Mayer and minimum time problem for multi-agent

systems

Antonio Marigonda

University of Verona, ltaly

Control of state constrained dynamical systems

(CoSCDS 2017)

27th September 2017, Padova, Italy

A. Marigonda Mayer and min. time problem for multi-agent systems 1/46



Joint work with:

Giulia Cavagnari:

Chloé Jimenez:

Khai T. Nguyen:

Benedetto Piccoli:

Fabio S. Priuli:

Marc Quincampoix:

UNIVERSITA DEGU STUDI

Our team

Department of Mathematical Sciences,
Rutgers University - Camden

311 N. 5th Street Camden, NJ 08102, U.S.A.
giulia.cavagnari@rutgers.edu

Laboratoire de Mathématiques de Bretagne Atl
CNRS-UMR 6205, Université de Brest

6, avenue Victor Le Gorgeu, CS 93837,

20238 Brest cedex 3, France.
chloe.jimenezQuniv-brest.fr

Department of Mathematics,

North Carolina State University,

2108 SAS Hall, Raleigh, NC 27695 , U.S.A.
khai@math.ncsu.edu

Department of Mathematical Sciences,
Rutgers University - Camden

311 N. 5th Street Camden, NJ 08102, U.S.A.
piccoli@camden.rutgers.edu

Istituto per le Applicazioni

del Calcolo “M.Picone” CNR

Via dei Taurini 19, 00185 - Roma, Italy.
£.priuliQiac.cnr.it

Laboratoire de Mathématiques de Bretagne Atlantique,
CNRS-UMR 6205, Université de Brest

6, avenue Victor Le Gorgeu, CS 93837,

20238 Brest cedex 3, France.
narc.quincampoixQuniv-brest.fr

Mayer and mi e problem for multi-agent systems 2/46




UNIVERSITA DEGLI STUDI|DI

Introduction

We formulate some control problems in the space of probability measures
endowed with the Wasserstein distance as a natural generalization of the
classical problems in RY.

Motivations

to model situations in which we to model multi-agent systems,
have only a probabilistic where only a statistical
knowledge of the initial state (macroscopic) description of the
(e.g. noise in the system is available. (e.g.
measurements). gas/crowd dynamics).
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Classical optimal control system

Controlled dynamics: in form of

differential inclusion:
x(t) € F(x(t)), forae. t>0,

X(O) =X € RA.

X0

Problem: to minimize a given cost
functional J(-) on the set of admissible
trajectories.

Hypothesis: F : RY = R?, F(-) not
empty, convex, compact valued,
continuous w.r.t. the Hausdorff metric
and with linear growth.

Example: minimum time

Minimum time needed to steer x to a given closed target set

f#SCRY:

T(x0) :=inf{t > 0: 3x(-) sol. of the control system s.t. x(t) € S}.
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— 7 Generalized Problem - State and Dynamics

o Initial state: probability measure g € 2,(R9) with
1y (1) 1= [ | el dho(x) < +oc;
R

e Trajectory: time-depending probability measure on RY,
1= {pitfeefo, 1], Mje=o0 = po, (AC curve in PH(RY));

@ Dynamics: since total mass must be preserved during the evolution,
the process will be described by a (controlled) continuity equation

Orty + div(vepe) =0, for0<t< T,

@ Control set: v; to be chosen in the set of Lf“—selections of F for
a.e. t € [0, T], to respect the classical underlying control problem.
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State Space

P,(R?) endowed with the topology induced by the p-Wasserstein
distance W,(-,-), p > 1.

Let 1, p1n € P,(R?), the p-Wasserstein distance is defined as

1/p
Wo (1, p12) == (inf {// |x1 — xo|Pdm: 7w e I'I(,ul,m)})
RY xR

Where the set of admissible transport plans M(p1, p12) is defined by the
following

(AL x RY) = pu1 (Ar),
T(R? x Ay) = pa(Az),
VA; pi-measurable set |
i=1,2

M1, p2) == € Z,(RY x RY) :
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Continuity equation:

{ Opte(x) + div(ve(x)ue(x)) =0, for0<t< T, x € RY, 1)

Hijt=0 = Mo S yp(Rd)
which represents the conservation of the total mass io(RY).

We require the velocity field v;(+) to satisfy v;(x) € F(x) Vx € RY.

If v¢(-) is locally Lipschitz in x unif. w.r.t. t, we consider the
characteristic system:

{"y(t) =wv(y(t)), forae te(0,T)
7(0) = x

Let T¢(x) denote the unique solution, then: p; = T;fug, where

Tebpio(B) == po(T;1(B)), VB c RY, B Borel set.
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Admissible curves

Let F:RY = R9, 7 >0, o, B € Z(RY). We say that
p = {pe}eep,] © Pp(RY) is an admissible trajectory defined in [0, 7]
joining a and B, if I = {ve}repo,r € A4 (R RY) a family of Borel
vector-valued measures s.t.
@ u is a narrowly continuous solution of d;u; + divy; = 0,
with p—o = @, pit=r = B
e Jr(p,v) < 400, where
0, if v < pe and &(X) € F(x) for a.e. t € [0, 7], ue-a.e. x,
Jr(p,v) = H

+o00, otherwise.

In this case, we will shortly say that w is driven by v.
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Superposition principle: idea

With milder assumptions on v, the (possible not-unique) solution p; of
the continuity equation can be represented by a superposition of integral
solutions of the underlying characteristic system, i.e. of ODEs of the

form x(t) = v(x(t)), or x(t) = v(t,x(t)).
For this approach, see

@ L. Ambrosio

The flow associated to weakly differentiable vector fields: recent results
and open problems, 2011

and the references therein, where it is also shown that in some cases it is
possible to provide conditions on v (assuming for instance Sobolev or BV
regularity, and some bounds on the weak derivatives) to recover
uniqueness and stability of the solutions in a suitable smaller class of
measures (Lagrangian flow problem). The representation is not unique.
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By = edin

For every point x € supp jig, consider the set of all integral solutions of
A(t) = v o y(t), ¥(0) = x, and define a probability measure 7, on it (if
there is a unique solution, 7, reduces to a Dirac delta). Let

7 = po ® 1, be the product measure, which is a probability measure on
R? x [, where T := C°([0, T];RY). For any v € '+ consider the
evaluation operator e;(x,7y) = 7(t). Then t — u; = e;fin is a solution of
the continuity equation. Conversely, every solution can be represented in
this way for a suitable .
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Superposition principle: statement

Let oo = {11e}ecpo, 1) be a solution of the continuity equation Orpue + div(vepe) = 0 for
a suitable Borel vector field v : [0, T] x R? — R satisfying

(x)dt < +o0.
//IRJHIXI )

Then there exists a probability measure n € 2(RY x ['T), with T+ = C°([0, T|; R9)
endowed with the sup norm, such that
(i) m is concentrated on the pairs (x,7) € R x '+ such that « is an absolutely
continuous solution of
A(t) = ve(v(1)), for #'-aet € (0,T)
7(0) = x,

(i) forall t € [0, T] and all ¢ € CJ(R?) we have

/Lp(x)d,ut(x //erT ~(£)) dn(x, ).

Conversely, given any 7 satisfying (i) above and defined p = {u¢}icpo, ) as in (ii)
above, we have that O + div(vepe) = 0 and p),—o = eofin.
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The Superposition Principle deals with the macroscopic velocity vector field v¢. However in
many applications the solutions must be constructed by superposition of admissible trajectories
for the finite-dimensional differential inclusion that are not a priori solution of a given vector
field. To this aim we provide the following result.

Theorem [SP for differential inclusions, Cavagnari-M-Piccoli]

Let 5 € 2(R? x I'1) be concentrated on the set of pairs (v(0),v) € RY x It such that
v € AC([0, T];Rd) is a Carathéodory solution of the differential inclusion ¥(t) € F(~(t)). For
all t € [0, T], set pe := eefim, and let {m,y}yemd C Q(R‘l X 1) be the disintegration of n

w.r.t. the evaluation operator e, : RY x rr— ]Rd, i.e. for all ¢ € CB(R" xr)

s mramtn= [ [, ot dneyten o)

Then if uo € QP(R"), the curve p := {pe}ecpo, ) C @P(R"), is an admissible trajectory
driven by v = {VP}RG[O,T]r where v¢ = veue and the vector field

W) = [, 30 dney(x7).

is well-defined for a.e. t € [0, T] and pe-a.e. y € RY.
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or Differential Inclusions - Comments and an example

We recall that in general there is not an unique 7 representing a given p:
in particular, the effect in passing from the microscopic point of view
encoded in m to the macroscopic description provided by p, may cause a

loss of information (due to averaging). An interesting example of this
situation is given below.

We start with some weighted Dirac deltas on the y-axis and made them
evolve along the characteristics. We refine the distribution of delats to
obtain the 1-dimensional Lebesgue measure restricted to {0} x [—1,1].
The averaged vector field is drawed (dotted characteristics are neglible).

A. Marigonda
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‘Properties of the set of admissible trajectories - 1

Theorem[Cavagnari-M-Nguyen-Priuli, Cavagnari-M-Piccoli,

M-Quincampoix]

Let a,b,c € R, a< b < c, F:R?I = RY be satisfying (F). Recalling
that the space X := C°([a, b]; Z,(R?)) with the metric

dx(p,v) = Spr] Wo (e, ve), for all po = {1t }eeqa s ¥ = {Vt}refan)s
te)a,
is a complete metric space, we have that
@ the set of admissible trajectories is closed in (X, dx);

Q if {u"}nen is a sequence of admissible trajectories satisfying
sup {m, (1))} < oo, then it admits a dx-convergent subsequence.
NeN

O given p € Zp(RY), p = {1e}eeran € ,Qf[s’b](u),
V= {Vt}ielb,q € C;zf[gc](ua) then the concatenation is an admissible
trajectory.
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~ Properties of the set of admissible trajectories - 2

(continued)

Q if it = {lte}refa b is an admissible trajectory, and 1 € P(R? x [, 1))
satisfies uy = e;fin for all ¢ € [a, b], then for s1, s, € [a, b] we have

||eS1 - 652”1-31 S C62(b_a)c <1 + ;T:{nz ;/2(/1’5,)> |51 - 52|,

where C = max _|y| + Lip(F).
y€F(0)

Q if pt = {tt }e[a,p) is an admissible trajectory, and n € P(RY x Ma,5])
satisfies e = e;fin for all t € [a, b], given t € [a, b], every limit for

. . e — 6
i — 4o of a L%—weak converging sequence ; _t belongs to the

set {voeg: vel?, v(x)e F(x) for yz-ae. x € R}

Proof is based on Superposition Principle and Gronwall estimates.
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~ Properties of the set of admissible trajectories - 3

Proposition [Prescribed Initial velocity of measure trajectories]

Let a,b € R, a < b, p € Po(RY), F : RY = R? be satisfying the
standing assumptions, 1 € Z%(R?). Then for every v, € L2(R?) such
that v,(x) € F(x) for p-a.e. x € R? there exist n € Z(R? x [, ) such

that p = {etﬁn}te[a7b] € 527[571,](#) and

) e:(x,7) — es(x,
im, [, (poan), TN =0T, gyx )
t—a Rdxr[.’b] t—a

= [, (o). vsto) ).

Proof is based essentialy on the possibility to parametrize F, and on the
Filippov's Lemma.
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Cost functionals - Overview

@ We decribed up to now the macroscopic dynamic of the agents,
supposing conservation of the total mass.

@ In real-life models, the agents also interact between them, and the
interaction can be of local or nonlocal type.

o The effects of these interactions will be encoded in the cost
functional that we want to minimize.

@ To this aim convexity and lower semicontinuity of functional
depending on measures will play a crucial role.

o Extensions to situations where the total mass is not preserved during
the evolution (e.g. evacuation problems) are very difficult due to the
lack of a general superposition principle allowing us to represent
them as superposition of weighted characteristics. Nevertheless,
such a representation can be built by hand in many interesting cases.
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W7 Extensions - Some natural cost functional

Here we present some natural cost functions.
A functional with a local constraints on velocities and position.
1%
/ / (t X, —(x)> dpe(x)dt, if vp < pe, ;‘(x) € F(x)
t
Joye(T, p,v) = for a.e. t € [0, T], pe —a.e. x € RY
+o00, otherwise,

2

A functional penalizing density concentration w.r.t. a given measure.
Given ¢ € .#*(R?), we define the functional

-
/ / Laens (t, x, 2 (), 3(x)) dodt, if ps < o and |ve] < o
o Jrd o o
Iena(T, ) = for a.e. t € [0, T],

+o00, otherwise,

®3)
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nsions - Some natural cost functional, continued

A functional describing an interaction between position and velocities.

Jinter (T ) / / Linter (£ 7¢(8), 7 (1), 4 (£), 3 (£)) dt dn(x, v) dn(y, 1),

Xinter

#)

T v v
L7yt (£ 2200, 2500 ) e dise) i ve <
o rd xrd e e y
—(x) € F(x)
123
a.e. te€[0,T],
He —a.e. X € R‘l,
+o0, otherwise,

(5)

Jinter (T, p,v) =
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Natural questions

Existence of optimal trajectories?

Dynamic programming principle?

State of art, so far...

Smoothness of the value function?

Hamilton-Jacobi-Bellman equation?

Necessary conditions?

Up to now

Dynamic programming principle for all the functionals

Mayer problem with smooth terminal cost function and no

interaction

Minimum time problem with no interaction

Some cases of problems with mass loss (optimal equipment and

evacuation)

Application to some simple pursuit-evasion games

A. Marigonda
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o Target set: defined by duality (an observer wants to steer the system
into states in which the results of some measurements are below a
fixed threshold);

@ Minimum time: straightforward generalization of the classical one.
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ition and basic properties of the generalized target
For p>1, ® C CO(RY, R) s.t. Ixg € RY with ¢(xg) <0 Ve € , and for

all ¢ € ® there exists Dy > 0 s.t. ¢(x) > —D,, Vx € RY:
g;f = {p € Z,(RY) /d o(x)du(x) <0 for all ¢ € <D} .
R

We say that @ satisfies property (T,) with p > 0 if
(Tp) for all ¢ € ® there exist Ay, Cs > 0 such that ¢(x) > Ag|x|P — Cy.

We obtain that:
° §¢’ is closed and convex;

° |f( ») holds, then 5“> is compact in the W,-topology (hence in the
w* topology)

We say that 5P admits a classical counterpart if 35 C R s.t.

S5y = {ne Zo(R?) : supppu C S}
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Generalized minimum time

We define the generalized minimum time function
Ty : 25(R?) — [0,400] as:

o is an admissible curve in [0, 7]

driven by v, with =0 =400 ’

T;(Mo) = inf ¢ Je(p,v):
Mie=r € 5:)

where, by convention, inf () = +oo0.

Given g € Z,(R?), an admissible curve
p= {1t} e Fo(u0y 2,(RY), driven by a family of Borel
ol

vector-valued measures v = {Vt}te[oj—:(ﬂo)], s.t. fjg—o = o and

/J/ltz-“,'—:(uo) € S;D is Optlma| for Ho If

T3 (1) = Je(p,v).
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Dynamic programming principle

Theorem

Let 0<s<m,
F : RY = R be a set-valued function,
1 = {4t} tefo,] be an admissible curve for X r.

Then y ~
TP(1o) < s+ T2 (us).

Moreover, if 7’;’(#0) < +o00, then
equality holds Vs € [0, 7',‘)”(#0)] <= p is optimal for o = pj¢—o-

The proof is based on gluing results for solutions of continuity equation.
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Existence theorem

Theorem (Existence of minimizers)

Assume standard assumptions on F.

Let p>1,
fo € Zp(RY),
P e Co(RY; R),
Ts)(,uo) < OQ.

Then there exists an admissible curve g = {fi; }+e[o, 7] driven by
v = {Vt}+epo, 1) which is optimal for pg, that is T,?(Mo) = Jr(p,v).

The proof is based on the previous result of compactness of admissible
trajectories in the space of measures, together with the lower
semicontinuity of the minimum time functional Jg.
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Comparison results (for S® = g{dS})

Proposition

Under the standard assumptions on F we have

Tolpo) > || Tlliss  Vao € Zp(RY);
To(0x) = T(x0)  Vxo € RY,
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Comparison results (for 5®

Proposition

Under the standard assumptions on F we have

Tolpo) > || Tlliss  Vao € Zp(RY);
((5,(0) T(XO) Vxg € RY.

Theorem

Assume the standard hypothesis on F.

Let p>1,
Mo € ‘@p(Rd)-
S C R? be a weakly invariant set for the dynamics x(t) € F(x(t)).

Then _
T (o) = IT()lless -
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Controllability in the C} case

Theorem [Petrov-like condition]

Assume the standard hypothesis on F, p > 1, up € Z,(R9).
Let ® C C}(RY; R).

V()
Assume that

Jv : RY — R Borel vector field, )
Jp = {ﬂt}te[0,+oo[ c '@p(Rd) x

adm. traj. driven by v,
with v = {vy = Vit }refo, 400
Hjt=0 = Ho,

such that the following controllability condition holds:

(Cc) forall ¢ € ® exists k? > 0 s.t. (V(x),v(x)) < —k® for a.e. t >0 and
Ue-a.e. X € RY.

Then we have 7_:)(#0) < sup {%/ o(x) d/,Lo(x)} .
pco | k? Jrd
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G. Cavagnari has obtained more refined controllability conditions in

@ G. Cavagnari
Regularity results for a time-optimal control problem in the space of
probability measures, Mathematical Control and Related Fields (MCRF),
vol. 7, n. 2, pp. 213-233 (2017)
by weakening the requirements on ®. In general this operation is highly
nontrivial, since - unless we restrict ourselves on particular class of
measures, the evolution may be highly sensitive to the singularity set of
the functions of ®.

We are currently investigating so-called higher order controllability
conditions by defining a proper notion of commutator for the flow of the
continuity equation, recalling some ideas of Rampazzo-Sussman
construction for Lie Bracket of nonsmooth vector fields. Our analysis is
complicated by the possibly highly nonsmoothness of the driving vector
fields.
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Mayer problem

Given a cost function ¥ : #(RY) — R and a time horizon T > 0, we will
consider the problem of minimizing the cost over all the endpoints of the
trajectories in the space of measures that can be represented as a
superposition of trajectories defined in [0, T] of a given differential
inclusions x(t) € F(x(t)), weighted by a probability measure 1 on the
initial state.

Throughout this section, we will made the following standing
assumptions:

(F) F:R?I = R9 is a Lipschitz continuous set-valued map with
nonempty compact convex values;

(9) 4 : 2,(R?) — R is bounded and Lipschitz continuous w.r.t. W,
metric.
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Given s € [0, T], u € Z»(RY), we define the value function
V[0, T] x 25(RY) — R by setting

V(s ) = inf {9 (ur) : {teheetsm) € Aom ()]}

We say that {ji¢}ecps, 1) € 42)7[5 T](,u) is an optimal trajectory for
pe Po(RY)if V(s, 1) =9 (ur).
From the properties of the set of admissible trajectories, since ¥(-) is

I.s.c., we deduce immediately the existence of optimal trajectories for
every u € P5(RY).
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5 Regularity of the value function

Proposition
Let T > 0, F,¥ be satisfying (F) and (¥), respectively. Then

V[0, T] x 22(RY) — R is bounded and for every K > 0, it is Lipschitz
continuous on the set {(t, ) € [0, T] x ", ma(u) < K }.

The proof differs from the classical one, since the continuity equation in
general does not enjoy uniqueness and Lipschitz continuous dependence
of the solutions from the initial data: indeed, by means of dynamic
transport plans, it is needed to construct a suitable shifted trajectory
from an optimal one.

A. Marigonda Mayer and min. time problem for multi-agent systems 31/46



‘ UNIVERSITA pEGLI STUDI || VERONA

3 _ ;

(.}’ - - - .

ynamic Programming Principle for the Mayer problem

Proposition
For all u € 22,(R9) and 7 € [0, T] we have

V(r, 1) = inf { V(s, ) : {tseheerr. 1y € Ao my(0), s € [, T}

ie., V(7,ur) < V(s,pus) forall 7 <s < T and {}eepr, ) € W[f,r](ﬂ),
and V/(7,pr) = V(s, us) for all 7 < s < T if and only if {11t} sepr-, 7 is an
optimal trajectory for p.

The proof is the same of the classical finite-dimensional case.

A. Marigonda Mayer and min. time problem for multi-agent systems 32/46



UNIVERSITA DEGLI STUDIL[DY VER

Viscosity sub/super-differentials

Definition [M.-Quincampoix]

Let w : [0, T] x 2> — R be a map, (%, i) €]0, T[x Z2(R9), § > 0. We say
that (pz, pr) € R x L2(R?) belongs to the viscosity d-superdifferential of w at
(£.7) if
i.) there exists 7 and «y € M, (fi, 7) such that for all Borel map ¢ : RY — R?
satisfying ¢ € L2(R?) N L2(RY) we have

/RJXRJ (B(x), x = y) dy(x,y) = /RJ (B(x), p“(x)) dpu(x).
ii.) for all € Z5(RY) we have

w(t. ) = wiE ) < pe(e =)+ [ (e, x5 — %) dfi(x1, X2, x5)+
Rd xRd xRd

+80/(t = B2 + W2, (3, ) + o(|t — F + Wai (i, 1)),

for all i € Z2(R? x RY x R?) satisfying mi2ffi = (Idga, pa)ip and
msffi € N(f, p).
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We consider an equation in the form

Oew(t, p) + A (p, Dw(t, p)) = 0, (6)

where 7 (pu, p) is defined for any 1 € 25(R?) and p € L2(R?). We say
that a function w : [0, T] x Z»(R%) — R is
@ a subsolution of (6) if w is u.s.c. and there exists a constant C > 0
such that
pe + A1, p,)) = —C0,
for all (t,u) €]0, T[x 25(RY), (pt, pu) € Di w(to, o), and § > 0.

@ a supersolution of (6) if w is l.s.c. and there exists a constant C > 0
such that
pt + (1, pu) < C6,

for all (t, 1) €]0, T[x Z2(RY), (pt, pu) € Dy w(to, f10), and § > 0.
@ a solution of (6) if w is both a supersolution and a subsolution.
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Comparison principle

eorem [M.-Quincampoix]

Consider the HIB equation for an Hamiltonian function ¢ satisfying the following properties

@ positive homogenuity: for every A > 0, u € 92(R‘l), pE L;‘:(]R‘l) we have
H (s Ap) = AFH (1, P);

@ dissipativity: there exists k > 0 such that for all u,v € 9’2(]1&"), v € No(p, v), defined
ph =1d 4 — Bari(v), ¢ =1d g — Bary(y~ '), we have

A, pu) — K (v, qu) < KWE (1, v).

Let wy be a bounded and Lipschitz continuous subsolution and w2 be a bounded and Lipschitz
continuous supersolution to (6). Then

inf wa(s, p) — wa(s, p) = inf  wa(T,pn) —wi(T,p).
(s,m)E[0, TIx P2(RY) ne Py ®Rd)

In particular, the equation admits at most one Lipschitz continuous bounded solution.

Proof: based on the doubling variable method and to the analysis of the superdifferential of the

Wasserstein squared distance given by Ambrosio-Gigli-Savaré.
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—”Hamiltonian function for the minimum time

Theorem

Assume standard assumptions on F and that F(-) is bounded.
Then T,(-) is a viscosity solution of S (u, DTo(u)) =0,

where the Hamiltonian function is defined by
() =1 =it { [ (9,00 ,00) du)}.

and the infimum is taken on the Borel maps v,, : R? — RY satisfying
v, (x) € F(x) for p-a.e. x € RY. In the case f Lipschitz continuity, it is
the unique solution.
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HJB equation for the Mayer problem

Theorem
Given € 25(R?), p, € L3 (R%; RY), we set

ti.p) =t { [ (00,069 duto) .

where the infimum is taken on the Borel maps v, : R — R satisfying
vu(x) € F(x) for p-a.e. x € R9. Then the value function V/(-) is the
unique Lipschitz continuous solution of the equation on sets of measures
with uniformly bounded second-order moment.
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We consider a two player zero sum game, where the two players are two
populations, each of them evolving according to

Oty + div(vipi) =0, i=1,2,

where for a.e. t € [0, T] and pi-a.e. x € R? we have vj(x) € Fi(x),
i=1,2.

We consider finite horizon T > 0, and a bounded Lipschitz terminal cost
4 = 9 (p1, p2). The objective of the first and of the second player are to
minimize and to maximize it, respectively.

Due to the ill-posedness of the continuity equation (since in general the
vector field v; is not Lipschitz continuous), a convenient choice is to
define the strategy (with delay) directly on the trajectories.
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Application to a pursuit-evasion game

We consider two set-valued map F, G : RY = R satisfying (F). Given
ta € P5(RY), the set of admissible trajectories starting from i, at time
t = a defined on [a, b] for the first player will be mfa 5 (Ha), and, similarly,

given v, € P5(RY), the set of admissible trajectories startmg from v, at
time t = a defined on [a, b] for the second player will be ;zf[ 'y (Va)-

Definition 1 (Nonanticipative strategies)

A strategy for the first player defined on [ty, T] will be a map

a: ”Q‘([tGO,T] — sz[t .7)- A strategy for the first player a defined on [to, T]
will be called nonantICIpative with delay T if there exists 7 > 0 such that
given to <s < T, v = {vi}ieo,7) € M[t )0 1 = 1,2, satisfying vi =2
forall to <t <'s, and set a(v') = {p}}re[ro, 77, | = 1,2, we have
pt=p2 forall tp <t <min{s+r7, T}
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Strategy sets

Definition 2
Given pig € Z5(RY), we define

A (to) == {a 2 ,;af[g,T] — .QK[Z’T] . o is a nonant. strategy w. delay 7'} ,
Ar(to, o) = {a € Ar(to) : a(AS 77) € oAl ry(1o) }
A(to) == | J A-(to),

>0

Alto, o) = { o € Alto) : a4 ) € o, 71(10) |

By switching the roles of F and G in the previous definitions, we obtain
the corresponding definition of strategy and nonanticipative strategy
defined on [to, T] with delay 7 for the second player. The corresponding
defined sets are named by B, (o), B-(to, o), B(to), B(to, 10),
respectively, for any given vy € Z25(RY).
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Normal form

Lemma 3 (Normal form)

Let to <7 < T. For any (o, f) € A-(to) x B;(to) there is a unique pair
(n,v) € ’Q([to B ¥ %t ) Such that a(v) = p and B(p) =

A. Marigonda Mayer and min. time problem for multi-agent systems 41/46



UNIVERSITA DEGLI STUDIL[DY VER

Upper and lower value functions

Definition 4

We consider a payoff function G : 2(R?) x (R?) — R bounded and locally
Lipschitz continuous, and we assume that F and G satisfy (F). Given
to € [07 T], Mo, Vo € ﬁz(Rd), (Oé,/B) (S A(uo, to) X B(Vo7 to) we define

J(t07,u07l/07aaﬂ) = g(,LLT,I/T),

where pp = {pe}ecpo, 1) € @7[;,7—](#0): v = {Vt}icpo, 1) € %gj](l/o), and

(p,v) € fﬁzf[g’-r](po) X 42([3)77—](1/0) is the unique element of

ﬂ[g’-,-](uo) X ;z%[fo’-,-](uo), given by Lemma 3, satisfying a(v) = p and

Bv) = p

The upper and lower value function V= : [0, T] x Z22(R9) x Z2(RY) — R are
defined by setting

V+(t07/'1’07V0): inf SuP J(t07u’07l/0’a”8)7
a€A(to,10) BB(to,v0)

V_(to,/.l,o,Vo): sup inf J(to,/,to,l/o,a,ﬁ).
BEB(to,vo) *E-A(to,10)
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L ad
e

~Existence of a value and its characterization

Definition 5 (Hamiltonian function for the pursuit-evasion game)

We consider F, G satisfying (F), and define the following Hamiltonian
function for all y, v € 2,(RY), p, € L2(R?), p, € L2(RY)

Hoelpovipup) = inf [ (00, v(0) dulo)+
v(-)eL2 (RY) Rd
v(x)EF(x) p-a.e.x

b s [l et (@)
w()el2®d) /R
w(x)EG(x)v-a.e.x

Theorem 6

Consider F, G satisfying (F), and a bounded Lipschitz continuous payoff
function G. Then the game has a value, i.e., VT =V~ =:V and V is
the unique viscosity solution of the Hamilton-Jacobi-Bellman equation
0V + Hpe(p,v,D,V,D, V) =0, V(T, p,v) = G(1, v).

A. Marigonda
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Work in progress

comparison principle for Hamilton-Jacobi equation under weaker
smoothness assumption of the value function;

Pontryagin maximum principle and necessary conditions;
more general cost functions;

application to pedestrian dynamics (evacuation problem, problems
with mass sources and sinks).
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