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Introduction

The aim of this work is to introduce two reflection techniques, the second being a nonstandard,
boosted version of the first one, and then to analyze the role played by these techniques in the
study of symmetry properties for some elliptic equations, in particular for the singular Yamabe
Equation. The first chapter is devoted to list some preliminary instruments needed to prove
the results stated in the following parts: in particular, we prove some different versions of the
Maximum Principle and the Hopf Lemma, and we furnish the statement (and a sketch of the
proof) of a Maximum Principle for weakly subharmonic maps, that in its most general formulation
requires just the upper semicontinuity of the function. The second chapter is devoted to the
description of a first, standard reflection technique holding for smooth, bounded, connected open
subsets. This technique is developed by Gidas, Ni and Niremberg in [2]| and is inspired by another
reflection technique theorized by Alexandrov in Differential Geometry. We now try to give a
description of this reflection technique. Given a unit vector v € S*! and an open, bounded,
connected subset Q ¢ R of class C?, choosing A small enough, the hyperplane Ty : z -y = A
intersects 2 and so we may consider the open set X(\) := Qn {x-v > A} and its reflection ¥'(\)
in the hyperplane Ty. Denoted by g the supremum of the values A for which X(\) # @, we
have X/(X) c Q for A\g — € < A < A\g (€ small). Then the necessary (but not sufficient) condition in
order that the reflection of () is no longer contained in € turns out to be that X'()\) becomes
internally tangent to the boundary of €2 at some point not belonging to T}, or that T reaches a
position orthogonal to 02 at some point. Let 3, := 3(\1), where Ay is the smallest critical value
A such that one of the two just described conditions holds. This reflection technique allows to
prove the following symmetry property

Theorem. Let Q c R” be an open, bounded, connected subset of class C2, v € S be a unit
vector and u be a smooth solution to

Au+b(z)0yu+ f(u) =0, in Q

where be C°(Q), b>0 in Yy,u¥l and f e CY(R). Assume that u>0, ueC*(QUn{z-vy>\}), and
u=0 on 0Qn{x-v>A}. Then, for any \1 < A< )Xo, one has

Oyu(z) <0 and u(z) <u(zy), Vo e L(N).

Therefore Oyu < 0 in X, and in addition, if O,u vanishes at some point contained in Ty, N €,
then u is necessarily symmetric with respect to Ty, 1 =3, U Efy u(Ty, nQ) and b=0.

This so technical result becomes more intuitive if one considers a ball centered at the origin:
as a matter of fact, in this case, the Theorem above guarantees the radiality of the solutions to

-Au= f(u) in B(0,R[
u=0 su 0B(0, RJ.

To verify it, it’s enough to apply the Theorem just stated first to a generic unit vector v and
subsequently to its opposite, deducing then that d,u needs to vanish on the hyperplane x -~ = 0.
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The third chapter is then dedicated to the study of work [1| by Caffarelli, Gidas and Spruck:
in that paper, the authors introduce a second, more sophisticated, reflection technique and its
application to the classification of the singular solutions to the Yamabe Equation

n+2
—Au = Uun-2

in the punctured, unit ball. The classification result proved is the following.
Theorem. Let u >0 be a C? solution to
-Au = u%g, in B(0,1[~{0},

with a nonremovable, isolated singularity at the origin. Then there is a radial, singular solution
¢ = ¢(|x|) to the same equation such that

u(z) = (1+0(1)) ¢(|z]),
asx — 0.

We now aim to try to understand how the authors argue in order to show the validity of
the classification Theorem above. To do so, we find convenient to divide the description into
some steps, the most delicate of which consists precisely of finding a suitable, smart reflection
technique. So let’s consider the Yamabe Equation

-Au = u%g,
and let u be a solution to this equation in the punctured ball B(0,1[~{0}.

(1) First we need to apply to u the Kelvin Transform in order to get a function v defined in a
neighbourhood of co: this map v turns out to solve the Yamabe Equation again. The really
smart idea here is to perform such a Kelvin Transform with respect to a point close to the
origin, but different from it: in such a way, the singularity of u at the origin is transformed
into a singularity for v at a point z distant from the origin. The assets brought by such a
choice will be clear in step (3).

(2) The second passage consists in proving that, since u solves the Yamabe Equation in the
punctured ball (possibly with an isolated singularity at the origin), it follows that u is a
weak solution to the Yamabe Equation in the entire ball, and that v is a weak solution to
the same equation in a neighbourhood of co containing the singularity z. This step is very
important becuse justifies the idea of the authors of developing a reflection technique valid
for weak solutions: in other words, we bypass the problem represented by the presence of
the singularity for u and v exploiting a weak notion of solution.

(3) The third step is to prove some decay estimates valid for the Kelvin Transform v of the
solution u. In particular we prove that

U(l’)‘l - 2(Clo Zak| |2)+O |[™")

= ~(n-2)ag~

le”
() = O(J«]™),

a$i
82
O0x;0x;

for |x| = co. We observe that the validity of these asymptotic expansions is a consequence
of the fact that, at the first step, the Kelvin Transform is performed with respect to a point
that is different from the origin: in fact, such a choice produces a singularity of v at a point
distant from the origin, but doesn’t influence the behaviour of v at oo.



(4) We now get to the most important, delicate passage: to prove a reflection technique for v
from which a symmetry property for v and u will follow. We show that, for a "big measure"
set of unit vectors 7, for M big enough, one has

v(z) <v(@' +2(N-z-7)), forz-7>A> M.

~
K+ 2{A-xT)T N

N

wix) = v(x'+2(h- xT)T)

T

N2

A part of the difficulty of this step is represented by the estimate of the measure of the
collection of unit vectors for which the reflection property above holds true, whose proof
requires advanced notions of measure theory and some elements of Harmonic Analysis.

(5) Then, we give the first, general application of the theory developed in the previous parts:
the solution w is asymptotically radial around the origin, namely

w(z) = (1+0(|z])) ]gB(O’T[ w(w) do(w), for @ - 0.

This property is weaker than the condition stated in the classification Theorem met before:
in fact, roughly speaking, it states just a "radiality as x — 0", and not a "proximity to a

radial solution as x — 0".

(6) Indeed, the final step is precisely devoted to understand how the asymptotic symmetry
may be boosted in order to get the classification result stated above. Such a strengthening
requires an exhaustive, classificatory survey of the radial solutions to the Yamabe Equation:
in fact, analyzing the radial solutions to the Yamabe Equation, one finds a very natural
notion of energy that can be generalized to the case of a generic solution and that furnishes a
way to measure the "asymptotic distance" between two solutions. Recalling the expression
of the Laplace Operator in spherical coordinates, one finds that the radial solutions u(z) =

¢(|z|) are precisely the functions ¢(r) = T%an(— Inr), where 1 is a solution to the ordinary

differential equation

" n-2 ? n+2
(4 —(T) Y +pn=2 = 0. (1)

For the ODE above, we can easily formulate a definition of energy

E(y,4")

1
2

(v)? -

2
n-—2 9 M—2 2n
_— + n-2:
( 2 )d] 2n v

this energy F is constant along the solutions to the ODE above, and then, up to a choice
of suitable value of D = 2F, one discovers that any solution to the equation above solves

w2

n-2

2 n—-2 2
)W- Yz + D.
n
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Now, the idea is to generalize the definition of F to the case of a generic solution u replacing
1 with

n-2

By=rs o, 1) do (),

where t = —Inr, that is the spherical average of u (up to a change of variable). In this more
general case, F is not constant along (3, but one can prove the validity of the following
energy estimate (as t - oo)

2
-2 -2 2n
(8)° = (nT) B - =872 + Do+ (B2 + (8)7)O(e™),
n
where D, is a suitable asymptotic constant. It’s then clear that u is close to the radial
2-n
solution ¢ = ¢(|z|) where ¢(r) = r 2 ¢)(=Inr) and ¢ has energy F = Do /2. Combining
this observation and the asymptotic symmetry of step (5), arguing in a suitable way, one
deduces the statement of the classification Theorem given at the beginning.






Chapter 1

Some preliminary results

In this chapter we present some useful tools that will be used along the work. We start furnishing
some classical Maximum Principles and Hopf Lemmas freely following [4]. Next we will expose
some properties of the weak solutions, in particular we will prove a Maximum Principle for weakly
subharmonic functions, following [5]. Then we will prove an estimate for the (weak) solution to
a homogeneous Dirichlet boundary value problem associated to the Poisson Equation.

1.1 Elliptic Differential Operators

Given an open subset Q2 ¢ R"™, we consider second order linear differential operators in §2, namely
operators like
n 82 ( )
L= ;. ———, 1.1
where Q 3z - A(z) = (a;;(x));; is a symmetric matrix valued map. We also consider a more
general notion of second order differential operator, in which we admit the presence of first order
terms

B n a
L:,C'i‘;bza—xi,

or of first and zero order terms

+h, (1.2)

T

L+hEE+ZbZ’ 9
i=1

where £ is a second order linear differential operator like (1.1), Q@ 3 z —» b;(x), 1 <i < n, and
h are real valued maps. We say that £ is the principal part of the (generalized) second order
differential operator. We assume that operators like (1.1) or (1.2) act on C%(f2) functions, and
so the hypothesis about the symmetry of A(x) does not represent a loss of generality.

Definition 1.1.1. A second order linear differential operator like (1.1) is said to be:

(i) elliptic at a point x € ) provided that there exists a positive number p = p(z) > 0 such
that

> aij(z) i€ > ple) Y&,
,J K3
namely if A(x) is positive definite;
(i) elliptic in Q provided that it’s elliptic at any point of Q;

(iil) wuniformly elliptic in Q provided that it’s elliptic in 2 and there exists a scalar pg > 0 such
that p(x) > po, for every x € Q.
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A second order differential operator like (1.2) is said to be elliptic at a point = (elliptic, uniformly
elliptic in Q) if its principal part is so.

The prototypical example of (uniformly) elliptic operator is the well known Laplace operator
82
A=y
5 89512
Let’s consider a generic orthogonal change of coordinates

y=Cur, (1.3)

for some orthogonal n x n matrix C.

2

Lemma 1.1.1. Let £L=%, ;a; be a second order linear differential operator like (1.1)

7j
8:1:1;8mj
in a open §. Then, under the orthogonal transformation (1.3), the operator £ assumes the form
~ o2
L= bk’ l s
kz,; " Oyr Oy

where by = ¥, ;aijcriclj = (CAC’T)M, namely, for any u € C%(2), one has Lu = Lu in Q.
Moreover, if £ is elliptic at a point z, then £ is elliptic at 2 with the same ellipticity constant
().

The proof is a trivial computation. Exploiting the Spectral Theorem for orthogonal matrices,
one can also infer the validity of the following

Lemma 1.1.2. If £ is a second order linear differential operator like (1.1) elliptic at a point
x €, then there exists an orthogonal change of coordinates like (1.3) such that

- 52
Fe2 g

where d; > p(x), for every i. In particular, applying another change of coordinates zj = ﬁyk,

L coincides with the Laplace Operator (at z).

1.1.1 Maximum Principles

Let € be an open subset of R™ and consider a second order differential operator

0> )
L= Z " Oz0x; *lbig,

7 7

elliptic in Q. Let u € C?(2) be such that Lu > 0 and assume that u has a local maximum at a
point zg € Q2. Then we know that

Vu(zg) =0

Hess[u](zg) is negative semidefinite.

Let z = C'z be the change of coordinates which transforms L into the Laplace Operator at zg.
Observing that
Hess.[u](x0) = CT Hess,[u](z0) C,
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82
we obtain that 8—(1’0) <0, for any k. Therefore one has
%k

Lu(zo) = Lu(xg) +

= Lu(zp) = Azu(:co) < 0,

a contradiction. Thus we infer that u cannot attain a local maximum at a point of 2.
Requiring uniform ellipticity, this property may be extended to the case of large differential
inequalities. From now on we suppose that the dimension n > 2.

Theorem 1.1.1 (Maximum Principle, first version). Let Q be an open connected subset of
R™ and u € C2(Q) satisfy the differential inequality

7

Lu = Zawa 8% Zb—>0 (1.4)

in Q, where L is a uniformly elliptic differential operator in Q with uniformly bounded coefficients
a;j, bi. Then, if there exist M € R, P € Q such that w < M in Q and u(P) = M, one has

uz=M in Q.

Proof. By contradiction, suppose that P, @ € Q) satisfy the property u(P) = M >u(Q). Then we
can find a continuous path ~: [0,1] = © such that

7(0) =@ v(1) = P.
Denoted by R =~(tg) the first point in which u(R) = M, it’s clear that
u(y(t)) < M, for any 0 <t < tg.

Let d := dist(y,09) and pick P, = ~(t), for some 0 < t < tg, such that |P; — R| < d/2: we can
consider the biggest open ball B centered at P in which v < M. Such a ball needs to have a
radius strictly smaller than d/2, and then to be contained in Q. Let S € 9B be a point such that
u(S) = M, and denote by By the only ball tangent to 9B at S (it’s the only ball B; with the
properties S € 0By, By \ {S} c B): we note that

u < M in By~ {S}.

Denoted by 71 the radius of By, let By be the ball of center S and radius 7o = r1/2.
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Consider
C}:=0Byn By CY = 0By \ CY).
Being u < M on C, by compactness of C}, it needs to exist a value ¢ > 0 such that
u< M-, on Ch.

Moreover, u < M on CY. Let £ = (&1,...,&,) be the center of B; and consider the following
function

2(x) = e @ T @i6)® _ gmori (1.5)
where a > 0 has to be suitably defined. We note that
z>0in By
z=0on 0B
z < 0 elsewhere.
Now
n
Lz=e @il 40?3 4y (ai - &) (w5 - &)+
i,j=1
n
—2a(a;; + bi(z; - fz))] > (by uniform ellipticity and Y. (zy, - &)* > r5/4)
k=1
o T (ki) 2 5%
2 o T SRR TRE [aM0T1 =2 (i +bi(xi —&))]
i=1
>0 in B,
up to a choice of a enough big a. Define w=u+e€z, 0<e< § =. We have:
1—e ary

(1) w< M on C4 (because 0 < z < 1-e°1 and so ez<C,w=u+ez<u+(<M);
(2) w< M on C¥ (because z <0 on C¥, and u < 0 everywhere);
(3) w=M at S (being z(S) =0).
These three observations imply that w has a maximum in Bj, and we also know that
Lw=Lu+eLz>0in Bs.

This is a contradiction, thanks to the computation performed before. QED

The result just shown can be extended as follows

Theorem 1.1.2 (Maximum Principle, second version). Let  be an open connected subset
of R"™ and u € C*(Q) satisfy the differential inequality
9%u ou
L+h)u=)> a;j————+) bj—+hu>0 1.6
( ) % " 69028:5] ; ! 81’1 ( )
i Q, where L + h is a uniformly elliptic differential operator in Q with uniformly bounded co-
efficients a; j, b;, h and h < 0. Then, if there exist M > 0, P € ) such that u < M in € and
u(P) =DM, one has
u=M in Q.
The proof is the same, up to the following straightforward remark: if (L + h)u >0, u cannot
attain a nonnegative local maximum in €. ,
Attention! The thesis turns out to be false if h ¢ 0: for example u(z) = e " solves

Au+ (2 -4z)*)u=0in R"

but has a maximum at the origin.
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1.1.2 Hopf Lemmas

Let Q be an open subset of R™ and assume that u : D - R, D > €, satisfies the differential
inequality (1.4). Let P € 02 n D and suppose that u is continuous at P, u(P) = supqu =
maxqy(py u. It’s intuitively clear that any directional derivative of u with respect to a direction
pointing to the outside of € has to be nonnegative. Actually something stronger holds.

Definition 1.1.2. Let Q c R™ be an open subset and u : 0 > R be a function which admits
first partial derivatives in Q. Given P € 90 and a vector v € R", we say that u is derivable in the
direction v at P provided that the limit

ou

5, ()

1. . =
limy Vu(z)
e

exists in R.

0
If v points to the outside of Q and w is derivable in the direction v at P, —u(P) is also called
outer derivative of u in the direction v at P. The following result aims to formalize the heuristic

observation done at the beginning of the subsection.

Lemma 1.1.3. Let © be an open subset in R™ and, given P € 9€), suppose that there exists a
coordinate cylinder ! C'= C(P,R,r,d) for Q around P such that the map

v BR"’l (07 T] _>] - 57 6[

representing 02 in C' is differentiable at 0. Let v € R™ satisfy v-n >0 where
1

V1+[vy(0)]2

is the outer normal to 02 at P. Then v points to the outside of Q and, if u: D - R, D o
admits first order partial derivatives in 2, P € 92 n D, u is continuous at P and

n=R" (-vy(0),1)"

P = =
u(P) sgpu Qrg?g}u,

then %(P) > 0.
ov

Proof. For € >0 enough small, we have that P —tv € Q, for any 0 <t < ¢, because —v-n <0 and
thus —v points to the interior of 2. Consider the function

10,e[>t > v(t) =u(P - tv).

0
By contradiction, let a—u(P) < 0. We have v(0) > v(t), for any 0 <t <€, v is derivable and
v
v'(t) =-V(P-tv)-v
0
and limy_o+ V(P —tv) -v = —a—u(P) > 0. So, up to a restriction of €, we can assume that v’ >0
v

on 0 <t <e. Therefore

u(P) = v(0) = lim v(t) < v(e/4) <v(e/2) = u(P - gy),

and this is a contradiction. QED

'Given an orthogonal matrix R and 7,6 > 0, we say that C(P,R,r,8) := P + RT (Bgn-1(0,7[x] - §,8[) is a
coordinate cylinder for an open  around a point P € 99 provided that there exists a map ~y : Bgn-1(0,7[—] -4, d[
such that v(0) =0, v < §/2 and

R(Q - P) n (B]R”‘l (05 71|:><:| - 65 5[) = {(va) € B]R"‘l (Ov 71|:><:| - 65 5[ sty< ’7(77)}
We say that v represents 02 in the coordinate cylinder.
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We now want to state and prove a boosted version of this result, valid for solutions to (1.4).
To do so, we need to impose a well known regularity condition.

Definition 1.1.3. Let ) be an open subset of R™. We say that () satisfies the interior sphere
condition at a point xg € L) if there exist a point x €  and a radius r > 0 such that

xg € O0B(z,r[, B(z,r]~{zo} c Q.

Theorem 1.1.3 (Hopf Lemma, first version). Let Q ¢ R™ be an open subset of R™ and
u:D - R, D>, be a solution to (1.4), where the coefficients a; j, b; of the operator L are
assumed uniformly bounded. Suppose that there exist M € R and P € 0Q2n D such that u < M in
Q, u is continuous at P and u(P) = M. Then, if Q) respects the interior sphere condition at P
and u admits ouler partial derivative at P with respect to a direction v € R™, one has

ou
—(P
2 py>0,

unless u is constant on the connected component whose boundary contains P.

Proof. Let By be an open ball such that P € 9By, By~ {P} c Q. Set r1 >0 the radius of By, and
consider the ball centered at P and of radius r9 = r1/2. Consider the map z defined at (1.5) and
pick again an « > 0 in order that Lz > 0. We can consider

w=Uu+ez:

thanks to Maximum Principle 1.1.1, if u is nonidentically M in the connected component, then
u < M in By and on By~ {P}. Let’s choose € > 0 small enough in order that w < M on 0By n By:
then w < M on the boundary of the grey region in the figure below.

Being Lw > 0 in this region, the maximum needs to be attained on the boundary, and so
necessarily at P (because w(P) = M). Therefore

ow ou 0z
%(P)—a(P)Jff@(P)ZOa

where, observed that v points to the outside of Bj, the last inequality is a direct consequence

of Lemma 1.1.3. In order to conclude, it sufficies to show that %(P) < 0: this fact follows
v

immediately using the definition of z and the fact that n-v > 0, where n is the outer, unit normal
to 0By at P. QED

Like the Maximum Principle, also the Hopf Lemma can be generalized.
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Theorem 1.1.4 (Hopf Lemma, second version). Let Q c R" be an open subset of R" and
u:D =R, D>Q, be a solution to (1.6), where the coefficients a; j, b;, h of the operator L+h are
uniformly bounded and h < 0. Suppose that there exist M >0 and P € 0Q2n D such that u< M in
Q, u is continuous at P and u(P) = M. Then, if Q) respects the interior sphere condition at P
and u admits outer partial derivative at P with respect to a direction v € R™, one has

ou
—(P)>0
8V( ) 2
unless u is constant on the connected component whose boundary contains P.

Again, omitting the assumption about the nonpositivity of h, Hopf Lemma fails to hold: to
see this, it sufficies to consider the same counterexample exploited in the past section, set P =0
and vary suitably the domain of definition of the function (picking for example Q = {x,, > 0}).

1.1.3 A slight generalization of the Hopf Lemma and the Maximum Principle

In the second chapter we will need a Maximum Principle and a Hopf Lemma holding for uniformly
elliptic operators with arbitrary zero order term: in this sense, a slight generalization to this case
can be done, as we show in this section. It’s anyway clear that the generality of the previous
versions of the Maximum Principle and the Hopf Lemma will be necessarily lost (recall the
counterexample used in the second section). Let the hypotheses of Theorem 1.1.2 be in force, up
to the assumption h < 0, and suppose additionally that M = 0. Up to translations, let P =0, and
set

L=L+h

v=e *u, a>0 constant to be decided. (1.7)

We note that, setting
92

LO‘Z“” 02,0z

i
one has
0 < Lu = e*™ Lov + L(e*™ ) =
=1 Lyv + eawlv(a171a2 +bja+h),
and so 0 < Lgv + v(a171a2 +bia+h). Set gq = a171a2 + by + h: choosing a big enough, g, is
nonnegative, and thus Lov > 0, because v < 0. If w(P) = 0, then v(P) = 0 and thus the first
version of the Maximum Principle allows us to deduce that v =0, namely u = 0.

Similarly, skipping the assumption about the nonpositivity of h in Theorem 1.1.4, let M =0,
P =0 (without loss of generality) and define v like we did in (1.7). The computations just made

ensure that a—v(P) > 0, for any outer direction v. Therefore, being
v
ou ov
“Z(P)= —(P
ay ( ) 8V ( )7

0
we conclude that —u(P) > 0, unless u (or equivalently v) is identically zero. Thus we have proved

the following third version of the Maximum Principle.

Theorem 1.1.5 (Maximum Principle, third version). Let Q2 be an open connected subset
of R™ and u € C*(Y) satisfy the differential inequality (1.6) in Q, where the coefficients a; j, b;,
h of the operator L + h are assumed uniformly bounded. Then, if u <0 in Q and u(P) =0, for
some P €, one has

u =0 in Q.
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We have also a third version of the Hopf Lemma.

Theorem 1.1.6 (Hopf Lemma, third version). Let Q c R™ be an open subset and u: D - R,
D > Q, be a solution to (1.6), where the coefficients a; j, bi, h of the operator L + h are assumed
uniformly bounded. Suppose that u <0 in Q, and there exists P € 9Qn D such that u is continuous
at P and w(P) = 0. Then, if Q respects the interior sphere condition at P and u admits outer
partial derivative at P with respect to a direction v € R", one has

ou
P
a]/( )>O?

unless u is constant on the connected component whose boundary contains P.

1.2 Remarks about the notions of solution and weak solution

Definition 1.2.1. Let Q ¢ R" n > 2, be an open subset and f : 2 x R - R be a function.
Consider the equation
-Au = f(z,u) in Q. (1.8)
We say that a map u € C2(Q2) is a:
(i) subsolution to equation (1.8) in © provided that
-Au < f(z,u) in Q;
(i) supersolution to equation (1.8) in Q provided that
-Au > f(x,u) in Q;

(iii) solution to equation (1.8) in  if it’s both a subsolution and a supersolution, namely if

-Au = f(z,u) in Q.

We now aim to weaken the notions given above. From now on, we denote by C?(Q)zm k>0,
the class of those maps of class C* compactly supported in Q and nonnegative there.

With respect to the setting of Definition 1.2.1, let u be a subsolution (resp. supersolution,
solution) to (1.8). Then, for any ¢ € C2°(€2)s0, one has:

/Q(Aquf(x,u))Cdsz (<0,=0). (1.9)

A straightforward computation guarantees that, for any ¢ € C1(Q),¢ € C3(Q), the following
identity holds

div(¢Vy) = Vo - Vip + pAY. (1.10)
Thus (Au = uA( + div(¢(Vu) — div(uV() (use the relation (1.10) first with ¢ = (, 1 = u, then
with ¢ = u, ¥ = ( and finally subtract the second identity to the first one). Applying the Diver-
gence Theorem to (Vu and uV({ and observing that these two vector fields are both compactly

Supp()rt(fd m Q) we lnf(fI‘
A d - f A d .

Then, by (1.9), we deduce that

fQ(uAC+f(a:,u)C)da:20 (<0,=0). (1.11)

In particular, (1.9) holds true if and only if (1.11) holds true: the asset given by the second
formulation is that does not require any regularity condition on wu, and then can be exploited to
generalize the notion of subsolution (resp. supersolution, solution). We have then justified the
following
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Definition 1.2.2. A map u e L, () such that f(-,u(-)) € L},.(€2) is said to be a:

(i) weak subsolution to equation (1.8) in Q if, for every ¢ € CZ°(£2)s0,
fﬂ(uAC + f(a,u)¢) de > 0;
(ii) weak supersolution to equation (1.8) in € if, for every ¢ € C°(€2)o,
fQ(uAC + f(z,u)()dz <0;
(iii) solution to equation (1.8) in € if, for every ¢ € C2°(£2)s0,

/S;(UAC + f(z,u))dx =0.

Note that nothing changes substituting C°()so with C¥(Q)s0, k 2 0, or even with C¥(Q) in
(iii). In addition, the Fundamental Lemma of the Calculus of Variations ensures that, if f(-,u(-))
is continuous in €, a function u of C? class is a subsolution (resp. supersolution, solution) in Q
if and only if it’s a weak subsolution (resp. supersolution, solution) in €.

If f =0 we adopt a more specific terminology.

Definition 1.2.3. Let Q c R™, n > 2, be an open subset. A map u € C3(2) is said to be subhar-
monic (resp. superharmonic, harmonic) in  provided that it is a subsolution (resp. supersolution,

solution) to the Laplace Equation
-Au =0 in . (1.12)

Definition 1.2.4. Let Q in R", n > 2, be an open subset. A map u € L () is said to be
weakly subharmonic (resp. weakly superharmonic, weakly harmonic) in Q provided that it is a
weak subsolution (resp. weak supersolution, weak solution) to equation (1.12).

Even if we will not use these facts, it’s anyway better to recall that:
(a) harmonic functions are of class C*;
(b) any weakly harmonic map coincides a.e. with a harmonic map (Weyl’s Lemma).
Let’s start giving two properties which will turn out to be useful.
Lemma 1.2.1. The following statements hold:

(i) if w is a (weak) subsolution to equation (1.8) in Q with f <0, then u is (weakly) subhar-
monic;

(ii) if u is a (weak) supersolution to equation (1.8) in  with f >0, then u is (weakly) super-
harmonic.

The following Lemma will be often used along the third chapter in the particular case in
which ¢ is the reflection in a hyperplane like -2 = A, for some unit vector ~.

Lemma 1.2.2. Let Q,Q c R”, n > 2, be two open subsets and f : (QUQ) xR — R be a function.
Suppose that u e L} (QuQ) is a weak subsolution to

loc

-Au = f(x,u), in Q

and a weak supersolution to
-Au = f(z,u), in Q.
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Let ¢ € C?(€,Q) be a diffeomorphism such that Jac(¢)? coicides with the identical matrix,
div(e; - Jac(¢)) =0, for any 4, and assume that

flo(x),u(od(x))) > f(x,u(x)), for a.e. z €.

Then u o ¢ — u is a weakly superharmonic map in €.

Proof. For any ¢ € C°(£2)s0, we have

fQ(uAC + f(z,u)¢) da > 0.
Furthermore
[ @@@)A¢@)+F(3() ule@)IC()) d = [ () A )+ (1, u(w))(6™ 1)) dy <0,

because the conditions on ¢ ensure that AC(¢7 (y)) = ACl(y), where we set C(y) = (¢~ (y)),
¢ €C(£2)50. Therefore

[ (6@ -u@)Ac@) dr s [ (@) -u(@)A@)+(F(6(r), u(6(@)~F (@, u(z)))) dz <0,
and we conclude. QED

The following result and the further Corollary stated below are very important: in fact,
developing the reflection technique, they permit to overcome the problem of the presence of the
singularity at the origin using a weak notion of solution.

Lemma 1.2.3. Let u € C2(B(0,2[~{0}), u >0, solve the following equation

-Au = g(u) in B(0,2[~{0} (1.13)
in dimension n > 3. Assume that:
(i) g(t) >0, as t > 0;
t
(ii) liminf—g( ) > 0, for some p > .
t—oo P n-2

Then u € LP(B(0,1[), g(u) € L*(B(0,1[) and u is a weak solution to equation (1.13) in B(0,1[.
Proof. Let k >maxpp(o,i[ u, and pick a nonincreasing map ¢ € C*(R) such that

1 ift<k
t =
o(t) {0 if ¢t > 2k

and set ®(t) := fot ¢(7)dr. Moreover, fixed 0 < € < 1/2 arbitrarily, let n = n(|x|) be a radial

function such that
0 if0<r<e
r)= 1.14
n(r) {1 if > 2e. ( )

We may consider ¥(x) = ¢(u(z))n(|x|), as z € B(0,2[, because 7 is identically zero in B(0, €[,
and then we have

ou
- d:f di d—f Ad:f d[ % .
fB(o,l[Vu Vi de B(0,1] v(yvu)de B(O,l[w uar B(o,1[¢g(u) v dB(0,1[ Qv 7

)
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Now, observing that ¢’ <0 and Vn =0 out of B(0,1[, one has:

. d :[ ! 2d [ @ * d S
fB(OJ[VU v da B(0,1[77¢ (w)|Vul*dz + B(Ol[v (u) - Vndz

)

< o N —f O(u)And :—[
<f83(0,1[ (w)vn-ndo B(0,1] (u)Andz B(0,1

)

[<I>(u)And:c =O("?) as € - 07,

up to a good choice of the map n. Then

ou ~ 9
v[B(O’l[mZ)(u)g(u) dz + .[93(0,1[ Eda =0(e"7)

and letting € - 07 we get

ou
do < - f A
/;3(0,1[(]5(“)9(”) rs 8B(0,1] Ov 7

in particular being ¢(u) >0, g(u) >0, we have

ou
do<- [ 2
fB(o,l[n{u<k}g(u) v dB(0,1[ Qv 7

Letting k — oo we infer that g(u) is L'(B(0,1[). For u, we consider two cases:

(a) u is bounded in B(0,1[: in this case u € LP(B(0,1[) needs to hold;

(b) w is not bounded in B(0,1[: we note that assumption (ii) guarantees that, as M > 0 is big
enough, one has
[ 3

inf 9(s) €] 2l[,

s>M sP 2’

t
where [ := liminf% > 0. Then, as u(z) > M,

t—o0

gu(@) o o p 9@ o e 90) 1’
w(z)P  ~ {u=M} uP  s>M sP 2

2
and then u(z)P < jg(u(x)) Thus

2
pd:[ pd] pdSMpn_/ d .
fB(D,l[U(x) v {u<M}nB(071[u(x) o {uzM}mB(OJ[“(x) 2 Wt B(OJ[Q(U) T < 00
In order to conclude, it sufficies to demonstrate that
Jogou "6+ 9z =0, for any € €€ (BO.1]),

By hypoteses, u is a classical solution on B(0,2[~{0} and then is a classical (hence weak) solution
on B(0,1[~{0}. We immediately note that n¢ € C°(B(0,1[~{0}), hence

0=/B(OJ[uA(nC)+9(U)77Cd1:=fB(O’l[n(uAGg(U)C)defB(O

Thus we infer:

c
A dzl < f An+2vn-v(lde < = f dz <
’fB(og[n(u C+og(u)Q) x‘ B(O,l[uK n+2vn - v(|de 2 JBO2eBOL T

" u(CAn+2vn-v()de.

)

C na-1L n-2-2
< 5 €U ullen ) = O )l s as €= 0",

and we conclude the proof. QED
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Observe that actually u is a weak solution in B(0,2[ whole. To prove so, we can argue in
the following way: first we observe that u is of class C? in the open B(0,2[~B(0,1], and g(u)
is necessarily continuous there (being Awu continuous), so surely v and g(u) are both locally
integrable in the open annulus B(0,2[\B(0,1], and then are locally integrable in B(0,2[ whole.
Then let ¢ € C°(B(0,2[), and suppose that, as € > 0, p. € C*°(B(0,2[) is a radial function such
that 0 < p. <1 and

pe=1in B(0,1-€]u(B(0,2[~B(0,1+¢[)
pe=01in B(0,1+¢/2] N B(0,1-¢/2]
IVpe| < Cle, |Apd < Cfé.

Then, for any e > 0, by the fact that u is a (classical) solution in B(0,2[~B(0,1[ and a weak
solution in B(0, 1],
0: f A € + € d =
0o A PC) 9 ) du
= (WA + d +/ 2 - Vpe + uCApe) de.
oo Ao das [ (QUTC Tt uCAp) da

We note that the first term converges to .[B(O,2[(UAC +g(u)¢)dz as € > 0" and the second one

is bounded by C'(u,¢) (€' +¢*2) in modulus, and so shrinks to 0 as e - 0. This is enough to
conclude that v weakly solves the equation in the open ball of radius 2 too. So we’ve proved the
following, stronger result.

Corollary 1.2.1. Let u e C?(B(0,1[~{0}), u > 0 solve the following equation

-Au = g(u) in B(0,1[~{0} (1.15)
in dimension n > 3. Assume that:
(i) g(t)>0,ast>0;
(i) lim infﬁ > 0, for some p > .
tooo P n-—2
Then u e L}, (B(0,1[), g(u) € L, .(B(0,1[), and u weakly solves equation (1.15) (in B(0,1[).

1.3 A Maximum Principle for weakly subharmonic functions

In this section we demonstrate a Maximum Principle for weakly subharmonic functions. This
result will be used in the proof of the Reflection Theorem: we will exploit the whole power of this
Maximum Principle, in particular the fact that it doesn’t require the continuity of the weakly
subharmonic function. We start with the following sort of Comparison Principle for weakly
subharmonic maps.

Lemma 1.3.1. Let u be a weakly subharmonic and upper semicontinuous function in a open
Q, g € Q and r > 0 be such that B(zg,7] c Q. Then

u(xg) < ][ ud
( O) OB(zo,r[ 7

Proof. We give the proof only in a easier setting, i.e. assuming w continuous. Let ¢ be a mollifier
and, for any € > 0, consider

ue(w) = (uxa) * 6c(x) = [ u(w)oda-y)dy.
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We have |[ue — ul| Lo (B(zo,,]) = 0 @ € = 0. The weak subharmonicity of u ensures that

~Au,() =~ [ (w(®)As(-)dy <0,

and then that u, is subharmonic. For 0 < p <7, let

®(p) = (2)do(z) = ][ . do(y):
(D)= £y @) do(@) = £ uao s py)doy)
® is continuous and, as 0 < p <7, by the Divergence Theorem,
@l = € + N d
(p) o " (zo+py) -ydo(y)
r—X
= Vue(x)  ——do(x
= ][ Auc(z)dz >0
B(zo,p[

Then u(zo) = lim,o+ (p) < limy,- (p) = ][BB(wo o[ ue do and thus, given § > 0, picking € > 0
small enough,

u(xg) < ue(x +5£][ ueda+5g][ udo + 26,
( 0) ( 0) OB(zo,r[ OB(zo,r[

and the arbitrariness of J allows us to conclude. QED

Clearly a dual version of the result above can be stated for u weakly superharmonic, observing
that —u is weakly subharmonic.

The proof of the general statement is less easy, and requires a precise study of the Lebesgue
set of a weakly subharmonic function: in other words, one first proves that Lemma 1.3.1 holds
true under the further assumption that the Lebesgue set of u is €2 whole, and then shows that the
Lebesgue set of a weakly subharmonic function coincides exactly with €2. All this machinery is
exhaustively exposed in [9]: in particular Lemma 1.3.1 turns out to be an immediate consequence
of Theorem 4.3 and Theorem 1.2 of that work used in tandem.

We are finally ready to demonstrate the following

Theorem 1.3.1. Let Q c R™, n > 2, be an open, connected subset and u be a weakly subharmonic,
upper semicontinuous map in . If M € R is such that u < M in ), and there exists a point xg € €2
in which u(xo) = M, then u is identically M in €.

Proof. Let r >0 be such that B(xzg,r] c Q. Then
M= < ][ do,
u(zp) 8B($()7T[u o

and thus u has to be identically M on dB(z,r[: as a matter of fact, by upper semicontinuity of
u, if there exists z* € 0B(x,r[ such that u(x*) < M, then there is a neighbourhood U of * in
OB(xo,r[ such that as z € U one has u(z) < (u(z*) + M)/2. Thus

M =u(zg) < ][ udo
( 0) OB (zo,r[

:|8B(x0,r[|_1(/BB(xOJ[\UudJ+[UudU)

< 0BGl (100101 401 M)

< |0B(zg, [t (|0B(zo, r[NU| M +|U| M)
= _]\4-7
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and this is a contradiction. Applying this argument to all the radii 0 < p < r and using the
equality u(zg) = M, we infer that u is identically M in the ball B(xg,r]. A chaining argument
and the connectedness of €2 permit to conclude. QED

1.4 An estimate for the solution to a Dirichlet Problem

The aim of this part is very technical: we want to estimate the Schauder norm || ||clvﬁ(§) of the
solution to a homogeneous Dirichlet Problem associated to the Poisson Equation —Au = f by
the L?(Q2) norm of f. Such an estimate will be used in the third chapter in order to prove an
Extension Lemma (Lemma 3.3.3).

We begin recalling some facts, first of all the theory about the homogeneous Dirichlet Problem
for the Poisson Equation, and second a regularity result. Let 2 ¢ R™, n > 2, be an open, bounded
subset. We denote by H'() the Sobolev space W2(Q2), and we set H}(Q) the enclosure of
the space of the test functions C°(Q) in HY(Q). Given f e L?(Q2), consider the homogeneous

Dirichlet Problem
-Au=f inQ

(1.16)
u=0 on 0f.

For such a problem one can formulate a very natural notion of weak solution (such that, in
particular, this new defintion in an "average" of the notions of classical solution and weak solution
to —Au = f).

Definition 1.4.1. A function u € H'(Q) is said to be a Hg (2)-weak solution to problem (1.16)

provided that u € H () and
f Du-Dvda = f Fodu,
Q Q

for every v € Hj ().

We immediately observe that if u is a HJ (€2)-weak solution to (1.16) then u is a weak solution
to —Au = f. As a matter of fact, for any ¢ € C>°(12), taken a smooth open subset ' cc  ? such
that supp ¢ c ', one has

fQ (WAC + f¢) da = fQ (uAC + f¢) da = (Trace Theorem)
=—fQ,Du-ngmLQI(TU)(Dg-V)d’H"*l+fﬂ/fzdm
=_fQ,Du-DCdx+fQ’f§dx:0.

One can prove the following, exhaustive

Theorem 1.4.1. For f € L?(Q), the Dirichlet boundary value problem (1.16) has ezactly one
H{J(2)-weak solution.

We recall that the scalar product
(f.9):= A(fg +Df-Dg)dax

gives H'(Q) a Hilbert Space structure, and consequently, by closedness, also

(Ho(Q), ()

2With this notation we mean that ' is a bounded open subset such that Q' c Q.
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is a Hilbert Space. The Poincaré’s Inequality ensures also that the form in H3 ()

(f.9). = [ Df-Dgda

is a scalar product that induces a norm ||-|, equivalent (just in HJ (2)) to the norm ||-|| = (RIFZENES))
associated to (-,-). Therefore (H}(Q), (-,-).) is an Hilbert Space, and the Hilbert structures

are equivalent in the sense that, for a suitable constant C* = C*(2), one has

1/2
= ( [P ar) ™ <( [ aseepspyar)” =< VORI [ 1psPar)” = Va1
for all f € H}(S2). Then, by definition of HJ(2)-weak solution, we deduce the following estimate

|1Dull2¢q) = lJull« = sup (u,v). = sup Du-Dvdz = sup fodx (1.17)
veHE () veH (9) 79 veH ()
l[oll«<1 [[vll+<1 l[oll«<1

sup f fvdx
veHJ ()
||'U||L2(Q)<C

< sw [ fode=Cfllia).
vel2(Q) Y9

||“||L2(Q)§C*
Moreover we have
[ull 20y < C* |lulle < C*2 1 fllr2(q)-

We now introduce a regularity estimate. We recall that, given a Lipschitz open bounded subset
QcR™ n>2, the Morrey Space of exponents 1 <p < oo, A >0 is defined as

LPAMNQ) =4 ue LP(Q) s.t. supp |ulP dx < oo ¢.
xoé QOB($07P[
p>0

The Morrey Space LP*(§) can be endowed with the norm defined by

2 -\ P
[ullzp.n () = sup p jul” da.
Lr:A(Q
D o’ JanB(aosl
p>0
Moreover in local sense, for any open subset €2, we set

Lp7

loc

(Q) = {u €L} (Q)s.t. ulgr € LPA(Q'), for any Lipschitz open subset ' cc Q}

We have the following important regularity result.
Theorem 1.4.2. Given an open subset QcR", n>2 letue W (Q) be a weak solution to
-Au=f,

where f e L% Aﬁ(Q) Ag=2B+n-2, for some 0 < B < 1. Then Du is locally S-Holder continuous.
More specifically, given a sequence Q) cc Q cc Q such that Q0 is Lipschitz, the following estimate
holds

Du Qs < C(IDull 2y + 1200 1) (1.15)
for a suitable constant C = C(B,n,Q,ﬁ,Q).
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For a proof of this result (possibly in a more general setting and with quite different assump-
tions), one can see for example [10].
Let’s assume now that u € CH%(Q) is a HE(Q)-weak solution to (1.16), and let

feL™(Q)cL*N).
Then, for any 0 < A < n, fixed pg > 0 arbitrarily, one has:
(1) i 92 p0, P forp(ae pf 1P 42 < 05 117203

(2) 1 9% 9o, 0™ Joms(anf P42 < 5 IR gy < B IIR gy -

Therefore in particular

fe N L*9).

0<A<n

Fixed §; > 0 arbitrarily, pick Q= Q51 in order that
|Du: Qg < |Du: Qg+ 6.
By estimates (1.17), (1.18), for 0 < 5 < 1, up to a good choice of C = C(B,n,d1,2), we infer that

1D s < Ol llzzqay + 1120 )

Then, for d2 > 0, taking po = d2 and supposing that [|f||2¢q) < 5;/2 in the estimate written some
lines ago, we obtain

anB

[Du: Qg < C (8,1, 01, 2)[05” + (Ifll ey + 185 7 1+ 01 = .l e ey (01 02)-
Exploiting the inequality above, we can show the following result.

Theorem 1.4.3. Fized ¢ # 0 and a open nonempty subset A c B(0,1[, consider the boundary
value problem
-Aw=cxa n B(0,1]

1.19
w=0 on 0B(0,1[. ( )

Then the only H}(Q)-weak solution w to (1.19) is of class CYP(B(0,1]), for any 0 < B < 1.
Moreover, there exists o = o(f,n,c) >0 with the property that, since |A| < o, it follows

[wllers (o,17) < 1-

Proof. Assume that w € C?(B(0,1]) is the HZ(B(0,1[)-weak solution to 1.19. Then w is con-
tinuous up to the boundary of the unit ball, is non identically zero, but is null on the boundary.
Therefore there is a point xg € B(0,1[ in which w attains its maximum or its minimum (if ¢ > 0
or if ¢ < 0 respectively). Then by differentiability

Dw(xg) =0.
Thus, fixed also a point 21 € B(0, 1] and assuming that |A| < §%/|c[?, we have:

|Dw : B(0,1[| < Eg,n,c(61,02) = Ep.n,B(0,1,(01,62)
|Dw(z)| < |Dw(x) — Dw(zo)| < 2°E4,5.0(61, 9)
w(@)| < w(@) - w(z1)] <2725, (51, 62).
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By definition of Zg,, (41, 02), taking for example §; = 1/2, choosing a good do (function of 3, n
and c¢) and setting o(8,n,c) = 0% /|c|*, we infer that

||w||cl,ﬁ(§) <1,

and the thesis follows. To conclude, it sufficies to demonstrate that that the unique HE(B(0, 1[)-
weak solution of (1.19) is of class C(B(0,1]). This fact is an immediate consequence of the
following

Theorem 1.4.4. Let Q c R", n > 2, be an open, bounded, connected subset, and f € LP(2),
for some 1 < p < co. Then, denoted by S, the fundamental solution to the Laplace Operator in
dimension n, the Newtonian Potential

Nf@)= [ Sule=y)f )y, <,
is of class W?P(Q) and
ANf)=f a.e in Q.

Furthermore, there exists a constant Coyz = Coz(p,n), dependent only on p and n, such that the
so called Calderon-Zygmund Inequality holds true:

ID°N fllzocoy < Cozll flloeq)-

A proof of this result can be found in [5, p. 230].
The smoothness of the boundary of the ball allows to apply the well known Sobolev inclusions,
deducing that, if p>n
NfeWrP(B(0,1]) = CP(B(0,1])

continuously. Let f = cxa: it’s clear that the only HJ(B(0, 1[)-weak solution to (1.19) is
w=wy-NF,
where wq is the unique solution to

Aw=0  in B(0,1]
w=Nf ondB(0,1].

It’s known that the Schauder regularity of wg coincides with the Schauder regularity of the
boundary datum, and therefore it’s clear that, if p > n, w € CH'"™P(B(0,1]). From the fact that

xa € () LP(B(0,1]),

p>n

it follows that w is of class C?(B(0,1]), for all 0 < 8 < 1, and we conclude. QED



Chapter 2

Symmetry properties via Reflection
Method

In this chapter we analyze into detail work [2], studying a first, quite standard reflection tech-
nique. Using this technique, we demonstrate an interesting symmetry property for solutions of
equations like —Aw + b(x)0yu + f(u) = 0: this property turns out to ensure the radiality of the
solutions to

-Au=f(u) in B(0,R[
u=0 on 0B(0, R[.

From now on, let the dimension n > 2.

2.1 A reflection technique for bounded, smooth open subsets

Let  c R™ be a smooth (at least C?) open, bounded, connected subset. Given a unit vector
v € S™1 let Ty be the hyperplane v -z = A, for X € R, and, given x € R", denote by z) the
reflection of z in Ty. As A big, T does not intersect . Let’s move T} letting \ to decrease: from
a suitable value of A on, T) intersects {2 and selects an open cap

(N =Qn{y-x>\}.

Set ¥'(\) the reflection of () in the plane T). At the beginning, ¥/()\) is contained in Q; then
¥'(A) will remain in Q until to one of the following two conditions occurs:

(a) X'()\) becomes internally tangent to 9 at some point P not contained in T;
(b) T\ assumes a position orthogonal to 02 at some point.

We denote by A1 the first value of A such that one of the two positions (a) or (b) above is reached,
and we set

E(A1) =3,

¥(Ar) = Efy.
We call X, the mazimal cap associated to . Note that E; is contained in €. The conditions (a),
(b) above are necessary, but one can immediately see that are not sufficient to guarantee that,

for A < A1, 3 fails to be contained in § (see for example the open Q represented in the figure at
the beginning of the next page).

26
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Y%

Az M

Let A2 < A1 be the supremum of the values A such that ¥'(\) € Q: £(\2) is said to be the optimal
cap associated to 7.

2.2 The symmetry property for solutions to some elliptic equa-
tions and related consequences

We are now enabled to state and prove a symmetry result for solutions to elliptic equations.
Given a smooth open, bounded, connected subset €, let u € C?() solve

Au+by(2)ug, + f(u)=0in Q, (2.1)

where by € C%(Q), f € C'(R). Let v = (1,0,...,0) and ¥ := %, be the maximal cap associated to
. The correspondent hyperplane T}, coincides with z1 = A1 and, setting

Ao = max i,
zeQd

we have A1 < Ag. We introduce the following hypotheses on w:

u>0in €
weC (Qn{x>\}) (2.2)
u=0o0n dNNn{xy >N}

Given z € R", we further denote by x) the reflection of x in T).

Theorem 2.2.1. Let u like in (2.1) and suppose that u satisfies the assumptions (2.2). Assume
that by >0 in X uX'. Then, for any A\; < A< X, one has

Ugy <0 and u(z) <u(xy), for all z e (N).

Thus uz, <0 in X and in addition, if uy, vanishes on Ty, N§2, u has to be symmetric with respect
to T)\U QZZUE,U(T)\I OQ) and b1 =0.

The proof will be given in the next section. First we prove some consequences of the theorem
above.
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Corollary 2.2.1. Let u e C?(B(0,R]), u > 0, solve

-Au= f(u) in B(0,R[
u=0 on 0B(0, R,

where f € C1(R). Then u(z) = u*(|z|) is radial and

*

<0in ]0,R[.

r

Proof. Applying the previous theorem, we infer that u,, <0, for 21 > 0, for any choiche of the
21 axis. This fact implies that uz, >0 for z; <0, and by continuity necessarily u,, =0 on z; = 0.
The second part of the same theorem guarantees that u is symetric with respect to x1 and so by
arbitrariness of of the choice of the axis u is necessarily radial, and furthermore

d *
Y <0in ]0,R].
.

QED
Corollary 2.2.2. Let u € C*(B(0,R] ~ B(0,R']), u >0, be a solution to

-Au = f(u) in B(0,R[~B(0,R’]
u=0 on 0B(0, R,

where f € C1(R). Then 9,u <0 in [R+TR’,R[.

Proof. Also in this case we can choose the direction x; arbitrarily, namely associating it to
whatever unit vector . The previous theorem ensures that v- Vu < 0. Observing that the union
of the caps X, is exactly the ring of radii (R+ R’)/2, R, and that "by structure" of the annulus

Oru cannot vanish on dB(0, RER’ [, we conclude. QED

In particular, we have the following further consequence.

Corollary 2.2.3. Let ueC?(B(0,R]~ {0}), u >0 solve

-Au = f(u) in B(0,R[~{0}
u=0 on 0B(0, R][,

where f € C1(R). Then 9,u <0 in ]%,R[.

This result is very weak, and, we can say, its weakness justifies the necessity of a new, less
standard reflection method, which will be described in the following chapter. Roughly speaking,
the presence of the hole at the center of the unit ball makes fail the argument used in Corollary
2.2.1, and so permits to infer only a poor result, as Corollary 2.2.3 is.

2.3 Proof of the Theorem 2.2.1 on the symmetry property

Before moving on to expose the proof of the theorem, it’s better to state and prove two Lemmas.
Until to the end of the section, 2 is assumed to be a smooth open, bounded, connected subset.
We set v = (vy,...,,) the outer unit normal vector field on 9. Moreover, in addition to the
hypotheses used in the following statements, we assume that u is like in (2.1) and that u respects
assumptions (2.2).
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Lemma 2.3.1. Let xg € 92 be a point in which v1(z¢) > 0. For € > 0, let
Qe :=Qn B(zg, €[
and u € C?(Q,) be such that

u>0in €,
u =0 on 9Qn B(xg, €.

Then there exists a d = d. > 0 such that uy, <0 in 5.

Proof. Being u>0in Q, u =0 on 9Qn B(xo, €[, it follows that u, <0 on QN B(xg, €[, and then
that u,, <0 there (it sufficies to pick € > 0 enough small to ensure that vy > 0 on 9Q N B(zo, €[
whole). By contradiction, let the thesis be false. Then one can find a sequence {27} ;51 such that
29— 20, ugy (27) 2 0, for every j. For j big enough, the line

{27 + teq|t > 0}

intersects 92 in at least one point 4/ in which necessarily u,, has to be nonpositive. For ¢ small
enough, applying the Lagrange Mean Value Theorem on any segment [x7,y’], we deduce that

Uz, (20) = 02 ugy 2, (20).
Let f(0) > 0. Then u solves
Au+biug, + f(u) - f(0) <0 in Q,
or equivalently, thanks to the Lagrange Theorem, fixed ¢; = ¢1 () suitably,
Au+ brug, +ciu > 0.
Applying to —u Hopf Lemma 1.1.6 already proved, we find
uy(20) <0 = ug, (z9) <0,

but this is a contradiction. If instead f(0) < 0, another contradiction occurs. We argue as follows:
let uy,...,u, be an orthonormal basis with associated coordinates 1, ..., 4y, such that v-wu; > 0,
for any 1 <7 < n. With the same argument used to demonstrate that ug, (xo) = 0 > ug, 2, (20),
one shows that wuy, (z9) =0, uy, 4, (o) <0, for any i. But therefore

0>Au=-f(u)>0 at xg,

the Laplace Operator not changing passing to y1,...,yn, and the reductio ad absurdum is con-
cluded. QED

Lemma 2.3.2. Suppose that, for some A\; <A < Ay,
Uz, () <0, u(x) <u(xy), for any x € 3(A),
but u(z) is not identically w(xy) in X(\). Then if b; > 0 in £(\) u X'(\), one has

u(z) <u(zy), for any x € 3(A), ug, (z) <0, for any z € QnT).
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Proof. Consider v(z) = u(x)) for x € X'(\) (note that z) € X()\)). The map v respects vy, >0
and solves
Av(z) = bi(z))ve, (z) + f(v(z)) =0.
Holding also (2.1), one infers that
Av(x) = bi(2x)va, (2) + f(v(2)) - Au(z) = bi(2)ug, (2) - f(u(z)) =0, in Z'(N),
and so we deduce that

A(v = u) (@) +b1(2) (v - u)a,y (2) + f(v(2)) = f(ulz)) = (b1(22) + b1(2))ve, () 2 0.

Now the assumptions under which we are working ensure us that in ¥'(\) the function w=v-wu
is nonpositive but not identically zero. Moreover, applying the mean integral Theorem to the
inequality just inferred, we obtain that for a suitable map c = ¢(z)

Aw + by (2)wg, +c(x)w >0 in X' (N).

By w =0 in T\ N, hence on 93'(\) whole, using Maximum Principle 1.1.5 and Hopf Lemma
1.1.6, we deduce that
w < 0in X'(N\), wg, >0 on Ty N Q.

Consequently —ug, =wy, /2> 0. QED
We are now ready to prove Theorem 2.2.1.

Proof (of Theorem 2.2.1). By Lemma 2.3.1, it follows that, as A close to Ag, A < A, it holds
ug, () <0, u(x) <u(xy), for every z € X(N). (2.3)

Let < \g be the critical value such that, as A < p, (2.3) no longer holds, and for A = 1 one has
Uz, () <0, u(x) <u(z,), for any x € X(u).

Let’s show that p = A1.
Suppose that p > \i. Therefore, for any xg € 0X(p) \ Ty,

“w
xy € Q.

Because 0 = u(zo) < u(zly), we deduce that u(zx) is not identically u(z,) in ¥(u). Hence we can
apply Lemma 2.3.2 achieving that

u(z) <u(zy) in X(p), ug, <0 on Qn Ty,
Thus (2.3) holds for A = p too. Since ug, <0 on Qn7T),, using Lemma 2.3.1, it follows that
Uy, <0in Qn{xy > p - €}, for some € > 0. (2.4)

By definition of u, we deduce that what we are going to describe has to hold: there exist a
sequence {M };s1 such that A\ <M ~ p and another sequence {z;};>1 such that

zj € B(N) and u(zx;) > u(x;\])

Up to subsequences, by compactness, x; - x, for a suitable x € ¥(u). Therefore

:v?-j -z, and u(z) > u(z,). (2.5)
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By the validity of (2.3) as A = py, it has to hold

x € 0X(p).
If z didn’t belong to T}, then x would lay on 0f2, and hence z,, € Q,
0=u(z) <u(zy),

but this is a contradiction, by relation (2.5). Therefore € T, and z,, = x. Now, as j big enough,

the segment joining x; and 333\] belongs to (2 and, by the Lagrange’s Theorem, it has to contain
a point y; such that u,, (y;) > 0. This fact contradicts (2.4), because y; converges to x. Thus
w=A1 and (2.3) holds, for any Ao > A > A\;. By continuity, one also deduces that, in 3,

Ug, <0

u(z) <u(zy,).

To complete the proof, suppose that u,, vanishes at some point of {}nT),. By Lemma 2.3.2,
it follows that u(x) = u(xy,) in X. From u(z) = 0, for every z € 9Q n{x1 > A1}, it follows that
u(xy,) =0 and finally we infer that

Q=2XuX u(QnTy).

Lastly, let by > 0 at some point of €2, that we may assume not contained in T}, (by continuity).
Thanks to the assumptions (2.2) and to the symmetry of u with respect to Ty, just proved, we
note that

bi(z)ug, = brug, (zy,)-

If x € ¥, or similarly in X', the left hand side is negative, instead the right hand side is nonnegative.
Thus a contradiction occurs, and b; is necessarily identically zero. QED



Chapter 3

The singular Yamabe Equation

We now enter the core of the thesis: in this chapter we study into detail work [1]. In particular,
we need to develop a more sophisticated reflection technique that is, citing textually the work
of Caffarelli, Gidas and Spruck, a «"measure theoretic" variation» of the more basic reflection
method introduced and exploited in the previous chapter. The aim of this chapter is to furnish a
complete characterization of the solutions to the Yamabe Equation in the punctured ball. To do
so, we will need to develop a sophisticated machinery, boosting and trying to generalize to the

limiting exponent « = Zi’% the techniques and the arguments used by Gidas and Spruck in [11]
to classify the singular solutions to equations like —Awu = u®, for 1 < a < ;‘—fg We begin with an

exhaustive study of the radial solutions to the Yamabe Equation in the punctured ball: such an
analysis is fundamental because permits to formulate the classification result contained in the
last section. In the second section we first exploit the Kelvin Transform in order to change the
formulation of the problem: roughly speaking, instead of studying an equation in the punctured
ball, we deal with an equation defined in a neighbourhood of infinity. Second, we prove some
general decay estimates: these estimates represent the fundamental assumption under which we
will work along the whole chapter. The subsequent section is devoted to the proof of the Reflection
Theorem, and to understand what is the asymptotic symmetry and how can be deduced by the
Reflection Theorem. The final section is dedicated to analyze the applications of the theoretical
tools developed in the previous parts: in particular, the last result of the chapter contains the
clagsification of the solutions to the singular Yamabe Equation which represents the gist of the
thesis. From now on, the dimension n is assumed to be > 3.

3.1 Radial solutions to the Yamabe Equation

We start giving an exhaustive survey regarding the radial solutions to the Yamabe Equation,
fully classifying them. This study is preliminary to the more difficult issue of classify the singular
solutions to the Yamabe Equation that we will study in the final part of this chapter, proving
that, around zero, any singular solution to the Yamabe Equation is "close to" a radial, singular
solution to the same equation.

We want to find the radial, C? solutions to the Yamabe Equation in the punctured ball,
namely to the following equation:

~Au=unz, in B(0,1[~{0}. (3.1)

To do so, we first recall the formula for the Laplace Operator in spherical coordinates. Denoted
by S :=0B(0,1[, let Q c R" {0} be an open subset, u € C?(Q) and consider the representation
of u in spherical coordinates, that is

v(r,0) = u(r),

32
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for (r,0) € {(|=|, |;E—|) | x € Q} c]0, +00[xS. Then we recall that

0% x n—-10v T 1 T

Au(z) = =5 (la], m) + = (2l =)+ BE Asv(|z], =), (3.2)

[z Or ™ " || ]
for any x € 2, where Ag denotes the Laplace-Beltrami Operator on the unit sphere.
Let Q = B(0, R[~B(0,r], for 0 <r < R < oo arbitrarily chosen, and suppose that u = ¢(|z|),
¢ € C?(]r, R[), is radially symmetric. Then formula (3.2) yields

n-1

Au(z) = ¢"(|z]) + ¢'(|z]), for z € Q.

||

So the analysis of the radial solutions to (3.1) can be reduced to the study of an ordinary
differential equation: in fact, it’s clear that u € C2(B(0,1[~{0}) is a radial solution to (3.1) if
and only if, taken ¢ € C2(]0,1[) such that u(x) = ¢(|z|), ¢ solves

n-1

¢"(r) + = ¢'(r) + ¢(r)"2 =0, in ]0,1[. (3.3)

r
In order to study this ODE, we may adopt the following ansatz 3
n-2
Y(t)=r= ¢(r) (3.4)
t=-In(r), t>0.
Such an approach permits to deduce that 1 solves the second order ODE

n+2

2
P - (nT—2) Y +1n-2 =0, in ]0,+oo[, (3.5)

and conversely that if ¢ solves (3.5), then ¢ is a solution to (3.3). We immediately note that
(3.5) is the Newton Equation associated to a conservative field with potential

n-2

1 2
SEILE P

n_2¢%_
n

2 2

It’s well known that the total energy defined by

2
1 1{n-2 n—-2 2n
B, ¢) = K@) +U@) = (") - (== | v*+ Pn-z,
2 2\ 2 2n
i.e. the sum of the kynetic energy and the potential energy is a prime integral for equation (3.5),
namely is constant along its solutions. These physical considerations allow then to infer that if
1 solves (3.5) then 9 solves

2 n

2
(W:("‘z) w2y 0 p, (3.6)

for a suitable value of the total energy E = D/2. Our purpose is now to analyze the C? solutions
¥ to (3.6) as D e R.
For ¢ € R, consider the even, C!(R) function

n-2

n

2
Apw) =20+ D= (*52) it - 2l

3substitution (3.4) is known as Emden-Fowler substitution.
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2
-2 n+
As >0, AL (y) = Z(nT) (R 21/17—3, and so A%, () >0 if and only if

Wyt s (”7‘2)

and A,(0) = 0. Therefore ¢* is a maximum and, being

anw)=2("52)

in order that (3.6) is well defined we need to impose the following constraint on D:
n
Dy 2 ( n- 2) .
n\ 2

Pp = A7 (]0,+00[):

Let

by evenness, we deduce that as D =0
n-2
2

Py =]ag, bo[u] - bo, —ao[, where ag := 0, by := (@) .

. 2(n-2\"
Furthermore, if 0 > D > —— — | then
n

PD ZJQD,bD[U] —bD,—CLD[, where ag <ap < bD < bo,

2(n-2\"
and if D >0, Pp =] -bp,bp[, bp > by. In addition, for any D > __(nT) ,
n
Zp = Ap ({0}) = 9Pp,

and any element of Zp is a constant solution to (3.6).
We immediately note that v solves (3.6) if and only if

Y ePp

U e {x/Ap(¥)},
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2(n-2\"
for any time, and so, for D > ——(nT) , we want to study separately the following ODEs
n

U= Ap(¥) (3.7a) W' ==/ Ap(¥) (3.7b)

for 1 € Pp. The map /Ap is locally Lipschitz in Pp, and thus we can apply the local existence
and uniqueness result to both (3.7a), (3.7b). Moreover the escape from compact subsets Theo-
rem guarantees that any maximal solution to a Cauchy Problem associated to (3.7a) or (3.7b)
needs to be defined on R whole *. We finally observe that the constant solutions to (3.7a), (3.7b)

2(n-2\"
are exactly the elements of Zp. Therefore, for D > __(nT) , for every tg € R, ¢g € Pp, the
n

following Cauchy problems

{ VAW g {¢Eanw (3.8b)
¥(to) = o ¥(to) = o

have exactly one (maximal) solution defined on R and, observed that \/Ap is of class C!, such a
maximal solution needs to be of class C2. More precisely, the following result holds.

Lemma 3.1.1. Let ¢ be the maximal solution to Cauchy problem (3.8a) (resp. (3.8b)), for
to € R, 1[)0 € Pp. Then:

(a) —1 solves (3.8b) (resp. (3.8a)) for initial data to, 1o € Pp, and $(t) = ¢(~t) solves (3.8b)
(resp. (3.8a)) for initial data —tg, vo;

(b) 9’ never vanishes, and so ¢ is is monotone. Moreover, for any time, ¥ belongs to the
connected components of Pp which contains 1)g;

(¢) * converges to a finite limit as t - +oo, and in particular:

(c1) if D<O,
tEm b(t) = %Sisgn(wo))bp + %(sgn(z/;o) -1)ap %f zp: >0
e 2 sgn(o))ap + 5(sgn(vo) - 1)bp if 9" <0
lim (r) < | 200+ s8u(Y0))ap + 5 (sen(vo) - Dbp if o> 0.
e 3(1+sgn(tho))bp + 3(sgn(vho) - ap if ¢’ <0’
(c2) if D >0,

b if ' >0
lim (r) = {0 T
t—>+o00 Fbp if w’ <0.

Finally, if 19 € Zp, the constant 1) = 1) is the unique solution to both (3.8a) and (3.8b).

Proof. The first point is an immediate consequence of the definitions of Cauchy problems (3.8a)
and (3.8b). Let for example v solve (3.8a), and assume that v vanishes at some time 7. Then
necessarily (1) = ¢, for some ¢ € Zp, and then ¢ is a constant solution (3.6). The Comparison
Principle for ODEs ensures then that ¢ = ¢ in [7, +oo[. From point (a) it follows that ¢ solves

(3.7b) and then ¢ = ¢ in [-7, +oo[, namely ¢ = ¢ in | — 0o, 7]. Thus ¢ is identically ¢, but this is

4This aspect is meaningful becuase ensures that any radial solution to the Yamabe Equation in the punctured
ball can be naturally extended to R™ \ {0}.
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a contradiction, because ¢ # 1g. Thus 7' needs to be always positive or negative, and then to be
monotone. Furthermore the continuity of ¢ guarantees that v lays in the connected component of
Pp which contains g, and so the proof of (b) is concluded. We now characterize this connected
component, denoted by Pg:

(1) if D<O,
PO _ lap,bpl if 1o >0
b ]—bD,—CLD[ if1/10<0;

(2) it D> 0, Plo) = PD =] —bD,bD[.

The monotonicity of v implies that:

lim () =

t—+o0

S ify' >0
s ify <0

s if >0

Jm v (t) = {s if ' <0

where S :=sup), s:=infy, S, s € P_g. Observed that clearly —oo < s < S < +o0, we infer that 1)’
needs to go to zero as |t| - oo. Thus necessarily S, s € Zp, more specifically

S,s€0Pp mP_]%:(?P,%,

and (c) follows from the characterization of P]% operated before. Finally, the last statement
follows since the fact that, if 1y € Zp, the existence of a nonconstant solution to (3.8a) or (3.8b)
would violate the classification for vy € Pp just demonstrated. QED

The main consequence of this result is that we can formulate a existence and "semi-uniqueness”

result for equation (3.6).

Theorem 3.1.1. We have:

2(n-2\"
(a) if D> ——(nT) , then for every tg € R, 1y € Pp, the following Cauchy Problem
n

2 n

Y(to) = 1o

, n—2 2 n—2  2on
(sz) )2: (_) QzZ)Q_ ¢"‘2 +D (39)

has exactly two C* solutions 1)1, 1o, the first solving (3.8a), the second one solving (3.8b).
Moreover, if 1o € Zp, then 1 =g is the unique solution to (3.9);

n-—2

2(n-2\" 2
(b) if D= __(_n2 ) , then 1) = :I:( ) are the unique solutions to equation (3.6).
n

Proof. Let I be an interval and ¢ : I — R be a solution to (3.9) for ¢y € R, 1)g € Pp. Suppose that

P'(to) > 0 (if ¢'(to) < 0 the proof is very similar). Then we can consider the maximal interval
Ja,b[c I such that

to E]a,b[
Y >0 in Ja,b[.
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If Ja,b[= I then we deduce that v solves (3.8a), and we conclude. If Ja,b[ ¢ I, then 1" necessarily
vanishes at either a or b, but this is a contradiction because 19 € Pp and Lemma 3.1.1 ensures
that ¢ cannot vanish. Finally, if ¢y € Zp, if there existed a nonconstant solution to (3.9), then
there would be ¥y € Pp such that v is a solution to (3.9) for initial data to, o, but this
is a contradiction by the characterization done above. Point (b) follows from the fact that, for

n—-2
2(n-2\" -2\ %
D= __(nT) the function Ap (defined before) is nonnegative only at the points i(n 5 ) )
n
and we conclude. QED

Now we can prove the following classification result for the radial solutions to the Yamabe
Equation in the punctured ball.

Theorem 3.1.2. Let u(z) = ¢(|z]) be a radial, C* solution to equation (3.1) (the Yamabe Equa-
tion in the punctured ball). Then one of the following conditions holds true:

n-—2
2

(a) qb(r)zi( )27“2271,f0rr>0;

(b) o(r) = P Yp.ci(=Inr), for r >0, where Vp ; is the unique solution to

{ ' = (-1)'\/Ap(¥)
$(0) =c,

2(n-2\" — .
for some D > —— 5 ,cePp,ie{0,1}.
n

In particular any radial solution to (3.1) can be naturally extended to a radial solution to the
Yamabe Equation in R™ ~ {0}.
Proof. By substitution (3.4), we know that ¢ needs to coincide with r5t (r), for a suitable

2(n-2\"
solution ¥ to (3.6). Point (a) corresponds to the limiting situation in which D = __(nT) :
n

2(n-2\"
Instead at point (b) we classify all the solutions to (3.6) under the assumption D > __(n_)

n\ 2
using Theorem 3.1.1 (we fix the initial time to = 0 °, we let the initial value vary in Pp, and we
choose the sign of the derivative of the solution). QED

Finally we want to answer two questions: which are the radial solutions to (3.1) that are
nonnegative? Which are the radial solutions to (3.1) that are not singular at the origin?

Corollary 3.1.1. We have:

(a) the nonnegative, radial solutions to (3.1) are exactly

n-2
n-2\ 2 2-n
- r 2
2

o(r) - (
$(r) = T Pp (- Inr),

2(n-2\"
forOzD>——(nT) ,ce Ppn[0,+o00[, i€{0,1};
n

5Note that this is an arbitary choice: we could select whatever real value to.
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(b) the radial solutions to (3.1) that are bounded around the origin are exactly

6=0
2-n
¢(r) =72 ¢pci(=Inr);
for D =0 and either ¢ce Ppn[0,+oo[, i=-1, or ¢c€ Ppn]—o00,0], i =1.

Proof. The first statement is a straightforward consequence of all the theory developed up to
now. To show (b), it’s enough to observe that since the boundedness of ¢ around zero it follows
that

n-2

d(t)=e 2 ple)
needs to shrink to zero as t - +oo. Therefore the only possibility is that (b) holds. QED
In [8], one can find the precise computation of the radial, nonsingular solutions to the Yamabe

Equation: the idea is to prove that, up to a further substitution, the solutions to equation (3.6)
for D =0 are exactly the solutions to the Fuler Equation

p°0" (p) +76'(p) = 0(p).

Before concluding the section, we introduce the following notation which will be used at the end
of the chapter. We set

— 2(n-2\"
{7”27 Ypci(-Inr)st. ce Pp,i€{0,1}} if D> ——(nT)
n
d(D) =

2

—o\'7 L., _9\™
{i(” 2) ! ifD:—z(—n 2).
2 2

n

In other words, ®(D) is the collection of the radial solutions that have energy E = D/2. Moreover
we denote by ®*(D) the family formed by the nonnegative elements of ®(D) (classified in the
previous Corollary).

3.2 A first approach to the classification problem for the singular
Yamabe Equation

In this section we develop a first analysis of the classification issue. First we try to understand
how the Kelvin Transform comes into play in the study of a singular solution to a Yamabe-type
Equation, and then we aim to prove some general decay estimates valid for the Kelvin Transform
of the singular solution. These estimates will be strongly used along the work, representing the
basis for the validity of the Reflection Theorem.

3.2.1 The role of the Kelvin Transform

In order to study a nonnegative, smooth solution to an equation
-Au = g(u), in B(0,1[~{0} (3.10)

with a nonremovable singularity at the origin, we will make use of the Kelvin Transform with
respect to a point z close to the origin: in such a way, we transform « into a map v with a good
behaviour at infinity and with a singularity far from the origin.
Given z € R™, for r > 0, we set
2

n n /r.
@z,r:R \{Z}_”R \{Z}, @Z,r(y)52+m(y—z)l
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P, , is a C* diffeomorphism of R™ \ {2} in itself; moreover, @, , is involutive, that is
Q0P = idpn. ()

We recall the following

Definition 3.2.1. Given z ¢ R”, let Ac R"\{z} and u: A - R be a function. For r > 0, we
define the (z,r)-Kelvin Transform of u as the map

K.pu:®,,.(A) —R

2

Tep ) = (@ ().

We immediately note that K, (. ,u) = P22y Let A c R~ {z} be an open and u be a
C?(A) map: being @, a smooth diffeomorphism, @, ,.(A) is an open and K, ,u is C*(®,,(A)).
With a straightforward computation one can verify that

defined by (K, ,u)(y) = |y - 2[*"u(z +

7“2
ly — 2|2

A(K.u)(y) =y — 2" Au(z + (y-2)) =r'ly -2/ "D Au(®. (),  (3.11)

for any y € ®, ,(A). In particular, v is harmonic if and only if K, ,u is harmonic.
Let u > 0 be a singular, C2 solution to the equation (3.10) introduced at the beginning of the
chapter. Given z € B(0, 1[, consider

v(x) = (Koqu)(z+2) = |2 "u(z + ﬁ) (3.12)

We note that the singularity of u at the origin is sent in T := —z/|z[?: this is a singularity for v as
far from the origin as z is close to 0. Relation (3.11) guarantees that

Av(z) = |z Au(z + L
|z

and hence that
T
|[?

equivalently, in @, 1(B(0,1[~{0, z}) - 2, the following equation holds

~Av(z) = f(|z],v(z)), (3.13)

where f(r,v) = r~ ("2 g(r" 2p). Therefore if u solves (3.10), then v solves (3.13) (in the open set
P, 1(B(0,1[~{0,z})—z). In the following, we will need another property of the Kelvin Transform:
the Kelvin Transform preserves the notion of weak solution too. Let’s try to understand more
precisely what this expression does mean. Assume that the map ¢ fulfills the two assumptions
(i), (ii) of Lemma 1.2.3: thanks to Corollary 1.2.1, we know that the map u is a weak solution
to equation (3.10) in the entire ball B(0,1[. We claim that map v as defined in (3.12) weakly
solves equation (3.13) in Q := @, 1(B(0,1[~{z}) — z (note that we are including the singularity
—2/|z% of v). To prove so, we first observe that, if K’ := K — z is a compact in Q, then

[ 1ralv@plde = [ 1 D g(u(@e 1o+ 2)))] de
:ﬂ(‘m/_Z|—(n+2)‘g(u(©27l(lj)))|dx/
- fcp oy B () - 27D g (u(2”))||det (Jac(®,1) («"))| dz”

SO [, o lou(a"))]da” < oo, because g(u()) € Lipe(B(O,1D),

~Av(z) = o] "D g(u(z + —)) = o[ "D g (|2 v (2));
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and similarly
fK, lo(2)|dz < C(K) fq>z,1<z<> lu(z)| dz < oo, because u(-) € L% (B(0,1[).

Therefore both v and f(|-|,v(-)) lay in L} (). Pick now ¢ € C2°(f2), and, as € > 0, consider a

loc

function p. € C*°(R™) such that 0 < p. <1 and

pe=0in B(-z/|2%, ¢/2]
pe=1in R\ B(-z/|2]* €]
IVpe| < Cle, |Apd < CJé.

Now v is a solution to (3.13) in © and thus, for every € > 0, one has

0= [ (wA(p) + f(lal,v(@))(pc0)) da

= [ oA+ f(lalo(@)C)da+ [ (209 Tpe+ 0 pe) da

(=2/122,e]NB(=2/|2%],¢/2

Observing that as € > 0" the first summand converges to

[ @A+ f(fal,vo(@))¢) da,

and the second one goes to 0 (both by dominated convergence), one deduces that what we claimed
above holds true.
So let’s resume what we have proved up to now: if u is a smooth solution to

-Au = g(u), in B(0,1[~{0},

then by Corollary 1.2.1 u is a weak solution to the same equation in the whole ball B(0,1[, and

the function defined by
v(x) = (Icz,lu)(l' + Z) = |x|2_nu(z + %
x

is a solution in @, (B(0,1[~{0,2}) -z, and a weak solution in ®, ;1 (B(0,1[\{z}) -z to equation

~Av(z) = f(|z],v(2)),
where f(r,v) = ("2 g(r"2p). The idea of all the next work is to analyze the behaviour of v
(instead of u) in order to classify the solutions to equation (3.10) in the punctured ball.
3.2.2 Decay estimates
In the setting of the previous subsection, we observe that, as |z| > co, one has

f (|l v(x)) = O(|la| )
v(z) = O(l2*™),

because of the continuity of u at z (and trivially of g at u(z)). Actually, using the Taylor
expansion, we may prove more precise decay estimates.
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Lemma 3.2.1. For any 1 <i,j <n, the solution v to equation (3.13) defined at (3.12) satisfies
the following asymptotic expansions:

v(x) = = 2(a0+ Zak )+O(|£L’| ) (3.14)

=—(n- 2)a0| T 2 O(|2|™) (3.15)
62 n
o ()= O ™) .10
as |z| — oo, where ag :=u(z), ai =§7u( ).

Proof. Let’s start proving (3.14): as |z| - oo
n-2 € x 9
lz[" v (x) = u(z + iz |2) u(z)+Vu(z)W+(’)(|x| ),

and then 5
@) = s (1) + T 5 ) 25 )+ Ol ™)

i
Furthermore we observe that

(n -2l i v(@) + 2" 2 () =
Bxi

1 Ou x
= |428:cj( I |2)33Z It |28_%(Z+W)
2x; 1 _
- le(—(z) O(|z|” )) ||2( -(2) + O(|z| ))

Therefore from (3.14) it follows that

1 (n—-2)x; n_g OV
(n_Q)Wxiu(z)+TZCf) () + || o

j ] al‘l

T S () () - Ol ™),

() =

that is exactly (3.15). A similar computation using (3.14) and (3.15) permits to prove the validity
of (3.16). QED

These estimates turn out to be very important, assuring the validity of two crucial Lemmata
which we are going to prove in the next section.

3.3 The Reflection Theorem

In this section we will prove the Reflection Theorem, but first we need some preliminary Lemmata
whose proofs are strongly based on the results given in the past sections. We use the following
notation: given a point = = (z/,z,) e R* ! xR = R", we indicate by

xy = (2,20 - x,)

the reflection of x across the hyperplane z,, = A, as A e R.
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3.3.1 Some preliminary results

The following, first preliminary result will be directly involved at the beginning of the proof of
the Reflection Theorem: in fact, it permits to start the reflection process, representing a sort of
weak, more general version of the Reflection Theorem.

Lemma 3.3.1. Let v be a function of class C? defined in an open neighbourhood of infinity. If
v satisfies the asymptotic expansions (3.14), (3.15), (3.16) for some ag, a1, ...,an € R, ap > 0, then
there exist two constants A, R > 0 such that, from A > A, it follows that

v(z) > v(zy), for 2, <\, |z| > R.

Proof. Expansions (3.14), (3.15) ensure respectively that

1 - 1 !
)=o) = oo iz = in )+ R )

| A

+%ﬁilﬁﬁﬁ+a4x9n(i---i—)+qu“L

] [ faal

9 () = ~(n - 2)ao

T n4-0(my”) (3.17)

where, thanks to z,, <\, we have |zy| = \/|7/[2 + (2)A — 2,)2 = /|22 + 4)2 — 4Dz, + 22 > |2], S0

1
EN

= O(f«™).

Now if |xy| > 2|z|, then

v(x)—v(xy) > %a0| |1 +O(|z|” (n- 1)) >

4| |n?>0

for |z| big. If instead |zy| < 2|x|, as |z| > 1, the following relations hold

1 1 1 11 1(1 1)_|m|—lml>1lwxl—lxl

— = - —_— 2 T T -
o e N B ] N L Y B Lo B N T B N I A P Lo PN R R 0l L

= 1 1 cle| (1 1 c (1 1 |zx| - |z]
Zajxj(_n n) < n—1 [T n—2 il RS n
i x| e N B oY A e e N B E Y ||

[(x—2)nl 2 =20) 1 |aP = faf 3 |aal -]
| ol 2% ot T 2A et

where the last inequality follows from |zy|* —|z|* = (|2 + |z|) (|| - |2]) < 3|z|(|zA| - |2]). We also

have
1 1 1
| | |33A| |z |2

¢ ( 1 1 )
<S—— |-
[z["2 \ || |z

] = |2
"

IA
o

b
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up to a suitable choice of a constant ¢ > 0 depending on aj,n. Thus, for A, |z| big, one finds

x| = fal o

for two suitable constants ¢1,co > 0. As a matter of fact, for A,|z| big, we have

laal = lz[ _, |oal— x| “n
v(z) —v(zy) > 1 = -2c 2] +O(|x|™)
1 _ _ n—-1
_ = |$)\| |1x|(1—86 |$)\| |$| |.Z‘| )+O(’$|n)
4 |z jz[* |zal - 2]
1oy —lz] e
S8 et el
Now we have two alternatives:
1
(a) |zl = |z| > 2 ﬂ: then we trivially obtain v(z) —v(zy) > 0;
C1 |T

1
(b) |za| - x| < 2 . this is equivalent to

c1 |zl
4N? -4 1
1+wgc_2_+17
|2 c |zf?

or, equivalently,

|22 + 402 — 4\, CA D]
|=[? et |=f?

A
<:>4)\(/\—xn)§W+B+1<:>xnz)\—§,forsome0>0.
x

Thus by (3.17), for |z|, A big, we infer

ﬁ(gc)ﬁ—(ra—?)ao()\‘g)# %

A
a C
| A faf

<0, along the segment {(z', (1 -t)z, +t(z))n) |0<t <1},

=-(n-2)ag A+ (n-2

and then v(x) > v(xy).
QED

The following technical Lemma will help us to find the contradiction needed to conclude the
proof of the Reflection Theorem.

Lemma 3.3.2. Let v e C?(R" \ B(0, R]) be a positive solution to
-Av = F(x), in |z| > R,

and assume that v respects the expansions (3.14), (3.15), (3.16). Suppose that, as z,, > 0, |z| > R:
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(i) the relations below hold

v(a’,2n) < (@', ~xn), for any (2, z,)

v(x',z,) #v(2’,—x,), at some point;

(i) F(2',2n) < F(2',—2y,), for any (2, 2,).

Then there exist € >0, S > R such that the following statements hold:

0

(1) 22 <0in |za| <€ |2] > S;
Oz,

(2) v(z',xn) <v(x', 2\ —x,) = v(xy) In 2, > €/2, || > S, for 0 < |\ < e, where 0 < < 1/2 is
small enough.

Proof. Let w(x) = v(2',~x,) — v(2',2,) > 0, for || > R, x, > 0: w is of class C? up to the
boundary, and furthermore

Aw(z) = Av(a',—z,) - Av(z’, x,,)
=F(2',2,) - F(2',~2,) <0.

Surely w admits the outer partial derivative along —e, on |z| > R, z, = 0, and accordingly,
thanks to Hopf Lemma 1.1.3, 0w/d(-e,) < 0 on |z| > R, x,, = 0, because w is null there and is
not constant by hypothesis. Thus

0
—w>0, in|z| > R, x, =0.
oxy,

Moreover, thanks to Maximum Principle 1.1.1, being w > 0 in |z| > R, x, > 0 and nonconstant

there, w cannot vanish on |z| = R+ 1, z,, > 0. The compactness of |z| = R+ 1, x,, > 0 allows then

to deduce that
kx,, kx,

wlw) 2 T = ey

on |z| = R+ 1, z, >0, for k small enough. Now |:1:_|7; is harmonic out of the origin and then,
x
applying Maximum Principle 1.1.1 again, we infer

kxy,

'I,U(x) > W7

in [z| > R+ 1, 2, > 0. Then it follows that:

w(z', x,) —w(a’,0)

wg, (2',0) = lim

>0+ Tn
’
B a:}li—r}(l)‘f w(a;;x”) . xni—l?(lﬁ ]\ZTZ % B \xlf\”
and thus .
vz, (2,0) < - W’

as |z'| > R+ 1. Now, given h >0, being v two times differentiable,

an ('I,’ h) - /an (.'E,, 0) = anxn (x” h*)h7
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for a suitable 0 < h* < h, for every |z’| > R. The decay estimate (3.16) ensures that
anxn(aﬁ = C)(hj_n)7

where z = (2',h), and then, as |2/| big, for a suitable constant C > 0, one has

v, (' ) < vy, (27,0) + (|j||h|
T n
1 k C'|h| 1 k
<-= <
P L o L N o

up to the observation that |z| > |2’| and the a choice of h such that |h| < k/4C = €. Then (1) holds
true.
Let’s now demonstrate (2). We note that, as |z| > R+ 1, |A| small,

v’ 2X —x,) —v(2', —xn) = ve, (2, 10— 2,)2,
for some p, and using (3.15), for z,, >0 and |z| big,

- B
,an(xlﬂu - f]fn) = _(n - 2) ao M|x|nn + O(|x‘ n)

Cc

B (2, + ¢), for some ¢ > 0.

A

Thus v(z',2X — x,) —v(2', 2) > T (zn +¢), and so
T

v(z', 2\ —x,) —v(2',z,) =
= (v(a',—zn) —v(z',2,)) + (v(2', 22X = 2) —v(2', ~-2))

N kan  cN(zn+c) _ (k—cA)zn -l

el | |
5 ke/4 - c|A| ’
"
. k
taking x, > €/2, |\ < o and we conclude. QED
c

We recall that
F(x) = f(al, v(x)) = o g(la]" (),
where v > 0 is the solution (3.12). Assume that, given A > 0, v(x)) > v(x), as x, > A. We want
to impose conditions on ¢ in order to have

F(xy) > F(x). (3.19)

So let’s introduce the following two assumptions:
g is nondecreasing in R (3.20)
e g(t) is nonincreasing in R. (3.21)

Therefore, as x, > A, setting s := [z["2v(z), t == |z 2v(x), we have:
F(y) = [2A7"* g(laa[" (1))

> |27 g(jaa " 2o(x))
= o(z) 73 s n2 g(s)
n+2 n+2

> w(a) ¥ £ (1)

> |7 g(|2"Pu(2)) = F(a),
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that is what we wanted to achieve. Note that the inequality (3.19) holds in particular as we treat
the Yamabe Equation, namely for ¢g(¢) = ths,

We now pass to state an prove an Extension Lemma which will be involved in the final part
of the proof of the Reflection Theorem.

Lemma 3.3.3 (Extension Lemma). Given 0< <1, let
veCP(B(0,2]~ B(0,1[), v >0
be a weak, nonnegative supersolution to

-Av = f(z,v),in 1< |z] <2,
where f(z,-) e L72.(R), f(-,v) € L= (B(0,2[), for any = € B(0,2], v € R. In addition, assume that
there exist 0 < §g <1, M > 0 such that
do <v < 1/do, ||[vllevs(po21Boip € M-

Then there exists a value o = o(8,n,00, M, f) > 0 such that, if @ + A ¢ B(0,1] is open and
|A| < o, then v can be extended to a map v € Lip(B(0,2[) which satisfies the properties below:

(a) 00/2 <0 <3/ in B(0,2[;

(b) wis a weak supersolution to

-AT = f(z,v), in {1 <|z|<2}UA;

(¢) v, >M+1 on 0B(0,1].

Roughly speaking, the Extension Lemma says that a supersolution in the ring 1 <|z| <2 can
be extended to a supersolution on a sufficiently small measure open subset contained in the unit
ball.

Proof (of the Extension Lemma). We first extend v to B(0,1] choosing ¥ € C#(B(0,1]) such
that

(50/2 <UL 2/50

|AT] < C(dg, M) = C, for a suitable constant C

U=v,0,>M+2o0n dB(0,1]
(such a map ¥ can be built setting ¥ = ¥ + p, where g is the harmonic extension of v|sg (o
to the whole unit ball, and p is a suitable radial corrector). By Theorem 1.4.3, we know that,

for any 0 < 8 < 1, there is o = o(8,n,dp, M, f) such that, since |A| < o, it follows that the only
HE(B(0,1])-weak solution to

~Aw=(C+ sup [f(z,t)])xa in B(0,1]
zeB(0,1]
0<t<3/do

w=0 on 0B(0,1].

is of class C#(B(0,1]) and lwllers(p(oa7) € 1- By superharmonicity we have w > 0, and so

(50/2 <T+w< 2/50 +1< 3/50.
Thus, by construction, we also infer that

“A(@+w)> sup |f(z,t)|> f(z,7+w) inA
zeB(0,1]
80/2<t<3 /80
(T+w)y>M+1 on OB(0,1].

Therefore, observed that ¥+ w is Lipschitz, the choice v =¥ + w turns out to be good. QED
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3.3.2 The Reflection Theorem: statement and proof

We are now ready to prove the following

Theorem 3.3.1 (Reflection Theorem). Let v >0 be a weak solution to
-Av = f(z,v) = F(z),

in {|lx| > 1} 6, where f : R* x R — R is such that f(x,-) € L2 (R), for any x € B(0,2],

loc

f(,v) e L*(B(0,2]), for anyveR, and f >0 as v>0. Assume that:

(i) v is of class C* in {1 < |z| <2} u{|z| > R} u{x, > 1} (the grey region in the next figure),
for some R > 2, and v is lower semicontinuous;

(1) v satisfies the asymptotic expansions (3.14), (3.15), (3.16);
(i1i) provided that x, > A >0 and v(x) <v(zy), F(x) < F(x)) holds true;

(1v) there exist g, C >0 such that, for some 0< 5<1,
1
0 < do < v[B(o,2~B(0,1] < o [ollers(Beo2rB0]) £ €

(v) there exists an open A" c {(2',0) | |2'| < 1} such that, taken the value o given by the
Extension Lemma, one has |A'| < /2 and there exists M > 2 such that, if x = (z', ), for
' ¢ A 2| <1 and x, > M, then

'

do
v(z) < R

Therefore, denoting by v the extension of v whose existence is ensured by Ertension Lemma for
A={o=(a' ) |2 € A" ] <1},

v(z) <v(xy), as x> A > M.

Proof. Lemma 3.3.1 ensures us that there exist X\, R > R such that, for A > X,

o(x) <B(xy), for =, > A, |xx| > R.

5Tn other words, we require that there exists a § > 0 such that v is a weak solution to the equation in the open
set {|z|>1-4}.
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Observing that v is positive and lower semicontinuous in {|z| > 1}, v attains a positive minimum
in {1 <|z| <R}, and so we may consider a radius R > R such that

|z > R = [o(x)| < ( min_5(x))/2,

1<|z|<R
where such an R exists because T shrinks to 0 as |z| goes to infinity. Now, for A > max{\, R},
o(x) <v(xy), for z, > A, |za| > R,
thanks to what we observed above. Furthermore, whenever |z,| < R, we have

U(xy) 2 min v(z) > max [v(x)| > max [v(z)| > v(x).
1<lz|<R |z|>R |z[2A

Therefore as Ag big enough
v(xz) <v(xy), for x, > A > Ao. (3.22)

It remains to show that we can take A\g = M. To prove so, the idea is to demonstrate that the
set of the A > M such that relation (3.22) holds is both open and closed in [M, +oo[. We start
proving that it’s open. To do so, let A > M be such that

v(x) <v(xy), for z;, > A
We want to show that there exists a neighbourhood U of X in [M, +co[ such that A € U implies
v(z) <v(xy), for x, > A

By contradiction, let this proposition be false. Then there are a sequence {\;};>1 c]M,+oo[ and
a sequence {z’};>1 of points such that

A=A 2l >, o) > 6(3:&7)

We claim that one may extract a subsequence from {z’ }j=1 converging to a point Z with =, > A
It sufficies to show that {27};5 has to be bounded. If it were false, one could find a subsequence
{27k 151 such that |27%| - co. Referring our notations to Lemma 3.3.2 (extended to the case of
X general, not necessarily zero), choosing k big enough, one can suppose

N, — Al < e/4, |27%] > S, as k > k.
There are two cases:

(a) up to a further subsequence,
; 3 ... =
Nj <aIF < Aj + 26 if k> k.
Therefore, using (1) of Lemma 3.3.2, one deduces that
T(a?*) < v(ac/\
and this is a contradiction;

(b) definitively zZ* > Aj,, + e By construction, z2* > 0 and then, by (2) of Lemma 3.3.2, one
has
T(a?*) < U(.%')\

and a further contradiction occurs.
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Thus {27} ;51 has to be bounded, and so to admit a converging subsequence {7 };,; whose limit
is a suitable point x. Clearly

Tn = Tn — T +alk > [Ty, — 2lk| + 2lk =
= —|Tn - 2l FzlE - N A, A+ A
> [ — 29~ A < N+ X X,
We have three possibilities:
(a) Zp, = A and T, (T) > 0;
(b) % > A and [z5] > 1;
(¢c) Tp > A and [T5] < 1.
In all these cases, consider w(x) = v(zy) - v(z), for x, > A: w is nonnegative and weakly
superharmonic, thanks to Lemma 1.2.2, in {z,, > A} n|zy| > 1 -4, for a 6 > 0 small enough;

furthermore the lower semicontinuity of ¥(xy) ensures that w is lower semicontinuous and that
w(T) =0, because

0 <w(7) = v(7y) - 0(7)
< liminf [o(a )~ B(27)] + [0(2’*) - 5(T)]
—00 k
I TNy | N T O |
= h;?_l,glf v(:z)\jk) v(2’*) <O0.
If (a) holds true, then, up to a suitable choice of r > 0 in order that 1 < A —7 < 2, we have

weC*({N<z, <A+7)})

and T € {x,, = A\}. Now w is nonidentically zero in such a strip, because for x, > X\ > M, as

' ¢ A’ |2’ < 1, v(x) < do/4, but in the annulus of radii 1, 2 we have ¥ > §y (by hypotheses).

0
Being w(7) =0, thanks to Hopf Lemma 1.1.3, —w(f) <0 and thus

8(_en)
~2T,, (T) = wa, (T) > 0,
and this is a contradiction.

If (b) holds true, then the lower semicontinuity and the weak superharmonicity of w allow to
apply the Maximum Principle for weakly subharmonic maps 1.3.1 to —w in

{2 | zn >\, |2g| > 1 -6}

Observing that like in the case (a), w cannot be identically zero, we deduce that w(z) =0is a
contradiction, because T lays in the interior.
Finally if (c) holds true, then T’ € A’ because otherwise
d o _ o
T)=v(7y)-v(T)2—~-—=—>0
w(@) =0(@3) ~v(@) 2 5 - = >0,
and this is a contradiction. Thus picking r > 0 such that Bra-1(Z',7[c A’, we may apply to —w
the Maximum Principle 1.3.1 for weakly subharmonic functions in

{z||o5] < 1,25 > A} 0 Brat (T, [ <R,
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because, thanks to the Extension Lemma and Lemma 1.2.2, w has to be weakly superharmonic.
As in (b), this is a contradiction.

Therefore we proved that the set of the A > M such that relation (3.22) holds is open in
[M,+0o[. Let now {);} be a sequence in [M,+oo[ converging to \: we want to prove that, for
all z such that z, < \,

v(x) >v(xy).
To do so, it’s sufficient to note that since x,, < X it follows that, as j is big enough, z,, < Aj, for
j>j,and
v(wy,) = v(zy).
Thus the set of the A > M such that (3.22) is valid is both open and closed in [M,+oo[, and so
it necessarily coincides with [M, +oco[. This concludes the proof. QED

We have the following two remarks about the Reflection Theorem:

(1) M plays the role of \; in Theorem 2.2.1;

(2) assumption (v) is the strongest: from now on, a direction 7 along which (v) holds will be
called admissible (in the statement we tacitly assumed that 7 = e,. This is general up to
an orthogonal change of coordinates).

3.4 Estimate of the measure of the set of the admissible directions

The objective of this section is to estimate the (surface) measure of the collection of nonadmissible
directions 7 (seen as unit vectors contained in the unit sphere). To do so, we need to introduce
two assumptions on a map v defined in the complement of the unit ball:

(a) v >0 is weakly superharmonic and lower semicontinuous in R \ B(0,1];
(b) fR”\B(O 1 vP[|z|P < co < o0, for some p>1, B <n.

From now on, we will work under these two assumptions. Note that both (a) and (b) are surely
satisfied by a map v which respects the hypotheses of the Reflection Theorem: as a matter of
fact (a) trivially holds, and the validity of (b) is ensured by the decay estimate

v=0(z]*™) as |z| > oo.
Let’s start with some notations: given a unit vector 7, we set
L(r)={A+pu| A0, |u| <3, uert, |ul=1.}
Tx(7) :=T(1) N (B(0,2" [\ B(0,2*]), as k > 0;
we denote by Pf the orthogonal projection along the direction 7 on the hyperplane z - 7 = 2.

Definition 3.4.1. Given k >0, pu > 0 the (k, u)-exceptional set is defined by

Ak, 1) o= {r | [PE(o(@) > 1y 0 Tp(r)lnct > i1}
We already state the crucial, main result of the section.

Theorem 3.4.1. There exists a constant C' >0 independent of u and k such that
C __k& _
Ak, )] < < 2770,
I

In particular, for p=2"% §= %, A(k) := A(k,27%), one has

|A(k)| < C 27, (3.23)
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The proof of this result is not trivial and will be given later. We first explain how to use such
a result for our study, showing that it’s precisely what we need. Let kg > 0 be an integer and 7
be a unit vector not contained in Uysg, A(k): then by definition, for any k > kg, one has

IPE({v(2) > 27y T4 (7)) |noy < 27,

Then let
Bl = H [-2%7 + PE({v(z) > 27K} n Dy (7))]:

we observe that B c {z-7 =0} n B(0,3[ and

1Bl ln-1< ) 270k — ¢* 970k where ¢* = T
k>ko 20-1

Moreover, if 2’ ¢ BL, 2" € B(0,3[, setting
z =12 +aor, o > 2ko
ko :=max{k >1|2" < a} > ko,

one has
v(x) < 270ka (< 2700y,

because if v(z) > 27 then x € {v(z) > 27%%} N T} (7) and so 2’ € B., and this is a contradic-
tion. Thus, if kg > max{d‘llogQ(%),é_l logg(%)} and 7 ¢ Ugsk, A(k), then 7 is an sdmissible
direction: in fact, by construction, setting

AL =B nB(0,1],

Al is open (in x-7=0) and |A]|,-1 < 0/2. Moreover, if 2’ ¢ AL 2’ € B(0,1[, since z =2’ +x - T,
z-7>M =20 it follows that

v(x) <270 < @.
4
We now have to demostrate Theorem 3.4.1.

Proof (of Theorem 3.4.1). We estimate the measure of A(k,u) by covering it with a union of
spherical caps D(7;), 1 <4 < m, centered at a unit vector 7; and of radius C27%, where C is a
constant independent of k chosen in order that the measure of the radial projection of P*(T'x(7;))
onto the unit sphere coincides with the measure of D(7;), fork big. We have

Ak ] < 32 1D() (3.24)
<C@Hy1 Y P (T (n)) (3.25)

=1
<O@ Y5 3Pk ({v(a) > ) ATH())L (3.26)

We want to estimate the right hand side of the relation above by the average of v. So let w be
the capacitory potential of 2'"¥E in U := B(0,8[~B(0,1] where

forn Q{v(x) > ub A T(m):
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by definition, w is harmonic in U N\ E, w =1 on F and w = 0 on 2U.By the Maximum Principle
1.1.1 we know

v(2" 1 z) > pw
in U. By definition of capacitory potential, we know that the capacity is given by the following
formula (here v is the interior normal)

ok :f 24 =[ ,do. 3.27
cap( )= ) IVulide= | wy,do (3.27)
Moreover, we have
n-2 1
n-< 1o — f ) for 1< R<2, 3.28
Rn1 f83(0,R[w ( R”—Q) 8B(0,1[w o (3.28)
-2 1 1
”—/ we=|—— - —— f w, for 4< R <8. (3.29)
R1 JoB(0,R[ Rr=2 872 ] JoB(0,8]
Using (3.27) and (3.28), (3.29) we obtain the following estimate:
[ IVw|? dz < c][ wdz < < ][ vdx. (3.30)
U U W JB(0,2k+2[\ B(0,2k-1[

Denote by P_j? the orthogonal projection Pf composed on the left with the radial projection onto
the unit sphere. By construction, P¥(T'(7)) is essentially D(7) for large k. Given a point Q in
PE(E), let Q be the first point of (PF)~1(Q) on the section curve 7 = 217* sitting over Q. We
have

Integrating over P5(E) one achieves

PEE) < [ [ [vuldsdr,
PE(E) J7

and thus by Holder’s Inequality
IPE(E)| < f f [Vl ds dr. (3.31)
D(r) J5

The disks D(7;) can be chosen in order to have finite overlapping and so by (3.24), (3.31) we
deduce

Ak, ) << [ 19w d.
wJu
Exploiting (3.30), we infer
Ak, 1)) < ][ vde, (3.32)
2 Jr

k
where Ry, := B(0,2F2[\B(0,2F1]. We now use assumptions (a), (b) written at the beginning,
obtaining

c
][ vdx < ok vdx
Ry, 2% J Ry,

< € onk(1-1/p)gkB/p f ”_pdaj (3.33)
onk R1\B(0,1] |2]°

k(B-n)
<c2 v

Combining (3.32) and (3.33) we deduce that

k(8-n)
Ak, ) < 52 7,
I
that is exactly what we aimed to show. QED
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3.5 The asymptotic symmetry

The last step before considering the applications of the Reflection Theorem is to understand how
it allows to infer the asymptotic symmetry, and what this terminology would mean.
Given a unit vector 7, we set

xx=xz+(2A\-z 7)1, x € R",

the reflection of x in the hyperplane z -7 = X, as A € R. Moreover, in order to have a less heavy
notation, we set S:= dB(0,1[ (RS = 0B(0, R[).

Theorem 3.5.1. Let v be a scalar function defined in R™ ~ B(0,1[ with the property that, for
some M >0, AcS measurable,

v(x) <v(xy), provided that -7 >X> M, as 7 € A.

Then there are two constants €9 > 0, C' > 0, both independent of M, such that, since |S~ A| =
IS| - |A| < €o it follows that

v(z) >v(y), whenever |z|>1, |y| > |z|+ CM.

We first note that the proof turns out to be trivial as A = S. In fact, let x,y € R™ and suppose
that |y| > |z| + CM, for some constant C' > 0 to be found. Then, choosing 7 = é”/:i‘, A= é:i' =Y
one has

Y=Tx, YT >N\
Let’s look for a condition on C in order to achieve A > M:

Yy—-r T+yY 1
= = (Il = 1)

\ = ) =
ly-=z 2 2y-zf

1

= m(lyl—lxl)(lylﬂwl)

CM

>
2|y — x|

(gl + [l)-

This last quantity is bigger or equal than M if and only if C(|y|+ |z|) > 2|y — z|. It then sufficies
to pick C' > 2. Therefore, as |y| > |z| + 2M, thanks to the assumption done before, v(z) > v(y),
and so the proof (in this simple case) is completed.
Our purpose is now to show the result above in the general case: the argument used above
Y—T

cannot work, because Tzl could be not contained in A.

Proof (of Theorem 3.5.1). We start with some notations. Given z € R”, let I', be the cone with
vertex at the origin, axis —z and aperture /4, and let C, be the cone with vertex at z, axis —z
and aperture 7/4 (C, =z +1;).

Fix now a point z € R™ and set R := |z| + 2M. We look at those points z € RS which can be
obtained by the reflection of x in a plane Il with normal 7 € SN I, and such that IL; separates
z from B(0, M[. If 7 € A, we say that such a point z is admissible for z, and we then consider
the collection of the admissible points for x

Ay ={2eRS|z=x+2(A-z-7) with 2- 7>\, 7eSnT,n A}

We immediately note that, denoted by z’ the orthogonal projection of z onto the hyperplane
z-7=0,as 7 €SNIy, one has |[z|? = |2'|* + (- 7)2. Thus, if z=2+2(A-xz-7)7, 2 € RS, then

|z|2 =z’ - (x-7)7 + 2)7]

= ]J:']2+ (2)\—x-7)2 = |x]2 +4 XA -x-7) = R2,
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and so R? —|z|> <4\(\ +|z|), equivalently
2\ +|z))? > R%.
Therefore 2)\ > R - |x| = 2M, and thus A > M. Hence, by assumption, as z € A,
v(z) <v(x).

Let now y be a point such that |y| > |z| + CM, C > 0 to be decided. We may similarly consider
the set of the admissible points for y

Ay={zeRS|z=y+2(A-y-7)T withy-7> X\, z-y<0, -TeSNnT,, 7€ A}.

For the moment assume also that the angle a(z,y) between z and y is small enough, for example
it sufficies that a(z,y) < /8. We aim to find a condition on C' ensuring that, since

z2=y+2(A-y-7)7, 2€ RS, -1 e ST, (3.34)

in particular since z € Ay, it follows that A > M. We first note that, as z satisfies the assumptions
(3.34) written above,
|2 = [yP + 4N\ ~y - 7) = R?,

and so |y|> = R2 +4\(y-7-)\) > R?, |y| > R = |z| + 2M, namely C > 2 necessarily. We now look
for a more restrictive condition on C. In order to have that the condition described just before
holds true, it’s enough to require that, as -7 e SnT,

ly +2(M —y-7)7* 2 R,
equivalently
ly> + 4M (M -y -7) > R%, (3.35)
In the particular case of 7 = y/|y|, we observe that
(3.35) < |y|* + 4M? —4M|y| > R?
& (lyl-2M)? > B?
< |y| > |z| +4M.

So we can take C' =4 (but recall that we are working under the assumption a(z,y) < 7/8). Let’s
now treat the case of general 7:

(3:35) <« [yl* + AM” - AMy|(y/lyl) - 7) > B*.
Being (y/|y|) - 7 = cos(a(y, 7)) <1, we deduce that
[yl + 400% — AMy|((y/ly]) - 7) 2
> Jy[* +4MZ — 4My).

So in order that (3.35) holds true, it sufficies to impose that |y[>+4M?-4M|y| > R?, and we know
that C' = 4 guarantees the validity of this last inequality. Therefore in particular, as |y| > |z|+4M,
from

z=y+2(A-y-1)Te Ay,

it follows v(z) > v(y). It’s now geometrically clear that any point z € C; N RS can be written as

z=x+2(A—x-T)T
TeSNTy, A> M,
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and similarly that every point z € C, n RS such that z-y <0 can be represented by

z=y+2A-z-7)T
—7eSnTy, A>M.

Then, selecting €y > 0 small enough, A, covers a portion of C, N RS as big as we require, and
similarly A, covers as a big part of {z €Cyn RS |z-y <0} as we like. Moreover the request on
a(x,y) ensures that

p=[(C;nRS)n{zeCynRS|z-y<0}>0.

We then can impose that

Az N (Cz N RS)n{zeCynRS|z-y <0} >p/2
Ay n (ConRS)n{zeCynRS|z-y <0} > pu/2.

Thus there exists z € A, N A,, and one necessarily has
v(y) <v(z) <v(z).

Finally it remains to prove the statement as no conditions on the angle a(z,y) are imposed. If
a(x,y) > /8, we can build a finite sequence 21, ..., 2k, k <9, such that

21 =%, 2, = Y, a2, 2iv1) ST <T[8, [2i41] 2 |2i| + 4M,
imposing |y| > x|+ (9 x 4)M. QED
We are now ready to prove the following consequence.

Corollary 3.5.1. Let v respect the assumptions of the Theorem 3.5.1, and suppose in addition
that v is nonnegative, weakly superharmonic and continuous. Then

v(z)=(1+ O(|x|_1))‘i;1|§v, as |x| — oco. (3.36)

Proof. By Theorem 3.5.1, we deduce that, as |z|> 1,

sup ov<inf<supv< inf v (3.37)
(jzl+CM)S =S |zs (|z[-CM)S

On the other hand, as |y| > Ry, Ry > 1,

n-2
o(y) > (&) inf v. (3.38)
ly

As a matter of fact, consider for € > 0

R n—2

1 .

w =v(y)+e—|— inf v:
it’s clear that v > infr sv on R;S, and so that w. > 0 on R;S. In addition, as S > ﬁ—_lginleg,
it also holds that w, > 0 on SS, because v > 0. Hence, being \y\’("’” harmonic, and so having
that w, is weakly superharmonic and continuous, by the Maximum Principle 1.3.1 (applied to
—we), we immediately deduce that w. >0 in Ry < |y| < S. Letting S — oo, one infers that w, >0
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in |y| > Ry, for any € > 0, and the arbitrariness of € permits to deduce that (3.38) holds true. In
particular, for Ry = |x| - CM, |y| = x| + CM,
, | -cM\"?
inf v>|—F——— inf v,
(|e|+CM)S |z| + CM (|e|-CM)S
and thus
inf v<(1+0(z[™)) inf v
(lz|-CM)S (|lz|+CM)S

Thanks to the sequence of inequalities (3.37), we have that v < inf(|,_ca)sv, and so we may
conclude. QED

Property (3.36) is the so called asymptotic symmetry.

3.6 Applications of the Reflection Theorem and the asymptotic
symmetry

We are now ready to study the applications of the theory developed up to now.

3.6.1 A first, general result
We begin demonstrating a general result holding for equations like —Awu = g(u) in B(0,1[~{0}.

Theorem 3.6.1. Let u € C2(B(0,1[~{0}) nC>*(B(0,1]~ B(0,7[), for some 0 <r <1, u>0, be
a smooth solution to
-Au =g(u) in B(0,1[~{0}

with an isolated singularity at the origin. Assume that:

(1) 9(0)=0;
(11) g is nondecreasing;
(111) s g(t) is nonincreasing;
(1V) g(t) > ct? for some p> 25, c>0.

Then
u(z) = (1+0(|z[)) m(|z[) as z -0,

where, as r >0, m(r) = fgu(rz)do(z) = {,gu(w)do(w) denotes the average of u on the sphere
of radius r.

Proof. As we did in the first section of this chapter, let’s transform u by the Kelvin Transform

performed around a point z close to the origin: more specifically, for ;> 0, we pick z = u~'e, and
we indicate by v, this transformation of u. Then the singularity of u at 0 is sent to the point
—[ien, that is a singularity for v,. The hypothesis (iv) ensures that g satisfies the two assumptions
of Lemma 1.2.3, and thus, since the computation performed at the end of the first section of this
chapter it follows that v, weakly solves equation

—Av = f(|z],v) = F(x),

in R”\ B(0,1 +2u~'], where f(|z|,v) = |z|~"*?) g(|z|*"?v(z)). We now show that, replacing 1
with 1+ 2u71, the five hypotheses of the Reflection Theorem are respected:
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(i) it’s enough to set R = p+ 1 and assign a suitable value to v, at the singularity —pe,,, for
example

v(-pey) = ii_r)rlirelfv(x):

with such a choice, v, turns out to be weakly superharmonic and lower semicontinuous,
and so v(-pe,) >0, because by assumption v, is nonidentically zero;

(ii) holds because of Lemma 3.2.1;

(iii) hypotheses (II), (IIT) coincide exactly with assumptions (3.20) and (3.21) respectively: we
recall that these two assumptions were introduced in order that the map

F(x) = f(l2l,v(x)) = e[ 2 g(|l2]"2o())

satisfies F'(x) < F(x)), for A >0, x,, > A, provided that v(x) < v(z)), that’s precisely what
is required in the assumption (iii) of the Reflection Theorem;

(iv) choosing suitably dp, C' > 0 this assumptions follows: as matter of fact v € C>*(B(0,2[~B(0,1]),
and C**(B(0,2] ~ B(0,1[) = C"“*(B(0,2]~ B(0,1[);

(v) v, is weakly superharmonic and lower semicontinuous in |z| > 1+ 2. Moreover the fact
that v, = O(|z[*™) for |z| big permits to infer that there exist p > 1 and 8 < n, both

independet of u, such that
oP /|z)?
./R"\B(0,1+2,u1[ ull!

is finite. Then assumptions (a) and (b) introduced at the beginning of the section 4.4
of the current chapter are fulfilled. Therefore Theorem 3.4.1 and the computations next
performed allow to infer that that assumption (v) of the Reflection Theorem is satisfied,
for any admissible direction 7.

Exploiting the notations of section 4.4, taken the value ¢y met in Theorem 3.5.1, the estimate
(3.23) ensures us that, picking an integer kg > 6~ logg(ig* ), the set of the nonadmissible direc-
tions has measure less than €. Furthermore we know that M = 2% is a good choice for the M
of the Reflection Theorem.

For every i >0, let A, be the collection of the admissible directions of v,, and, for k> 1, j

integers, set

A*:=limsup A, = [ U A;.

k—o0 k>1 j>k

Let v be the Kelvin Transform of u with respect to the origin, and set A the collection of the
admissible directions for v: it’s clear that

Ao A
In fact, let 7 € A*: then, for any k > 1, there exists ji > k such that 7 € A;, , namely such that
v () <wvj (xn) asz-7>A> M,
and thus, letting k£ go to oo and exploiting the regularity of v, we find

v(z) <v(zy)asz-T>A> M.
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Therefore we have
Al > |A*| = fS (limsup Ay ) do =
k—oo
= /Slim sup x(Ag)do > (Fatou’s Lemma)
k;—>oo

> lim sup SX(Ak) do = limsup [Ag| > [S| - €.
k—oo

k—oo

This estimate permits to apply Theorem 3.5.1 to v, and so to infer by Corollary 3.5.1 that

(@) = (1+0(z[ ™)) inf v, as Jz] ~ co,

namely that as |y| - 0
u(y) = (1+(9(|y|))|izﬁ§US (1+0(ly)) m(ly)),

that is precisely what we aimed to show. QED

3.6.2 Application to the Yamabe Equation

From now on, we concentrate our attention on the Yamabe Equation, fully exploiting that g(t) =
t("*+2)/(n=2) "and thus proving a more specific, strong classification result. To do so, we exploit the
classification of the radial solutions performed in the first section and the general, less specific
result proved in the previous subsection

Theorem 3.6.2. Let u >0 be a C? solution to
“Au=un3, in B(0,1[~{0}, (3.39)

with o nonremovable, isolated singularity at the origin. Then there are an asymptotic constant

2(n-2\"
0> Dy > __(nT) and a radial solution ¢ = ¢(|x]) € P* (Do) such that
n

u(z) = (1+0(1)) ¢(|z),
as z — 0.
Proof. We start showing that, if u solves (3.39), then
m(r) = O(r’%) (3.40)
m/(r) =0(r"2), (3.41)
where we recall that m(r) = ][8B(O,r[ u(z)do, = faB(071[ u(rw)doy,. Lemma 1.2.3 ensures that, if

O<r<1l,uce L%(B(O,r[), and so, for 7 smooth, we have

n+2
A n2de = li An—-nAud
./;(O,T[ Uan Tipnt O eilg)l’f B(0,r[~B(0,¢] U

= un, — nu, do — lim un, — nu, do
faz%(o,r[ U] M =1

=0+ JaB(0,¢
= un, — nu, do.
AB(O,T[ K K 7
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Choosing 1 = r? - |z|?, we deduce that

f (r2 - |a;|2) Wt do + 2r f udo =2n f udz, (3.42)
B(0,r[ OB(0,r[ B(0,r[

because An = -2n, and on dB(0,r[ n is null, n, = -2x - (%) = —2r. We note that, for > 0, the
following relation holds

/
- == ~wdoy,
m'(r) ]([9 (0’1[§7u(rw) wdo

z
o ]gB(o,r[ va(z)- (;) do

1 n+2
- _ ydo= ——— f n-2 dx >0,
]gmo,r[“ 7= 9B 1 o "
and hence m decreases. Theorem 3.6.1 guarantees that
u(z) = (1+0(|zl)) m(|«|)

as  — 0, and so, by (3.42), one deduces that

/]-3(0 [(rz—\x\z)u(x)% dz > (for r >0 small enough)
> [P gm(lel) i da
~ JB(os[ 2

> [ 2wl da
B(0,r/2[ 8

n+2
n+2

L ) " O m(r) e,

> C’r”*Qm(§

where the last two inequalities follow from m' < 0. On the other hand we observe that, taking
r > 0 small enough,

fls(o,r[(r2 - \x\Q)u(x)% dz < 2n fB(o " udx < 3n form(t)tm1 dt.

)

Therefore, joining these two estimates, we infer that, for r sufficiently small,
n+2 T n—1 r n—1
2m(r)n2 < Cy f m(t)t"tdt < Cp e f m(t)t" e dt
0 0
4n71 4 r n+2 1 %
<Cyr Wrﬁ([o m(t) i ")
c 4*"( fT (t)nz ¢t dt)%
= T n+2 m n-2
! 0
An_ R n+2 . 1 %
< C’lrn+2(f m(t)3 et ar) "
0
for r < R. Therefore we obtain
R n+2
/ " im(r)n2 dr
0
R n—=6 R n+2 27:2
<Cy f rnv2 dr x (/ m(t)ﬁt”‘ldt) ’
0 0

2n R ne2 g\
_Cngz(fO m(t)i== " dt)
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equivalently

R n+2 n-2
/ " Im(r)r2 dr<C3R? .
0

Thus we infer that R"m(R) s < CanTfQ, namely
n-2
m(R) <CyR 2,

that is exactly (3.40). Estimate (3.41) can be obtained substituting (3.40) in the formula for
—-m/(r) demostrated before. Indeed

()] =m0y < 5 [ (e do
Cs " nt2 o1
<2 [TmoEeta

C A C n—
<8 [ 1 At = =L " = OB
0

Tn—l T.n—l

V3

Now consider the representation of u in spherical coordinates:
v(r,0) = u(rd),

for 0 < 7 < 1, § € S. By the substitution (¢,0) = r%v(r,ﬁ), t = —In(r) 7, using (3.2), we
immediately deduce the validity of the following identity:

2
n—2 n+2
(O (—2 ) Y+ Agyp +pn=2 =0, (3.43)
for t >0, 6 €S. For t =—In(r), set

B(t) = ]gwdH =T ]gv(r,e) dé = rnTQm(r).

We observe that

n-2

Y(t,0)=e 2 lu(e™, )
= einT_th(eft)(l +0(e™))
=8 (1+0(e™),

as t - oo, and also that

- 2 n n
n B=-e2'm/(e) = —r2m/(r) 2 0.

B+

Now estimate (3.40) applied to the definition of 8 ensures that 5 = O(1), as t - oo. Furthermore
the identity just deduced yields

B'=0(1),
as t - oo. To go further, we have to prove the following estimates
0 _
(-5 = () (3.44)
Vo (1 = B)I(= [Vey]) = BO(™), (3.45)

as t — oo. In order to demonstrate (3.44), (3.45), we need two preliminary results. The first one
is a gradient estimate for the Poisson Equation that can be found in [5, p. 41].

"Note that this is exactly the Emden-Fowler substitution (3.4) introduced to study the radial solutions to the
Yamabe Equation.
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Theorem 3.6.3. Let Q be an open, connected subset and u € C*(Q) be a solution to the Poisson
Equation —Au = f in Q. Denoted by

dy = dist(z,09),
for every x € Q, one has

sup d| Du(z)| < Cp(sup|u| + sup d3|f (2)]), (3.46)
e Q e

for any x € Q, for a suitable constant Cp = Cp(n).
The second one is a sophisticated Harnack-type Inequality taken from [11, p. 539].
Theorem 3.6.4. Given r >0, let u be a positive, C*(B(0,r[~{0}) solution to

-Au = c(x)u, in B(0,r[~{0},

where ¢ = hu®, for some 1 < a < (n +2)/(n —2). Suppose that h(z) is a nonnegative,
CL(B(0,7[~{0}) function such that, around the origin,

clx]” < h(x) < eolz|”

9 In(h)| < csflal,

for positive pure constants c1, co, c3, and for an arbitrary real value o. Then there exists (5 > 0
such that, for all 0 < (< (o, and for any 0 < e <r/2, the following Harnack’s Inequality holds:

sup  u(x)<Cgy inf wu(x),
e<|a]<(1+¢)e e<le]<(1+Q)e

where Ci does not depend on €, (, u and h.

Let’s continue with the proof of the Classification Theorem 3.6.2. Since Theorem 3.6.1 it
follows that ,
-A(u—-m)=mn20(r)

in ir < |z| < 2r. Inequality (3.46) says us that

|V (u—m) SCg(w+rsupng(’)(r)) (3.47)
r Q

n+2

< Co(sup(m + r2mn-2)) (3.48)
Q

on 0B(0,r[, where r is taken small enough, C1g = C19(n). Moreover, we note that u solves

n+2 _
~Au=un2 = uPu = e(x)u,

and then the assumptions of Theorem 3.6.4 are satisfied (it sufficies to set h = u?, ¢ = hu®,
a+f="21<a< ™2) Therefore, by (3.47) and the Harnack Inequality (applied in r < |z| <

n-27 n—2

(1+¢)r), we infer

IV (u—m)| < Cy1(m(r) + r*m(r)m2m(r))

< (g m(r)
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on 0B(0,r[, where the last inequality follows from m = (9(7"277”), and C1o is independent of r, u
and m, up to a choice of a sufficiently, definitively small » > 0. In particular we have shown that

<Cism

o)
[Vo(v—m)| < Crqarm,

where we recall that v(r,8) = u(rf) is the spherical representation of u. From the fact that

2 (0,0) = BN < Csly(1,0) - BO)|+ e CF D (0 -m) (¢74,0)| = 5O,

Vo (v - B)| = e gy(0 - m) (e, 0)| < Crae™' 8 = BO(e),

as t - oo, estimates (3.44), (3.45) follow.

Our aim is now to derive a energy estimate from identity (3.43), by multiplying by 1y and
integrating. We start observing that, if u(z) = ¢(|z|) is radial, then ¢ doesn’t depend on 6 and
W(t) = rnT_Q¢('r), for t = —In(r). The classification of the radial solutions to the Yamabe Equation
operated at the beginning of the current chapter suggests us the following notion of energy for a
generic singular solution w:

2\’ 2
D(t) = (8')° - (%) B+ 5B,
If ¢ is radial, ¢ = 8 and we know that the quantity D defined above is a prime integral. The
idea is now that, if ¢ is not radial, then D is no longer a prime integral, but a weaker identity
holds: for ¢ > s,
D(t) = D(s) + (B° + (8)1)O(e™) + O(e™), (3.49)

as t,s - oo. To prove so, it’s sufficient to note that, multiplying identity (3.43) by 2t and
integrating, one has

t
dé = 0.

2
j;wf—(”T‘z) 92+ T2y - vyl

Exploiting (3.44), (3.45), we achieve

s

2 t
D)D) - (57 - ("52) 4 - (54 ()0 )

n—2 _2n

/8 n-2

t
;
S

that is precisely the energy estimate (3.49), up to the remark that 52(t) + (8(t))? = O(1). Since
(3.49), it follows that, for k£ > 1 integer,

D(k+1)-D(k) = 0(e™*).

Therefore the sequence {D(k)}k>1 fulfills the Cauchy Property and then converges to a limit
D, Substituting this value of the limit in (3.49), we infer that

D(s) = Do + (8% + (8)1)O(e™®),

namely that

2
7= ("53] - 25 Do (- (0,



CHAPTER 3. THE SINGULAR YAMABE EQUATION 63

for ¢ going to co. Since the fact that (32+(8")?)O(e") shrinks to 0 as t — co and the nonnegativity
of 8, it follows that D, needs tto respect the following, just met relation

n
n\ 2

If Do <0, considering the only radial solution ¢(|z|) € ®*(Ds ) corresponding to initial value
P(to) = B(to), and sgn(y) = sgn(5), we conclude that the statement holds for such a choice of
the radial solution. Instead, if Dy, =0, it’s clear that 8 needs to go to 0 like e~ (=Dt2 and so that
u is nonsingular: this remark allows to deduce that D cannot be 0 (because, by assumption, u
has a nonremovable singularity at the origin), and thus the proof is concluded. QED
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