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Introduction

T
C(u) = /0 (x(t)TQx(t) + u(t)TUu(t)) dt — min

such that:
x(t) = Ax(t) + Bv(t) + Fu(t)

0 <v(t) L Cx(t)+ Dv(t) + Eu(t) >0
x(0) = xo, x(T) free
where A € R™" B, F € R™™ C € R™" D EcR™M T >0, x:[0,T] —R"

and u,v: [0, T] = R™, Q and U matrices of according dimensions, supposed
symmetric positive definite.

Hypothesis : D is a P-Matrix.

Motivation: Mechanics, Electronic Circuits, Chemical reactions .
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A difficult problem

o Existence of optimal solution not proved (classical Fillipov theory does not
apply here due to lack of convexity). Cesari (2012), Theorem 9.2i and onwards

o Special cases arise when E = 0 : switching modes are activated when the state
reaches some threshold defined by the complementarity conditions. Georgescu et
al. (2012), Passenberg et al. (2013)

o Since u is also involved = mixed constraints; makes use of non-smooth
analysis. Clarke and De Pinho (2010)
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Why do we bother ?

CoSCDS -

adova . . . i

T ) Suppose an optimal solution exists == Search for necessary conditions.
Alexandre

Vieira - Two reasons for that:

Bernard
Jezhie o Useful for analyzing the solution (continuity, sensitivity...)

Prieur o The direct method (discretizing directly the continuous problem) mostly works
Introduction fine! But very slow for high precision or big systems. Possible pseudominima?
Why is it so
L) Really general necessary conditions were obtained in [1]. But as such, they are not
i really practical (complicated hypothesis, really general equations...).

Numerics :
the Indrect ‘Can it be enhanced in the case of LCS?‘

C lusi
S [1] L. Guo and J. J. Ye. Necessary optimality conditions for optimal control problems with equilibrium

constraints (2016).
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Weak stationarity

CoSCDS - Define S = {(x, u,v)|0 < v L Cx+ Dv + Eu > 0} and the partition of {0,..., m}:

Padova

N 1970y uyv) = {7 ] vi(t) = 0 < (Ox(t) + D(t) + Eu(t))}

Bernard
Brogliato -

Christophe /;-U(X7 u,v)={i| vi(t) >0
=0

(Cx(t) + Dv(t) + Eu(t));}
= (Cx(t) + Dv(t) + Eu(t))i}

Prieur
Introduction 1%(x, u,v) = {i | vi(t)
Why is it so
o]

Necessary
conditions

o Theorem

the Indirect Let (x*, u™, v*) be a local minimizer of radius R(-). Suppose Im(C) C Im(E). Then
there exist an arc p and measurable functions A¢ : R — R™, A" : R — R™ such
that the following conditions hold:

@ the transversality condition: p(T) =0

Conclusion
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Weak stationarity

CoSCDS -

Padova
Alexandre

e
Chitophe @ the Weierstrass condition for radius R: for almost every t € [to, t1],

Prieur

. *

[ (x*(t),u,v) € S, ‘(5) - (58) H < R(t)

= — (Pl AX*(6) + By + Fu)) — = (<(8)7Qx"(£) + T L)
< (p(£), Ax"(£) + Bv*(£) + Fu'(8) — 5 (<" (T Q<" (1) + u*(8)T U™ (1))

Conclusion
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Weak stationarity

@ the Euler adjoint equation: for almost every t € [0, T],

p(t) = —ATp(t) + Qx*(t) — CTA"(¢)
0= FTp(t) — Uu*(t) + ETAH(t)
0= BTp(t) + A + DTAA(t)
0= AE(t), Vi € IF0(x*(t), u*(t), v*(t))
0= (1), Vi € I2F(x*(t), u*(t), v¥(t))

~— ~—
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How can we solve the following BVP?

x = Ax+ Bv + Fu
p=—ATp+Qx—CT\

0=FTp— Uu+ ETA\H
0=BTp+A°+ DTN\

0=A\E(t), Vi € IFO(x(t), u(t), v(t))
0=M(t), Vi € 12 (x(t), u(t), v(t))
xo0 = x(0),

0=p(T)
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Euler equation

How can we solve the following BVP?

x=Ax+ Bv+ Fu

p=—ATp+ Qx— CTA"

0=FTp— Uu+ ETA" — isolate u
0=BTp+A°+ DA\ - isolate \®

0= AS(t), Vi e I70(x(t), u(t), v(t))
0= MA(t), Vi e I (x(t), u(t), v(t))

xo = x(0),
0=p(T)
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Strong stationarity

CoSCDS -
Padova

Alexandre
Bernard 0= AF(2), Vi€ IF0(x(1), u(t), v(t))

Brogliato -

Christophe 0= A(¢), Vi € I7T(x(t), u(t), v(t))

Prieur

introduction . We miss a piece of information: what happens on /90 ?

L/ij _}s it so

A Proposition

:md't'_onsl Let (x*, u*™, v*) be a local minimizer and suppose E invertible. Then (x*, u*, v*) is
the LndJreét strongly stationary, meaning:

metho

condse AP (t) = 0,A(t) > 0, Vi € I20(x(t), u(t), v(t))
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0= \(t),
0=A/(1),
AP(t) >0, (t) >0,

Vie IF0(x(t), u(t), v(t))
Vi e 12 (x(t), u(t), v(t))
Vi e I?O(x(t), u(t), v(t))

Almost like a linear complementarity problem!
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Strong stationarity

CoSCDS -
Pad.
adova Theorem

Alexandre .. . . . . 0
Ui Let (x*, u*™, v*) be a local minimizer and suppose E invertible. Fix an arbitrary
ernar . .

Brogliato - r > 0. Then there exist an arc p and measurable functions 5 : [0, T] — R™,

“Prer C:[0, T] = Risuch that, u*(t) = U~ (FTp(t) + ETA(t) — (C(t) + r)ETv*(t)) and:

e x\ x B
s (5) =400 (5) +560 (L)

Necessary

conditions

Nun'.\eri.cs e /8 B X

0< <V> L Dr(9) <v> +G(0) (p) =t
Conclusion /B 2 rV*

x(0) =xp, p(T)=0
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How to solve a BVP LCS

CoSCDS -
Padova X X B
Alexandre . = A + B
Vieira - p p v
Bernard
Brogliato -
e o< () () e(5) =0
v v p
ntroduction
I\thjr _i’s it so B Z v
Nec;lsts.ary ’X(O) = X07 p( T) = O‘
Numerics Numerically, we usually do shooting: find the good p(0) = pp such that the
the indirect
method computed solution p(t; po) complies with p(T; pg) = 0: nonsmooth Newton
Conclusion method.

o Need for an initial guess close enough

o How to compute a sensitivity matrix for p(T;-) ?
13/19



How to solve a BVP LCS

CoSCDS -
Padova

Alexandre
Vieira - -
Bernard zZ = AZ —+ BA

Brogliato -

Christophe 0 S N L DA + Cz 2 0

Prieur

Intraduction Denote Tp(z) a linear Newton Approximation to the solution A of the LCP. Then, a

Why is it so

hard 7 linear Newton approximation for the solution map z(T,-) can be obtained by
Necessary solving the DI in matrix function:

the ndirect J(t) € AJ(t) + (co Ta(z(£;€)))J(t), J(0) =1

method

Conclusion JS Pang, D. Stewart, Solution dependence on initial conditions in differential variational inequalities (2009)
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/T(x(t)2 + u(t)?)dt — min
0

X =ax + bv + fu
0<vldv+eu>0
x(0) = xo
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A 1D example

CoSCDS -
Padova

We can show that the (strong) stationary solution in this case is given by:

Srogine p(t) = [cosh(ﬁt) - \% sinh(ﬁt)] p(0) + WX(O)

Alexandre
Vieira -

Prieur

i e p(0) = — sinh(y7T) %(0)
- v cosh(y/4T) — asinh(,AT) 7

Necessary

conditions
- i >
Numerics : u(t) _ fp(t) , |f efp(O) = 07
(f — <) p(t) if efp(0) <O.

x(t) = p(t) + ap(t).

method

Conclusion
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Figure: Solution via indirect method : state x and control u, on [0, 10].
a=1,b=05,d=1,e=-2,f =3,x(0) = —1. Initial guess with direct method and 300
nodes. Indirect method with 10 000 nodes and 20 intervals of shooting. Obtained in 54s.

(In order to have this same precision with the direct method : 453s.) 17719



Conclusion

CoSCDS -
Padova

Alexandre
Vieira - . . . . .
S o First stationarity results, that we can use analytically and numerically.

Brogliato - . . . . . ..
Christophe o Numerical algorithms working fast, even with high precision.

Prieur
S What is left to be done:
ntroduction
Why is it so

Wby & o The stationarity LCS, even in this case, still is not entirely analysed.

Necessary o Drop some assumptions (E invertible, D P-matrix...).

conditions

Numerics :
the indirect

method (For those interested: the whole code will be soon on
Conclusion https://gitlab.inria.fr/avieira/optLCS)
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Strong stationarity

CoSCDS -
Padova Define, for two scalars ¢ and r:

Alexandre
Vieira -
Bernard A FUfl FT

Brogliato - AY(C) =

Christophe Q —AT

Prieur

Left in case _ (FUT'ET B—({+r)FUTET
| Bi(¢) = < —CT (C+r)CT )

AT
C EUTLFT
C(0) = <<C CEUTLFT — BT>

D) — EU-LET D—(¢+r)EUTLET
Q) = <<EU‘1ET — DT (D+(¢+r)(DT - CEU—lET)>
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