around some interface
points with a precise estimation on the volumes of the transformed chambers
and on the perimeter of a generic H" !-rectifiable set. In particular, if we
modify our cluster changing also the volumes of the chambers, thanks to that
theorem we can restore the original measures.

In the second chapter, instead, we are going to study the regularity of
minimizers, starting from the general case and then analysing some particular
ones. First of all, we will prove an important theorem for N-clusters in R™.
We will discover that minimizers have constant mean curvature hypersurfaces
as boundaries. Then we are going to focus just on planar examples. For these
kind of clusters we will see that they are characterized by having a finite
number of arcs or line segments in their boundaries and they satisfy the 120°
rule. This says that the boundary arcs meet in threes at a finite number of
points forming 120° angles. These facts were first proved by [7] in 1994. In
this thesis, we detail that proof. Exploiting these informations for the case
of N = 2, we can entirely characterize the 2-minimizer clusters as standard
double bubbles, that is clusters formed by two connected chambers and three
arcs meeting at two vertices. In fact, in this case it is possible to show that
the chambers and the exterior have to be connected. This is a key point
since it is not obvious for other kind of problems (see [2]). Lastly, we will
consider the case of N = 4, recently developed in [9], [10]. We will prove that
the optimal cluster with chambers of the same area admits a very curious
configuration. It is formed by two quadrangular regions and two triangular
ones. The firsts have a line segment in common and are adjacent to both the
triangular regions. Moreover the entire cluster is symmetric w.r.t. both the
line segment above and its axis.

Although we are going to deal only with the these matters, other very
important results about the characterization of some minimizing clusters
have been proved in the last twenty years. For example, in 2002 Wichiramala
proved that the standard triple bubble is the unique 3-minimizing cluster in
the plane (see [12]). This cluster is formed by three connected regions and
its boundary is composed by six circular arcs, joining in four points with the
120° rule (see Figure 1la).

A different way of looking at the problem is given by Wichiramala in
[13] with the so called weak approach. As we have already told, one of the
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(a) (b)

Figure 1: The standard triple bubble with three equal areas in figure (a).
The honeycomb formed by the hexagon tile in figure (b).

biggest obstacles is proving that every chamber is connected. With the
weak approach, we consider also clusters with chambers of areas greater
than the correct ones. In this way, for example, we can easily reduce to
the case of an exterior connected. In fact we can incorporate the bounded
connected components of the exterior inside other chambers. Then, the area
of some bubble increases, the cluster remains admissible thanks to the weak
assumption, but its perimeter decreases.

Some results were found also in the three-dimensional space. One of the
most important is the proof of the double bubble conjecture. It states that
the standard double bubble in R?, formed by three spherical surfaces meeting
at angles of 120° along a common circle, is the optimal 2-cluster. A proof of
this conjecture was given in [5] in 2002.

Finally also the case N = oo has been studied. This is the so called
Honeycomb conjecture |3] and it affirms that, in a certain sense, the honeycomb
represent the way of enclosing infinitely many (equal) areas with the least
perimeter (see Figure 1b). Precisely, let 7 be a network in R? such that
T = R2\ T has infinitely many connected components with the same area 1.

Then P(TAB
lim sup M > V12
oo+ area(T' N By)

The equality is attained exactly for the regular hexagonal tile.






NOTATION

With the following list we want to fix some notation that we are going to use
in this thesis.

Lr Lebesgue measure on R™.

|E| L™"-measure of the set £ C R™.

wn, L"-measure of a ball with unitary radius.

H ! (n — 1)-Hausdorff measure on R".

#I, HO(I) cardinality of the set I.

~ equivalence of two (n — 1)-dimensional sets. We say that

E,F are H" '-equivalent whenever H" {(EAF) = 0,
that is if they differ on a set of null H" '-measure.

0s(E)(z) s-dimensional density of the set E C R™ at the point
H*(E N B(x,r))

x € R" ie. O5(E)(x) = lim :
r—0t wgr?

E® set of points of R™ with density w.r.t. E equal to t.
O*FE reduced boundary of the set of finite perimeter E.
vi(T) outer unit normal vector to F at x.
P(E;F) perimeter of the set E of finite perimeter inside F.
cC compactly contained.
ck set of the C* function with compact support.
B, n-dimensional ball of radius r centered in the origin.
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CHAPTER 1
EXISTENCE OF THE MINIMUM

The aim of this chapter is to start explaining in detail the theory of the
minimizing cluster. First we’ll define an N-cluster, its perimeter and what
we mean by a partitioning problem and a minimizing cluster. In particular,
we will devote most of the chapter to the long proof of the existence of the
minimum in a partitioning problem.

1.1 PARTITIONING PROBLEM AND BASIC PROPERTIES

An N-cluster € in R is a collection {£(h)}Y_, of sets in R™ of finite perimeter
with N € NJN > 1 and

0<|E(h)| <400,  h=1,...,N

|E(h) NE(K)| =0, h,k=1,....,N,h<k
Thus if h # k, £(h), £(k) may intersect in a non-empty set but its £"-measure
is null.

We call the sets £(1),...,E(N) chambers of the cluster £. We define also
the exterior chamber £(0) as

N
£0)=R"\ &)
h=1

In this way, {£(h)}_, is a partition of R” up to a set of Lebesgue measure
null; we notice that ‘5(0)| = oo. By convenience, we set

N N

m(€) = (|E(h)|)pzy € RY
and we call it measure vector, or volume vector. Its entries are exactly the
volumes of the chambers of £. Clearly it belongs to Rf because, by definition

of N-cluster, }E(h)‘ >0 for every h=1,...,N.

1



2 CHAPTER 1. EXISTENCE OF THE MINIMUM

Figure 1.1: In figure it is represented an example of a 3-cluster in the plane.

Now we define the interfaces as the sets given by the intersection of the
reduced boundaries of two different chambers, namely

E(h,k) = 0"E(h)ND*E(k),  hk=0,...,N,h#£k

We notice that the interfaces are H" !-rectifiable sets because, by De Giorgi’s
structure theorem, we know that the reduced boundary of any set of finite
perimeter is of that kind.

Now we are ready to define the perimeter of a cluster. The perimeter of
Ein FCR"is

PEF)= > H"'(EhEK)NF)

0<h<k<N

and its perimeter is

P@E)=PERY) = > H(E(hE))
0<h<k<N

Now let’s explain what a partitioning problem and a minimizing cluster
are. Given m € Rf, the partitioning problem in R™ associated to m is
finding a cluster with prescribed chambers volumes and which minimizes the
perimeter. Namely, we want to determine

inf{P(€) : m(€) = m} (1.1)

where £ is a N-cluster in R with sptug(,) = 9€(h) for every h=1,..., N.
If £ is a cluster which perimeter realizes the infimum, we say that £ is a
minimizing, or minimal, cluster for the problem defined by m.

This first chapter will be entirely devoted to the proof of the following
theorem, which states the existence of the minimizers.

THEOREM 1.1. Given non-negative integers n, N > 2 and m € Rf, there
exist minimizing N -clusters in R™ for the partitioning problem associated
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to m, that is the problem (1.1) admits minimum. Moreover, if £ is such a
minimizer, £ is bounded, i.e. there exists R > 0 such that

£(h)C Br, h=1,...,N

As usual, we would like to define a convergence of clusters. In order to do
this, we define the "distance" of two clusters. Given N-clusters £,&’, their
distance in F' C R" is

N
dp(£.6) =) ]F N (8(h)Aé"(h))}
h=1

and their (simple) distance is

=2

d(€,€") = dpn(,8) =Y _|E(MAE' ()]
h=1

It is easily seen that d is not a distance in the usual sense. Indeed, if £(h) and
E'(h) differ by a null £™ measure set for some h = 1,..., N, their distance
is zero although they are not equal. Using these definitions of distance, we
say that a sequence of N-clusters {&}ren in R™ locally converges to £, and

we write & doc, &, if for every compact set K C R", dg(&,E) — 0 as
k — oo. We simply say that {Eg}ren converges to €, and we write & — &,
if d(&;,€) — 0 as k — oco. This means that there is convergence whenever
the measure of the sets difference goes to zero. Thus we can say that this is
a convergence in a measure sense.

The following proposition is interesting for two reasons. The first is that it
tells us how we can express the perimeter of a cluster through the perimeters
of its chambers. In this way, we can use all the known properties of the
perimeter of the sets of finite perimeter. The second is that it provides the
lower semicontinuity of the relative perimeter of a cluster into an open set.
This is crucial for the existence of the minimizer.

PropPosITION 1.2. Given an N-cluster £ in R™ and a subset FF C R" it
holds

—_

N
P(S;F)=§ZP(5(h);F) (1.2)
h=0

Moreover if A is an open set of R™ and {&}ren is a sequence of N -clusters
such that & oe, E, then

P(€; 4) < liminf P(&; A) (1.3)
—00
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Proof. Let’s prove that P(&; F) = %ZQLO P(E(h); F'). We claim that the
interfaces {E(h, k) }o<nzr<n are disjoint and that 0*E(h) ~ U£:07k¢h€(h, k).
We are going to prove them later. If these statements are true then we have

Soown? (S(h,k)ﬂF):% S WL (E( k)N F)

0<h<k<N 0<h#£k<N
1 N N
— -1
=52 A U emrnr
h=0 k=0,k#h

1 N
=3 > HTH(9E(h) N F)
h=0

1 N
= 5> PEM)F)
h=0

Let’s prove the two previous statements.

1. First of all, we show that two distinct interfaces are disjoint. Let
x € E(h,k)NE(h,y) for different indices h, k, j in {0,..., N}. Then, by
Federer’s theorem, z € £(h)M/2 N &) N E(5)/?) and so

|B(x,r) N(Eh)UE(k)U 5(j))|

1> =
oy
B |B(a:,r)ﬂ5(h)’ N |B(x,r)ﬂ5(k:)’ N |B(m,r)ﬂ€(j)’
- wpr™ wpr™ wpr™
11 1 3
BERIERI I

which is clearly a contradiction. Then

E(h, k)N E(h, ) =0 (1.4)
2. Now we verify that
N
EMm) =MuU | &hEk) (1.5)
k=0,k#h

for a certain set M with H"~! (M) = 0. Clearly, all the interfaces
{E(h, k)}k=o,... N k-n are subsets of 0*E(h) and so

N
U &k) Ccoren)
k=0,k#h
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Viceversa, if # € 0*E(h) then x € £(h)1/2) = (R™\ £(h))(1/2) =

(1/2)
N
U E(k) . According to the following lemma 1.3 and Fed-
k=0,k+h
erer’s theorem, there exist sets M’, M” C R™ of null #"~! measure
such that
N (1/2) N
U &k cMu ] &m?
k=0,k+£h k=0,k+£h
N
cM'u |J o€k
k=0,k#h
Then we conclude that
N (1/2)
oremyc | |J em N*E(h)
k=0,k+#h

N
cM'u ] (97E(k)n0O*E(R))
k=0,k%£h
N
=M"U ] &k
k=0,k#h

This proves (1.5).

Finally we have to demonstrate (1.3). This follows quite immediately
by (1.2) and the lower semicontinuity of P(-;A) with respect to the conver-
gence of finite perimeter sets "in measure". Indeed, since & — &, we have
Ek(h) — E(h) for every h = 0,..., N. Then, by the semicontinuity, we get
P(&(h);A) < likrgiolgf P(&k(h); A) and so we can deduce that

N | =
E

P(&A) = P(E(h); A)

h=0

IA
N =
WE

liminf P(E;(h); A)
0 k—roc0

>
I

N
o 1
< lim inf 3 hz_o P(&k(h); A)

k—o0

= liminf P(&; A)

k—00

which proves (1.3). O



6 CHAPTER 1. EXISTENCE OF THE MINIMUM

LEMMA 1.3. Let E, F C R" two sets of finite perimeter with |E N F| = 0.
Then

(EUF)Y2c MU <(E(1/2> N F<°>) U (F(1/2> N E(0>)> (1.6)

for some null H" '-measure set M C R™.
Proof. Let x € (EU F)(1/2); then, as » — 07T, it holds that

%F |B(x,rzuﬂr(nEUF)‘ _ |B(xu;r2nﬂ E| N ‘B(::r:nﬂ F| )

and so z € E1/? if and only if z € FO. So let z ¢ E1/2 n F/2)
that is z ¢ FO N EO®. For sure ¢ EM and z ¢ F() because it would
contradict (1.7). Then z € 9°E \ E(Y/?) and z € 9°F \ F(1/2). By Federer’s
theorem, we know that

H" 1 (°E\ 0*E) =0, H* (0°F\9"F) =0
and so, necessarily, * € M for some M C R™ with H"~! (M) = 0. O

By the previous proposition, some interesting consequences follow.

REMARK 1.4. The equality (1.2) is useful because we can deduce some
easy and interesting facts. Indeed the perimeter of a cluster £ in R" is
invariant with respect to rigid motions and, choosen A > 0, it holds true that
P(AE) = A""LP(&). These are clear consequences of (1.2) and the analogous
formulas valid for any sets of finite perimeter.

REMARK 1.5. It is easy to see that P(£) = H" ! < ibvzl 8*5(h)>. In fact,
since we have shown that 0*£(h) = UpnE(h, k), then

N N
Yoem~={JJerr~ |J &hk
h=1

h=1k#h 0<h<k<N
This proves the equivalence of perimeter initially stated.
We end this section with some important remarks.
REMARK 1.6. If x € E(h,k), 0 < h <k < N and j # h, k then
ve(n)(2) = —ve(r) () (1.8)
On(E(j))(x) =0 (1.9)

Moreover, there exists a set M C R™ with H"~! (M) = 0 such that for every
ze&(hk)\ M
0n-1(07€(j))(x) = 0 (1.10)
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Indeed, it is known that if E/, F' are sets of locally finite perimeter, £ C
and € 0*E N O*F then vg(z) = vp(x). Then, considering E = £(h), F
R™\ £(k), up to a set of null L"-measure, £ C F' and so

F

Ve(n) (r) = VRn\ (k) (z) = —Ve(k) (v)

which demonstrates (1.8). Now let’s prove (1.9). As x € E(h, k) = 0*E(h) N
*E(k), then x € £(h)1/2 N E(k)/?) and so

|B(z,r)NER)]  |Bla,r)nEK)| N \B(w) N (Ui#h,kg(i))‘

wpr™ wpr™ wpr™
provides, as r — 0T,

‘B(m, r) N (Ui;éh,k(c/,(i))‘

wpr™

—0

In particular
| B(z, 1) NEQ)]
W™
that is 6,(£(j))(z) = 0. We finally prove (1.10). We recall corollary 6.5 of
[6]: if E' is a Borel set, s € (0,n), and H*(E N K) < oo for all the compact
sets K in R™, then for H*-a.e. x € R" \ E,

—0, r—0"

=0

0s(E)(z) = lim T B@1) O E)
r—0 wss
Since 0*E(j) is a Borel set and H" ™' (9*E(j) N K) = P(E(j); K) < oo for
each compact set K C R", then for H" !-almost every x € R™ \ 9*E(j),
0rn—1(0*€(j))(x) = 0. Reminding that £(h,k) C R™\ 9*E(j), we conclude
that, for some M C R™ with H" (M) = 0 and for every = € £(h, k) \ M,
0 1(0°€(j))(x) = 0.

The next remark gives us a slightly generalization of what we have already
proved in (1.5).

REMARK 1.7. Consider A C {0,..., N}. Then
Hr ! (a*( U 5(h)> v U e, k:)) =0
heA heAk¢A

Just by convenience, we will prove the remark with A = {1, 2}; the general
case has the same basic idea. We already know that

F* (E)UEER)) ~ (EMUER) YD ~ (£(1)1Dne2)O)uE(1)One(2)1/?)
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Let’s consider just the term £(1)/2) N £(2)©). We prove that

EMI2 ng2) U EMI2 N g ~ U I*E(1) NI*E(H)
j];él(,)2 #12

Let z € £(1)1/2 0 £(5)1/?) for some j = 0,...,N, j # 1,2. Clearly = €
£(1)(/2) Moreover z € £(2)(©) because by

|B(z,r) N E(1)| . |B(z,r) NEG)| . N E6) N B(x,7)]

1=
wpr™ wpr™ ZZ; Wnr™
i#1,j
we find that

Z‘g ﬂer’_)O, .0t

wpr™
z#LJ

and so z € £(2)(9). Hence we have

N
U Y2 g2 C g2 ng(2)@
‘;:

Viceversa, from (1.6) and the above argument, for some null H"~!-measure
sets Ms, My, ..., M, we get

(1/2) N (1/2)
M2 ng©) < U £G ) = (8(3)u U 8(j)>

J
g;ﬁl 2 J#

and so
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Thus we conclude that

EMID negER)@

2
=

N
(s ne(¥) ~ |J (e noe)
o

F*(E()UER) ~ (E(1)U 5(2))“/2’ ~

N
~ U (@emnorei)= | £6,4)
i=1,2jg;102 i€N,jEA

1.2 COMPACTNESS CRITERION AND SOME
TECHNICAL LEMMAS

In order to prove the existence of the minimum and reminding the Direct
Method of the Calculus of Variation, it is very important to have a compact-
ness criterion. The following proposition ensures us exactly this: given a
sequence of N-clusters satisfying some quite restrictive hypotheses, we are
able to extract a subsequence converging to another N-cluster £.

PROPOSITION 1.8. Let R > 0 and {&k}ren a collection of N-clusters in
R™ such that

sup P(&;) < oo (1.11)

keN

£(h)CBr, h=1,...,N,keN (1.12)
f 1.1

ff,, 2pin 18 ()] >0 (1.13)

Then there exists a subsequence {Eyq)tien and an N-cluster € such that
Epy = € as | — oo.

Proof. We recall a similar proposition holding true for sequences of sets of
finite perimeter. If {Ej}ren is a collection of sets of finite perimeter such
that for some R > 0

sup P(E}) < oo
keN (1.14)
E, C Bgr, VkeN

then there exists a subsequence {Ek(l)}leN and a set of finite perimeter F
such that
Ek(l) —-FCBgr, [|—x (1.15)
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We notice that each sequence {E;(h)}ren, h = 1,..., N satisfies the hypothe-
ses of the statement. Indeed, as

N
1
sup P(&) =sup | = E P(&(h)) | < o0
keN keN \ 27—

then, for all h =1,..., N, sup,ey P(Ek(h)) < co. Moreover, by assumption
(1.12) it holds true also &(h) C Bgr and so we can conclude that, for
h = 1,...,N, there exist subsequences converging. In order to find the
subsequence {Sk(l)}leN, we proceed in this way. Let h = 1. We extract a
subsequence {gkl(l)(l)}léN from {&;(1)}ren with

En (1) = &E(1)

for some £(1) C R" of finite perimeter. Now let h = 2. As {&;,(1)(2) }ien
satisfies hypothesis (1.14), we extract a subsequence {&,()(2)}ien from
{€k(1y(2) }ien, converging to some set £(2). It holds, as [ — oo,

Ery(1) = (1)
Ery(2) — E(2)
Repeating this proceeding until h = N, we find the subsequence {&z(l)}leN

setting k(1) = kn (1), l € N.
Now let’s prove that {€(h)}n=1,. n is an N-cluster.

e For each h = 1,..., N, £(h) is a set of finite perimeter in R™ with
|E(h)| < +o00. This easily follows from (1.15).

e It holds ‘S(h)‘ > 0. Indeed, by hypothesis (1.13), we know that for
every h =1,...,N gn§|5k(h)| > 0. Since for each h = 1,..., N we
€

have ‘Sk(l)(h)’ sy |£(h)], the conclusion is deduced immediately.

e Finally |E(h) N 5(k)| = 0 for every distinct b,k =1,..., N. In fact we
have
gk(l)(h) N gk(l)(k) — g(h) N g(k), l —

Hence, since ‘Ek(l)(h) N Ek(l)(k:)‘ = 0 for any [ € N, we conclude that
|E(h)NE(K)| = 0.

O

Fixed m € ]Rf , consider the partitioning problem

v = inf{P(£) : m(£) = m}
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and a minimizing sequence {& }ren. This means that for every k € N, & is
an N-cluster with m(&;) = m and that

lim P(Ek) =7
k—oo

Clearly v < oo. In fact we can take the N-cluster £ given by N disjoint
balls with radii {r;}_, such that wsr? = m(h). In this way

y< P <

Then we can assume that the minimizing sequence {&}ren satisfies
supgen P (k) < P(£') < co. Moreover

inf min_|E(h)| = inf min_m(h) >0
keN h=1,....N keN h=1,...,.N

Thus two of the assumptions in proposition 1.8 are satisfied. It is not
obvious that, up to extracting subsequences, it holds (h) C Bg for some
R >0, for every kK € N, h = 1,...,N. In fact, even if £ is the minimizer,
the sequence {&}ren = {xx + E}ren with xg "2 s a minimizing
sequence which clearly do not satisfy the second hypothesis of 1.8. The
following statement provides a sufficient condition which guarantees that we
can suppose the minimizing sequence uniformly bounded.

PROPOSITION 1.9. Let R > 0, L € N, {&;}ren N-clusters and {Q}ren a
sequence of finite sets such that:

&M< |J B@,R), keN, h=1,...,N
rEQ
HO(Q) <L, keN

Then there exists a sequence {&} }ren of N-clusters such that

P(EL) = P&, m(&) =m(&), keN -

€é(h)§B13LzR, kEN,hzl,...,N ’
Proof. First of all, for every kK € N we define the sets {Fk,z}f:(’f) as the
connected components of Uer]c B(z, R). In particular for every k € N, Fy,;

is an union of closed balls with non empty intersection and L(k) < L since
HO(Qx) < L. Moreover, if Fy,; = U?g’l) B(zj, R), we get

diam(Fy ;) < 2Rn(k,i) < 2LR

We claim that
Fk,i - B(Zk’i, 4RL)
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for some z;;. In fact, if Z,y € F; are such that |z —gy| = diam(Fy;),
consider the point z,; = xTer € C(Fy,i) (here C(Fy ;) denotes the convex hull
of Fy ;). Since diam(C(Fy,;)) = diam(F} ;) < 2RL, then

max{d(z, zp;) : 2 € Fi;} <2RL

translating the set Fj,; using xj; we have

and so for sure Fj; C B(2,;,4RL). Thus we define zy; = —z;,; + 9RLiep;

ki + Fii C B(9RLie,,ARL)

Notice that we have chosen zj,; in such a way that {B(9RLiey, 4RL)}-L:(§)

K3
are disjoint, and consequently the sets {zy; + Fj;}; are too. Then for every

k € N we define the map

fe: |J Bx,R) > R"
zeQ

T T+ Tk, ifzx e Fk,i
and the new clusters {&] } ey with chambers
E(h) = fr (E(R)), h=1,...,N

Hence

L(k)
Ep(h) = fx U (Ek(h) N Fii)
i=1
L(k)
= U T+ (5k(h) N Fkﬂ-)

=1

with & ;(h) = E(h) N Fk,i,g,;i(h) = x; + &E,i(h). Furthermore E,;7i(h) C
B(9RLiey,,4RL) for every k € N,i =1,..., L(k) and we notice that it holds

L
U BOORLie,,ARL) C Byzpr2
=1

Now we have to prove that {& }ren are clusters satisfying the required
conditions (1.16). Clearly |&}(h)| = |€k(h)|. Indeed

L(k) L(k)
&) =D 1E (W=D |Eri(h)| = |Ex()]
=1 1=1
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The equality of the perimeters follows from this fact: if £ C Fy U F5 is a set
of finite perimeter and dist(Fy, F») > 0 then P(E) = P(ENFy)+ P(EN Fy).
Indeed, as & (h) = UZL:U;) Er.i, we have

L(k) L(k)

= 3 PEka) = X PUEL) = PIE)

and thus finally

N N

P(ED) = 5 D0 PE) = 5 3 PEWR) = P(&)

h=0 h=0

The rest of the proof shows that & is an N-cluster. First of all, & (h) is
clearly a set of finite perimeter for every h = 1,..., N, by its definition. Since

’5, ’ = L(k 5,'“(h) , then for every h = 1,..., N it holds:

e |&.(h)] > 0 because ‘gl/c,i(h)) = |&k(h) N Fi;| > 0 for at least one
i=1,...,L(k);

e |&.(h)| < +0o0 because

Sé’i(h)‘ < o0 for every i = 1,..., L(k).

Lastly
L(k)
CADIEAGIES Sy A IO R
i=1
as ‘E,Q,i(h)mg,’m(l)‘ = |&i(h) N Eks(l)| < |Ex(h) N &I = 0. This con-
cludes the proof of the proposition. O

Using the confinement proposition 1.9 in order to have a family of clusters
uniformly bounded and the compactness criterion 1.8, we get the following
corollary.

COROLLARY 1.10. Let R > 0, L € N and {& }ren satisfying the hypotheses
of proposition 1.9. Moreover let us assume that

sup P(&) < oo, inf mln E(h)| >0

LEN keNh=1,....N ‘

Then there exist {€](h)}ren a sequence of N-clusters, and € N-cluster such
that

P(&) = P(&), m(&) =m(&),  keN
g;;(h)CBlszzR, kEN,h:].,,N
g/ k*}OOS
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In particular, if {Ex }ren is a minimizing sequence for the partitioning problem
inf{P(€) : m(E) = m}
then {&] }ren is a minimizing sequence for the same problem too.

Proof. The corollary is an immediate consequence of the two previous propo-
sitions. In fact using 1.9 we can construct a sequence of clusters {&] }ren
which satisfies the hypotheses of 1.8. Then, up to extracting a subsequence,
&, — & for some N-cluster €. O

Now we are going to state two important lemmas. The first one is the
Nucleation Lemma and it guarantees that, given a set of finite perimeter E
there exists a discrete set I of points such that the union of the balls with
center in I and radius 2 covers almost entirely F, that is up to a certain error
€. Moreover the volumes of the balls centered at a point of I with radius 1
can be uniformly bounded from below in €.

LEMMA 1.11 (NUCLEATION LEMMA). There is a constant c(n) > 0 with
the following property. Consider a set of finite perimeter E with |E| € (0,00)

and P(E
e <minJ |E|, (E)
2nce(n)
Then we can find a finite set of points I C R"™ such that

E\|JB(z,2)| <e (1.17)
zel
|E N B(x, 1)‘ > <C(n)P(€E)> , xvel (1.18)

Moreover the balls { B(x,1)}zcr are disjoint and the cardinality of I is bounded
by a constant depending on €, namely

# < |E| <25§2) (1.19)

Proof. First step. We claim that there exists a constant ¢(n) > 0 such that
if Fis a closed set of R" with [{z € E: dist(z, F) > 1}| > € then there is
z € BV with

dist(z, F) > 1

‘E N B(x, 1)] > (c(n)P(EE)>n

Assuming the claim true, we construct the set I in this way. Applying the
claim to F = (), since dist(z, ) = +oo, the hypothesis is clearly satisfied

and so we can find z; € E() such that ‘E N B(x1, 1)‘ > (C(”)p(aE))n' We

set I = {z1}. Suppose that, iterating the proceeding, we have determined
I = {a;};_, with |2; — x;| > 2 for i # j and with (1.18) holding true. Then:
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o if |E\ U, Bz, 2)‘ < € we can stop and thus the lemma is proved,;

e otherwise, if ‘E\Ui:1 B(xi,Q)’ > ¢, setting F = (J,_, B(x;, 1) it
holds

{z € E: dist(z,F) > 1} > ¢ (1.20)
because

E\ O B(z;,2) C{z € E: dist(z,F) > 1}
=1

Indeed if € E'\ |J,_; B(i,2) then « € E and, for every i = 1,...,s,
|x —z;| > 2. In particular, by the last inequality, we have that
dist(z, B(z,1)) > 1 for any i = 1,...,s and then

dist(z, F) = min dist(z, B(x;, 1)) > 1

1=1,...,s

By (1.20), we can apply the claim, which provides the existence of a
point 2,41 € EM such that dist(zsy1.F) > 1 and

|EN B(zg41,1)| > <c(n)P(5E)>

Since dist(zs41, F) > 1, it holds |xsy1 — x| > 2 forevery i =1,...,s.
In fact, if y; is the intersection of the line segment [zs41,2;] and B(x;, 1)
then

|To1 — x| = |Topr — wi + |yi — x| > 2

Finally we redefine I = {z;}:*;.

We iterate this proceeding up to (1.17) holds true. It ends in a finite number
of steps because |E| < oo and the balls {B(x;,1)};_; are disjoint. Finally
also (1.19) holds true. In fact

#1 #1
|E| =Y |EnB(x;, 1)+ |E\ | Blai, 1)
=1 =1

#1

> " |EN B(w;, 1)

i=1
> #I|E N B(zj,1)] with j realizing the minimum

2 #1 (<) gy )

Thus (1.19) follows.
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Second step. In order to prove the claim, let’s show the following statement.
Statement: if & > n,z € EM | and

|ENB(z,1)| < (21()” (1.21)

then there exists r, € (0,1) such that P(E; B(z,13)) > o|E N B(x,ry)|.
Let m(r) = |E N B(z,r)| for r > 0 and assume by contradiction that

P(E;B(z,r)) <am(r), Vre(0,1)

Since for almost every r € (0,1) it holds m/(r) = H"~' (EN0B(z,r)), we
have

P(ENB(z,r)) = P(E; B(z,r)) + H" ! (ENdB(z,r)) < am(r) +m'(r)

for a.e. r € (0,1). Then, reminding the non-sharp isoperimetric inequality
P(F) > |F|™ /" we get for a.e. r € (0,1)

am(r) +m/(r) > P(EN B(x,r)) > m(r)®=D/n (1.22)

n
Now we estimate am(r). As m is increasing, m(r) < m(1) < <i> for every

2a
r € (0,1); then am(r)/™ < $ and

m(r)(n—l)/n

am(r) < 5

Thus, taking (1.22) into account, we find out that

m(r)(nfl)/n

5 <m/(r) forae. re(0,1)

Since # € EW, we can divide by m(r)®=1/" > 0. Therefore the last
inequality becomes

m/ (Fym(r)Y/" 1> = forae. 7€ (0,1)

DN |

/
that is n (m(r)l/”) > % Integrating this in (0,r), we get

r
2n

m(r) > < >n, for r € (0,1)

n
As r — 17, we have m(1) > (ﬁ) , which implies, by (1.21),
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This is a contradiction, since we have assumed a > n.

Third step. Let’s finally prove the claim. Assume by contradiction
that for every positive constant ¢(n) there exists a closed set F' in R™ with
{z € E: dist(z,F) > 1}| > ¢ and such that, however we choose = € E()
with dist(z, F') > 1, it holds

|EN B(x,1)| < <c(n) pr))n

Define a € R such that ;SZ%; = i, that is a = 26%@ P(EE). As by assumption
< 2B t
€s 2nc(n)’ we ge
1 c(n)e < 1
2 P(E) ~ 2n
and so a > n. If x € EW and dist(z, F) > 1, then |Eﬂ B(x,1)| < (i)n
and so, from what we have just seen in the second step, there exists r, € (0,1)
such that
P(E;B(z,13)) > o |[EN B(z,73)| (1.23)

Set F = {B(z,r,)|z € EW, dist(z, F) > 1}. As
sup{diam(B)|B € F} <1

we can apply Besicovitch theorem to F: there exist {(n) (depending only
on n) and subfamilies F, ... s Fe(n) such that each F; is disjoint, at most
countable and

(n)
C:={xeEW dist(z,F)>1} C U U B
=1 BeF;
Hence we deduce that, for some F' € {Fq,... ,]:g(n)}, we have
|IC| = |{z € E, dist(z, F) > 1}|
<ém) Y |EnB(z,r)

B(z,ry)eF!
<SS P B )
B(z,rs)EF!
L EWP(E)
= e(n)P(E) 24 _ oce(n)e(n)
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Choosing c(n) = %, we find

{z € EW| dist(z, F) > 1}| < ¢

which contradicts the hypothesis on F'. Thus the claim is proved.
O

REMARK 1.12. From the above lemma and in particular applying the claim
to F' = (), we find that, if F is a set of finite perimeter with 0 < |E| < oo and

£ = min {\E| , %}, then there exists x € R™ such that

w3

In fact, if € satisfies € = |E/| then there exists € R™ such that
c(n)e\" c(n) |E)\" . [e)|E] 1"
EnNnB(xz,1) > = > il
ensel = (5i5) = () 2o

Instead, if € = 21;&53) then

c(n)e\" 1\" . [cn)|E] 1"
ENnB(z,1)| > == > —
Enonl> (55) = (3:) 2w {Fay 5
The following lemma provides a way to redefine a new N-cluster & which
reduces the perimeter with a very precise estimation.

LEMMA 1.13 (TRUNCATION LEMMA). Let F' CR" be a closed set, £ an
N-cluster in R", u(x) = dist(z, F) and a > 0 such that

N
Y IEMNF| <a
h=1

Then there exists ro € [0, Tna'/™] such that the new N-cluster £ defined as
E'h)y=ER)N{z eR": u(z) <re}, h=1,...,N

satisfies the following estimation on the perimter:

P(€') < P(€) - dii;i:)

Proof. By simplicity we write {u < r} for {z € R" : u(x) < r}.

If Zthl |E(h)\ F| = 0, we set rg = 0. In fact in this case each E(h)
is "contained in measure" in F. Then, setting 7o = 0 and consequently
E'(h) =&Mh)Nn{u <0} = Eh)NF = &(h), we have d(€,E") = 0 and
P(&) = P(&).
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Then we can assume that 25:1 |(h) \ F| > 0. We define the function
m: Rsg = Rsq as m(r) = SN |(h) N {u > r}|. Notice that m(r) < o
because m(r) < STp_, |€(h) N F¢| < a. Since u is a Lipschitz function and
|Vu| = 1 almost everywhere on R”, then, thanks to the generalized coarea
formula applied to u, we have

E(h) N {u>r}| = /g(w Vulac!
u>r

_ / P ({fu>t}:ER) N {u> r}) dt
R

= [ {7 (ER)N{u>rin{u=1t})dt

_ /m H(E(R) 1 u = 1)) dt

Hence m(r) = Zthl ffoo H L (E(h) N{u=1t})dt and, for almost every

r >0,
N

m/(r) ==Y _H" ' (E(h)n{u=r}) (1.24)
h=1

As m(0) > 0, we have spt(m) = [0,71] for some r; > 0. We claim that
either £(h) C {u < Tna'/"} for each h = 1,..., N, or there exists some
ro < Tna/™ such that the cluster £ defined above satisfies

P(&) < P(€) - Zloff /02

If the claim is true then:

e in the first case setting ro = 7na'/™ we have £'(h) = £(h),h =1,...,N
and so P(&') = P(€);

e in the second case, observing that

I
WE

(&, &) |E(h)AE (1))

T
L

I
WE

() \ E'(h)]

T
L

[
WE

‘S(h) N{u > r0}| = m(ro)

i
L

the claim provides to distance rg which we were looking for.
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Thus, proving the claim, we end the proof of the lemma.
In order to demonstrate the claim, it is enough to show that either r <
Tnat/™ or P(E) > P(E™) + Z;(f/o,z for some ro < 7na'/™ (here E7(h) = E(h)N

{u <r}). In fact, if r; < Tna!/", then 0 = Zthl )E(h) N {u > Tna’/"}| and

so, up to a set of null £™-measure, £(h) C {u < Tna'/"},h=1,...,N.
Let’s assume by contradiction the following inequalities true:

r > Tna/m (1.25)
m(r)

m, Vr < 7na1/n (126)

PE) < P&+
We rewrite the quantities P(€), P(E"), for almost every r > 0, as
PE)=P&{u<r})+ P& {u>r})

and

P(E") = P(E"(h))

N | —
WE

>
Il
o

PE) 1 {u < 1}) + 3 P(E(0)

Il
N | —
[]=

h

PE;{u<r}) +Z7—L” LEm) n{u=r1})

Il
—

In fact for h=1,..., N and for a.e. r > 0 it holds
P(E(h) N{u <r}) = P(E(h )'{U<T})+H”_1( (h) N{u=r})
P(E7(0)) = P(£(0); {u < r}) +Z7'l" HEM) N {u=r})

Then, taking into account also (1.26), we find

m(r)

N

PE{u>r}) <Y H" ' ({u=r}n&h)) + Ioln  forae r< Tna'/"
h=1

(1.27)

Adding %Zthl H™ ! ({u=r}NE(R)) to both the side of (1.27), we have,
for a.e. r < Tnal/™,

m(r)
4al/n

1 l nl
52 h)N{u>r}) < ZH ({fu=r}n&(n)) +
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Using the non-sharp isoperimeteric inequality, we find that

N | =
WE

N
PEMR) A {u>r)) > %p hL:Jlg(h) A {u> r}

h=1
[ (n=1)/n
> - S M) N {u > 1}
h=1
_ %m(r)(nm/n

Finally, since m is not increasing, m(r) < m(0)Y"m(r)=D/" < o/7mp (r)(n=1/n
and so
m(r) _ m(r)=D/n
4al/n = 4
Then, taking into account (1.24) and the previous inequalities, we get
m(r)(n—l)/n 3, m(r)(n—l)/n

5 <—§mr+ 1

and so

m(r) "I/ < —6m/(r)
for almost every r < Tna'/™. As ry > Tna/™, m(r) > 0 if r < Tna'/™ and
then, dividing by m(r) > 0 and recognising a derivative, we find

n (m(r)”")l < —é

Taking the integral in (0, Tnal/ ") of the last inequality we have

1
m(Tna /MY — m(0)V/" < —%(7710(1/” —0)

and thus .
éal/" < m(0)"/" — m(Tna'/™) < m(0)1/"

This contradicts the initial hypothesis that m(0) < « and it ends the proof

of the lemma.
O

1.3 VOLUME RESTORATION DIFFEOMORPHISMS

In this section we are going to prove two important statements. The first one
is a lemma that ensures the existence of a family of diffeomorphisms which
locally modify £ around an interface point z € £(h, k) and with a controlled
bound on the variation of the perimeter. Moreover it is provided an estimate
of the first order measure variations of the chambers {£'(i)}Y, inside the

ball B(z,¢).
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LEMMA 1.14. Let 6 > 0, £ an N-cluster in R", 0 < h < k < N , and
z € E(h, k) point of null density for 0*E(j) (that is 0,—1(0*E()))(z) =0) for
every j # h, k. Then there existe(€,2,6) > 0, e1(E,2,0) > 0, e2(E,n,e1) > 0,
Co(n,e1) > 0, and a family of diffeomorphisms { fi}|y<c, such that:

(i) for |t| < e1, {z € R"|z # fi(x)} CC B(z,¢);

(ii) if € is another N-cluster with d(E,E') < ea, |t| < €1, j # h,k, and
i1=1,...,N, then

S RE W) N Bz)| —1| <3 (1:28)
%\ft(é”(k))ﬂB(z,a)\Jrl <o (1.29)
SIEG) N B2 <4 (1.30)
& e @) N B, | < G (1.31)

(iii) given a H" L-rectifiable set ¥ in R™, it holds

—~

\H”‘l (fe(2)) =" (E)]sco%"—l ), |t<e  (1.32)

Proof. First step. In this first step we are going to construct the diffeomor-
phisms f;, [t| < 1. Let’s consider € > 0, v € S* 1, u € CX((—n~1/2, n~1/2))
with v > 0,u(0) > 0. We define v(x) = c]_[i]\il u(x;) with ¢ € R™ such
that [z, v(2’,0)dz’ = 1; by continuity we can always find such constant c.
Notice that v € C°(B;). Then we define v, € C°(B;) as

1 T
vel) = en1" <5>
It holds

1 /
/ ve(2',0)da’ = — / v (x,0> da’ :/ o(y',0)dy’ =1
Rn—1 9 Rn—1 9 Rn—1

and, for some C € R,

’va(w)’ = en’

since v € C2°(B1). Now we choose @, orthogonal n x n matrix such that
Q. (v) = e, and we define T' € C°(B(z,¢),R")

T(x) =Tle,z,v](x) = v:(Qu(z — 2))v



1.3. VOLUME RESTORATION DIFFEOMORPHISMS 23

Then, for every = € R”,
VT(z) = vD(ve(Qu(z — 2))) = v(Dve)(Qu(z — 2))Qu
VT (z)| = \/trace(QZ Du.(Qu(z — 2))TvTvDu(Qu(z — 2))Qy)

= ‘Dvs(Qu(x - z))‘ < g

87’1

Finally we set
[TRxR" =R f(t,x) = filz) =z +tT(x)

Notice that, if || < e; for 1 sufficiently small, then {f}<., are diffeomor-
phisms with {x € R" = # f;(z)} CC B(z,¢). In fact, since f; are proper
maps (i.e. for every K € R™ compact, f; '(K) is compact), setting

Y ={z : det(Df(x)) = 0}

it is enough to show that 3; = ) for |t| < e1. As Dfy(z) = Id + tDT(x),
A = 0 is an eigenvalue of D fi(x) if and only if tDT'(x)v = —wv, for some v # 0.
Since ‘DT(:L‘)' < g, every eigenvalue A of DT (x) satisfies |A| < 6% Then
we can determine €1 small enough and independent on x, such that tDT'(x)
does not have —1 as eigenvalue, for every |t| < 1. Thus 3; = (). Finally, it is

easy to see that {x € R" : x # fi(z)} CC B(z,¢) because
[z €R" iz £ (1)} = {z € R : T(x) £ 0}

which is compactly contained in B(z,¢).

Second step. Now choose z € £(h,k) for 0 < h < k < N in such a way
that (1.10) holds true. Then define v = vg(;) and T, f; exactly as in the
previous part. First of all, we notice that if E' is a set of finite perimter and
¥ is a H" l-rectifiable set in R” then we have:

F(E) N B(z,2)| = | fE N B(z,0))| :/ J fi(z)da

ENB(z,¢)

H L (f(5)) = / JE () dH L (2)
>

Moreover J f;, J* f; are smooth function in t. Now we claim that, if V' is an
hyperplane in R™ and S is an n X n matrix, the map

§ = JV (1A +8) = y/det ((1d +8)7 (1 +5)v)

is locally Lipschitz, uniformly on V. We will need a weaker statement and now
we prove it. Since S +— ®(S) = det ((Id +5).(1d +S)V)) is a polynomial
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with respect to the entries of 9, it is clearly a C*° function of S. Then, as
®(0) = 1, there exists ¢’ such that |®(S) — 1| < 1/2 for every |S| < ¢’. This
means that if the norm of S is sufficiently small, the value of ®(5) is close to
1. Moreover, since  + 1/ is C* in (0, 4+00), then the function JV (Id +9)
is C™ for |S| < ¢, and so it is Lipschitz, with Lipschitz constant Ly .

Now we prove that we can find a constant L greater than every Lipschitz
constant Ly . In fact let (Qyy the orthonormal matrix that moves the basis
{e1,...,en—1} into the orthonormal basis {v1,...,v,—1} of V', hyperplane of
R™. Then

(Id+9S)y = (Id+S5)Qv

and

(Id+8)L1d+8)yv = QL (Id+5)T (Id +5)Qv

As @g(5) = det ((Id +9)L(1d —|—S)V) is a polynomial with respect to the

entries of @), which staisfies ‘qm <1, Q@ = (gij), then we can find a majorant
of ®4(S) independent on Q. Thus the constant L is determined. By the
claim we get

‘szt(x) - 1‘ - ’JZ(Id HT(x)) — JE(Id))
= |JTE (1 T (2) — I (1)

C
< L|tT(z)| < L= It| =: Co|t]
Then we can conclude that

1 (D) -1 ()] < /E 7 fe) — 1| ()
< CoH" ™ () It|
which proves (1.32).

Now let’s prove (7). If |t| < 1, f; is a diffeomorphism with f;(z) = x if
x ¢ B(z,¢). Then

ngt:d—Qth:O on R"\ B(z,¢)

dt de? ’ ’

sup iJf,g + iQth < ', for some C' >0
.’EGR" dt dt2 - ’
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Thus we find that

dt2 ‘ft )) N B(z,¢)]|

<C'E

up to increasing the previous value of Cy =

dtz ‘ft i) N B(z, 6))}‘
d? /

— J fr(x)dz
dt? Jer(i)nB(z.e) @)

d2
/&"(i)ﬁB(z o dt2
)N B(z,e)| < C"|B(z,¢)| < Cy

J fi(x)dz

Co(n,e). This proves (1.31).

Now we are going to do a simplification. In fact we notice that

‘ft )N B(z,¢)| — |ft ) N B(z,¢)|
d
/w )NB(2¢) df ity / E()NB(ze) At filz)de

/ Jf
(€' @)\ED))NB(=5¢)
<C'([(E'@)\ @) N B

(x)dz — / J fe(x)dz
(EM\E'())NB(2.)

zs}—k‘ (i) \ & (i ))ﬂB(z,E)D

< C'|E()AE ()] < Cd(E, €

Then, it is enough to prove estimations (1.28)-(1.30) with &€ = &’. In fact
if these inequalities are proved for £ = £’, by the triangular inequality and
decreasing the value of €9, we can see that also the others are true. For

example, if
d
= |AEm) N B,

then

< \ft<6’<h>

d
< d*t‘ft(g/(h )N Bs(e)| — ‘ft

5)|—1‘:56<5, se (0,1)

)N B(z,¢)| —1‘ <

5)}—1

+ |5l n b

ng(5,5)+sa

So, as d(&,E") < 2, up to decreasing the value of e9, we can assume that
C'd(E,E") + s0 < §. Moreover, we will prove the inequalities just for ¢ = 0.
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Indeed, by (1.31) we know that % ’ft(é”(z)) N B(z,e)‘ is Lipschitz in t, for
every i = 1,..., N. Therefore, if

d
—t]ft(é’(h YN B(z,e \‘t 0 € (1=0,1+0)
then, up to taking e; sufficiently small, we have
d
T |fi(E(h)NB(z,e)| € (1 —6,1+6), forevery |t| <ey

Resuming, we prove the estimations of (1) with &€ = &',t = 0. Set Q; = Qugsy-
Notice that, since sptT’ CC B(z,¢) and fi(E) N B(z,¢)¢ = EN B(z,¢)¢, it
holds

d n—1
&|ft( ﬂBZ«S }|t 0 /mEmB(ZE)T.VEd,H
Then, by the change of variables x = g(z) := z + ey, we have

T(x) = v(Qnl@ — 2))ve(n)(2)
= v:(Qn(ey) ey (2)

= enl,l v(Qry)vemn)(2)

and so

‘ft )N B(z,¢e ‘\t 0 :/ T(x) - Vg(l-)(x)d’}-[”fl(x)
*E(1)NB(z,€)

=g (@) - /Nwsz v(Qny) v (2 +ey)dH " (y)

If j = h, k, we find

}ft msthtO

IN

U] e olQuo) vz + ) ()
J) zﬂB

< . n—1
< sup Jo(o) /WdeH )

B o1 (O*E(J) — =
= S@PMH ! <€ N B(0, 1))
*E(j) N B(z,¢) —z>
(4)
n—1

= sup |v| H"™ 1(
Rn
anfl 8*€j

Rn g

€
N B(z,¢))

As we have choosen z € £(h, k) such that (1.10) holds true, then
H L (0*E()) N B(z,¢))

-0, e—0"
gn—l
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and thus, up to take e sufficiently small, we have
‘ft ﬁst’lt0<5

which proves (1.30). Now let’s prove the case i = h. We notice that, if
y € ve(ny(2)", then 0 = Qn(y) - Qn(ven)(2)) = Qn(y) - en, ie. Qu(y) = (2',0)
for some 2’ € R*~!. Thus, by this fact and the convergence of the blow-ups,
we get:

g, G VAAEG) N B2y =
B . n—1
= lim ve(p)(2) /a*g(m_sz v(@ry)ven) (2 +ey)dH" ™ (y)

— vem(2) - / o(Quy)ve ()M (y)
Ve(h) (Z)LﬂB

- / o(Quy)dH ()
ve(ny(2)NB

= / v(z’,0)dz’ =
Rn—1

and so also (1.28) is proved. Finally, recalling that ve(,)(2) = —ve@(2) and
Ijg(h)(z)L = Vg(k)(z)l, we find

i FAEHR) 0By =
n—1
= lim veg(2)- / et V)V (= ) )

_Vg(h)(Z)‘/um)(z)lrWB v(@n¥))vew (2)dH™ ‘W)

= —/ U(J}l, O)dx/ - _].
Rn—1
O

Now we are going to state and prove another important theorem. We use
the previous lemma in order to find a family of diffeomorphisms with local
variations around some interfaces points and indexed on small volume changes.
This means that we can modify our clusters, through these diffeomoriphisms
which can restore the desired measures. Moreover, it provides a very important
bound on the perimeter variation in terms of the relative measures change.

The basic idea of the proof is the following. First of all, we are going to
construct the set of interfaces points with a certain procedure. Then, thanks
to lemma 1.14, we will define diffeomorphisms ¥(-,-) indexed on a generic
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variable t. The key idea will be to define some maps ¥y (t) as the difference
between the measures of WU(t,&'(h)) and £'(h) and to provide the inverse
maps ¢ of these functions. Then we will place t = ¢(a),a € RN+,

Define by convenience V = {a € RN+ : Ztho a(h) =0}

THEOREM 1.15. Let £ be an N-cluster in R™. There existn,e1,€2,C1, R >
0 such that for every N-cluster £ in R™ with d(E,E") < ey the following
property holds. There exists a C* map ®: ((—n,7)NT1NV) x R® = R" such
that:

i) for every a € (—n,n)NTL NV, the diffeomorphism ®(a,-) is "supported”
in an union of disjoint balls centered in intereface points {zo }M.| of &:
namely

M
{r eR": 2 # P(a,z)} C U B(zq,€1) € Br

a=1

with ‘za—z*g‘ >eq foreachl <a<B< M, N<M<2N?;
i) for every a € (—n,n)NtINV, ‘@(a,é”(h)) N BR| = |5’(h) N BR‘ +a(h);

i) for every a € (—n,n)NT NV and H" ' -rectifiable set 3,

N
0 (@0,9) — 1 () <0 (D) fa(w)
h=0

i) choosen another family of interface points {ya }M | with ya, 2o belonging
to the same interface of € and }ya — yg‘ > g1, then there exist positive
constants n', e}, €4, C1, R’ such that all the previous statements hold true
with ', €}, ¢4, Cl, R, {ya} in place of n,e1,e2,C1, R, {24}

Proof. Step one. We start the proof giving some useful definitions. We
say that £(h) and E(k) are neighboring chambers if H" ' (E(h,k)) > 0.
We say that £(h) and £(k) are linked chambers if there is a sequence of
neighboring chambers that starts with £(h) and ends with £(k). We call it
linking sequence. If £(h) and £(k) are linked chambers, their order of link is
the minimum cardinality of a linking sequence.

Let us prove that every chamber is linked with £(0). First of all, there
is at least one chamber neighboring with £(0). Suppose by contradiction
that, for every h = 1,..., N, we have H"~! (£(h,0)) = 0. Then, since
9*E(0) ~ UN_,E(h,0), we get

N N
Pl Jem) | =PEW©)=Y H""(EH,0) =0
h=1 h=1
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and so ‘Uthl £ (h)’ = 0, which is clearly a contradiction. With a similar

argument we prove that every chamber is linked with £(0). Indeed, let
A C {1,..., N} the set of the indices k such that £(k) is linked to £(0). Since
H" 1 (E(h, k)) = 0 whenever h € A,k ¢ A (because £(h) is linked to £(0)
while £(k) is not) and

a*< U 5(h)> ~J U éem k)

heA heA k¢A

then

PllJem | =0
heA
This implies that ||J,ca £(R)| = 0 and so |E(h)| = 0 for at least one h =
1,...,N: contradiction.
Thus for every h,k =1,...,N, £(h) is linked to £(0) and £(h) is linked to
E(k).

Now we are going to construct the sequence of interface points {za}oj‘flzl. As
we know that £(0) and £(1) are linked, there is a sequence of pairwise neighbor-
ing chambers E(hg),E(h1),...,E(hnr,) with hg = 0, hp, = 1, M7 < N. We
can choose points z; € E(hg, h1), zo € E(h1,ha), ..., za, € E(har—1,har)-
Then we determine other points zps, 11, 2ar,+2, - - - » 220, Starting from £(1)
and arriving in £(0) with an analogous procedure. In this way we have
constructed the set {z,}21. We iterate this procedure with £(0), £(2) and
find the set of points {za}inglﬂ, then with £(0) and £(3), £(0) and £(4)
up to £(0) and E(N). In this way, we have determined the set {z,} |, with
N < M < 2N2

Now, we are going to define the matrix L. Set, for every a =1,..., M,
the indices h(a), k(a) € {0,..., N} as the ones for which

o z, € &(h(a),k(w));
o ha+1)=k(a) for 1l <a<M—1;
e h(l)=k(M)=0.

In other words, z, is to be found when we move from £(h(a)) to E(k(a)).
Then define
1, ifi=h(a)
Lia = —1, if i = k‘(Oé)
0, otherwise

fori=0,...,N and a = 1,..., M. This means that L;, = 1 if and only if
i = h(a), that is z, leaves (7).

We claim that the matrix L = (L;,) has rank equal to N. We can assume,
without loss of generality, that the chambers are labeled in such a way that
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their orders of link with respect to £(0) are increasing. In particular the
order of £(1) is 1. Setting, for every ¢ € {1,...,N}, B(i) € {1,..., M} as
the first column index for which L;g(;) # 0, we state that

Ligay=0, ifi+1<j<N,i<N-1

(1.33)

Notice that §(i) represents the first point index o € {1,..., M} such that
i = h(a) or i = k(a), that is zg(;) = 2 enters or exits £(i). We give a quick
proof of (1.33). Consider 7 = 1. Clearly z; is the first point which enters £(1)
and so (1) = 1. Then we have Lyg;) = —1 and

Moreover L;g(1) = 0 for every ¢ > 2 because each column has just two non-
zero entries. Similar arguments hold true for the other chambers of order 1
£(2),...,E(m1).

Now consider ¢ = m; + 1 and suppose, by convenience, that £(my + 1)
has order 2. For some [ = 1,...,my, £(I) and £(m; + 1) are neighboring
chambers. Then, we determine zo,,,+1 € £(0,1) and 2oy, 12 € E(I,m1 + 1).
Clearly S(mi +1) = 2m; + 2 and

Loom,+1 =1 Liom,+2 =1

Liom,+1 = —1 Lipi+12mi+2 = —1

This and the arguments of the previous case prove (1.33).

Now we are going to use (1.33) to prove that rank. = N. For every
h=1,...,N, we define v, as L. g € RN+ that is the 3(h)-column of L.
Then {vp}p=1,. n is a subset of the columns of L. We notice that they are
N linearly independent vectors. In fact

1
-1 -
{Un}th=1,.. N = o -1 ---
0 -1
0
because L;g(;) = —1. Moreover the columns of L belong to V, because each

of them has exactly one component equal to 1 and another equal to —1, and
V is an N-dimensional vector space. By this, we conclude that rankl, = N.
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Step two. In this step we are just going to state a kind of inversion
theorem. If £, k,C > 0 we can find n = n(e, k,C) > 0 such that the following
property holds. Given 1: (—¢,e)™ — V with ¥(0) = 0, V4(0) of rank N
and

IV (0)w| >k |wl, Yw e W
‘V%(t)’ <C, vt € (—e,e)M

where W = (kerV(0))*, then there exists ¢ : (=1, 7)Y NV — W with

p(0) =0, Y(pla) = a, @) < = la]

This proposition states that it is possible to have, under suitable condition
on the function v, a (local) right-side inverse function, defined on the set
(=n,7)™ NV which does not depend on the function 1. Moreover this inverse
@ is a Lipschitz continuous function.

Step three. Let L be the matrix defined in Step one. We know that
rankL = N and that ImL = V. There exists a vector subspace W < RM
where Ly : W — V is an isomorphism. We state that, for every ¢ > 0 small
enough, there exists & > 0 such that, if L’ is a matrix with ImL’ = V and

|Lia — Li,| <6, i=1,...,N,a=1,....M
then, setting W’ = (kerL/)*, LTW/ : W' — V is an isomorphism and
‘L/w| >klwl, weW (1.34)

It is easy to see that W/ = (wi,...,wy) is an N-dimensional vector
subspace of RM. Thus in order to prove that LiW’ is an isomorphism, it
is enough to show that {L'wy,..., L'wy} are linearly independent. Finally,
condition (1.34) is equivalent to

|[L'u| >k, weW, |u=1

that is ’L’-‘ has a minimum &k > 0 independent on §. This is true because we
can bound, with a simple computation, the difference of the minima m — m/,
respectively of |L-| and ’L’- , in terms of §. Since m > 0, then also m’ > 0
for ¢ sufficiently close to zero.

Step four. Now we want to construct the diffeomorphism ®. Apply-
ing the previous lemma to each point z,, we determine positive constants
€,€1,€2,C, R and diffeomorphisms { f{*} ;<. such that

{r eR": z# f(x)} CC B(za,e1) C Br t| <e
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and, for every N-cluster & with d(&,&’) < e, it holds
d a /

e | /(€ (h(@))) N B(za,e)| — 1] <6

d

i 1€ (k@) 1 Blan, )] 1] <

7€ G) N Bleas)

d2
de?

<0, Jj#h(a),k(a)

|fH(E(1) N B(za,e)|| < C, i=0,...,N

fora=1,...,M and |t| < e. Moreover

H () - H T ) < oHrT () 1

(1.35)

whenever ¥ is an H" -rectifiable set of R™ and |t| < e. Up to decreasing the
value of €1, we can assume that |z, — 2g| > &1 for a # B; thus {B(za,€1)}a

are disjoint balls lying at mutually positive distance.
Let us define ¥: (—¢,e)M x R® — R" as

U(t,x) = ftl1 off2 0 of,%(m), t=(t1,...,tn)
Since variations of the {ff*}, are on disjoint balls, it holds
U(t,z) = f{(x), ifx € B(zae1)

Moreover notice that {z € R" : z # U(t,2)} € U, B(za,e1).
Let us fix a cluster £&. We define the map v¢: (—¢,e)™ — V as

Un(t) = [W(t,€'(h)) N Br| - |€'(h) 1 Bl
M

= 3" (£ (E (1) N Blzay21)| — [€() A B(za, 1))
a=1

for h=0,...,N. What follows holds:

e (0) =0.
o |[V2(t)| < C for every t € (—e,e)M. In fact
O (t 0 |0
a;li ) _ 5 (&) N Base1)
0? :
*yn(t) _ 52 |[fE(E (W) N Blza,e))| <O, i f=a
O0tgot, 0 o .
, otherwise
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e Since

Dy(0) = <alg};i0))h’a

and by (1.35) we know that L' = D(0) satisfies
Lia — Lig| <6, i=0,...,N,a=1,...,M
Moreover ImL' = V.

e Then, by Step three we conclude that |L'w| > k |w]| for every w € W’
and for some positive constant k.

These four points state the validity of the hypotheses of Step two propo-
sition. Thus there exist n > 0 and ¢: (=0, 7)Y NV — RM such that
©(0) = 0 and

2
Ue@)=a o] < lal

for every a € (—n, 7)1 N V. Finally define ®: ((—n,n)”* N V) x R — R®
as

(I)(a7 37) = \Il(cp(a), x)

We deduce the following assertions.

i) Clearly {z # ®(a,z)} € UM, B(24,e1) CC Bp for some e; > 0 and
{za}oj\jle with }za — 25’ >e1 if a# .

if) Since vu(t) = [U(t,€(h)) N Bg| — |€(h) N By

, then we have

|®(a, £'(h)) N Br| = Yn(p(a)) + | (h) N Br|
= a(h) + |€'(h) N Bp|

for every a € (—n,n)N TN V.
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iii) If ¥ is a H" l-rectifiable set of R™ then

H (@(a, ) = 1 (D) = (M (W(p(a), D) - HH (D))

M M
= [ [ U £2w®) N Bleaser) | - H [ | £ Blease)
a=1

a=1

M
= 13 (4 (J0 1 Bl ) =0 (B0 Bl ) )

a=1

M
<CY H" (2N B(za,21)) [@ala)]

a=1

< OV [p(@)| 1" (3)
< VAL () )

N
<CHH(D)Y  a(h)]
h=0

for some Cq > 0.

iv) Following the contruction made in this proof it is easily seen that these
conclusions hold true also for other interface points {yq o with other
positive constant 7', e/, &5, C1, R'.

O

With the following corollary, we want to generalize the results of the
previous theorem inside an open set A.

COROLLARY 1.16. Let £ a N-cluster and A C R™ an open set. Assume

that for every h =1,...,N there exists a connected component A of A such
that

ANEWO)] >0, ANE)| >0 (1.36)
[4ne) [Anem)

Then the conclusions of the previous theorem keep holding true with the points
{za} satisfying
B(z4,e1) CC A

foreacha=1,..., M.

In fact it is enough to show that (1.36) implies that £(0) and £(h) are
linked in A. This means that there exists a sequence of neighboring chambers
in A, i.e. E(hg),E(h1),...,E(hpy) with hg = 0, hpy = h and

1 (S(hi,hi+1)0f~1> >0, i=0,...,M—1



1.3. VOLUME RESTORATION DIFFEOMORPHISMS 35

This is proved in lemma 1.17. The proof is based on three steps with the
repetition of the same argument.

LEMMA 1.17. Given a connected open set A C R™ and an N-cluster £ such
that
E(h)N Al >0, [E(k)NA]>0

then E(h) and E(k) are linked in A.
Proof. Without loss of generality, we can assume that ‘S (i) N A‘ > 0 for
every it =1,...,N. Let h =0,k = 1 and define for : = 0,1, A; C {0,..., N}
as the set of the indices of the chambers linked with £(i) in A. Then 0 ¢ Ag
and 1 ¢ Ay. Let us assume by contradiction that £(0),&(1) are not linked in
A; this implies that 0 ¢ Ay, 1 ¢ Ag. Then Ag,A; C {2,..., N} and they are
disjoint.

1. We claim that Ag # 0. If Ag = 0, then for every h = 1,..., N,

H 1 (ANE(R,0)) =0 and so

N
P(EO0); A) =) H" ' (E(h,0)NA) =0
h=1

This implies that either |A \ 5(0)’ =0 or ‘5(0) N A‘ = 0. In both cases
we have contradictions, because we would have either |5 (1)n A} =0
or |£(0) N A| = 0. Similarly Ay # 0.

2. Now we prove that AgUA; ={2,...,N}. In fact if A’ ={2,..., N} \
(Ao UA1) # 0 then

P< U E(h);A) = > HH(EMk)NA) =0
heA’ heN kg

Thus we would have either

An |J Em)| =0, or |A\ [JEMm)|=0

heA’ helN’
which leads to contradictions. This implies that Ag UA; ={2,...,N}.

3. Now consider £ = U,c(oyun, €(h). We have
P(Eg;A)= > Y H"'(EhKk)NA)=0
hE{O}UAQ {1}UA1

and so either

|[ANEp| =0, or ‘A\Eo‘zo

In the first case we would have ‘A N 5(0)‘ = 0, while in the second one
|A Nné (1)} = 0, which are contradictions.
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This ends the proof of the lemma.
O

The following is the last statement necessary to prove the existence of
the minimizing clusters. It is a corollary of the previous theorem and it
asserts that, if £ and F are clusters which differ in a small ball centered at
an arbitrary point x and £’ is sufficiently close to £ in measure, then it is
possible to determine another cluster 7/ with the same enclosed volumes of
&’ and with controlled variation of the perimeter w.r.t. F'.

COROLLARY 1.18. Let £ an N-cluster in R™. Then there exist r,e,C > 0
such that the following property holds. For every &', F N-clusters and for
every x € R™ such that

d(€,&) < e
F(WAE'(h) cC Bla,r), h=1,...,N

there exists another N-cluster F' with

F'(h)AF(h) cC R"\ B(z,r), h=1,...,N (1.37)
( ) = m(F) (1.38)
|P(F) = P(F)| < CP(€) |m(F) — m(&")| (1.39)

In particular, if € is a minimizing cluster and F(h)AE(h) CC B(xz,r) for
every h=1,...,N then

P(&) < P(F) 4+ C|m(F) — m(€)|

Proof. The basic idea of this proof is that, thanks to the previous theorem,

we can modify a cluster in such a way that the chambers volumes are fixed.

We know that there exist n,e1,e2,C,{za}a, {Ua}a With the properties

of theorem 1.15. If £ is another N-cluster with d(€,&’) < ey there exist

diffeomorphisms ®1, ®o: ((—1,7)¥* 1 N V) x R® — R™ such that for every
€ (=n,n)M TNV it holds

M

{r eR": x # Py(a,z)} CC U B(za,€1)
a=1
M

{z €R": 2 # By(a,2)} CC | B(yar 1)

a=1

Up to decreasing the value of €1, fixed x € R™ and r < £1/2, we have either

B(za,e1) N B(z,r) =0, a=1,....M
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or

B(Ya,e1) N B(z,r) =0, a=1,....M

Without loss of generality, we can assume to be in the first case. Up to
decreasing the value of r in such a way that w,r™ < 5, setting a(h) =
&' (h) N B(x,r)| — |F(h) N B(z,r)| and a = (a(h))r=o,....n, we have

e (=n,mN*tt NV

In fact, clearly a(h) € (—n,n), since |B(z,7)| < nand a € V because

N

N N
Za(h):Z‘E’( ﬂBa:r Z‘]—“ ﬂBxT)|
h=0 h=0

= ’é(m,r)‘ - ’B T, T ‘ :0
Then we can modify the cluster F through ®;(a, -); namely we define
F'(h) = @1(a, F(h))
for every h = 1,..., N. In this way we get what follows.
e F'(h)AF(h) CC ngl B(za,€1) € R™\ B(z,r) and so (1.37) is proved.

e The volumes are preserved. In fact

|.7-"(h)‘ = ‘Cbl(a,}"(h)) \ B( iL‘,T')‘ + |.7: (x,'r)‘
= ‘@1(a,5’(h))\B ,7")‘ + ‘.7: B(x 7“)|
= |®1(a,&'(h))| — |E'(h) N B(=,7) \+]f h)N B( r)|
= [E'(h)| + a(h) — |€'(h) N B(z,r)| + | F(h) N B(z,7)|
e

We have used the fact that F(h) and £'(h) do not differ outside B(x,r)
and

|®1(a,E'(h))| = a(h) + |E' ()]
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e Finally we have to prove (1.39). It holds

P(F') — ZH" L0 ®1(a, F(h)) — H" L (0°F(h))
fZ”H" Y (@1(a, 8" F(h))) — H" " (9" F(h))

_ Z(H"‘l (®1(a, 0" F () N Bz, )

h=0

N
= %Z(’H”fl (3*.7:(h) N B(x, T))
h=0
+H T (@1(a, 8*5’( )\ B(z,7))
—H ! (8*.7-" B(z,r )
—H" ! (8* B(x,r ))
N
_ 1 Z <7—L” Y (®1(a, 0*E'(R))) — H" ! (6*8'(h))>
=0
%ZZ (7—[" Y (@1(a, &' (R, k) — H* ! (8’(h,k)))
- ¥ (H"—l (®1(a, & (h, k))) — H"L (E'(h, k;)))

0<h<k<N

and so we get

PE) - PE)| < Y [ (@108 (h k) = 1 (£, K)|

0<h<k<N
N
<Co > HTHERR) Y |al)]
0<h<k<N j=0

N
= CyP(&) Z |la(j)
=0
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Since

which proves (1.39).

In particular, if £ is a minimizing cluster, choosing £’ = £ and F such
that F(h)AE(h) CC B(xz,r), then there exists an N-cluster ' with

P(€) < P(F') < P(F)+ C1P(€) |lm(F) —m(&)|
If C = max{C1P(£),P(£)}, then
P(&) < P(F)+ C |m(F) —m(&)|.

Thus the proof is completed. ]

1.4 PROOF OF THE EXISTENCE

Proof. Part one. Let us fix a volume vector m. Define the smallest and the
biggest volume of m and perimeter as

My, = min{m(h): h=1,...,N}
My, = max{m(h): h=1,...,N}
and
Pmin = Inf{P(E(h)): k€N, h=1,...,N} >0
Pmax = Sup{P(&Ek(h)) : ke N, h=1,...,N} <0

Consider a minimizing sequence {&}ren for the partitioning problem as-
sociated to m. For every h = 1,..., N, we define the sequences of points
{zk(h)}ken such that

[€x(h) N B(zx(h), 1)| > min {c(n)%, ;n} > min {c(n)r;‘nzz“, 2171}

(1.40)
This property is ensured by remark 1.12. Define S > 0 such that

w. §" N N
o= m(j) =D [& ()]
j=1 =1
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Without loss of generality, up to rescaling the volumes m(h), we can assume
S = 1. By the just given definition, it follows that Uj-vzl(é’k(j) N B(zk(h),S))
has a volume at most half of B(xy(h),S) and so

wpS™

2
We say that {zx(h)}r and {xp(h')}i are asymptotically close whenever

|£1(0) N B(xx(h), 9)|

v

liminf |z (h) — z(R')| < S
k—o0

Moreover we say that they don’t tear apart if there exist {hq,...,h;} with
{zk(hi)}k, {zk(hit1) }x asymptotically close for i = 1,...,01 — 1 and h; =
h,h; = h'. Then we can partitionate {1,..., N} into {A;}%_; in such a way
that for every j =1,...,s and h,h’ € A, the sequences {zy(h)}x, {zr(h')}5
don’t tear apart. Up to extracting subsequences, there exists, for j =1,...,s
and h, b’ € Aj, the limit

lim xy(h) — zx(h') € Bns

k—o0

For every j =1,...,s, we choose h; € A; and we define, for h € A;,
w(h) = lim zy(h) — zx(hy)
k—o0
Provided k is large enough, we have

U B(zk(n),S) cC B(ax(hy),2NS)
heA;

In fact, if # € B(xy(h),S) and |2k (h) — a2 (h;)| < NS+1/2 for k sufficiently
large, then

|z =z (hy)| < |& = ax(R)] + |21 (h) — z(hy)| < 2NS

Now we are going to construct a new cluster £;. Let’s proceed in this way.
We notice that we have determined s pieces for each chamber & (h):

&) N | Blaw(),9), j=1,...,s
lEA,
Let us define the translation vectors y ; as
v; =4(N +1)Sje,
Yk = vj — xk(hy)

and the new cluster & as

gxh) = | vks + | &) 0 | Blaw(D),S)
j=1 leA;
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It is easy to see that since

Ex(h) N | B(zi(h),S) cC Blak(hy),2NS)
hEA,

then

e+ | Ex(h) N | Bar(h),S) | €C yrj+ B(zr(hy), 2NS) = B(v;, 2N S)
heA,
(1.41)
Notice that, by the previous choice of the vectors {v;};, the balls { B(v;,2NS)};
are disjoint and at mutually distance 45. Recall that, by (1.40), for h € A;
we have

]S,j(h) N B(xk(h) + yi 5, S)| > |Ex(h) N B(wy(h), S)}

. 11"
> min {c(n) mmm, } >0
Pmax 271

In particular we have

inf i * 1.42
inf min [E;(R)] >0 (142)

Moreover

P(& () < ZP(Ek(h)ﬂ U B(:ck(h),S))
j=1

heA;

< ZP(é’k(h)) +> ) P(B(ak(h), S))

j=1 hEAj
< S$Pmax + ann‘sm_l

which implies
sup P(&f) < o0 (1.43)
keN
Thus, using (1.41), (1.42), (1.43) and the compactness criterion 1.9, we
can state that there exists a minimizing subsequence converging to a certain
cluster £*. By convenience, we denote again with {&}; this subsequence.
Moreover we notice that

- 2
whenever h € A;. These inequalities follow from the convergence

Er(h) N B(xk(h) + yk,j,S) = E(h) N B(v; + w(h), S)
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and the continuity of the norm |- | with respect to the measure convergence.
The two inequalities imply that £*(h),£*(0) are linked in B(v; +w(h), S).
Thus consider i
A={]J U B +w(h),s)
jil hEAJ‘

Thanks to the restoration volume theorem, we can assert that there exist
positive constants €, C' depending just on £* and maps

By ((—&,e)" 1 NV) x R* —» R"
such that

{z eRYN : 2 # dpla,z)} CC A
|®s(a, & (R)) NA| = |&(h) N A] + a(h)

N
]Hn—l (@1(a, B)) — H"! (z)‘ <CH ()Y Ja(h)|
h=

]

where X is an arbitrary H" !-rectifiable set of R”. We would like to construct
maps ¥y with the following properties:

N

{z €R": x# Up(a,2)} cC | Blaw(h),S)
h=1

|Uk(a, & ()| = [Ek(R)] + a(h)

M) =

"H"‘l (Vila, %)) — H"? (z)‘ < ()Y |a(h)]

>
Il

0
This is the basic idea. Since, for h € A;, it holds

B(zk(h) + Y3, 5) = B(ar(h) + vj — xx(hy), §) = B(vj + w(h),S)
as k — oo, and the diffeomorphisms ®; have variations on a compact subset
of Uj—y UheAj B(vj +w(h),S), then we can define ¥y, as
Vi(a,z) = —yr,; + Prla, v + yk,;)

ifx+uyp; € UheAj B(v; +w(h),S).
The map is well defined because, if

Crj= {x € U B(v; +w(h),S) : x # Py(a, x)}

heh;

then the translated sets CN'k’j = Ckj — Yk, J = 1,...,s are always disjoint.
Indeed, looking at the proof of theorem 1.15, we can choose the diffeomor-
phisms in such a way that the support is small enough. As a consequence, it
is easy to see that the sets Cy; — yii, Ck,j — yk,j for i # j are disjoint. Let
us prove the validity of the three above properties.
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e We have

s

{zr e R": x # Uy(a,z)} U (=yr,j + Ckj)

since x # Wy (a, z) if and only if z + yy, ; 7& Pp(a, x4y, ;) for x+yi j €
UheAv B(vj + w(h),S). Moreover it holds

Crj— kg €C | Bj+w(h), ) —yr; = | Blar(hy) +w(h),S)
heA; heA;

Since for k large x(h) ~ w(h) + xk(h;) (that is they are enough close),
then
Crj —yrj CC | Blax(h),S)
hEAj

This proves the first of the three properties.

e Set Cj, = Uj=1 Cy,j as the "support" of Uy.. Let’s compute |¥y(a, Ee(h))|.
We have

Wi, Ex(1) N G| = |Wa(a, E(h) 0 )|

= U Py (a, (yr,; + Ex(h)) N Ch ;)

U (kg + Er(h)) N Crj)

ey €)1 G

j=1
— a(h) + )ek(h) mé‘

o Let Y bea ’H”_l—rectiﬁgble set. Without loss of generality, we assume
that X is contained in Cj ;. Then

‘Hn_l (\I/k(a7 Z)) - H (Z)‘ - ”H”—l (q)k(a’ X+ ykJ)) —H (E + yk’j)‘

N

SCH™ (S +yry) Y |alh)
N h=0
=CH" (D)) |a(h)|

h=0



44 CHAPTER 1. EXISTENCE OF THE MINIMUM

Part two. Let gq satisfying the hypotheses of the Nucleation Lemma for
every & (h), that is

L(h,k)
&)\ |J Blaw(h,i),2)| <eo
i=1
L(h, k) < Mumax <C’(7:;;;>
Define N N L
F, = B(zi(h),S) | U B(zi(h,1),2)
= (U)o (U Y o)
Since

Z‘Sk \Fk‘<N€0

we may apply the Truncation Lemma to &, F,a = Negg. It follows that
there exist 7y, € [0, 7n(Neg)'/"] such that the cluster £ defined as

E(h) = E(h) N {ug < ri}y,  up(x) = dist(x, Fy)

satisfies A(E. €1)
P(E)) < P(&,) — — 2 %k)_
( k) — ( k) 4(N€())1/n
We notice that
N

d(E, &) = Z\fk )\ & (R Z h) N {ug, > 71}
h=1

=1

N L(h,k)
<> &)\ | Blai(h,i),2)| < Neg
h=1 =1

because {ug >} CR™\ F, CR™\ UZL:UILIC) B(zg(h,i),2)
Now we would like to define new clusters 5;6’ in order to restore the

chambers measures of £, through the diffeomorphisms previously constructed.
We set

a(h) = [Ex(h)] — [E(h)] = [Ex(h)

N
=—2_a(h)

h=

h=1,...,N

[y
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Provided that gg is small enough, ax € (—e1,1)¥ ! N V. Define the new
cluster £” as

ENh) = Yi(ag, &EL(R)), h=1,...,N, k€N
Since {z # Uy(a, )} cC U, B(zk(h),S) € Fr C {uj, < 11}, then
Wi (ar, E(h)) N {ur, <711} = Vilag, Ex(h) N {uy < 7ri}) = Yi(ar, E(R))
In particular, recalling one of the three properties characterizing ¥, we get

ap(h) = |V (ak, E(R))] — |Ee(h)|
= |Wr(ar, Ee(h) N {up < ri}| = [Ex(h) N {ugp < i}
= |U(ar, E(h)| = |EL(h)]
Then we deduce
&L (h)] = | (ak, & ()|
= ap(h) + [E(R)] = |E(h)]
that is
m(£") = m(€)

Moreover, we can provide the following perimeter estimation.

PEN =Y H" N (Tplar, E(h1))

0<h<I<N
N

< ¥ (%" HEL D) + CH™ T (EL(R D) Y fal) )
0<h<I<N =0

N
P(EL) 4+ C1P(&) Z|a
Jj=

(gka 5/)

< PE) = {iNegym

|a(5)|

&

j=0

If P(&;) — v then P(&;) < 2 for k sufficiently large. Moreover

N
Z‘ak( <22‘ak gk,gk)
h=0

Thus we can conclude that

d(&x, &)

/
W + 4C1vd(E, &)

P(&) < P(&) —

1

P(&) + <4CW - 4(]\750)1/”> d(Ek, &)
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The last term is smaller than P(&) provided that ¢ is sufficiently small.
Hence {&]} is a minimizing sequence satisfying the hypotheses of proposition
1.8. Notice that we have just to prove (1.12). This follows from the fact that

Ex (h) = Yy(ak, EL(h)) = Yi(ag, E(R)) N{ugp < rp} C {up < i}

and that
N L(hk)
{ug, <7} C U <B(a:k(h), S+ri)U U B(xy(h,i),2 + rk)>
h=1 i=1

In fact for every k € N we have 7, < 7n(Neg)'/" and the number of points
{zk(h)}h, {xk(h,i)}h,: can be uniformly bounded in k. Then

& c |J Bl R)

ey,

for some R > 0 and sets {Q }xen with uniformly bounded cardinality.
Thus, thank to proposition 1.8, we conclude that {&]'}, admits a converg-
ing subsequence Slg’(l) — &£. The N-cluster £ is a minimum of the original
partitioning problem.
Finally we prove that such a minimizer is bounded. Indeed if £ is not
bounded then, applying the previous construction to the sequence {&}r = €&,

we have another sequence {&£'} of cluster with
P(&) < P(&) = P(&), m(§) =m(&)=m

which is a contradiction.



CHAPTER 2
REGULARITY AND PLANAR CASES

In the first chapter we showed the existence of the minimum for a partitioning
problem. Now we would like to deepen the topic and see if we are able to get
informations about the minimizers.

In the first part of this second chapter, we are going to detail the study
of the minimal clusters in R™, in particular about their regularity. We’ll see
that the interfaces of a minimal cluster are analytic hypersurfaces of R™ with
constant mean curvature. Later, we are going to focus on some specific cases
in R2. First of all we will prove the regularity properties of the cluster in
the plane: the most relevant one is the 120° rule. Then we are going to
characterize entirely the 2-minimizing clusters and to provide a symmetry
property for the 4-cluster.

2.1 REGULARITY OF THE MINIMIZERS IN R"

The aim of this section is to prove the following theorem.

THEOREM 2.1. Let £ be a minimizing cluster in R™. Then for every 0 <
h < k < N, the interface E(h,k) is an analytic constant mean curvature
surface in R™ which satisfies

N
D> HTH(9E(h) \ *E(R)) =0
h=0

In order to prove the theorem, we are going to use the following lemma
and its corollary. The lemma states that, if A is a subset of indices and the
measure of the parts of £(h),h € A inside a certain ball B(z,r) is sufficiently
small, then each £(h),h € A is disjoint in measure with respect to B(x,r/2).

LEMMA 2.2 (INFILTRATION). If £ is a minimizing cluster in R™, there
exist positive constants g < wy,ro > 0 such that for every x € R, r < rg

and A CH{0,..., N} with

> |€(n) N B(a,r)| < eor” (2.1)
heA

47
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it holds
‘E(h) N B(x,r/2)‘ =0, heA

In the next corollary we are going to prove that the sets E(h, k) N B(x,r,),
0 <h < k<N, foracertain r, > 0, are analytic hypersurfaces with constant
mean curvature. In order to prove that, we are going to apply some powerful
theorems concerning the regularity theory of minimal sets of finite perimeter.
(see [6], chapters 21,27, 28). Later we are going to state and prove a simplified
version of these theorems.

COROLLARY 2.3. Let & be a minimizing cluster in R"™ and x € 0E(h)NOE (k)
such that
. |E(h) N B(x,r)| |E(k) N B(z,r)|
lim +

r—0+ wpT™ Wpr™

=1 (2.2)
Then there exists v, > 0 such that
}5(2) N B(x,rx)’ =0

whenever i # h, k. Moreover £(h),E(k) are volume-constrained perimiter
minimizers inside B(x,ry). In particular, if either 2 <n <7 orn > 8 but
x € E(h, k) then

0E(h) NOE(k)N B(xz,ry) = E(h, k) N B(z,75)
s a constant mean curvature analytic hypersurface in R™.

Proof. Let g¢, 19 be the constants of the previous lemma. By (2.2) and setting
A={0,...,N}\ {h, k}, it follows that

i ‘UieA E) N B(a:,r)’

=0
r—0+ wpr?
and so, for a certain fixed 7 < rq, it holds
\Uien £6) N B(, 7)| < fo
Wy T ~ Wn

Then, using the lemma, we have
|E(i) N B(x,7/2)| =0, i#hk

Thus we can set r, = 7/2 and the first part of corollary is proved.
Now we are going to show that £(h) is a volume-constrained perimeter
minimizer inside B(z,7;). Let ' C R™ be a set with

|F| = ‘S(h)|, E(h)AF CC B(z,rz)
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We define the cluster &' as

E'(h) = (E(h)\ B(x,7)) U (B(x,m) N F)
&'(k) = (E(k) \ B(x,72)) U (B(,75) \ F)
E'@)=E@G), i#hk

Notice that £'(h) coincides with F', because £(h) and F' do not differ outside

B(z,r;) and &'(h) is defined as F inside B(z,7;). The new cluster is a
competitor because |E'(h)| = |F| = |£(h)| and

F

‘Sl(kz)‘ = ‘S(k:) \ B(:c,rx)‘ + ‘B(x,rx) \ F‘
= |E(k) \ B(z,75)| + |B(z,75)| = |B(z,75) N F|
= ‘S(k) \ B(x,m)‘ + ‘B(m,rw)‘ — ‘B(x,m) ﬂé’(h)‘
= |E(k)\ B(z,72)| + | B(z,m2) N E(k)|
= |E(k)]

Thus m(€) = m(&’). By minimality, we have
P(E) < P&
and so
P(E(h)) + P(E(k)) < P(E'(h)) + P(E'(k)) (2.3)

Since, up to null £™ measure sets, £(k)AE' (k) = E(h)AF cC B(x,r;), then
from (2.3) it follows that

P(E(h); B(z,12))+P(E(k); B(x,75)) < P(E'(h); B(w,70))+P(E'(k); B(z, 72))

Thus either
P(E(h); B(z,72)) < P(E'(h); B(x,72))

or

P(E(k); B(z,ry)) < P(E'(k); B(w,7z))
In the first case we would have P(E(h); B(x,ry)) < P(F;B(x,r;)). Now
let’s consider the second case. Since P(E(i); B(x,rz)) = 0 as a consequence
of |£(i) N B(z,ry)| = 0, we have
P(E(h); B(x,ry)) Z’H” Y(E(h, §) N B(z, 1)) = H" 1 (E(h, k) N B(z, 1))

Jh
= P(&(k); B(x,12))

Moreover, as |(E'(k)AF) N B(z,ry)| =0,

P(E'(k); B(w,r2)) = P(F% B(z,12)) = P(F; B(z,12))
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Then, we can finally conclude that
P(&(h); B(x,ry)) < P(F; B(x,ry))

This proves that £(h) is a volume-constrained perimeter minimizer.
Thanks to the just shown minimality of £(h),£(k) and some regularity
theorems that we are not going to deepen, if either 2 <n < 7 or n > 8 but
x € E(h, k), then E(h, k) N B(x,ry) = 0E(h) N0E(k) N B(x,ry) is a constant
mean curvature analytic hypersurface in R"™.
0l

REMARK 2.4. By the previous corollary, we know that, if z € E(h, k) there
exists r, such that

E(h, k)N B(x,ry)

is an analytic constant mean curvature hypersurface in R™. Then, covering
E(h, k) with Uzee i€ (h, k) N B(x, ;) and using the compactness of £(h, k),
we deduce that E(h,k) is an analytic hypersurface too. Moreover, each
connected component of £(h, k), has constant mean curvature.

Proof of the lemma. We are going to consider only the case A = {2,..., N}
and z = 0. By corollary 1.18, we know that there exist constant rg, C' > 0 such
that, given an N-cluster F with F(h)AE(h) CC By, for every h=1,..., N,
then

P(&) < P(F)+ C|m(&) — m(F)|

Define, for s > 0,

N
E,=B.n|J &)
h=2
and m: (0,400) = (0, 400) as
m(s) = |Es|

It is known that, for almost every s > 0,

N
m/(s) =Y H""" (£(h) N OBy)
h=2

Moreover, for almost every s > 0,
N
> MW (07E(h)NDBL) =0
h=0

In fact, since {0B;}s is a family of disjoint Borel sets and H" 1L 9*&(h) is
a Radon measure, then "1 (8*€(h) N dB,) > 0 at most in a countable set
of indices s.
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Now there could be two possibilities:
S OHTH(BoNE(R D) =Y H (BN E(R,0))
h>2 h>2

" S H (BN E(h,0)) =Y H (BsNE(R, 1))

h>2 h>2

Without loss of generality, we can assume that we are in the first case. We
define the new cluster F as

F(1) = £(1) U E,
F(h)=EM\ By, h=2,...,N

Notice that, since £ and F differ just on By, if s < rg then E(h)AF(h) C
By CC By,. Thus, in this case,

P(€) < P(F)+ C|m(€) — m(F)| (2.4)

The following estimations hold:

P(&;R™\ By) = P(F;R™\ By) (2.5)
N
P(&;0B;) = %ZH"_l (0°E(h)NOBs) =0, forae. s>0 (2.6)
h=0
N
P(F;0B,) = %ZP(}'(h); OB,) = m'(s), forae s>0  (27)
h=0

Let us briefly show the last equality. If A > 2 then, for almost every s > 0,
O*F(h) NOBs = (0*(E(h) \ By)) NOBs ~ 8B, N E(h)M
and so

P(F(h); 0B,) = H"™* (9" F(h) N OB,) = H"™ (5(h)<1> N Bs>

If h =1 then, for almost every s > 0,

(1)
O*F(1) N OB, ~ Ue N OB,
h>2

and so

P(F(1);0B,) = H" 1 (9" F(1) N 8B,) ZH“( maB)

h>2
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If h = 0 then, for almost every s > 0,
P(F(0);0Bs) = H" ' (0*E(0) N 9B;) =0
Hence, putting all these equalities together, we get

P(F;dB,) ZP

O |

-1 (P(f(O); 0B,) + P(F(1);0B,) + Y _ P(F(h); 039)

h>2

\V)

_ 1 (Z Hrt (S(h)(l) n BBS) +y H! (5(h)(1) n 833))

h>2 h>2
=St (e ™ N oB,) = (s)
h>2

Finally we have also

N
m(&) ~m(F)| < 3 |lew)] ~ |7 )|
h=1
= |lel = IFOI|+ X [lem| - 7@ @8)

h>2

= ’Es| + Z ‘g(h) N Bs‘ =2 |Es‘
h>2

Thus, by (2.4) and (2.8), we get
P(&;Bs)+P(€;0Bs)+P(E; By) < P(F; Bs)+P(F;0Bs)+P(F; B)+2C |Es|
and, by (2.5)-(2.7), it holds for almost every s > 0
P(&; By) < P(F; Bs) +m/(s) + 2C | E| (2.9)
Now we claim that

m(s) =D/ — i (s)

P(&; Bs) — P(F; Bs) > 5

Let’s prove the claim. It holds

ZP ) > P(FE,; B,) = P(EsN B,) — H" ! (0B, N Ey)

h=2

N
P(E,N By) — H" 1 (BBS n Y S(h))

= P(By) —m/(s) = [Eo|"" /" —m/(s)

m(s)(n 1)/n m'(s)



2.1. REGULARITY OF THE MINIMIZERS IN R" 53

As |F(h)N BS‘ =0 for h > 2, then P(F(h); Bs) = 0. Thus we have

2 (P(§; By) — P(F; By)) = P(E(1); Bo) + > P(E(h); Bs) — P(F(1); By)
h>2

> P(£(1); Bs) — P(E(1) U Eg; B) +m(s) ™ D/™ — ml(s)
> m(s) "D/ —m/(s)
because

P(E(1); B,) — P(E(1) U Ey; B,) =

N N
N SICTRINENES S GO
=0

Z;? ﬁ;éo
=> W' (E(h,1)NBy) = > H" (E(k,1)NB) >0
h>2 k>2

by the initial hypothesis. Thus the claim is proved.
Recalling also (2.9), we get
m(s)(nfl)/n _ m’(s)
2

P(F; Bs) + < P(&; Bs) < P(F; Bs) + m/(s) +2Cm(s)

and so
m(s) /" < 3m/ () + 4Cm(s)

n
Let g9 < ﬁ) < 1 and (2.1) be valid. Up to decreasing the value of

ro < 1/(8C), a simple computation leads to

m(s)(n_l)/n
2

for a.e. s € (0,r). Taking into account the last two inequalities, we get

4Cm(s) <

m(s)m /" < 6m/(s), for ae. s € (0,r)

which can be written also as
— 6n(m(s)/")’

Let [ry, +00) be the support of m, r, > 0. Then, considering without loss
of generality r > r, and integrating on (r,,r) the last inequality, we get

1
r— 1 = 6n(m(r)™ —m(r,)"™) = 6nm(r)/™ < 6n(eor™)V/" < 6nmr
that is

Ty >

N3

Since m(r«) = 0 and m is increasing, we have m(3) = 0.
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A BZ

Figure 2.1: In the figure is represented a Lipschitz curve v from A to B with
prescribed area A(7).

2.2 A PERIMETER MINIMIZING VARIATIONAL
PROBLEM

Let’s start explaining the general idea of this problem. Given two fixed
distinct points A and B, we would like to find the Lipschitz curve of minimal
length with A, B as endpoints and with fixed enclosed area. Namely, if
7v: [0,1] — R? is a Lipschitz curve, we define the functional L and A as

1
L(y) = /O 5] dt
1 1

Aly) =75

1
. dt
2/077

Here z+ = (29, —x1) if 2 = (x1,22). The first functional represents the

length of the curve v. The second one, up to the sign, is the area of the
region enclosed by the curve and the line segment AB.
Define also the set of the admissible curves as

A={y:10,1] = R*: v € Lip([0,1],R?),7(0) = A,7(1) = B, A(7) = v}
with A = (0,0), B = (1,0), v € R. We are going to study the problem

32,{11 L(v) (2.10)

Existence. Let’s start proving the existence of the minimizer. Consider a
minimizing sequence {7(™},en C A , that is

L(y"™) = 1= inf L(y)
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Since L < 0o, we can assume that, for a certain C' > 0 and for every n € N,
L(v™) < C <

We recall that by the Poincaré inequality, if f € VVO1 ’1(0, 1) then there exists
a constant C1 > 0 such that

1 1
lémmmgalvmwx

Then, for a fixed 5 € A, we have (") — 3 ¢ Wol’l((O, 1),R?) and so

1 1 1
/0 [y dts/o \ry(”’—&(du/o 7] dt
§01</1b(n)_§‘dt>+/1W|dt
0 0
§01</1‘1<"> dt+/1’%‘dt>+/lmdt§D
0 0 0

for a certain D € R, independent on n. Thus {y(™}, is bounded in
WhH1((0,1),R?). In particular, it admits a subsequence converging to ¥
weakly in W11((0,1), R?). We recall this subsequence 7). Moreover we can
assume that this subsequence converges to 7 also in L.

By Tonelli’s theorem, we deduce that L is lower semicontinuous with
respect to the weak topology of W11((0,1),R?). Then

) < Tim (n)y — ;
L(y) <liminf L(y\") ;ggL(v)

Thus the problem admits minimum in W1((0,1),R?). Moreover, by the
strictly convexity of L, the minimum is unique.
Let’s prove that A(%) = v. It holds

AG) - AG™)| =

1
/0 5oak ) syl <

1
/O 5AL AL L L ) sl () s m)L ) sl gy <

1 1 1
’ /O 7 (3 =4t + /0 O (3 =4t + /O (3 =40 () =5+ y)dt

1 .
Choose ¢ > 0. Using the weak convegence of 4™ L ~ and the boundness
of 4 € AC((0,1),R?), we find that the first term goes to zero as m — oo.
Then determine m such that

1
/O’V‘ﬁ—ﬁ(m))Ldt <e
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1
for m > m. By the strong convergence (") L 4 and the estimation "'y(m)L’ <

L,, for a certain L,, € R (since 'y(m) is Lipschitz continuous), we get that
the second term goes to zero too as n — oco. In particular determine 7 such
that, for every n > 7,

1
/O L (5~ )| <

Finally, with similar arguments, it is easy to show that also the third term is
smaller that ¢ if m = ™ and n is sufficiently large. This proves that

AG) - A" <3
for n large. Then v = A(y™) "=3° A(5) and so A(7) = v.

Characterization of the solution. Now we would like to determine the
expression of 4. By convenience, let

f(&) = [¢]

With this definition we have

L(y)= [ f(y)dt

S~

[ 63510t =26 - v =0
Define, for fixed ¢, € C°((0,1),R?), the functions
F(e,h) =L(y+ep+ hy) = /Olf(q'/—kegb—i-h@b)dt
G(e,h) = A(F +ep+hp) —v = /Olg(~y+s<p+hw,f'y+egb+hw')dt
Notice that

1
G(0,0)=0,  Gy(0,0) = /0 (07, 3)0 + 9e(3.7)0) dt

Since

d

then there exists 1 € C2°((0, 1), R?) such that

1
/0 (gﬁ(_viy)d)‘i‘gu(’?a}y)w)dt =1



2.2. A PERIMETER MINIMIZING VARIATIONAL PROBLEM 57

that is
Gr(0,0)=1#0

Thus, by Dini’s theorem, we deduce that there exists h(e) such that
G(e,h(e)) =0, (2.11)

for £ € (—ep,£0). This means that the curves 7 + e¢ + h(e)1 enclose the
corrected area. By (2.11), we get

0= LG(e, he))jmo = Go(0,0) + G(0.0)K(0)

and so
h'(0) = —G<(0,0)

Finally, by the minimality of 7, we have

0= Lpe, h(e))e—o = F=(0,0) + F,(0,0)h'(0) = F-(0,0) + AG-(0,0)

de
with A = —F},(0,0). Since
1 1
) = o) = 565 gelw€) = —gu

exploiting the last equality we get

0 v . ) .
0= </ f(ﬁ+e¢+h¢)+Ag(7+€so+h¢,7+ssb+h¢)>
0
|e=0,h=0

/fg 4+ Mgu(3,7) - 0 + 9e(7,7)p)dt (2.12)

[l
OM
We notice that

1 1 1
/0 () -3 ()dt = /0 ( /0 ¢<T>X[o,ﬂ<7>df)-wt>dt
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Thus the condition (2.12) becomes

/1 (M_M >-gbdt:0

for every ¢ € C°((0,1),R?). This implies that there exists a constant vector
¢ = (c1,c2) € R? such that

BISY

T Mt =¢, forae te(0,1) (2.13)

:}/(3) = :Y(t(s))v s € [07[’]

with ¢(s) = len~!(s),len(t) = [ |7(7)| d7. Then (2.13) becomes
F(s) = Myt (s) + ¢ forae. se0,L] (2.14)
that iS, if ;? = (;5/17:)/2)7
’?1 =Mz +a
Yo ==+ e

almost everywhere on (0, L). By (2.14), we deduce that 4 is continuous and,
iterating a similar argument, that it belongb to COO((O, 1),R?). In particular
4 is Lipschitz continuous. In fact 4 fo 7 7)d7 can be represented as
the integral of a continuous functlon Then its derlvative can be computed
for every s € (0, L). Thus it is constantly equal to A3+ (s) + ¢, which is a
continuous function. In this way we see that 5 € C1((0, L), R?).
Now let’s solve the differential equation (2.14) with initial condition
(0) = (0,0). It is easy to see that the solution is

{ '71(3) _ 1fco;( s) j_s1ng\)\s) )

A (8) _ sing\)\s) o — co)\s()\s) e

and that it represents a circular arc with center in (3, 4/(1)? — 1) and radius

r = ‘—}\I We notice that the solution has constant mean curvature. The
constant cy, co satisfy the relationship

c%—kc%:l

and they can be determined using the constrain A(J) = v. This ends the
proof of the existence and characterization of the solution of (2.10). Thus we
can affirm that the perimeter minimizer with fixed endpoints and enclosed
area is a circular arc.
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2.3 REGULARITY OF MINIMAL PLANAR CLUSTERS

Now we are going to focus on the minimal clusters in R?. We already know
that, by the general regularity theorem, the minimizers have interfaces which
are constant mean curvature hypersurfaces. In R? this means that they are
necessarily circular arcs or line segments. Moreover, since we are in the
particular case of the plane, we will be able to get other details about the
minimizers (Theorem 2.5). In the following sections, we are going to analyse
and characterize the minimal 2-clusters and 4-clusters.

THEOREM 2.5. Let £ ={&(1),...,E(N)} be the perimeter minimizer for a
partitioning problem in R%. Then U}]LO 0*E(h) is a finite union of circular
arcs or line segment meeting in threes at 120° angles at finitely many points.
Moreover, for every h,k = 0,...,N, each arc belonging to E(h,k) has the
same mean curvature and the set OE(h) \ 0*E(h) is discrete.

REMARK 2.6. By theorem 1.15, we know that, given clusters £,&’ suf-
ficiently close in a measure sense, we can find another cluster £” with
m(&”) = m(€) which, setting C = 2Cy sup{P(£),P(E')} > 0, satisfies
the estimation

PE" < PE) + CNh max la(h)]

.....

where a(h) = |£(h)| — |€'(h)|. This can be done applying the diffeomorphism
to the chambers of £ and restoring the areas of £.

REMARK 2.7. Since a segment is a circular arc with zero curvature, from
now we are going to call arc both a circular arc and a line segment.

Proof of the theorem. We are going to proceed in this way. We claim that:
1. 9&(h) is a finite collection of rectifiable cycles;
2. 0*&(h) is the union of finitely many arcs;
3. the meeting arcs form 120° angles;
4. every arc contained in £(h, k) has the same mean curvature.

Let’s prove these statements.

1. Since 9E(h) = MU*E(h), for some H™~L-null measure set M € R? and
0*E(h) is a rectifiable set, then 0E(h) is formed by at most countably
many closed curves. Assume by contradiction that 0£(h) has not a
finite number of cycles. Since the perimeter is finite, necessarily there

exists a cycle C of length 0 < ¢ < 47/N2C, with C' = 20, P(€). For
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sure, for some k # h, it holds H'(CN9*E(k)) > ¢/N. If R is the region
inside C, we define £’ setting

Then

P < PE)—¢/N
Notice that, since P(£') < P(E), we get C = C = 2C1P(E). As a
consequence of the isoperimetric formula, the area of R is at most
€2 /47 and so it can be made as small as we want. In particular, for e
sufficiently small, it is in (—n,n). Applying the diffeomorphism, we get
a new cluster £” with m(€”) = m(€) and

2 2

< " < / i< _i i
P(€) < P(E") < P(E) + ON- < P(€) = +CN -

However this would imply that

4m
NG =

which is a contradiction with the initial choice of €. Thus each chamber
has a finite number of cycles.

. Now we prove that O€(h) is the union of finitely many arcs. First of all,

we show that there could not be infinite arcs meeting in threes, fours,
etc. We give a sketch of the proof of this fact. We say that a point A
is a k-point (for the cluster &) if there are k distinct arcs meeting in A.
In particular we say that A is a k-point for £(hy),E(ha),...,E(hy) if
the arcs meeting in A belongs to £(h1),...,E(hg). We want to prove
that there not exist infinite 3-points, 4-points, etc. By simplicity we
prove only the case of of 3-points. Assume by contradiction that A is a
3-point for £(h), E(k),E(4). Let us denote with £(h)(1),E(k)(1),E(5)(1)
the connected components of £(h),E(k), E(j) which contain A in their
boundaries. Let B, C other k-points, k > 3, satisfying

B € 9(h)(1) NIE() (1)
C € 9E(h)(1) N IE(k)(1)

Let D be another 3-point for £(h),E(k),E(j). If D ¢ 0E(h)(1), then
D € 0E(h)(2), for another connected component £(h)(2) of £(h). Oth-
erwise D € 0E(h)(1). Let us write AB to denote the path from A to B
along the boundary of £(h)(1). In this case there could be only these
possibilities:
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e if D € AC then D € 0E(7)(2), for some connected components
£(7)(2) of £(7);

e if D€ AB then D € 0E(k)(2), for some connected components
E(k)(2) of E(k);

e if D € BC then D € 9E(k)(2) N OE(5)(
components E(k)(2),E(5)(2) of E(k),E(7)

2), for some connected

For each case, we have determined another connected component of
E(h),E(k) or £(j). Then, if there exist infinite 3-points, there are
infinite cycles. This is a contradiction.

Now we are going to use the variational problem of the previous section
in order to prove that the number of arcs in a minimal cluster is finite.
It is easy to see that we can always assume to have at least one k-point,
k > 3. Let A be a k-point, £ > 3, and B another k-point, £ > 3, found
along one of the k arcs starting in A. We know that we can strictly
reduce the length of this curve with a single circular arc and without
changing the enclosed area. This clearly works also if A, B coincides
(by the isoperimetric inequality). Notice that A, B are k-points, k > 3,
again. We can repeat this proceeding for every k-points, k > 3, of the
cluster. Notice also that if there is a path with infinite 2-points and
with two k-points, k > 3, as endpoints then, in the new cluster, these
2-points are not present. Instead, if there is a path with only 2-points,
then we can replace it with a single circumference.

Thus we have proved that, in the minimal cluster, there are not 2-points
and the k-points, k > 3, are finite. In particular the number of arcs is
finite.

3. Now we are going to prove that there are only 3-points and that, in each
of them, the arcs meet at 120° angles. Without loss of generality, let 0 be
the k-point, k£ > 3, and assume that there are arcs of (1), 90E(2),0E(3)
meeting in 0. Define

3
T =|JoEn)
h=1
T, =TNB,=T1(r)Uly(r) UTls(r)
T/= T, =T{(r) UTY(r) UTH(), Tr) = Tr), i=1,2,3

pi(r) =Ti(r) N OB, pi(r)=TLr)NoB;, = 1pi(r), 1=1,2,3
r

Finally we set T{j as the limit set. The limit is in the blow-up sense,
that is the blow-ups of the sets £(1),£(2),£(3) converge to some sets
and T} is the union of the boundaries of those sets. The limit 7} is the
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pll (0) /2<0) - (r rpll (0) Tpé(O)
y, " p2(r)
ps(r
p5(0) rp3(0)
(a) (b)

Figure 2.2: In figure (a) we can see the set T}, which is formed by the three

lines connecting O to p/j(0), ph(0), p5(0) and the set T} which is
defined as the one with the bold lines. It is constructed in such
a way that the three segments, which start from O, p}(0), p5(0)
and have a common endpoint, meet forming 120° angles. In
figure (b) we see the set T} formed by the three arcs starting
from O and reaching p; (7), po(r), p3(r) and the set T;.

union of three line segments; we prove that they meet at 120° angles
at 0. Assume by contradiction that there is an angle o < 120°. By a
simple geometric computation, we see that the set Té (look at Figure
2.2) provides a network with strictly smaller length than T§.

This means that
P(Ty) < P(Ty) - B

for some B > 0. Define the sets
T, =rTy, >0

Then we have
P(T,) = rP(T}) < rP(T}) — Br (2.15)
By the convergence P(T)) — P(T}) for r — 07 and the equality
P(T)) = % we deduce that
P(T:) = rP(Tp) + o(r)

and so (2.15) becomes

P(T) < P(T;) — Br + o(r) (2.16)
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We modify the sets T}, calling it 7, again, adding the arcs contained in
OB, connecting p;(r) and rp}(0), p2(r) and rp5(0), ps(r) and rp4(0).
With a simple computation, it is seen that |rp;-(0) - pi(r)‘ ~ 1% =o(r).
Then, also after the modification of T , (2.16) still holds true.

Let g}« be the cluster which coincides with £ outside the ball B, and
that has T} as "boundary" inside B,. Now we modify &, in such a way
that it has the same areas of the cluster £. Provided r is sufficiently
small, we can apply the restoration volume theorem 1.15. Then, since
|a(h) < 72, we can restore the original areas with a quadratic cost.
If we keep calling T} the boundary of the cluster &, inside B,., we have
that &, is a N-cluster with m(€) = m(&,) and

P(T,) < P(T;;) — Br +o(r) < P(T;) — &7
This clearly contradicts the minimality of £ because we would have
P(&,) < P(€)— §r

for a certain r small enough.

Thus the initial hypothesis of the existence of an angle o < 120° leads
to a contradiction. Then the arcs necessarily meet in a 3-point with
three angles of exactly 120°.

4. Finally we show that if C;,Cq are two arcs of £(h, k) then Cy,Co have
the same curvature.

We are going to use this notation. Let C be an arc with A, B as
endpoints. We denote with R its radius, with A the area enclosed by C
and the segment AB, with d the length of the segment connecting A, B,
with [ the length of the arc and with 8 the angle between AB and the
tangent to C in A (or equivalently in B). The following formulas hold

A(R,0) = R*(6 —sin(f) cos(h))
l=2R60
d
T2 sin(0)

We say that an arc C C E(h, k) is conver in £(h) if, fixing the endpoints
and decreasing 6 a little, the new arc is contained in £(h). Instead C is
said concave in (k) if, fixing the endpoints and increasing 6 a little, we
get an arc contained in £(k). Namely C is convex in E(h) (respectively
concave in E(k)) if there exists d0max > 0 such that each arc with the
same endpoints of C and with angle 6 — 56,60 € (0, §0nax) (respectively
0+ 96,00 € (0,00max)) is contained in E(h) (in E(k)).
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A(R,0)

d
(a) (b)

Figure 2.3: In figure (b) we can see the original chamber £(h) and the
modified one. The new arcs C1,Co are represented with dashed
lines.

Assume that Cq,Cy are both convex in £(h) (see Figure 2.3 (b)). More-
over assume by contradiction that Cy, Co have different Curvature that is
Ry # Rs. Without loss of generality, let Ry < Rs, that Sm(el) < Sind(i%g)'
Notice that we can assume also that Ry < oco. In fact, otherwise, we
would have Ry = oo and so Cq,Cy would have the same curvature. The

two arcs enclose the areas

dj 01 — sin(61) cos(6y)

A = =A(Ry,0,) = Aq(0

1= sn2(61) (Rq,01) 1(01)
d 05 — sin(63) cos(62)

Ay =2 = A(Rs,02) = As(0

277 sin”(6y) (B2, 02) = Aa(62)

for some angles 01, 02. The idea is the following. Keeping the endpoints
of C1 fixed, we reduce the angle 61 in 91 < 01 and thus we have a new
arc C;. Since the area enclosed by C; is smaller than the one inside (1,
we have to increase the angle 65 in 6, > 0, again keeping fixed the
endpoints of Cy, in order to restore the correct area. The new arc Co
has to satisfy the condition

Ap+ Ay = A1 (6)) + Ax(6)

As a consequence, the sum of length of C; and Cy changes. In this way,
there should be a reduction of the length.

Let us detail this proceeding. The value of 6 is determined by
As(f2) = A1+ Ay — Aq(61)

Let l~1, ZQ be the length of C~1,C~2:
- dif - daf
i 101 i 202

' sin(f)’ 2T sin(fs)
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C1 CZ

Figure 2.4: Example of a standard double bubble.

and [ = l~1 + l~2. Then we have

di sin(61) — 6 cos(6;) sin(fy) — 65 cos(6y) »,
= = dl . 9.4 +d2 . 2.4 02
dé, sin®(61) sin”(62)

= dl~ (1 _ 9~1 'COS~(9~1)> + : d2~ (1 _ 52 .COS~(9~2)> 9~,2
sin(6;) sin(6;) sin(62) sin(62)

and

A(d) = — di sin2§9~2) 1 ] 14 cos(?l)
sin?(6;)  dj 1 — @, cos(02) sin(6;)

Sin(@g)

Hence we get
dl~ . 1 _0~ COS(él) d1 Sin(éz) d2 _ d1
d6, ! sin(f1) ) sin(6y) 6, sin(fy)  sin(6)

We notice that, if §; = 0y, then I’(#;) > 0 by the initial hypothesis on
R1, Ro. Then, if there is a little decrease of 61, we have a reduction of
the lenght [, keeping the enclosed area constant. This fact contradicts
the minimality of the cluster and so it proves the statement if Ci,Cs
are both convex (or concave) in E(h).

If C1, Co are not both convex (or concave), there is a similar computation
which leads to the same conclusion.

This end the proof of the theorem.
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2.4 STANDARD DOUBLE BUBBLE

In this section we are going to focus on the simplest partitioning problem
in the plane: the case with only two chambers. In particular, thanks to the
regularity theorems of the previous sections and the fact that we are dealing
only with arcs, the arguments will be quite simplified.

From now, a cluster will be called also soap bubble cluster and its chambers
bubbles. With standard double bubble (see Figure 2.4) we mean a cluster with
two vertices and three arcs meeting in threes with 120° angles. The aim of
this section is to prove the following theorem.

THEOREM 2.8. For each A1, As > 0, up to rotations and translations, there
exists an unique standard double bubble enclosing the areas A1, As. Moreover
this is the unique minimizer for the partitioning problem associated to Ay, As.

Now, in order to prove the theorem, we are going to state and demonstrate
a series of lemmas and propositions.

PROPOSITION 2.9. A 2-minimizer cluster £ in R?, with both connected
bubbles and connected exterior, is a standard double bubble.

Proof. We notice that we can always assume the set £(1) U £(2) to be
connected. Indeed if it wasn’t so, sliding the different connected components
up to their boundaries are tangent, we would have constructed a minimizing
cluster which contradicts the regularity theorems.

Consider the graph with the endpoints of the arcs of £ as vertices and the
same arcs as edges. Thus we can apply Euler’s formula for connected planar
graphs. If V' is the number of vertices, F' the number of faces (included the
exterior) and E the number of edges of the graph, it holds

V-E+F=2

Since in our case F' = 3, we have

v

2F = Zdeg(vi) =3V

i=1

where {v;}; are the vertices. Then we get
V=2, E=3

and so £ is a standard double bubble. 0

PROPOSITION 2.10. If a 2-minimizing cluster £ has exterior connected
then it vs a standard double bubble.
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RS Q

(b)

Figure 2.5: In figure (b) we see the modified cluster.

Proof. We already know that if a 2-minimizer cluster has connected exterior
and connected bubbles then it is standard. Then it is enough to prove that
each bubble is connected. Let us assume by contradiction that there exists
a disconnected chamber. Let’s construct a graph G associated to £ with
vertices in the bubbles and edges between adjacent chambers (in this case
the exterior is not considered as a bubble). By the regularity of a perimeter
minimizer and since the exterior is connected, G has no cycles. Then there
exists a vertex of the graph with degree equal to 1. Let’s denote with B
the connected component of £ associated to this vertex. By definition, B is
adjacent just to one connected component of a bubble and to the exterior:
then it is composed by two arcs and two vertices P, (). Now we are going to
get a contradiction using the regularity theorems.

In fact we construct the following clusters. Set S = @; we modify the
original cluster by a reflection across the axis of P@ as in Figure 2.5. Move
S along the arc R@ until the modified bubble is tangent to another bubble.
If it is tangent we have a contradiction with the regularity theorem because
there is a 4-point. Otherwise S = R and also in this case we have a 4-point.

O

The following proposition states the existence of a standard double bubble
enclosing the right areas.
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PROPOSITION 2.11. Given Ay, Ay > 0 there exists a standard double bubble
which encloses the areas A1, As. Moreover, up to rotations and translations,
it 1S unique.

Proof. Let A1 < Ay and A = f‘—; € (0,1]. We are going to construct a
standard double bubble {B;, Bo} with

area(B)

—— L=\
area(Ba)

Consider two points A, B (the vertices) at distance 1. For a generic angle
0 € [0,7/3), let’s define the standard double bubble through its arcs Cy, C1, Ca.
Each of them has A, B as endpoints and Cy forms an angle 6 with the segment
AB, Cs is contained in the same half-plane of Cy and forms an angle %” +6
with AB, C; belongs to the other half-plane and has an angle %’r — 0 with
AB. The bubble B is the one enclosed by Cy and Cq, the bubble By by Cy
and Ca (see Figure 2.4).

If A(0) represents the area "inside" an arc with distance 1 between its
endpoints and angle 8, then

area(By) = A <2; - 9) +A®0)

area(Bs) = A <2; + 9) —A(6)

Define the function

A(Z - A(f
p = meaB)@) _A(F0)vA0)

area(B2)(0) A (%ﬁ + 9) —A(0)

Notice that, since A” > 0, area(B1)(0) is strictly decreasing in 6. In fact

ara(B1) (0) = — A’ (2; _ 0) +A()

and )

A'(0) < A’ <; - 9>
for 6 € [0,7/3). Similarly, we can see that area(B3) is increasing in 6. Hence
we deduce that R(0) is strictly decreasing. Moreover it holds

™

R(0) =1, R(3> =0

Then R: [0,7/3) — (0, 1] is a bijection and thus there exists 6 € [0,7/3) such
that
R(0) = A
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Finally, if ¢ € R+ is such that area(tB;) = A, then

A 5= area(tB1) Ay

Ay " area(tBy)  area(tBs)
and so area(tBz) = Ag. Thus the cluster {tB,tBs} is a standard double
bubble which encloses the correct areas.

O]

In the two following lemmas we prove the uniqueness up to rotations and
translations of the standard double bubble.

LEMMA 2.12. Given two points Vi,Va and 0 € [0,7/3), there exist exactly
two standard double bubbles &, E with V1, Va as vertices which form angles of
2

0, %” — 0,5 + 0 with the segment V1Va. Moreover each cluster is symmetric

w.r.t. the azis of ViVa and £ is the symmetric of £ w.r.t. the segment V1 V5.
Proof. Let € be the cluster previously constructed and «, 8 the two half-
spaces determined by the segment V;V5. We can assume that the arc Co,
which forms with V1V5 the angle 6 € [0,7/3), is contained in «. Let &' be
another standard double bubble with the above properties and let [, be
the arc of £ which has the angle ¢ € [0,7/3) with Vi V5. If C{ is contained
in « then Cj = Cy and so £ = &' because of the 120° rule. Otherwise, if
C{, is contained in 8, then C{ is the symmetric of Cy w.r.t. V;V5. Then
the cluster £ can be uniquely constructed and it is the symmetric of &
w.r.t. V1Va. Moreover, by the symmetry properties of the circle, each arc
Co,C1,Co,C{, C, Ch is symmetric w.r.t. the axis of V;Va, and so also the two
clusters &, &’

O

LEMMA 2.13. Let £,&' be two standard double bubbles enclosing the areas
Ay, Ay > 0. Then, up to rotations and translations, they coincide.

Proof. Let Vi, V; the vertices of € and V{, VJ those of &'; set d,d’ as their
length. We prove that d = d’. Assume by contradiction that d < d’. Let
6,6’ the unique angles in [0, 7/3) formed, respectively, by the arcs of £,&’
with V1 Vs, V/VJ. Let’s denote with A(d,#) the area enclosed by an arc with
angle # and with d as distance between its endpoints. Then, with the same
notation used in this section, we have

2
areaB; (d,0) = A (d, g - 9) + A(d, 0)

areaBs(d,0) = A (d, 2% + 9> —A(d,0)

Remember that areaB; is decreasing in 6, while areaBs is increasing. More-
over they are clearly increasing in d. Then we have

areaBi(d’,0") = Ay = areaB(d,0) < areaB(d', )
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which implies ¢’ > 6. Similarly, we have
areaBs(d',0') = Ay = areaBs(d, ) < areaBs(d', 0)

which implies # < 6. Thus we have a contradiction and so d = d’. As a
consequence, we have § = #’ and so, up to rotations and translations, £ and &’
are two clusters with the same endpoints which form angles of 6, %’r -0, %” +40.
By the previous lemma either £ = £ or £ is the symmetric of & w.r.t. the
segment V1 Vs. Then, applying a rotation r of 180° with center in the middle
point of V1 Va, we have r(&') = £.

O

LEMMA 2.14. The perimeter of a standard double bubble is increasing w.r.t.
the larger of the two enclosed areas.

Proof. Assume, without loss of generality, that the distance between the two
vertices is 1. Then the perimeter of the cluster is

P(G):L(9)+L<2§+9>+L(2§—9)

with L(f) = =&, It is easy to see that L', L” > 0 on (0,7). Moreover

sin 6

L (%ﬂ + 9) +L (%’r — ) is increasing in 6. In fact

2 2
L”<;+0)+L”<;—9> >0

on (0,7/3) and so L’ (%’r + 0) - (%ﬂ — 0) is increasing. Since

L <27T+9> - (277—0> =0
3 10=0 3 10=0

then L/ (%’r +0) - (%’T — 9) > 0 on (0,7/3).
Hence P is increasing in . Since enhancing 6 the area of the biggest

chamber rises, then P is increasing w.r.t. the area of the largest bubble.
O

In this proposition we are going to use the following notation. We denote
by P(Aj, A2) the perimeter of the minimizing cluster of areas (A4, A2) and by
Py(Aq, Ag) the perimeter of the minimizing standard double bubble enclosing
(A1, A2). In general we write P({Bj, B2}) for the perimeter of the cluster
{B1, B2}.

PROPOSITION 2.15. The exterior of a 2-minimizing cluster is connected.
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Proof. Let Ay > Ay and {Bj, By} a perimeter minimizer for the partitioning
problem associated to A, As. Suppose by contradiction that the exterior
is not connected. It is easy to see that P(-, A2) has minimum in [A;, +00)
and that P(A, Ay) — o0 as A — oo. Set A} € [A1,00) as the value which
realizes the minimum of P(-, A2); moreover we take A} as big as possible. In
particular

P(A}, A2) < P(A, Ay) (2.17)

for every A > A/|. Let {B], B}} a perimeter-minimizer associated to (A}, Az).
For sure { B}, B4} has exterior connected. In fact, if it wasn’t so, we could con-
struct the cluster {BY, B} incorporating the bounded connected components
of the exterior of { B}, B4} inside Bj. In this way, we have

|BY| > [Bi],  PUB{,Bs}) < P({Bl,B3})

which contradicts the minimality of { B}, BS}.
Since {B], B4} is a perimeter-minimizer with exterior connected then, by
proposition 2.10, it is a standard double bubble and so

P(A}, Ay) = Py(Af, Az)

Now we have two possibilities: either A} > A; or A} = A;. If A} > Ay,
thanks to the last lemma, we have

P(Al,AQ) > P( II,AQ) = PO(AII,AQ) > Po(Al,AQ) > P(Al,Ag)

which is a contradiction. Now assume A} = A;. As the cluster {Bj, B2} has
disconnected exterior, define {BY, Ba} incorporating the connected compo-
nents of the exterior of {Bj, B2} inside By and let A] = ‘Bﬂ > Ay. Then
we have

P(AI’AQ) > P({BY’BQ}) > P( /1/¢A2) > P(A17A2)

by (2.17) and A] > A; = A). Also in this case we have a contradiction.
Then the exterior of {Bj, By} is connected.
O

Finally, we can give the proof of the main theorem of this section.

Proof of Theorem 2.8. We have just to put together the previous statements.
We know that the exterior of a perimeter-minimizer is connected and so it
is a standard double bubble. Moreover we know that the standard double
bubble enclosing two areas Ai, Ao is unique up to rotations and translations.
This ends the proof.

O
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(a) (b)

Figure 2.6: Figure (a) shows a cluster with the flower topology. Figure (b)
instead one with the sandwich topology.

2.5 QUADRUPLE PLANAR BUBBLE

In this final section, we are going to deal with a partitioning problem in the
plane where there are four chambers. In particular we consider just the case
of four equal areas. We quickly summarize what states [9] and then we are
going to show the symmetric properties of these clusters. In that article it is
proved that, if £ is a 4-cluster which minimizes the perimeter and encloses the
correct (equal) areas, then £ has exactly four connected regions, two among
them are quadrangular and have a common edge while the remaining two are
triangular and are adjacent to both the quadrangular ones. The idea of the
article is the following. First of all, it can be proved that every connected
component of each chamber has at least three edges. This is true in general
for an N-cluster, N > 2. Moreover the number of edges can be bounded in
this way. If £(h) is a chamber with k connected components, C' is one of
them and M is the total number of connected components of the cluster, then
C has at most M + 1 — k edges. Then it is shown that a minimal cluster has
at most six connected components. Since it is not possible to have exactly six
connected components, because each chamber can not have three components
and there are not two different regions disconnected, then we reduce to the
case of five connected components. Analysing every possible configuration
with five components, we see that they are not admissible. Thus we deduce
that the minimal cluster has four connected components. Now there are
just two possible cases: the flower topology and the sandwich topology (see
Figure 2.6). The first is excluded and hence the only admissible cluster is
the one described before.
The aim of this is section is to prove the following symmetry theorem.

THEOREM 2.16. Let a > 0. The minimizing cluster for the partitioning
problem associated to the volume vector (a,a,a,a) is, up to rotations, trans-
lations and modifications by zero measure sets, composed by four regions.
The regions E(1),E(2) are quadrangular and one is the reflection of the other
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through the segment in common between them. The regions £(3),E(4) are
triangular and one is the mirror-image of the other through the axis of the
common segment between E(1),E(2).

We give these two preliminary statements. We say that a cluster &£ is
stationary if the boundary of £ is composed of arcs (circular arcs or line
segments) which meet in threes forming 120° angles and if, at each endpoint
of an arc, the sum of the signed curvature is zero. The following lemmas deal
with the stationarity of a cluster under some particular constructions.

LEMMA 2.17. Stationarity is preserved under isometries, homotheties and
circle inversion.

LEMMA 2.18. Let T be a triangular region of a stationary cluster €. Con-
sider the three arcs not edges of T' that have a certain vertex of T as endpoint.
If these three arcs are prolonged inside T', they meet in a single point P inside
T with three 120° angles. The cluster obtained in this way is also stationary.

Now we are able to start the proof of the theorem. Let pg,p1,p2 the
vertices of the triangular region £(3) and ps, p4, ps the ones of the other
triangular region £(4) (see Figure 2.7). We remove the chambers £(3), £(4)
and by lemma 2.18 we know that, extending the remaining arcs up to they
meet, we get a standard double bubble. Let us denote with & = {£'(1),£'(2)}
this new cluster. From now we are going to identify the plane with C. Without
loss of generality (up to rotations, translations and rescaling) assume that the
vertices of £ are the points (0,0), (1,0). Since £ is a standard double bubble,
either £'(1) or £'(2) is convex. We can suppose that £'(2) is convex and that
E'(1) is contained in R x R>q. Let 6 € [0,7/3) be the angle formed by the
arc separating £'(1),&’(2) and the line segment between the two vertices of
the cluster. We want to prove that 8 = 0. Define F as the cluster obtained
from & through the circle inversion

By this we mean that F(i) = R(£(i)),i = 1,...,4. Moreover define the
points ¢; = R(p;),i =0,...,5.

By lemma 2.17 we know that F is also stationary. We notice that, since
0 € £(4), then F(4) is unbounded, while the exterior of £ is mapped into
F(0) which is bounded. Moreover, we observe that the arcs p1p1, pop3, Pops,
which are contained in the edges of the cluster £, become three line segments
whose extensions meet in the point 1 with 120° angles. In fact since the arcs
of &' join the points 0 and 1, they are mapped into three half lines starting
at the point 1. They form 120° angles because R is a conformal function. In
particular, since the arc pop3 forms an angle 6 with the real axis, then also
the segment gyqs forms an angle 6 with the same axis.
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(b)

(c)

Figure 2.7: In figure (b) we see the original cluster £, while in figure (c) the
reflected one F.
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q4

q4

=)

q q3
(b) (c)

Figure 2.8: In figure (@) we see that it is not possible to have an arc joining
qo and ¢ and tangent to the dashed lines.

LEMMA 2.19. The points qo,q1,q2 are at the same distance r = r(6) > 0
from the point 1. Similarly, the points qs,q4,qs have the same distance
R = R(0) > r from the point 1. It follows that

g = 1+ rdOF2m/3) o L ReiO+2m/3) i 1 9

Proof. This is an immediate consequence of the fact that ¢; is an endpoint
of two circular arcs starting from gg and g2 which form 120° angles in ¢;.
In fact, if the distances of ¢g and ¢; from 1 are different, then it is not be
possible to have an arc between ¢; and gy which forms 120° angles with the
two line segments, as it can be seen in Figure 2.8. In a similar way, it can be
proved the statement for the points g3, g4, gs. ]

Since the angles formed by the arcs meeting in qq, g1, g2 are 120°, it follows
that the arcs Goq1, 143, G290 are centered, respectively, in go, qo, q1. In fact
the perpendicular line to the segment ggq is also tangent to the arc §1¢3 in
q1 and so qoq is the radius of the arc §1¢3 (see Figure 2.8 (b)).

Similarly, the arcs 43qi,qaq3,q5q3 are half circles. Indeed, the angle
between the segment g1q4 and gsqq is 30° and so, by the 120° rule, we deduce
that the arc g3qi is an half circle (see Figure 2.8 (c)).

Thanks to these two statements, we get the following corollary.

COROLLARY 2.20. The cluster F is symmetric w.r.t. the line qoqs.
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Figure 2.9

The following lemma together with the last corollary will provide the
symmetry of & w.r.t. the line {2 : Rez = £}

LEMMA 2.21. The radiir(0), R(0) are uniquely determined by the conditions
EB3)| =a,|€(4)| =a.

Proof. The set F(3) is (strictly) increasing (w.r.t. the inclusion) in r. Then,
since £(3) = R(F(3)), we get that ‘5(3)| is strictly increasing in r. Thus

there exists an unique radius r such that ’5 (3)‘ = a. With an analogous
argument we deduce that R is uniquely determined by |£(4)| = a (in this
case F(4) is strictly decreasing in R). O

COROLLARY 2.22. The cluster £ is symmetric w.r.t. the line s = {z € C:
Rez = 3}.

Proof. We know that the chambers £(3),£(4) are uniquely determined by
r, R and so by 6. Consider the cluster £” defined as the symmetric of £ w.r.t.
s. Removing the triangular region of £” and prolonging the remaining edges,
one of them forms an angle # in 0 and 1. As a consequence the two triangular
regions £(3)",E(4)" satisfy {£(3),E(4)} = {€(3)",E(4)"}. Hence £(3),E(4)
are symmetric w.r.t. s and so it follows that £ is symmetric w.r.t. s. O

Thus the first symmetry property is proved. Now we are going to prove
that 6 = 0. The idea is the following. If we assume by contradiction that
6 > 0, we would have |£(1)| > |£(2)| because F(1) is closer to 0 rather than
F(2), in a certain sense. The sets F(1), F(2) can be written as

[SCRI )

F() = {1 + pet0+¥) g € {0, 77] pE [7‘1(1/1,9),7“2(1/1,9)]}

[SCRI )

F@) = {1 ) e [o, w] e [rlw,e),rz(w,e)]}
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The Jacobian determinant of R is JR(z) = ﬁ Then by the area formula

we get

1 1
| ’ B |5 ’ = / ﬁdxdy —/ ﬁdmdy
F o+ iyl F(2) |z + iy]
2r rra(y,0) 1 X
/0 / o) | |1+ pei®@+0)|? |1 4 peild-v)|? pdpdy

(2.18)

Since it holds ‘1 + pew“ =14+p%4+2p cos « and by the addition formula
cos(f + 1) < cos(f — 1) whenever ¢ € (0, 2n],0 € (0, %), it follows that

‘1 + pel@+Y) ‘ ’1 + pet®= w)‘ (2.19)

Then by (2.18) and (2.19), we deduce that |£(1)| > |£(2)| which is a contra-
diction. Thus 8 = 0. Then we conclude that the real axis is a symmetry axis
for the cluster £. In fact £ is a standard double bubble with equal areas
and it is formed by a straight line and two arcs with the same radius. As a
consequences the points py4, p; are symmetric because, otherwise, there could
not be a circular arc between py, ps that satisfies the 120° rule. Indeed a
necessary condition is that the tangent lines to the arc in p4, ps (the lines
r4,75 the Figure 2.9) and the axis of pyps meet in a single point. Moreover,
by the 120° rule, this is equivalent to have the tangent lines to the arcs of
E'(1),&'(2) in p4,ps (the lines t4,t5) and the axis of pyps meeting in a single
point. We see that, if ps, ps are not symmetric, this is not true (see Figure
2.9).
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