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Abstract

Homogenization theory studies the relationship between microscopic and macroscopic scales
in continuum mechanics and physics. This thesis focuses on partial differential equations
with rapidly oscillating coefficients, which model composite materials with fine periodic
structures.

We introduce the mathematical framework necessary for homogenization: weak convergence
in Banach spaces, distributional convergence, and Sobolev spaces. These tools allow us to
rigorously define weak solutions and study the limiting behavior of sequences of solutions
as the microstructural scale parameter ¢ tends to zero.

The central result of this work is the explicit computation of the homogenized matrix for
a two-dimensional periodic checkerboard structure composed of two phases with conduc-
tivities cv and 3. Using symmetry arguments and compactness methods, we prove that the

homogenized matrix is A* = /a3 Id.

This example illustrates how homogenization theory “divides and conquers”: the difficult
resolution of the original oscillatory problem is replaced by computing the homogenized
coefficients and solving a simpler limit equation.
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List of Symbols

R Real numbers

R"™ n-dimensional Euclidean space

Z Integers

2 Open domain in R"

D Bounded open domain (spatial region)

@ Unitcell Q =]0, 61X - - - x]0, {n], typically Q =]0, 1]
0D, 0X) Boundary of domain D or {2

€ Small parameter representing the microstructural scale

OPERATORS AND DERIVATIVES

Vu Gradient of u
div ' Divergence of vector field F

curl I/ Scalar curlin 2D: 01 F5 — 0o F}

ou

5. Weak partial derivative with respect to x;
T4

CONVERGENCE AND LIMITS

— Weak convergence
* *
— Weak-* convergence

— Strong convergence






1 - The Periodic Checkerboard

.1 INTRODUCTION TO THE PERIODIC CHECKERBOARD AND THE HOMOGENIZED MA-

TRIX

Figure 1.1: Periodic checkerboard structure



The following theorem will be the focus of our thesis:

Theorem. Given Q = (0, 1) let aper (1, T2) be a function that is Q-periodic, piecewise

constant, alternately taking the values & > 0 and 3 > 0:

a if (z1,79) €]0, 2
aper<x17 x2> =
[ otherwise.

Letu. € HJ (D) be the solution to

—div (A (2)Vue(z)) = f(z) inD,
u, =0 ondD.

We show that, ase — 0, u. — u* weakly in H} (D), where u* is the solution to the homog-

enized problem

—div(A*Vu*) = f inD,

and the homogenized matrix is given by

A* = \/aB1d.

The main focus will be the calculation of the matrix A* which describes the macroscopic
properties of the composite material modeled by ape,;. The parameter € is needed to model
the two scales of the problem, the microscopic and the macroscopic which embed different
properties of the material. The main theorems and prepositions of this thesis come from Ho-
mogenization Theory for Multiscale Problems: An Introduction by Xavier Blanc and Claude
Le Bris [3], the preliminary mathematical framework is taken from the work of Lawrence C.
Evans and Haim Brezis [1, 2], while the textbook by Tartar and the one by Doina Cioranescu

and Patrizia Donato have been consulted for their thorough treatment of homogenization

theory [4, 5].



2 - Preliminaries

2.1 THE DIFFUSION EQUATION, A PHYSICAL APPROACH

We will build a diffusion equation from its physical interpretation, to get some intuition on
the problem. We will describe how a quantity (for example, heat) flows through a material.

The microscopic framework will be presented later.

* Letu(z) € C*(D) describe the density of some quantity in equilibrium, z € D C
R™,
* The gradient is the direction of local steepest increase:

Vu(z) € R".

* Since different directions may conduct differently, we have the matrix A(z) € M, (R)",
with the coefficients a”/ € L>(D) to model conductivity through the region:

A(x)Vu(z).

* In many instances it is physically reasonable to assume the flux F' of our quantity is
y physically q y
“proportional” to the gradient but points in the opposite direction (since the flow is
from regions of higher to lower concentration):

F(z) = —A(x)Vu(zx).



* The divergence of a vector field describes net outflow from a point. In a bounded
region, if a quantity (the flux) moves outside, it decreases inside, and we equate that
change to a source function f € L*(D), f(z) : D — Rif present:

div(F) = f(x).
So we obtain this partial differential equation, which will be the central focus of this thesis:
—div(A(z)Vu(x)) = f(z).

We will need to add the Dirichlet’s boundary condition u = 0 on dD.

2.2 CONVERGENCE: WEAK, STRONG, AND IN THE SENSE OF DISTRIBUTIONS

Quoting L. Tartar: “using weak convergence for relating different levels was not a new idea,
and it was used implicitly each time a discrete distribution of masses (...) was replaced by a

density of mass”.

Instead of comparing functions pointwise, we compare their behavior against test functions,
so in the sense of averages, and this makes the discrete and continuous indistinguishable. Let

us now formally introduce this idea and the mathematical framework around it.

2.2.1  DEFINITIONS

Let X be a real Banach space.
(I) A bounded linear operator u* : X — Ris called a bounded linear functional on X.

(IT) We write X ™ to denote the collection of all bounded linear functionals on X; X* is the

dual space of X.
(II) If uw € X, u* € X*, we write
(", u)
to denote the real number ©*(u). The symbol (-, -) denotes the pairing of X* and X.
(IV) A Banach space is reflexive if (X*)* = X. Namely, this means that for each u*™* €



(X*)*, there exists u € X such that

(u™, u*y = (u*,u) forallu® € X*.

2.2.2  WEAK CONVERGENCE

We say a sequence {uy }7°; C X converges weakly to u € X, written
U — U,

if
(u*, up) — (U, u)
for each bounded linear functional u* € X*.

If uy, — u, then u, — u. Also, any weakly convergent sequence is bounded because of the

uniform boundedness principle [2, p.32].

2.2.3 LP SPACES

Let (€2, M, 1) denote a measure space.
Letp € Rwith 1 < p < 00; we set

PO ={f: Q>R ‘ [ is measurableand | f|* € L'(Q)},

1 Fllee = 1l = ( e du) "

with the norm

We also set

L°°(Q)z{f:Q—>JR

f is measurable and there is a constant C
such that |f(z)| < C'a.e.on ’

with the norm

[fllzee = [[flle = mf{C' [ | f(2)] < C'ae. on 2}



We will most often employ weak convergence ideas in the following context.

Take U C R™ = ) to be open, and assume 1 < p < 00. Then
the dual space of X = LP(U)is X* = L1(U),

where
1 1
-+ —-=1, 1 <qg< o0
b q

Namely, each bounded linear functional on LP(U) can be represented as

f= / gfdx
U
for some g € LI(U). Therefore
fo—f weakly in LP(U)

means

/gfkdx%/gfdx ask — oo, forallg € LY(U).
U U

The convergence above does not imply that f; — f pointwise or almost everywhere. It
may very well be, for example, that the functions { f; }7° ; oscillate more and more rapidly
ask — oc.

2.2.4 CONVERGENCE IN THE SENSE OF DISTRIBUTIONS

Let 2 C R™ be open and let (f3,) C L*(€2).

We say that fj, converges to f in the sense of distributions in €2 if

k—o0

lim /ka(x) o(x)dr = /Qf(ac) o(x)dx forevery ¢ € C°(Q).

Since C°(Q) C L*(Q), we notice that weak convergence implies distributional conver-

gence, but not the opposite.



2.2.5 WEAK-* CONVERGENCE

We will also need the weak-* convergence in a very specific case.

Definition. Let { fj, } be a bounded sequence in L>(€2). We say that

fr = [ weakly-*in L>(Q)

/fkgod:c — /fgoda:, for every o € L'(2).
Q Q

2.3 FroM WEAK CONVERGENCE TO SOBOLEV SPACES

We have introduced weak convergence and distributional convergence; however, a funda-

mental aspect remains undefined.

Recall our PDE from the introduction:
—div(A(z)Vu(x)) = f(x).

This equation involves derivatives of the solution u. In the classical sense, this requires u to

be twice differentiable. However, when dealing with:

* composite materials with discontinuous coefhicients (like the checkerboard structure
that will be defined ahead in our example),

* rapidly oscillating coefficients A, (z),

* limits of sequences of solutions u°,

the weak limits of such sequences may not preserve classical derivatives.

2.3.1  WEAK DERIVATIVES

The idea behind weak derivatives is to transfer the derivative onto smooth test functions via

integration by parts. This is exactly the technique used to derive the variational formulation
of our PDE.



Definition (Weak Derivative). Let @ C R" be open and let u € L] (). We say that

loc

gi € L (Q) is the weak partial derivative of u with respect to x;, written g—;ﬁ = g;, if

O o0
/Qu(x) o (x)dx = —/Qgi(x)go(x) dx forall p € C°(Q).

Remarks:

* Ifuis classically differentiable, its classical derivative coincides with its weak derivative.
* The weak derivative, if it exists, is unique (up to sets of measure zero).

* A function may have a weak derivative even when it is not classically differentiable.

The definition above is precisely what appears in the definition of Sobolev spaces.

2.4 SOBOLEV SPACES

We do not need to delve deep into the properties of Sobolev spaces; it is sufficient to know
that they are the natural setting that arises from the study of partial differential equations,
such as the one presented earlier. Because of the definition of weak solutions and weak deriva-
tives, they control simultaneously the function itself (in L”) and its weak derivatives (also in
LP).

This thesis is not focused on finding the weak solution but rather on a different but some-
how equivalent problem at a macroscopic level. A weak solution is obtained by writing the
problem in its variational form, which is obtained by taking the differential equation, multi-
plying it by a test function, and integrating it by parts. The meaning of a weak solution is to

satisfy the equation in an average (integral) sense.

The spaces where weak solutions exist are called Sobolev Spaces. Using the notation % to

denote the weak derivative defined above, we can now give the formal definition:

Definition. The Sobolev space W'*(Q2), Q) C R" open, is defined as

Whr(Q) = {u € L7(Q) ’ g“

ELP(Q)forizl,Z,...,n}.

Li



Equivalently, expanding the definition of weak derivative:

391,92, -, gn € LP(Q) such that

WhP(Q) = ue LP(Q
&L’l Q

We set
H! (Q) = Wl’z(Q).

The space H'(12) is equipped with the scalar product

ou Ov ou Ov
(u,v)g1 = (u ULQjLZ(@m 3961)9/ <“’”+Zax@8xz>

The associated norm is
[wl| g = < )
2

Definition. Let 1 < p < co. W, 7(Q) denotes the closure of C1(2) in WP (£2). We set

8u

’L

Hy () = Wy ™(Q).

H;, equipped with the H! scalar product, is a Hilbert space. We denote by H~*(€2) the dual
of H} ().

The space Hj(€2) can be also definied as the set of functions in H'(£2) that vanish on the
boundary. Although functions in Sobolev spaces are not necessarily continuous, the trace
theorem allows us to define their boundary values[1, pp. 272-275, p. 315]. In this sense, every

function in H; (2) has boundary value zero, so they meet Dirichlet boundary conditions.
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3 - Homogenization of a 2-Periodic

Checkerboard

31 Q-PERIODIC

Definition. Let Q = |0, 4] X --- x ]0,£,[ where ¢4, ..., ¢, are given positive numbers

and a a function defined a.e. on R™. The function a is called Q-periodic iff
a(z + klie;) = a(x) ae onR", VkeZ, Vie{l,...,n},

where {e1, ..., e,} is the canonical basis of R".

Example. Let us now define ape; (71, 2) as a function that is Q-periodic, @ = 10, 1 [2, piece-

wise constant, alternately taking the values &« > 0 and 8 > 0:

a if (zq,x9) E]O,l[QU]%,1[2,
aper<x17x2) =
£ otherwise.

1I



3.2 HOMOGENIZATION PROBLEM

In our specific case we are going to be working in R?: u®(z) = u®(z1, x2) is a scalar-valued
function and aper () = @pec (71, 2) is a periodic function, hence
L1 T2 L1 T2
A) = () = e (B 72) 1
e’ € e’ €
The matrix A, describes a composite material composed of two constituents, with respective

coefficients v and 3. Each block of constituent is called a phase, and has length and width

¢/2. This material structure is referred to as “Periodic Checkerboard”.

Let us point out that if @ is Q)-periodic, then a. is eQ)-periodic. Moreover, as can be seen in
the example above, the smaller € is, the more rapid are the oscillations.

The coefficient a.(x) = aper(2 /<) should be interpreted as a rescaling of the fixed coefficient
Aper ().

The guiding principle of homogenization theory is to embed the specific equation for a given
small scale ¢ into a family of equations for a sequence of parameters ¢ vanishing in the limit.
The hope is that considering the limit “c = 0” yields a problem simpler to understand than
the original problem at ¢ # 0 fixed. In the limit problem, the small scale would disappear as
aper — a* (and hence A, — A*), where the whole difficulty hides behind the practical iden-
tification of A*, called the homogenized matrix which, in our case, will have some “average”

properties of the starting material.

For the original equation, the limit equation, as we shall see, takes the form
—div(A*(z)Vu* (z)) = f(z).

To some extent, homogenization theory “divides and conquers”. The difficult resolution of
the original equation is traded for a supposedly simpler calculation of A* and the resolution,
also expected simpler, of the limit equation. This thesis is focused on the calculation of A*

in the case of the periodic checkerboard.

For e > 0 the problem then reads as

—div(A.(z)Vus(z)) = f(z) inD CRY,

u =0 ondD.

12



The matrix Ap., has already been defined previously.

Let u® be the solution in H{ of (1), which now becomes:

—div ((aper(%7 J;_Q) apﬂ_(:v?ol’ %)> Vue(xl, l‘g)) - f (2)

This equation is posed with homogeneous Dirichlet boundary conditions. The homoge-

nized problem is obtained by letting ¢ tend to 0.

3.2.1 THEORETICAL INSTRUMENTS

To formally tackle the limit passage from the microscopic scale to the macroscopic average

scale, it is no surprise that we have to calculate an average in some integral sense:

Proposition 1. Let b be a function in L>(R). Assume that it is periodic of period 1. Then

the sequence of functions b(g) converges weakly-* in L to the constant function, denoted

by (b), called the average of b, and equal to

Proof. We want to show that, for any v € L'(RR), we have

/Rb<§>v(x) dr =% (/01 b(y) dy) </Rv(x) dw).

We prove this for v being the characteristic function of an interval.

The density of piecewise constant functions in L*(R) then allows to conclude.

We need to prove that, for any o < f3,

/jb(f) dr =% (B—a)/olb(y)dy.

3

We use the fact that b is periodic, and write

13



Let

We decompose the interval [a/e, §/¢] as

n—1
/e, B/e] = [afem+1] U | ] [kE+1] U [0 B/e].
k=m+1
Therefore,
B/e m+1 n—1 k+1 B/
LLkb@ww=ilk dey+k§;r£ dey+1; by) dy.

Since b is 1-periodic, we have

Aﬂﬁwwzﬁkm@:wx

and thus

Hence,

m+1 B/e

/be) dmze(n—m—l)(b>+a/ b(y)dy—i—g/ b(y) dy.

ale n

We need to work on the last two terms. Since b is bounded, there exists C' > 0 such that
1b(y)| < C for all y. Recalling how we defined m and n:

0§On+D—§§L Oég—nSL

SO

14



Multiplying by €, we obtain

m—+1 /8/5
. / by)dy = O(c), < / b(y) dy = O().

/e

It remains to show the relations of e(n — m — 1) with (5 — «).
To compare £(n — m — 1) with (§ — «a), we use the identity z = [z| + {z}, where
0 <{z} < 1. Then

Subtracting the two,

Hence,

6(n—m—1):(ﬁ—a)—a(1+{§}—{%}).

The fractional parts are bounded in [0, 1), the term in parentheses is bounded, so we can

write

eln—m—1)=(8—a)+0(e).

Putting everything together, we conclude

/f b@) dr = (8 — a)(b) +30(e).

I5



3.3 ELrIPTICITY BOUND

3.3.1  LAX-MILGRAM THEOREM

We need the Lax-Milgram Theorem to show existence and uniqueness of our solution [3,

p-I01, pp.427-430].

Theorem (Lax-Milgram) Let H be a Hilbert space, andlet B : H x H — R be a contin-

uous bilinear form. Assume that B is coercive, that is, it satisfies

B(u,u) > pllull3;, Yu € H, forsome ju >0

Consider L : H — Ralinear continuous map. Then there exists a unique u € H satisfying

B(u,v) = L(v),Yv € H.

Moreover, this solution satisfies

1
Juller < = || L] -
1

We use Lax-Milgram theorem in the following framework. We recall that H = H} (D),
equipped with the scalar product

(u,v)H/Vu-Vv.
D

is a Hilbert space. We define

Blu,v) = /D (AVu) - Vo,

which is a bilinear form. It is continuous because A is bounded, and coercive because A is

coercive.
We also define
L(v) = <fav>H*1(D),H§(D)7

which, by definition, is linear and continuous over the Hilbert space f.

16



3.3.2 ELLIPTICITY BOUND

Let A, be a simmetric matrix, the function z — A.(x), z € D is uniformly elliptic over D
ifexists 0 < p, M < 400, such that

Ve >0, Vo € D, V¢ € R™, plé]? < (Ac(2)€) - € < M| (Br)

By the lower ellipticity bound in (Bx), the matrix A°® is coercive. Consequently,

/AEV'qudx > u/ |Vul? dx.
D D

Since u € H(D), using the Poincaré inequality [1, p.290] we can prove the coercivity of
the associated bilinear form on Hg (D), so Lax-Milgram theorem implies the existence of a
unique solution v € Hj (D) forall f € H~*(D) using the variational formulation of the

problem.

The following result is stated with generality but directly applies to our case:

3.3.3 LAX-MILGRAM COROLLARY

Assume that A is bounded and coercive. Then, forall f € H~!(D), there exists a unique

solution u € H} (D) to the weak formulation of
—div(AVu) = f,
posed in abounded open set D C R™, with the homogeneous Dirichlet boundary condition
u=0 ondD.

Moreover, this solution satisfies

1
[l (p) < /_L”]FHH*I(D)‘

We refer to Evans [1, pp.313-343] and Blanc-Le Bris [3, p.101, pp. 427-430] for more details.

The main difficulty of letting e — 0 in equation (1) is that, in a general sense, the product of

two weakly convergent sequences does not converge to the product of the weak limits. The

17



ellipcity bound (Br) above enables the following propositions, whose proofs are based on a
compactness argument [3, pp.102-109, 4]. We will assume in the following results that the

matrices are symmetric, but the results can be generalized.

Proposition 2. Let D be a bounded open subset of R? and f € H (D). Assume that

A, € L*(R?) satisfies (Br), uniformly with respect to ¢.

Then, there exists a matrix A*, u* € H}(D), and a sequence € > 0, &y, k—> 0, such that:
—00

€k _\ * a 1
ut = weakly in H, (D),
A, Vu* o A*Vu* weakly in L*(D),
A, Vut - Vust — A*Vu* - Vu*  in the distribution sense in D.
Ep—>

Moreover,

/ A, Vust - Vutde —— | A*Vu" - Vu'dz,
D

ep—0 D

and u* is the solution in H} (D) of

—div(A*Vu*) = f. (3)

Remark. The matrix A* satisfies the same bounds as described in (Br). The matrix A* and
the subsequence {€;} do not depend on f; this describes how there exists an equivalent
(homogenized) material to the one of the starting problem. The homogenized equation in
general does not have to be of the same form as the original equation; the proposition above
states that in this particular case, with those specific bounds, the limit equation does read as
the original one. The results above do not give us a way to compute either A* nor u*; it just

notes that the homogenized matrix exists. We are able to compute it only in specific cases.

3.3.4 SKETCH OF THE PROOF.

We give only a sketch of the proof of Proposition 2. For the details see [3, pp.102-109].
STEP 1- DEFINING THE LINEAR OPERATORS R(f) aND S(f)

Using the bound (Br) and applying Poincaré’s inequality, we have that u° is bounded in

18



Hg (D) uniformly with respect to &.
From these bounds for A, and v, it is then possible to extract a subsequence €}, such that:
+ At Vuc* is weakly convergent to 7* in L?(D);

* u* is weakly convergent to u* in Hg (D);
» u®* strongly convergent in L*(D) due to Rellich Theorem.

By applying a diagonal extraction process, we extract this subsequence.

We then introduce the following functions that are linear and continuos.

Let S : H (D) — H{(D) be defined letting and

Also define R : H'(D) — L*(D)?, with

R(f) = A*VS(f).

The remainder of the proof consists in showing that 7* = A*Vu*, thatis RS~ (u*) =
A*Vu* provided that S is invertible.

STEP2- SHOWING THAT S1s INVERTIBLE ~ We apply Lax-Milgram theorem by writing the
equation S(f) = u* as follows: forallg € H(D),
(9, S(f))Hfl,Hg = (9, U>H*1,H3-

Working again on (Br) we prove estimates that allow us to show that the left-hand side is
bilinear, continuous, and coercive in H (D), while the right-hand side is clearly linear and

continuous in H ~!(D), proving this way that S is invertible with continuous inverse.

STEP 3 - POINTWISE LOWER BoUND ON RS~ (v) - Vv In this step, fixed v € HY(D),
we show

RS™'(v)- Vv > u|Voul*, almosteverywhere in D.

By using Step 1, we define
S™Hv) = —div (RS (v)), and g=S""'(v).

9



Next, let v° be a solution of
—div(A.Vo®) =g, 7 € Hy(D),

for a suitable subsequence of € > 0.

By using the convergence results of subsequences for S and R from Step 1, the coerciveness

of A, that comes from the left side of bound Bi, the convexity of

v / |Vl da,
D

and the weak convergence of v°* and Vv®*, it can be shown that the pointwise lower bound

holds.

STEP 4 - PoINTWISE UPPER BoUND ON RS™*(v) - Vv By using similar arguments to
Step 3, the right part of the bound (Br) and applying the Cauchy-Schwarz inequality in R,

we infer
RS~ (v)| < M|Vv|, almost everywhere in D.

STEP 5 - EXISTENCE OF A*  Applying the Pointwise Upper Bound to v — w, we get that,
for any openset O C D

VYo,w € Hy(D), Vv=Vwae inO = RS '(v) = RS ' (w)ae inO.
We then prove that
Vo €O, RS '(v)(r)=a*(x)¢,

where £ — RS™!(v) is a linear map for all § € R,

The function v(x) = (£ - x)x(x), satisfies Vv = £ in O, where X is a smooth cut-off

function having compact support in D such that x|p =1

After showing that the map a* is well-defined, we prove that
Vv € Hy(D), RS 'v=a*Vv, almosteverywhere,

20



by assuming v is piecewise affine and using the fact that the set of piecewise affine functions

is dense in H} (D).

STEP 6 - CoNcLUsION  The last equality of Step 5 together with the definitions of the

operators 12 and .S, allow us to prove that
r* = RS ' (u*) = a*Vu"*.
This and the convergences of Step 1 allow us to pass to the limit in the weak formulation of
~div (A, V) = f.
thus proving
—div (A*Vu*) = f.
To prove that
A, Vu't - Vut —— A*Vu* - Vu*  in the distribution sense in D,

er—0

we fix o € C(D). Using u®* ¢ as a test function in the variational formulation satisfied by
u®* and we have the convergence.

We use the same argument and set =1 to prove

/ A, Vu* - Vutde — | A*Vu" - Vu*dz,
D

er—0 D

O

To prove our main result, we need the following lemma to pass to the limit of a sequence of

solutions which do not necessary converge to the homogenized solution u*.

21



Lemma 1. Assume that the conditions of Proposition 2 are satisfied. Let D C Dbean
openset, f € H~'(D) and let v* be a sequence in H'(D) such that

—div (AE/Vvel) =f inD,
and

v — v inHY(D).

e’'—0
Then, we have
AsVe® — A*Vo in L3(D),
e’'—0

and hence

—div(A*Vv) = f inD.

For the proof of result above we refer to [3]. Now we get to the core of our thesis, which is

how to calculate the homogenized matrix A* in the case of the checkerboard.

22



Theorem 1. Given @ = (0, 1)?, let ape(21, ¥2) be a function that is Q-periodic, piecewise

constant, alternately taking the values & > 0 and 3 > 0:

a if (z1,22) €10, UL, 1P,
aper(zla 1‘2) =
[ otherwise.
Letu. € Hj (D) be the solution to
—div (A.(z)Vu.(z)) = f(z) inD,
u. =0 ondD.

We show that,ase — 0, u. — u* weakly in H & (D), where u* is the solution to the homog-

enized problem

—div(A*"Vu*) = f inD,

and the homogenized matrix is given by

A* = \/aB1d.

Remark 1. The proof uses several specific properties of the problem:

+ we work in dimension 2;
* we have exactly two phases (o and 3);

* the squared checkerboard has symmetries.

Proof. Since A. satisfies the assumptions of Proposition 2, we have the existence of the
homogenized matrix A*. We will now explicitly find A*, proving in this way its uniqueness
and indipendence from the succession €;. We will use the following strategy: we will find
a solution for the problem with periodic boundary conditions, defining a proper sequence
of solutions that converges to it, then applying the previous lemma and prepositions we will
pass to the limit and by applying the geometric symmetry of the problem and the fact that
we work in dimension 2 we will be able to compute A*. In the original problem (1), we
replace the Dirichlet homogeneous condition u* = 0 by periodic boundary conditions. In

other words, we look for a solution u¢ that is periodic of @ =]0, 1[* and solution in the
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whole space R2. Such a solution is only defined up to the addition of a constant. To make it

unique we would need to assume for instance that

/u5:0.
Q

The associated homogenized solution is, according to Proposition 2, the periodic solution

u*. Such a solution is again unique due to the condition

/u*:O.
Q

Let A € R? and let upe, be a function in H(Q) satisfying periodic boundary conditions on
the boundary of () and
— div(Aper Vtper) = div(AperA). (4)

The existence of such a function . may be proved using the Lax—Milgram Theorem [,
pp-313-343].
Remark 2. Equation (4) can be rewritten as div(Aper(Vpe: + A)) = 0, which shows that

the flux Apevpe is divergence-free, whereby we set
Uper = vuper + )\7

which is periodic too.
We note that <vper> = ) because (Vuper> = 0, since . is periodic and the average of a

periodic gradient vanishes:

(Vpe) = </Q Oy Uper () dx,/Q@muper(a:) dx) = 0.

Indeed let’s compute the first coordinate:

1 1 1
/ / axluper(xlyl?) dxl dl’g = / [uper(]-axQ) - uper(oa 1:2)} dl’g = 07
0 0 0

since Uper (1, Z2) = Uper(0, 22) due to periodicity and the same applies for the second coor-

dinate.
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We now prove that

A” <Uper> = <Apervper>- (s)

In order to do so, we define the sequence
x
wi(x) =X-x+ 5upe,<—) :
€
Applying Proposition 1, we deduce that the gradient

Vuw(x) = vpe,(£>

£

converges to <vper> = A weakly in L*(Q). Likewise, uper(f) converges to <uper) weakly in
L*(Q). Thus, w® converges to wy(z) = A - z weakly in H*(Q).
We already noted that Vuw® () = vper (f), we then have

T

— div(A.Vwf) = — div (Asvper(g)) —0,

which is equal to o as shown in the Remark, with a change of coordinates z /¢ = 2. Then

we can apply Lemma 1, which gives that A, Vw*® converges weakly to A*Vw, = A*\.

On the other hand, applying Proposition 1 to the periodic function AperUper, We have that

. x
ANV = (AperVper) (g>
weakly converges to <APerUPer>' This proves (s).

We have now proved that a homogenized matrix against an average periodic vector is equal

to the average of the original matrix against the vector.

Now we will use particular geometric symmetries that characterize only this specific periodic

composite material structure.

We return to the matrix Ap; that we have defined above, and which models the checkerboard

structure. Let o be the rotation of angle 7 /2. Forall z € (), we have
Aper(7) - Aper(0(2)) = 8 1d. (6)

Remark 3. Due to the checkerboard geometry, rotating by /2 swaps the phases: if ape () =
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«, then aPer(a(w)) = (3, and vice versa. Thus Clper(flf) . aper(a(x)) = a3 always, which gives
(6) since Aper = ape; Id.

This allows us to write
A7) ipe(0(2)) = 08 (Agr()) el (@) (6 b
By (s), we have

A* <Uper> = <Apervper> = <(Apervper) o 0->7

since 0 does not change the average. And thus from (6 bis) we obtain,
A (Vper) = 8 <A;erlvpcr o a> :

Remark 4. The rotation o preserves the integral average over ) =0, 1[?: by change of

variables we have (f o o) = (f) for any integrable function f.

Moreover, we have

div (Aper(2) Aper(0(2)) vper (0(2))) = B div (vper(0(2)))

. (7)
= af8 div (Ve (o(x))) =0

and

curl(Ape: (0(2) ) vper (0())) = div(Aper () Vper (7)) = 0. (8)

Remark s. In dimension 2, the divergence and scalar curl are related by a rotation: for any
vector field " and o the rotation by 7/2, we have curl(F o o) = — div(F'). Since AperVper

is divergence-free by equation (4), its rotated counterpart is curl-free.

Using the fact that we work in dimension 2, Eq. (8) implies that the function

Wher () = Aper (0(2))per (0 () (9)

can be written as
wper(x) = Vhper(x) + <wper>

using Helmholtz decomposition, where A, is periodic.

Remark 6. In dimension 2, a curl-free vector field is necessarily a gradient. For periodic
fields on @), we have F' = Vh + (F') for some periodic function h.
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On the other hand, with wp; as in (9), (7) reads as
div(Apertper) = 0.

Thus (5) holds with wpe, replacing vye;. This gives

A* (Aper(a(x))vper(a(aj))) = <Aper(Aper(U(x))Uper(0<$)))>
= af{vpe(0(1)))-

In addition, by using the same substitution and using invariance of the average under rota-
tion,

A (Aper(0(2))Uper (0 () ) = A™(Aperper) = A" A™(Vper),

where we have used (s) again. Hence

ATAT <Uper> = 0‘6<Uper(0-(x))> = aﬁ<vP“>’

since o does not change the average.

We have thus proved that
(A*)2/\ = af\, Y\ € R

This implies that
(A*)2 = af1d.

Consequently, the polynomial P(X) = X?—af satisfies P(A*) = 0. Since the polynomial
has two simple roots, A* is diagonalizable. Recalling that the eigenvalues of A* are positive,

the only possible eigenvalue is v/« 3. Thus

A* = /af1d.

And this concludes the proof. [
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3.4 RANDOM PERIODIC CHECKERBOARD AND LAMINATED MATERIAL

Figure 3.1: Random periodic checkerboard Figure 3.2: Vertical laminated material

3.5 COMMENTS

It’s interesting to study other structures aswell and how their homogenized matrices differ re-
lated to the geometry. The examples of a laminated material and a random checkerboard are
studied thoroughly in the book of Blanc and Le Bris [3, pp.110-118]. In the case of a random
checkerboard with the same coefficients randomly chosen independently each with proba-
bility 1/2, we arrive at the same homogenized matrix. It is because even if the materials are
different, the proportions of the phases are equal, and that makes the materials the same on
average. The case of a laminated material, where instead of a checkerboard we have columns,
gives us a different homogenized matrix:
0

aper

0 (aper)

This has an intuitive explanation: the laminated material is the same as the checkerboard in
one direction (the one where the blocks alternate), but not in the direction parallel to the

columns, even if there is the same proportion of phases.

It is relevant to notice how important the geometry of the problem is and how generaliza-

2.8



tions are difficult. From the specific geometry of the problems arise different macroscopic
behaviours, and some specific computations are available which make those problems solv-

able, like the rotation due to the symmetry of the checkerboard that we employed previously.
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