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thanks to the theory of maximal monotone operators.
"J.J. Moreau ", Evolution problems associated with a moving
convex set in a Hilbert space

Preliminaries

(1) € Dle(r(x(1)).  x(0) € C(0)

where Jlc(y) is the subdifferential of the indicator function of a
closed convex C (normal cone) :

—x(t) € Negey(x(1)),  x(0) € €(0)
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The perturbed sweeping process :

—x(t) € Ney(x(t)) + f(x(t)), x(0) =x € C(0)

Preliminaries
Given a dynamics, it is impossible resisting to the temptation of
putting some control

—X(t) € Ny (x(t)) + f(x(t),u), wvwelU
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Chems Eddine Let the problem P
Minimize h(x(T))

Subject to

{ x(t) € =N (x(t)) + £(x(t), u(t))), (1)
x(0) = xo € C(0),

The dynamics

with respect to v : [0, T] ~» U, u is measurable.
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Hy - : Cis vy_ Lipschitz and has C3 boundary.
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Hy : C:[0,00) ~ R"is a set-valued map with the following
properties :

Hy1 : for all t € [0, T], C(t) is nonempty and compact and there
exists r > 0 such that C(t) is uniformly r-prox regular.
Hy - : Cis vy_ Lipschitz and has C3 boundary.

The dynami Hyz: C(t) = {x: g(t,x) <0} with g(.,x) lipschitz and of class
e namics C271'
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H> : U € R" is compact and convex.
Hs : f: R" x U~» R" such that there exist 5 > 0 with
Hs1 @ |f(x,u)] < B forall (x,u);
Hzo @ f(x,u) is of class C! for all x and v and f(.,.) is Lipschitz
with lipschitz constant k ;
Hs 3 : f(x, U) is convex for all x € R";

Hy : h: R~ R is of class C!
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Let (x, u.) be a global minimizer satisfying the outward (or
inward) pointing condition. Then there exist a BV adjoint
vector p : [0, T] — R",a finite signed Radon measure p on
[0, T], and measurable vectors &, 7 : [0, T] — R", with £(t) >0
for p-a.e. t and 0 < n(t) < B+~ for a.e. t, satisfying :
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Sweeping Let (x«, ux) be a global minimizer satisfying the outward (or
e e inward) pointing condition. Then there exist a BV adjoint
Arroud and vector p : [0, T] — R",a finite signed Radon measure p on
g [0, T], and measurable vectors &, 7 : [0, T] — R", with £(t) >0
for p-a.e. t and 0 < n(t) < B+~ for a.e. t, satisfying :
WUREN e (adjoint equation)
for all continuous functions ¢ : [0, T]| — R"

— [ teedoh == [ (o(0), Tud(x(2), CD)E(E) dn
[0,7] [0,7]
= 1, (0 (01720 (2), C()p(0)

(0 T ((0), (1)) o

(2)
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Chems Eddine Theorem

e (transversality condition) —p(T) = Vh(x(T)),
e (maximality condition)

The dynamics

{p(t), Vuf (xu(t), ui(t))ui(t)) = max{p(t), Vuf (xu(t), u.(t))u)

fora.e. t €0, T].
(3)
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Process - M.Sene, L.Thibault, Regularization of dynamical systems associated with prox-regular moving sets,
Chems Eddine JNCA Vol 15, Number 4 or 5
y and also that for every fixed control u, € U ( given a minimizer

u, ) the sequence x of solutions to

The dynamics { x(t) = ( (t) — projc(t)(x(t)))-f— f(x(t), ux(t)), (4)
( ) = Xp € C(O)

converge weakly in W12([0, T], R") to the solution of

{ x(t) € =Ny (x(1)) + F(x(1), ux(1))), (5)
x(0) = xo € C(0) ,
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PRl Minimize J(x, 0 0.) = h(x(T)) + 5 Jo [|u(t) — u.(0)|Pdt

ddine

Subject to

x(t) = —%(X(t) = proje(y)(x(2))) + F(x(t), u(t)),  (6)

The dynamics X(O) = Xg

over u: [0, T] ~» U, u is measurable.

e The corresponding solutions x. of (6) are uniformly Lipschitz,
with Lipschitz constant v + 2.

e Let (xc, u:) be solution of the problem (P.). Then there
exists a sequence €, | 0 such that

X., — X weakly in WH2([0, T]; R")
U, — us strongly in L2([0, T]; R™).
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The adjoint equation for P.

{—Ps(t) = p=(t) (7 VEd2 (e (1), C(1)) + Vi (xe(t), (1))
—p=(T) = Vh(x(T)),
(7)

o V3 (0), €(1)) = — (d((2), C(0)V2dle(e) (1)

+ de(Xg(t), C(t)) & vxd(xs(t)a C(t)))
(8)
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dynamics

x € —Nc¢(x) + f(x,u), x(0)= xo,

The regularized problem

x(t) = %V‘U(X(f)) + f(x(2), u(t)), x(0) =x0,  (9)
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—p(T) = Vh(x(T))

Maximality condition

(Pe(t), Vuf (xe(t), ue()) ue(t)) — (ue(t) — us(t), ue(t)) =
max{(pe(t), Vuf (xe(t), ue(t))u) — (ue(t) — ui(t), u)}

(p(t), Vuf (x:(t), us(t))us(2)) =

Tgag(p(t),vuf(x*(t), uy(t))u) forae. te[0,T].
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X € —NC(t)(X) + f(x,u), x(0)=xo,

C(t) is moving , we require the outward pointing
condition.

% € —N¢(x) + f(x,u), x(0) = xo,

C(t) is constant, but we do not require the outward
pointing condition.
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The state space is R? > (x, y), the constraint C(t) is constant
and equals C := {(x,y) : y > 0}, the upper half plane.
We wish to minimize x(1) + y(1) subject to

— {(X(f) y(t)) € =Ne(x(t), y(t)) + (ur(t), u2(t))
(X(O) y(O)) = (0;}/0)7 Yo > O,

(10)

where the controls (u1, up) belong to [-1,1] x [—1, 3] =: U.

<
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X

is continous at t = 1 and p¥(1—) + 1 =1, namely
p’(1-) =0.
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The adjoint vector (p*, p¥) is :

p*(t)=—-1 forall t €]0,1]
p’(t)=0  forall t €[0,1]

p'(1) =—1.
The maximum condition
<(—1,—1),(U:,U3:)> = max <(—1,—1),(U1,U2)> t=1
|u1]<1,1<u,< 5
((=1,0), (v, ) = max ((=1,0), (u1,w)) 0<t<1

lun|<1,1<u< 5

which gives uX = —1 and uv¥(1) = —1, while no information is
available for uf(t) if 0 < t < 1 (the optimal solution belongs
to intC). If we assume that uf is constant, then the expected

optimal control uf = —1 is found.
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