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The problem

Example
Let f(x) = x2-1. Then, the zeros of the function f(x) (or, it is the same, the roots of the 
equation f(x)=0 ) are the real numbers x such that

f(x) = x2 - 1 = 0 

So, we have two zerosξ1 = -1 and ξ2 = 1.
The number x = 0 is nota zero of the function f since f(0) = 02 -1 = -1 = 0.



Geometric interpretation



Root separation #1
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y = f(x)



Root Separation #2

STRICTLY monotone: we have exactly
one root in [a, b]

NOT monotone: we can have more
than one root in [a, b]
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Root Approximation #1
Given an interval [a, b] which contains the unique rootξ, we search for
a sequence xk such that
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Definition
We define the error ek at step k as ek = xk - ξ . 

Definition
Let xk be a sequence that converges toξ. If there are positiveconstants c and p 
such that
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we say that the sequence xk converges toξ with order p and asymptotic error constant c.
Moreover, the convergence process is said to belinear if p = 1 and superlinear if p>1.
For the latter case, we say that it isquadratic if p = 2. 



Root Approximation #2
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If we plot the log10(| ek | ) as a function of k, it can be shown that near the root
the behaviour of the graph is
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LINEAR CONVERGENCE SUPERLINEAR CONVERGENCE

Moreover, recall that when xk is close to the root, we may write



Root Approximation #3
Example
Consider the computation of the root of the equation ex-1 = 0. We have the following
behaviour of the error:
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k             | ek |  

0       3.0000e+000
1       2.0498e+000
2       1.1785e+000
3       4.8627e-001
4       1.0119e-001
5       4.9510e-003
6       1.2236e-005
7       7.4862e-011
8       9.2344e-017

From the plot (or from the table) we see that the convergence is superlinear.



Bisection Method #1



Bisection Method #2



Bisection Method #3



Error in the Bisection Method #1



Error in the Bisection Method #2



Error in the Bisection Method #3

Note that the error DOES NOT 
decrease monotonically, i.e.
we can have

| ek+1 | > | ek |



Fixed Points of a Function

α1

α2

y=x

Function f(x)
has two fixed points

y=f(x)



Fixed Point Iterations #1



Fixed Point Iterations #2



Fixed Point Iterations #3



Fixed Point Iterations #4



Fixed Point Iterations #5



Error Behaviour of Fixed Point Iterations



Stopping Criteria



Exercises

Exercise 1 (1 minute, 2 points)
How many fixed points has the function f(x) = x2-x?

Answer. The fixed points are the solution of the equation
x = f(x)
x = x2-x

x2 – 2x = 0 
x (x-2)  = 0              which gives x1 = 0 and x2 = 2 

Indeed, for example, 
2 = x2 = f(x2) = f(2) = 22-2 



Exercises

Exercise 2 (5 minutes, 10 points)
Let f(x) = x1/2. (a) Compute the fixed points of f. (b) Is the fixed point iterations
xk+1 = f(xk) convergent for x0 = 2? Is the sequence xk monotone? (c) Can we choose a 
starting point x0 such that the sequence xk converges to x1 = 0?

Answer. First of all note that we must have x ≥ 0. 
(a) The fixed points are solution of

x = f(x)   or  x = x1/2 or    x2 = x   which gives x1 = 0 and x2 = 1.

The graph of f(x) gives us the informations needed to answer (b) and (c).

(b) Yes, the fixed point iterations converges to the fixed point x2 = 1. Moreover, the 
sequence xk in monotonically decreasing.
(c) Yes, we can but the only possibility is to choose x0 = 0. The correspondig fixed point
iterations are xk = 0 for all k.



Exercises



Exercises
Exercise 3 (1 minute, 2 points)
Give an example of function f(x) which is NOT strictly monotone in [a, b] 
and has only one root in [a, b].

Answer. We can take f(x) = | x | and [a, b] = [-1, 1].  The root is x = 0.

Exercise 4 (2 minutes, 2 points)
A problem has input x = 1. The correpsonding output isy = 10. 
When x = 1+10-3, the corresponding output becomes y = 100. Mark which
of the following is true.

 The prolem is well conditioned.
 The condition number is K = 9000.
 It is impossible to estimate the condition number.
 The prolem is ill conditioned.

Answer. The problem is ill conditioned since a small change in the 
input gives a wide variation in the output. We also have

| (100-10)/10 |         9
K  = ---------------------- = -------- = 9000

|(1+10-3-1) / 1|          10-3


