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H;qui:ztli-?;:o- Sweeping processes were proposed and thoroughly studied by

'“;”g‘;;;}jees J.J. Moreau in the seventies, As a partial viewpoint, consider a
Sign time-moving closed convex set C(t) which drags a point u(t),

B so this point must stay in C(t) at every time t, and the

SR opposite of its velocity, say ——(t) has to be normal to the set

Introduction C(t).

To take into account the nonsmoothness of the boundary

of the convex set C(t), the law of motion is formulated as
&) e~
u(0) = uo
u(t) € C(t

where N¢(4)(-) denotes the normal cone operator of the convex
set C(t) in the sense of convex analysis in a Hilbert space H.

cpy(u(t)),a.et €0, T]
e C(0) (1)
) Vtelo,T],



(= Existence and uniqueness of solutions of such systems and their
Equations . .

WAt Classical variants :

monotonicities

o Opesiic > subjected to perturbation forces,
Sign

ah

> non convex prox-regular sets C,
Introduction
> state dependent set C(t, x)

> second-order sweeping processes ...

have been considered by many authors in the, literature.
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x(t) e F(x(t)), F(x)c dg(x), x(0)= xo, (2)

lpiodection ~» F is a monotonic upper semicontinuous ( not necessarily
convex valued, hence not maximal) map contained in the
subdifferential of a locally bounded convex function.

e The lack of the minus sign in (2) yields that the distance
among solutions increases and typically there is no uniqueness.
e Existence of solutions depends on arguments of convex
analysis. This result has been generalized by many authors in
different ways.
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ations The purpose of the present talk is to study a Cauchy problem
monotonicities

W (1) € F(x(t))—Ne(x(t), F(x) C dg(x), x(0)=xo € C,
Tahar Haddad (3)
s > in a infinite dimensional Hilbert space H,

> the closed set C is locally prox-regular at xp ( hence N¢ is
hypomonotone set valued mapping),

> the set valued mapping F is not necessarily the whole
subdifferential of g , and we take the plus sign, instead of
the classical minus.

> The system (3) can be considered as a non convex cyclical
monotone differential inclusion under control term

u(t) € —N¢(+) which guarantees that the trajectory x(t)
always belongs to the desired set C for all t € [0, T].

We prove (local) existence of solutions.

Introduction
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—— x(t) € F(x(t))—Nc(x(t)), F(x)c dg(x), x(0)=x€ C,

e the closed set C was supposed to be compact and
uniformly r-prox-regular,



NSl |t is also worth mentioning that problem (3) in the more
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It is also worth mentioning that problem (3) in the more
general form

x(t) € F(x(t))—0V(x(t)),
F(x) C 0g(x), x(0)=xp € domV, (4)

e g is (p-convex of order two

e V has ap-monotone subdifferential of order two (shortly

V e M5(2))

has been studied by : [Cardinali, T., Colombo, G., Papalini, F.,
Tosques, M., Nonlinear'97]

Notice that we can obtain (3) from (4), by taking V = d¢, the
indicator function of the set C, i.e. c(x) =0 for X € C and
dc(x) =00 for x € H\ C.

Indeed, as C is locally pox-reqular, then V' = ¢ is pln (
proposition 3.3 in [M.Mazade ad L.Thibault, '12) and so
MS(2)
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Despite the similarity of (3) and (4), the problems are quite
different, since in general with V = ¢ the level set

{x € H; V(x) < r} is not compact, and these were basic
assumption in previous works.

Since these condition do not holds for (3), she has to be
replaced by suitable substitute in case of sweeping processes.

In this talk, we give a new approach, in which the
compactness assumption is shifted from the set C to the
set-valued map F.
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x(t) € F(x(1))=Nc(x(¢)), F(x) C dg(x), x(0) =x0 € C,

Preliminaries
can be developed.

e Namely, For a fixed closed subset C, the set-valued map
x — N¢(x) is not upper semicontunous which is needed for
the proof of existence of solutions.
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Uniformly r— prox-regular set

On Evolution e We say that C is uniformly r-prox-regular provided the

Equations

Having Hypo- inequa”ty

monotonicities
of Opposite

1 2
(voy = x) < 5rlly = x|
holds Vx,y € C, Vv the unit external normal to C.
e an external tangent ball with radius smaller than %r
depending on the tangency point x, can be rolled around C
B et with it's closure touching C only at x.

e In particular uniformly r—prox-regular sets can have outside
corners and outside cusps,but not inside corners.
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RS For positive real numbers r and «, the closed set C is said to

Sign be(r, ) prox-regular at a point X € C provided that for any
BRI x € CN B(x,a) and any v € NE(x) such that ||v|| < r, one

Elile ns

Eddine ,‘—\norud has

x = projc(x + v).

Preliminaries

The set C is said to be r-uniformly prox-regular when
o = +00.
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primal lower nice function

Let us now define primal lower nice function in a quantified way
[Mazade and Thibault '12].

Definition

Let f : H— RU {400} be a proper lower semicontinuous
function. The function f is said to be primal lower nice (pln, for
short) on an open convex set O with O N domf # () if there
exists some real number ¢ > 0 such that for all

x € O N domdPf(x) and for all v € 9Pf(x) on has

Fly) = f(x)+ v,y —x) = c(L+IIvIDlly = xII%, (5)

for each y € O.
The real ¢ > 0 will be called a pln constant for f over O and

we will say that f is ¢ -pln on O.
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Auxiliary existence result

We have the following existence and uniqueness result [Mazade
and Thibault '12].

Let C be an (r, «)-prox-regular set at the point xg € C and let
any real number 19 €]0, @[. Then for any

X € B(xg, o0 — 19) N C, any positive real number 7 < To — T,
and any mapping h € L}([0, T], H) such that

T7;°+T |lh(s)||ds < no/2, the differential variational inequality
x(t) € =Nc(x(t)) + h(t), x(0) =X,a.e te€[To, To+7],
(6)

has an absolutely continuous solution
x [Ty, To + 7] — B(X,1m0) N C. Moreover, ||x(t)|| <
1x(2) = h(e)[| + |h()[| < 2[|h(t)]] a.e te€[To, To+7].



necessarily condition of existence

On Evolution
Equations
Having Hypo-
monotonicities

of Opposite With the previous assumptions we proved the following
o property of solution.

The absolutely continuous solution
X [To, T0—|-7'] — B(Y,no) N C of

LELE]
and

Eddin

Preliminaries
x(t) € =Nc(x(t)) + h(t), x(0) =X,a.e te[To, To+1],

satisfies the following property

(x(t),x(t)) = (h(t),x(t)) ae te][To, To+T]
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Under the following assumptions :

(HG) : the closed set C is (r,«)-prox-regular at the point

Main result xo € C;

(HF1) : O C H is an open convex set containing B(xp, 7o) and
F : © — 2H is an upper semicontinous set-valued mapping
with nonempty weakly compact values;
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x(t) € F(x(t))—Nc(x(t)), x(0)=xp€ C,ae te]0,T],

(7)

Under the following assumptions :

(HG) : the closed set C is (r,«)-prox-regular at the point

Main result x0 € C;

(HF1) : O C H is an open convex set containing B(xp, 7o) and

F : © — 2H is an upper semicontinous set-valued mapping

with nonempty weakly compact values;

(HF) : let g : O — RU {400} be a proper lower

semicontinous function c-pln on O with F(x) C 9g(x),

Vx € O such that g is locally bounded from above on O.
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bl continuous function x(.) : [0, T] = H, x(0) =xo € C, such
that the inclusion

x(t) € =Ne(x(t))+f(t)

holds a.e. for some f € L2([0, T], H) such that
f(t) € F(x(t)) a.e.

Main result

Assume that H is the Hilbert space, (HCy), (HF1) and (HF>) :
F(x) C K for all x € C with K strongly compact in H hold.
Then, there exists T > 0 and an absolutely continuous function
x(.) : [0, T] ~ B(x0,m0) a local solution to problem (7).
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St > Let xp € C and and let g : O — R U {+o0} satisfy (HF2).
BSRl  > [(x) C 0Pg(x) it follows that F is bounded by M on
8 B(x0,70)
> Let 7 > 0 such that

Main result T < mln{nO/zM’ (OZ - 770)/2M}’

where a: and ng are given by (HG).
Our purpose is to prove that there exists
x 1[0, T] — B(xo,7m0) N C a solution to the Cauchy problem (7)
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el () [t t] 1]~ B(xo,7m0) N C with 0 < k < n—1, such
that for each k € 0,...,n — 1 (with x”;(t§) = xo)

KR(E) € =Ne((0) + A(8), X0(E) = xia(tf). £ € (6, e,
(E) € FOs (1)

and )
(x| <2M,a.e t € [tg, tgq]
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CRCN  Define x,(.), fa(.) 1 [0, T] — H by
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n—1 n—1
of Opposite
Sign xn(t) = fo(f)X[tg,tQH](t)a fo(t) = Z fkn(t)X(tQ,tgH](t)
c k=0 k=0
where xa is the characteristic function of the set A.
The mapping x,(.) is absolutely continuous on [0, T] with
Main result Xn(t) € B(XO7 T]O) N C’ Vt € [O’ 7_] (8)

Further, putting

On(t) =ty if telt,tgy] for keO,..,n—-1, 0

we have

Xn(t) € —Ne(xn(t))+£(t), xa(0) =x0, ae te€]0,T]
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ggf&i;‘éfg—s Then for all t € [0, T] the set {Z,(t), n € N*} is contained in

WUl the strong compact set T co({0} UK) and so it is relatively
strongly compact in H.

> Then by Arzela Asccoli's theorem we get the relative

compactness of the set {Z,, n € N*} with respect to the

uniform convergence in C([0, T], H) and so we may assume

that without loss of generality that (Z,), converges uniformly

to some mapping Z.

> As ||f,(t)|| < M, we may suppose that (f,), converges weakly

in L2([0, T], H) to some mapping f.

> Then for all t € [0, T]

Z(t) = limpZy(t) = limy, /Ot fo(s)ds = /Ot f(t)dt.

> then Z is absolutely continuous and Z(t) = f(t) for almost

. —~INn T

Tahar Haddad

Eddine Arroud

Main result
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Having Hypo- FlX m.n € N*
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6 Gesio Put emn = ||Zm — Znlloo — 0, and wp(t) := xn(t) — Zn(t), we
obtain

%(me( t) — wa(t)||?) < 7\|Wn( ) = wan(8)[|* + YEmn,

where v is some positive constant independent of m, n and t.
As ||wm(0) — wy(0)|| = 0, the Gronwall inequality implies for
almost t

Main result

HWm(t) - Wn(t)H2 < LEm,na

L is some positive constant independent of m, n and t. Hence
(wn)n converges uniformly to some mapping w and so (x,),
converges uniformly to some mapping x := w + Z.
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Equations By construction we have
Having Hypo-
monotonicities

S —%n(t) + fa(t) € Ne(xa(t)) N B(0, M) = MOdc(xa(t)).

Since (—X, + fn)n converges weakly in L2([0, T], H) and (xp)n
converges strongly in C([0, T], H)
By invoking a closure type Lemma

Main result —x(t) + f(t) € MOCdc(x(t)), ae tel0,T]. (11
The last inclusion and x(t) € C ensure

x(t) € =Nc(x(t)) + f(t), ae tel0,T]
(t) € B(Xo,??o) NnC;, Vte [0, T] (12)
{ (0) =x € C,

X
X
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Main result

Convergence for the norm topology of L2, of the

sequence (X,(-))

e By exploiting that g is ¢ — pln,
e Integrating

(x(t), x(8)) = (F(t), x(t)). and (xx(t), Xa(t)) = {fa(2), %n(t))-

we obtain

T T
Iimsup/ |>'<n(t)||2dt</ 1x(t)|dt.
n 0 0

By the weak lower semicontinuity of the norm, we deduce that

T T
im / ()2t = / PO
n-Jo 0

which implies that (x,), converges to x in the strong
topology L%([0, T], H).

Therefore, there exists a subsequence, still denoted by (X,),
which converges pointwise a.e. to x.



x(t) € =N (x(t)) + F(x(t)), ae te€]0,T].

On Evolution
Equations
Having Hypo-
monotonicities

JEME  Define the set-valued mapping G(x) := —Mddc(x), x € H.
ol Fix t € [0, T] \ W, we have (d*(A, B) :=sup{d(a,B) : a € A}
: 8 for AABCH)

Main result



x(t) € =N (x(t)) + F(x(t)), ae te€]0,T].

Define the set-valued mapping G(x) := —M0ddc(x), x € H.
Fix t € [0, T] \ W, we have (d*(A, B) :=sup{d(a,B) : a € A}
for A,B C H)

d(xa(t), G(x(8))+F(x(t)) < d"(G(xa(2))+F (xn(6n(2))), G(x(2))+
< d*(G(xa(1)), G(x(2))) + d"(F(xn(0n(2))), F(x(2)))-

Since x,(t) — x(t), xa(t) — x(t) and x,(0,(t)) — x(t)
strongly in H, the upper semicontinuity of F and G give

d(x(t), G(x(t)) + F(x(t)) = 0.
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As x(t) € C we finally get
x(t) € G(x(t)) + F(x(t)) = =MoPdc(x(t)) + F(x(t))

Main result C —Nc(x(t)) + F(x(t)).

This completes the proof of Theorem. |
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Comments and open problem

On Evolution

Ec_|uations
:mti.:‘cyi_fa:s > In this talk, the compactness assumption is shifted from the
Shposes set C to the perturbation F. More precisely, we cannot use
Arzela-Ascolis theorem .
However we prove that (x,) is a Cauchy sequence in the space
C([0, T], H). These arguments, used with convex-valued
mapping F and uniformly prox-regular set C (see [Bounkhel
and Thibault '05]), still hold for (3).

Comments > The property

(%(t), x(t)) = (f(t),x(t)) a.e t

guarantees the convergence for the norm topology of Lﬁ of the
sequence (Xp(+)).

and open
problem



Comments
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> We can extent the existence result to the non constant
set-valued map C(t) := C + a(t) where C is a fixed closed
locally prox-regular subset xg, and a(t) an absolutely
continuous mapping from [0, T] into H, with a(0) = 0. Also
the previous property becomes

Comments

and open (h(t) — Xx(t),x(t) —a(t)) =0 ae t

problem



open problem

On Evolution
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Having Hypo-
monotonicities
of Opposite

Further, it would be interesting to address the validity of the
preceding result to the general time-dependent when C(t)

x(t) € F(x(t)) = Negy(x(1)),

Comments F(x)C dg(x), x(0)=xp € C(0),

and open
problem
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