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Magnetostrictive and piezoelectric materials

Magnetostrictive and piezoelectric materials exhibit mechanical
deformation under the influence of electric or magnetic field and, vice
versa, produce electric or magnetic field under mechanical loading.
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Magnetostrictive and piezoelectric materials

Magnetostrictive and piezoelectric materials exhibit mechanical
deformation under the influence of electric or magnetic field and, vice
versa, produce electric or magnetic field under mechanical loading.

—€

H

Applications: Actuators, sensors, harvesters, active or passive damping

A 2 input (e.g., strain £ and electric field E) — 2 output (dielectric
displacement D and stress o) model is necessary for describing these
phenomena.

September 26, 2017

6/ 24



Magnetic and magnetoelastic curves of Galfenol at various preloads

Measured by Daniele Davino, Universita del Sannio, Benevento
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Terfenol D, commercial presentation by Etrema Products Inc.
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A constitutive relation (D, o) = F[E,¢] is compatible with the First and the
Second Principle of Thermodynamics only if there exists a free energy operator
W = WIE, €] such that for all isothermal processes we have

DE+éoc—W=A>0,
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for ferromagnetism: If m = P[h] is the constitutive relation between the
magnetic field h and the magnetization m with a Preisach operator P and with
the associated Preisach free energy operator W = W[h], then the inequality

mh— W =A>0

holds for all processes.

T Dissipated energy is manifested by heat production which can damage the
device or reduce its accuracy;

T Hysteresis losses can influence the harvester efficiency.
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Preisach operator

Let p, be the mapping which with a parameter r > 0 and with a function
h € Wh1(0, T) associates the solution & € W11(0, T) of the constrained rate

independent equation

&
h(t) = &) < r, B

S

E()(h(t) = & (1) = rlé(2)], i‘ 0
&(0) = min{h(0) + r,max{0, h(0) — r}}.
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For each fixed value of the memory depth r, the function t — &,(t) describes
the mechanical play with threshold r.

At each fixed time t > 0, the function r — &,(t) describes the memory state at
time t.
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Given a nonnegative function 1 € L}((0,00) x R) (the Preisach density), the
Preisach operator is defined by the integral formula

m(e) = PIAe) = [ /"'[h] () dvdr
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Preisach operator |l

Given a nonnegative function ¢ € L1((0,00) x R) (the Preisach density), the
Preisach operator is defined by the integral formula

m(t) = PLAI(t) //”h] (r-v)dvdr.

The free energy W associated with P has the form

W(t) = WIH|(t) / /[h](t o(r,v)dvdr,

and the energy balance equation (we denote &, = p,[h])
= W= [ élh—&)ulrg)dr= [ rlutrg)dr= 1] > 0
0 0

holds with the dissipation operator

D(t) = D[h](t) / /Pr[h] (r,v)dvdr.
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Preisach operator and Preisach free energy
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Fig. 1: The Preisach constitutive Fig. 2: Tihe Preisach free energy
relation m = P[h]. W = WIh].
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Fig. 1: The Preisach constitutive Fié. 2. Tihe Preisach free energy
relation m = P[h]. W = WIh].

Theorem. Both operators P and W admit a locally Lipschitz continuous
extension to a mapping C[0, T] — C[0, T].
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Preisach operator and Preisach free energy

05,

Fig. 1: The Preisach constitutive Fi;g,. 2 Tihe Preisach free energy
relation m = P[h]. W = WIh].

Theorem. Both operators P and W admit a locally Lipschitz continuous
extension to a mapping C[0, T] — C[0, T].

Conjecture: The Preisach free energy operator describes the
electro-mechanical or magneto-mechanical interaction.
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Piezoelectricity

In order to model the self-similar behavior in the input- (strain ¢ and the electric
field E) output (dielectric displacement D and stress o) hysteresis diagram, the
simplest choice is

= we+KE+P, P Plu],
o = Ke—wE+S, S = f(eW]u],
w = 552 + EE2 +V, V= f(e)W[u],
2 2 E
EENO]

with a Preisach operator P and Preisach free energy W, a positive self-similarity
function f(g), and physical constants K,w, k.
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The dynamics of a piezoelectric harvester subject to an impressed time-dependent

mechanical force oimp(t) can be described by the system

PEFVEFT = Timp,
D+aE = 0,

where o and D satisfy the piezoelectric constitutive equations.
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The dynamics of a piezoelectric harvester subject to an impressed time-dependent
mechanical force oimp(t) can be described by the system

pé+vé+Ke —wE + f/(e)W[u] + 32 (€)P?[u] = Gimps

d

dt(w5+mE+P[u])+aE = 0,

where p, v, K,w, K, are physical constants.
We have D = we + kE + P[u] and E = f(e)u + a(e)P[u], hence,

1+ ka(e) = D — we
kf(€) Plul kf(e)

Theorem (K+K 2016). The operator R which with D,e € C[0, T] associates
the solution u = R[D,e] € C[0, T| of equation (??) is Lipschitz continuous.

(1)
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Piezoelectric harvester: Case without inductance

The dynamics of a piezoelectric harvester subject to an impressed time-dependent
mechanical force oimp(t) can be described by the system

ptvi+Ke="(D-we—P[R[D.cl)+f ()WIRID. ell+ 3 ()P’[RID.e]l = Gimp,
L«
b+ (D-we-PIRID.E])) = 0,
where p, v, K,w, K, are physical constants.

We have D = we + kE + P[u] and E = f(e)u + a(e)P[u], hence,

1+ ka(e) D — we

W) TR .

Theorem (K+K 2016). The operator R which with D,e € C[0, T] associates
the solution u = R[D,e] € C[0, T| of equation (??) is Lipschitz continuous.

u—+

Our equations thus can be reduced to a simple ODE system with a locally
Lipschitz continuous right-hand side, for which all results about local existence,
uniqueness, and continuous data dependence are available.
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Piezoelectric harvester: Case with inductance

The dynamics of a piezoelectric harvester subject to an impressed time-dependent
mechanical force ojmp(t) can be described by the system

pétvetKe — wE + f'()W[u] + 1a'()P?[u]

2

de?
where p,v, K, w, k,«, 3 are physical constants.

We rewrite the system in the form

(we + KE + P[u]) + aE + BE

pé+veé+Ke — wE + f'(e)W[u] + %3/(5)732[“]

dt

d (we + KE + Plu]) + «E + o

S E

= Oimp,
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Piezoelectric harvester: Case with inductance

The dynamics of a piezoelectric harvester subject to an impressed time-dependent
mechanical force ojmp(t) can be described by the system

pé+vé+Ke —wE + f(e)W[u] + 33 (€)P?[u] = Gimp,
d? .
@(wg + RE +Plu]) +aE+ BE = 0,
where p,v, K, w, k,«, 3 are physical constants.

We rewrite the system in the form
pé+vé+Ke —wE + f'(e)W[u] + 32 (€)P?[u] = Timps

d
d—t(ws + KE + Plu]) + aE + o

0,
d—E = 0.

Passing to the new variable D = we + kE + P[u] and substituting v = R[D, €],
we obtain as before an ODE system for the unknowns D, e, ® with a locally
Lipschitz continuous right-hand side.

September 26, 2017 16 / 24



Energy balance

Pavel Krejéi (Matematicky astav AV ﬁR) Piezoelectric energy harvesting



Energy balance
In the system
pé+vé+Ke —wE + f/(e)W[u] + 23/ ()P?[u] = Gimp,

d
E(wa + KE + Plu]) + aE + o

Il
o

- E

Il
o
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Energy balance
In the system
pé+vé+Ke —wE + f/(e)W[u] + 23/ ()P?[u] = Gimp,
%(ws + KE + Plu]) + aE + pd = 0,
b E = 0,

we multiply the first equation by ¢, the second equation by E, the third equation
by S®, and sum them up to obtain

A (P2, o, Fp, By L peyp?
1 <25 +ae 2E + 2<D +f(5)W[u]+2b(e)73 [u]

d d
2 2 a _a o
+ves +aE + f(e) (u T Plu] dtW[u]) € Oimp-
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Energy balance
In the system
pé+vé+Ke —wE + f'(e)W[u] + 32/ (€)P?[u] = Timps
%(wa + KE +Plu]) + aE+ pd = 0,
b-F = 0,

we multiply the first equation by ¢, the second equation by E, the third equation
by S®, and sum them up to obtain

A (P2, o, Fp, By L peyp?
1 <25 +ae 2E + 2<D +f(5)W[u]+2b(e)73 [u]

d d
-2 2 _ — o
+ves +aE + f(e) (u T Plu] dtW[u]) € Oimp-
The solution thus remains bounded in the whole existence range. This implies in

turn that the solution exists globally and depends continuously on the data and
on the physical parameters.
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1+ ka(e) D —we

e wa Ul e
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Special case: The play operator

Consider the special case
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with some A > 0. The energy inequality holds for the choice W[u] = 3p?[u].
We first rewrite the operator equation

u+AB(e)p,Ju] = A(D,e).

The inversion formula is explicit in terms of the play operator with moving
threshold:
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£ =prlul = preo) [1+/\B(s) © =186
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Consider the special case
P = )\pr 5

with some A > 0. The energy inequality holds for the choice W[u] = 3p?[u].
We first rewrite the operator equation

u+AB(e)p,Ju] = A(D,e).

The inversion formula is explicit in terms of the play operator with moving
threshold:

e= vl =pe | ns | RO = T3

All operators in the balance equation thus admit a representation in terms of ¢

R[D,e] = A(D,e) — AB(g)¢,
(PoR)D,e] = A¢,

(WoR)D, €] = 3¢
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where y = (g,¢, D, ®) is the unknown vector function, and 6 € © s the
constant vector of physical parameters. The moving play operator
§=Pre) [#‘3’2)} admits a representation in terms of differential inclusion
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r

where [_; 1 is the indicator function of the interval [~1,1] and O/_1 y) is its
subdifferential.
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Special case: The play operator Il

The system of balance equations has the form

y(t) = F(t, (). a(t); 0),

where y = (g,¢, D, ®) is the unknown vector function, and 6 € © s the
constant vector of physical parameters. The moving play operator

§=Pre) [#B’ig)} admits a representation in terms of differential inclusion

£(t) € Ol (a(t)), 3= ~(A(D,e) — (1+ AB(2))E),

r

where [_; 1 is the indicator function of the interval [~1,1] and O/_1 y) is its
subdifferential. This inclusion can be in turn rewritten in the form

a(t) + 9h-1,y(a(t)) > g(t, y(1), a(t); 6).
The next goal is to maximize the harvested energy
T
/ J(t,y(t),a(t);0)(t)dt — min
0

with respect to the physical parameter vector § € © if y(0), a(0) are given.
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Approximation

Complement the cost functional with the term |0 — 6.|?, where 0, is a value

where the minimum is achieved, and replace the system

~

J() = E(t.y(1), a(t); 0)
5(2) + Ol (a(t)) > g(t.y(2), a(t); 0)
with
.)I/W(t) = /:_(t,yn,(t), av(t); 9“/)
5 (1) + %w'(av(t)) = g(t,y, (1), 25 (£);05),

for v > 0, where
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Approximation

Complement the cost functional with the term |0 — 6.|?, where 0, is a value
where the minimum is achieved, and replace the system

~

y(t) = F(t, y(t),a(t); 0)
a(t) + 0l—1qy(a(t)) > g(t, y(t), a(t); 0)
with

~

.)I/W(t) = F(th"/(t)v av(t); 9“/)
5 (1) + %w'(av(t)) = g(t,y, (1), 25 (£);05),

for v > 0, where
()= (@~ 1))

For v — 0, (yy,a,) converge strongly to solutions (y.,a.) in W%2(0, T) of the
system

~

ye(t) = F(t, yi(t), ax(t); )
é*(t) + a/[71,1](‘:‘7*“)) > g(tv)/*(t)v a*(t); 6*)
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Necessary optimality conditions

Theorem. Let F,g,J be continuously differentiable, and let (y,, a.,0,) be a
local maximizer of the problem. Then there exist adjoint states
€ Wt2(0, T;R"), g. € BV(0, T) such that

—p(£) = O F(t, yu(t), au(£): 0.) - pe(t) + Oy (t, yu(t), a(2); 6.) u (1)
— 0y J(t, y.(t), as(t); 0) for t e (0,T),
p«(T) =0,
q«(t) g(t, y«(t),a.(t);0.) =0 fora.e. t € {s€ (0, T):|a.(s) =1},
—g.(t) = 0ag(t, yu(t), a.(£); 0.) qu(t) + 0xF (£, y. (1), a.(£); 0.) - pu(t)
— 0aJ(t, yu(t), ax(t); 0,) fora.e.t €{se€(0,T):|ac(s) <1},
q:(T)=0

Oe/o (89J(t,y*(t),a*(t);0*)—89ﬁ(t,y*(t),a*(t);9*)~p*(t)

— 008 (t, vu(1), 2.(£):6.) 4. (1) ) dt + Ol (6.).
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Method of proof

o Derive necessary optimality conditions for the regularized problem with
Lagrange multipliers p,, g, ;
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Method of proof

o Derive necessary optimality conditions for the regularized problem with
Lagrange multipliers p,, g, ;

o Prove estimates for p, in W'2(0, T) and for g, in W11(0, T);

o Select convergent subsequences p, — p, weakly in W12(0, T) and
gy — g« pointwise in BV/(0, T) (Helly Selection Principle);

o Distinguish the cases that a.(t) is on the boundary or in the interior
of the admissible interval [—1,1].

September 26, 2017 22 /24



Applications and conclusions

Pavel Krejéi (Matematicky astav AV CR) Piezoelectric energy harvesting September 26, 2017 23 /24



Applications and conclusions
Inversion and energy balance equations for hysteresis operators have
important applications in

o Real time control of piezoelectric or magnetostrictive actuators and
sensors, where algorithms for fast and accurate inversion of hysteresis
operators are of central importance;
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Applications and conclusions
Inversion and energy balance equations for hysteresis operators have
important applications in

o Real time control of piezoelectric or magnetostrictive actuators and
sensors, where algorithms for fast and accurate inversion of hysteresis
operators are of central importance;

o Optimization of magnetostrictive energy harvesting processes under
mechanical loading;

o Wave propagation modeling in piezoelectric solids.
The techniques based on the Preisach model
o Offer a tool for modeling the butterfly magnetostrictive hysteresis;

Are accessible to standard identification methods;

©

Are relatively simple and robust; error estimates can easily be derived;

()

o Can be coupled with the full system of balance PDEs describing, e.g.,
vibrations of piezoelectric beams.
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