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The functional and the problem

I (x) :=
! b

a
! (t, x (t), x!(t)) dt

Motivations 
1) Dealing with discontinuous nonsmooth Lagrangians 

! : [a, b] ! Rn ! Rn "# [0, + $ [ Borel

2) Lipschitz: first step for regularity

I (x! ) := min { I (x) : x 2 AC[a, b], x(a) = A, x (b) = B, x (t) 2 ! } .

state 
constraint

Conditions that ensure x! Lipschitz?

Cost of fuel ! (x!) =

!
! (x!) ! r > 0 x! "= 0
0 x! = 0

Example.

(P)

3) non occurrence of the Lavrentiev phenomenon



Lipschitz minimizers? 
not always 

EXAMPLE I (x) =
! 1

0
x2(t)x!2(t) dt

I(
!
t) = min { I(x) : x " AC[0, 1], x(0) = 0 , x(1) = 1 }

EXAMPLE I (x) = 0
Tonelli’s growth  
condition 
is not satisfied



EXAMPLE (Ball - Mizel)

I (x) =
! 1

0
! x!2 + ( x3 ! t2)2x!14 dt

inf { I (x) : x ! AC, x(0) = 0 , x(1) = k}

< inf { I (x) : x ! Lip , x(0) = 0 , x(1) = k}

Lavrentiev phenomenon

non autonomous 
functionals

EXAMPLE (AAB)

Lipschitz minimizers? 
not always

I
!
2

3
t3/ 4

"
= min{ I (x) : x ! AC, x(0) = 0, x(1) = 2

3 }

I (x) =
Z 2/ 3

0
x!2 + |x! ! t " 1/ 4|2 dt



Lipschitz regularity for autonomous functionals  
under “Tonelli’s existence assumptions” 

• 1985: Clarke - Vinter

• 1989: Ambrosio, 
Ascenzi, Buttazzo

Lipschitz regularity of the minimizers

{Tonelli’s 
conditions

• 2003: Dal Maso 
- Frankowska

lim
r ! + "

! (r )
r

= + !! (t, x, ! ) ! " (|! |)Superlinearity

¥ ! (x, ! ) Borel;

¥ ! !" ! (x, ! ) convex for all x;

¥ ! superlinear;

¥ ! bounded on bounded sets;

¥ (x, ! ) !" ! (x, ! ) locally Lipschitz.



¥ ! (x, ! ) : Rn ! Rn " [0, + # [ Borel;

¥ ! superlinear;

¥ ! bounded on bounded sets.

THEOREM (Dal Maso - Frankowska, 2003)

Lipschitz regularity for autonomous functionals  
under “Tonelli’s existence assumptions” 

Every minimizer of I (x) =
! b

a
! (x(t), x!(t)) dt

in AC A,B [a, b] is Lipschitz.

cannot be 
dropped 
(AAB)

may be weakened
(Cellina)



• 1994: Alberti - Serra Cassano

No Lavrentiev phenomenon in the autonomous case

No Lavrentiev phenomenon if ! (x, ! ) is Borel.



Non autonomous case

1989: Clarke -Vinter

Lipschitz regularity of the minimizers

¥ ! (t, x, ! ) superlinear;

¥ ! !" ! (t, x, ! ) convex;

¥ ! (t, x, ! ) : [a, b] # Rn # Rn " R Lipschitz in ( t, x, ! )

on bounded sets;

¥ |! t (t, x, ! )| $ c|! (t, x, ! )| + " (t), " %L 1[a, b].

! (t, x, ! )

The results do not really generalize the autonomous case…

Additional conditions
on (x, ! )



Non autonomous case

Lipschitz regularity of the minimizers

! (t, x, ! )

Clarke (2003)

Remark.

The nonsmooth version does not forcex !" ! (t, x, ! )
to be locally Lipschitz. Example: ⇤(t, x, ! ) =

!
|x ! ! | + !

Additional conditions
on (x, ! )¥ (x, ! ) !" ! (t, x, ! ) l.s.c.;

¥ Tonelli-Morrey generalized condition involving

the proximal subgradient. In the smooth case:
|Dx ! |

1 + |D! ! |
# c(|! | + |! |) + " (t), " $ L 1[a, b].



Palladino-Vinter (2015)

• t !" ! (t, x ! (t), ! ) uniformly BV

¥ (x, ! ) !" ! (t, x, ! ) locally Lipschitz

x! minimizer of (P)

! x! Lipschitz

Additional conditions
on (x, ! )

Lipschitz regularity of the minimizers



How to obtain Lipschitz continuity?

A useful tool (e.g., Clarke, Vinter): Weierstrass inequality along the 
minimizers

! (t, x ! (t), ! ) ! ! (t, x ! (t), x"
! (t)) " q(t) á(! ! x"

! (t)) #! $ Rn

q(t) $ AC ([a, b]; Rn )

Problem:
Needs conditions on! (t, x, ! ) with respect to
x or ! , or jointly, like:

¥ Tonelli-Morrey conditions, or

¥ x !" ! (t, x, ! ) Lipschitz with rank k(t) # L 1[a, b]

[Clarke, 2005]

¥ ! !" ! (t, x, ! ) convex, or



A local Lipschitz condition on t
Hypothesis (H)

! ! > 0

|! (t2, x, ! ) ! ! (t1, x, ! )| " " K
!
|! (t, x, ! )| + |! | + #K (t)

"
|t2 ! t1|

For every boundedK ! Rn

! t1, t2 " [a, b]For a.e. t ! [a, b], " x ! K , " ! ! Rn

! ! K " 0, " K (t) # L 1[a, b]

! [t " ", t + "]

Remark.

Hypothesis (H) ! t "# ! (t, x, ! ) locally Lipschitz for all x, !



EXAMPLE: (H) holds if either

EXAMPLE (Counterexample)

! (t, x, ! ) = "! 2 + ( x3 ! t2)2! 14

(Ball - Mizel example) does not satisfy (H).

Hypothesis (H)

|! (t2, x, ! ) ! ! (t1, x, ! )| " " K
!
|! (t, x, ! )| + |! | + #K (t)

"
|t2 ! t1|

t1, t2 # [t ! $, t + $], x # K, ! # Rn

¥ ! (á, x, ! ) loc. Lip and |Dt ! (t, x, ! )| ! c(|! (t, x, ! )| + |! | + 1)

¥ |! P
t ! (t, x, " )| ! c(|! (t, x, " )| + |" | + 1)

OR



A weak Weierstrass type inequality
THEOREM (Bettiol, M.)

¥ ! (t, x, ! ) : [a, b] ! Rn ! Rn " [0, + # [ Borel;

¥ ! satisÞes Hypothesis (H).

Let x! be a minimizer of I (x) =
! b

a
! (t, x (t), x"(t)) dt

in AC A,B [a, b]. There is p(t) ! AC[a, b] satisfying, for a.e. t:

(wW)

|! (t2, x, ! ) ! ! (t1, x, ! )| " " K
!
|! (t, x, ! )| + |! | + #K (t)

"
|t2 ! t1|

t1, t2 # [t ! $, t + $], x # K, ! # Rn

¥ !
!

t, x ! (t),
x"

! (t)
v

"
v ! ! (t, x ! (t), x"

! (t)) " p(t)(v ! 1) #v "
1
2

.

¥ p!(t) ! ! C
t ! (t, x " (t), x!

" (t))



p ! AC[a, b],

!
!

t, x ! (t),
x"

! (t)
v

"
v " ! (t, x ! (t), x"

! (t)) # p(t)(v " 1) $v #
1
2

The “classical” Weierstrass condition 

(wW)

(W)

“Our” necessary condition 

! (t, x ! (t), ! ) ! ! (t, x ! (t), x"
! (t)) " q(t) á(! ! x"

! (t)) #! $ Rn

q(t) = D! ! (t, x ! (t), x"
! (t))

a.e. t:

DBR ! p(á) " AC.

Weierstrass! weak Weierstrass

x! Lipschitz + derivability on ! !

(WW) ! (wW) holds: Set ! :=
x!

" (t)
v

,

p(t) := ! (t, x " (t), x!
" (t)) " x!

" (t) áD! ! (t, x " (t), x!
" (t))



(wW) ! Lipschitz regularity

THEOREM (Bettiol, M.)

¥ ! (t, x, ! ) : [a, b] ! Rn ! Rn " [0, + # [ Borel;

¥ ! satisÞes Hypothesis (H).

Every minimizer of I (x) =
! b

a
! (t, x (t), x!(t)) dt

in AC A,B [a, b] is Lipschitz.

¥ ! (t, x, ! ) ! " (|! |), lim
r ! + "

" (r )
r

= + " ;

¥ ! ([a, b] # K # {| ! | $ 1} ) bounded, %K & Rn compact.

|! (t2, x, ! ) ! ! (t1, x, ! )| " " K
!
|! (t, x, ! )| + |! | + #K (t)

"
|t2 ! t1|

t1, t2 # [t ! $, t + $], x # K, ! # Rn



p ! AC[a, b],

!
!

t, x ! (t),
x"

! (t)
v

"
v " ! (t, x ! (t), x"

! (t)) # p(t)(v " 1) $v #
1
2

Proof.

v := 1 + |x!
" (t)|:

!
!

t, x ! (t),
x"

! (t)
|x"

! (t)| + 1

"
!

! (|x"
! (t)|)

|x"
! (t)| + 1

+ p(t)
|x"

! (t)|
|x"

! (t)| + 1
M !

!
! (|x!

" (t)|)
|x!

" (t)| + 1
+ C

lim
r ! + "

! (r )
r

= + ! " x#
$ bounded.

Let t be such that (wW) holds.

(wW)



Proof of the weak Weierstrass inequality (wW)
A reparametrization argument

y : [a, b] ! [a, b] AC,
y(a) = a, y(b) = b,
y! " 1/2

! b

a
! (t, x ! , x"

! ) dt !
! b

a
!

"
y(t), x! ,

x"
!

y"(t)

#
y"(t) dt

b

b

a
a

Proof. x(a) = x! (a), x(b) = x! (b), x(t) ! !

Z b

a
! (t, x ! , x"

! ) dt !
Z b

a
! (! , x, x ") d!

(Clarke, 
AAB, DMF:  
autonomous 
case,)

t := y! 1(! )

x(! ) := x! (y" 1(! ))

=
! b

a
!

"
y(t), x! ,

x"
!

y(t)

#
y"(t) dt



¥ ClarkeÕs version of the maximum Principle yields(wW) .

¥ ! (t, y, v) :=

!
"

#
!

$
y, x! (t),

x"
! (t)
v

%
v v ! 1/ 2,

+ " otherwise.

Proof of (wW)

Reparametrization argument:
¥ (y! (t), v! (t)) := ( t, 1) solves the Optimal Control Problem

!
"""#

"""$

Minimize J (y, v) :=
%b

a
! (t, y(t), v(t)) dt

subject to: y ! AC[a, b], y" = v " 1
2 a.e.,

y(a) = a, y(b) = b.

Needs loc. Lipschitz for! (t, á, v)

!
!

t, x ! (t),
x"

! (t)
v

"
v ! ! (t, x ! (t), x"

! (t)) " p(t)(v ! 1) #v " 1/ 2

Vinter:  
autonomous       
case 
(autonomous+ 
convexity in x’) 

! condition on ! (á, x, ! )



For ! ! R
H ! (t, y, p, v) := pv " !" (t, y, v)

adjoint inclusion

! p!(t) " ! C
y H ! (t, y" (t), p(t), v" (t)) = ! ! C

y "(t, y" (t), v" (t)) a.e.

! p(á) " AC [a, b], ! " { 0, 1} , (! , p(t)) #= 0 $t

maximum condition

H ! (t, y! (t), p(t), v! (t)) = max { H ! (t, y! (t), p(t), v) : v ! 1/ 2}

The application of the Maximum Principle

v! (t) = 1 , y! (t) = t:

p(t) ! ! ! (t, x ! (t), x"
! (t)) " p(t)v ! ! !

!
t, x ! (t), x !

" ( t )
v

"
v #v " 1/ 2

Clearly ! != 0: we get (wW).



Revisiting the (non convex) autonomous case  
(Dal Maso-Frankowska)

¥ y ! AC[a, b], y! = v, y(a) = a. y(b) = b "
! b

a
v(t) dt = b# a.

¥ ! (1) = min

!

! (v) :
" b

a
v(t) dt = b! a

#

• ! (v) :=
! b

a
! !! (t, v(t)) dt

¥ ! (t, v) :=

!
"

#
!

$
x! (t),

x"
! (t)
v

%
v v ! 1/ 2,

+ " otherwise.

No need of the Nonsmooth Maximum Principle !

¥ (Bettiol - M.) Convex optimization with a ! ne constraints:

Kuhn-Tucker yields (wW)



(wW) ! DuBois-Reymond

THEOREM (Bettiol, M.)

¥ ! (t, x, ! ) : [a, b] ! Rn ! Rn " [0, + # [ Borel;

¥ ! satisÞes Hypothesis (H).

p!(t) ! ! C
t ! (t, x " , x!

" )

|! (t2, x, ! ) ! ! (t1, x, ! )| " " K
!
|! (t, x, ! )| + |! | + #K (t)

"
|t2 ! t1|

t1, t2 # [t ! $, t + $], x # K, ! # Rn

! (t, x ! , x"
! ) ! x"

! áq(t) = p(t) " AC[a, b] a.e.

¥ ! !" ! (t, x, ! ) l.s.c.

¥ x! minimizer of (P).

q(t) ! ! L
! ! (t, x ! , x"

! )



Proof.

p ! AC[a, b],

!
!

t, x ! (t),
x"

! (t)
v

"
v " ! (t, x ! (t), x"

! (t)) # p(t)(v " 1) $v #
1
2

(wW)

Let t be such that (wW) holds.

Thus v = 1 minimizes

f (v) := !
!

t, x ! (t),
x"

! (t)
v

"
v ! p(t)v on [1/ 2, + " [

Therefore 0! ! f (1)... apply a chain rule.



Some extensions
¥ x! may be just a W 1,1 local minimizer.

¥ We consider the case of anextended valuedLagrangian

! : [a, b] ! Rn ! Rn " [0, + # ]

Hypothesis (H’)

NEW even in the autonomous case

¥ (t, ! ) !" ! (t, x, ! ) l.s.c.

¥ { ! : ! (t, x, ! ) < + # } perfect

|! P
t ! (t, x, " )| ! cK (|! (t, x, " )| + |" | + 1) x " K, " " Rn , t " [a, b]

Additional condition
on !



Work in progress

•Weaker growth conditions  
(Cellina, M. - Treu in the autonomous case) 
•Applications of the DBR equation and Lipschitz regularity


