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Abstract

The aim of this paper is twofold. We construct an extension to non-
integrable case of Hopf’s formula, often used to produce viscosity so-
lutions of Hamilton-Jacobi equations for p-convex integrable Hamilto-
nians. Furthermore, for a general class of p-convex Hamiltonians, we
present a proof of the equivalence of the minimax solution with the
viscosity solution.

1 Introduction

We review some aspects of the Cauchy Problem (C'P) for Hamilton-Jacobi
equations of evolutive type:

op 9 (t,q) + H (t,q,%ﬁ (t, q)) =0,

5(0,9) =0 (q),

t €10,T], ¢ € N, where N is a smooth connected manifold without bound-
ary.

For T small enough, the unique classical solution to (C'P) is determined us-
ing the characteristics method. However, even though H and o are smooth,
in general there exists a critical time in which the classical solution breaks
down: it becomes multivalued, i.e. the g-components of some characteristics
cross each other. Hence, it arises the question of how to define, and then
to determine, weak (e.g., continuous and almost everywhere differentiable)
global solutions of (C'P).



In the eighties, Crandall, Evans and Lions introduced the notion of vis-
cosity solution for Hamilton-Jacobi equations, see [22] and [3] for a detailed
review on the subject. Lions [22], Bardi and Evans [2], using Hopf’s formu-
las, directly constructed viscosity solutions for convex Liouville-integrable
Hamiltonians of the form H = H (p).

Afterwards, in 1991 Chaperon and Sikorav proposed in a geometric
framework a new type of weak solutions for (C'P), called minimax solutions —
sometimes also variational or Lagrangian solution (see [13], [31], [24]). Their
definition is based on generating functions quadratic at infinity (G.F.Q.1.)
of the Lagrangian submanifold L obtained by gluing together the character-
istics of the Hamiltonian vector field X3, where H (t,q,7,p) = 7+ H (t,q,p).
This global object L resumes geometrically the multi-valued features of the
Hamilton-Jacobi problem, like a sort of Riemann surface (see e.g. [32])
occuring in complex analysis. A discussion on the construction of global
generating functions of L related to viscosity solutions has been made in [8]
in the special case of existence of a complete solution (“complete integral”)
of Hamilton-Jacobi equation.

In this new topological framework, a lot of examples can be found and pro-
duced, even outside the classical mechanics: e.g. in control theory [6], or in
multi-time theory of Hamilton-Jacobi equation [11].

Viscosity and minimax solutions have the same analytic properties, name-
ly, theorems of existence and uniqueness hold, but in general they are dif-
ferent, see [24]. In [20] Joukovskaia indicated that viscosity and minimax
solutions of (C'P) coincide, provided that the Hamiltonian H is convex in
the p variables. A task of the present paper is to give a detailed proof of
this fact.

First, we construct an extension of (the above mentioned) Hopf’s for-
mula, for more general non-integrable Hamiltonians; this is performed on
the torus N = T". This result is caught by utilizing (i) a very fruitful, even
though scarcely known, theorem of Hamilton (e.g. quoted by Gantmacher
[18] as “Perturbation Theory”), (ii) a classical composition rule of gener-
ating functions in symplectic geometry [4], and (iii) the existence theorem
by Chaperon-Laudenbach-Sikorav-Viterbo of global generating functions for
Lagrangian submanifolds related to compactly supported Hamiltonians.

Furthermore, we present a proof of the coincidence of minimax and vis-
cosity solutions, essentially based on an Amann-Conley-Zehnder reduction
of the Action Functional of the Hamilton-Helmholtz variational principle.
In our construction it is crucial the following representation of the candi-
date weak solution S : [0,7] x R" — R, (t,q) — S (t,q), where we require
@(),5() € H (0, T) , T"R")



(1)
H(q,p) = %|p|2 + V(q), V compactly supported. Indeed, under the con-
vexity hypothesis on H, from one side, we see that (1) is the Hamiltonian
version of the Lax-Oleinik formula hence defines the viscosity solution by
Crandall-Evans-Lions, see [16], [17] and bibliography quoted therein; from
the other one, we show that the minimax solution proposed by Chaperon-
Sikorav-Viterbo, which is defined through the variational Hamilton-Helm-
holtz functional involved in (1), is ezactly given by S.

The sequel is organized as follows.

In Sections 2-4 we recall some notions about symplectic topology, generat-
ing functions and minimax solutions of (C'P). In Section 5, for N = T",
we explicitly write down a generating function with finite parameters for
the Lagrangian submanifold geometric solution of (C'P) for the Hamilto-
nian H (q,p) = %\pP + f(q,p), g € T", f compactly supported.

Section 6 is devoted to the proof of the equivalence of viscosity and min-
imax solutions of (C'P), for Hamiltonians of mechanical type H (¢,p) =
%|p|2 +V (q). Here, we assume (g,p) € R?" and compactly supported en-
ergy potential V (q).

In the literature the term minimax solution is often used to indicate a
third approach to generalized solutions of (C'P); this alternative approach —
which applies properly in differential game theory and control theory, hence
lies outside the tasks of the present paper— has been clarified to be equiva-
lent to the concept of viscosity solution, see for example [27], [28] and [25].

One of the authors (F.C.) is friendly indebted to Claude Viterbo, be-
cause the need of investigating the relation between viscosity and minimax
solutions arose during the redaction of the paper [11].

2 Extension of exact Lagrangian isotopies

Conventions. The considered applications are of class C*° and the spaces
of applications are assumed to be endowed with the C**° topology. Given
a space of applications E, a path into E is a map t — f;, denoted by (f;),
from I := [0, 1] into E, such that the application (t,z) — f: (z) is of class
C*°. For a generic manifold P, we denote by F (P) the space of functions
f:P—=R

Let now (P, w) be a smooth, connected, symplectic manifold of dimension
2n. An embedding j : A — P is called Lagrangian if A is of dimension n
and j*w = 0. In this case, j (A) is called Lagrangian submanifold of (P, w).
The symplectic manifold (P,w) is exact when w admits a global primitive
A; given a primitive A\, an embedding j : A — P such that its pull-back j*A



is exact is called exact Lagrangian embedding.
The following results in symplectic geometry will be used in Section 4.

Theorem 2.1 (Weinstein) For every Lagrangian embedding j : A — P,
there exists an open neighbourhood U of the zero section of T*A and an em-
bedding J : U — P such that J*w = d\p |y, where Ay denotes the Liouville
1-form on T*A. Moreover, if Op : A — T*A is the zero 1-form on A, we
have j = Jo0y.

We call J a tubular neighbourhood of j for w when the open set U NTFA is
star-shaped with respect to the origin for every z € A.

We denote Emb (A, w) the space of Lagrangian embeddings of A into P. A
Lagrangian isotopy of a manifold A in (P,w) is a path into Emb (A, w).

Definition 2.2 (Ezact Lagrangian isotopy) Let (j¢), j: : A — P, be a La-
grangian isotopy of a manifold A in (P,w). Then (j;) is called exact when,
for every t € I and every local primitive X\ of w in a neighbourhood of j, (A),
the 1-form %j:‘/\ is exact on A.

We note that a Lagrangian isotopy (j;) such that j; is exact for every ¢ € I,
results an exact Lagrangian isotopy, in fact, in such a case:

d .. of
ﬁjt)\—dz [815 (t,x)] .

We refer to [12] for a detailed proof of the following

Theorem 2.3 (Extension of exact Lagrangian isotopies) For every isotopy
(jt) of a compact manifold A in (P,w), the following two properties are
equivalent:

a) (ji) is an exact Lagrangian isotopy of A in (P,w).

b) jo is Lagrangian and there exists a Hamiltonian isotopy (¢t), with compact
support, such that j: = ¢4 o jo for every t € I.

3 Generating functions

Let N be a compact manifold and L C T*N a Lagrangian submanifold. A
classical argument by Maslov and Hormander shows that, at least locally,
every Lagrangian submanifold is described by some generating function of
the form

S:NxRF—R
(q,6) — S (q,€)



in the following way:

Lr—{<%2j@¢j):g§@@>—0},

where 0 is a regular value of the map

oS
) — —(q,€).
In order to apply the Calculus of Variations to generating functions, one
needs a condition implying the existence of critical points. In particular,
the following class of generating functions has been decisive in many issues:

Definition 3.1 A generating function S : N x R¥ — R is quadratic at
infinity (G.F.Q.L) if for || > C

S(g,€) = €"Q¢, (2)
where £TQE is a nondegenerate quadratic form.

There were known in literature (see e.g. [32], [21]) three main operations
on generating functions which leave invariant the corresponding Lagrangian
submanifolds:

e Fibered diffeomorphism. Let S : N x R¥ — R be a G.F.Q.I. and N x R* 3
(q,6) = (¢,6(¢q,€)) € N x R* a map such that, Vg € N,

R" 3£ ¢(g,¢) €R®
is a diffeomorphism. Then

Sl (q7§) = S(Q7¢(q7£))

generates the same Lagrangian submanifold of S.
e Stabilization. Let S : N x R¥ — R be a G.F.Q.I. Then

S1(q,€,m) = S (¢,€) +n" B,

where n € R! and nT Bn is a nondegenerate quadratic form, generates the
same Lagrangian submanifold of S.

e Addition of a constant. Finally, as a third —although trivial— invariant op-
eration, we observe that by adding to a generating function S any arbitrary
constant ¢ € R the described Lagrangian submanifold is invariant.

Crucial problems in the global theory of Lagrangian submanifolds and
their parameterizations are (1) the existence of a G.F.Q.I. for a Lagrangian
submanifold L C T*N, (2) the uniqueness of it (up to the operations de-
scribed above).

The following theorem —see [26]— answers partially to the first question.



Theorem 3.2 (Chaperon-Chekanov-Laudenbach-Sikorav) Let Op«n be the
zero section of T*N and (¢¢) a Hamiltonian flow. Then the Lagrangian
submanifold ¢1 (Op«n) admits a G.F.Q.1.

The answer to the second problem is due to Viterbo:

Theorem 3.3 (Viterbo) Let Op«n be the zero section of T*N and (¢¢) a
Hamiltonian flow. Then the Lagrangian submanifold ¢1 (Op«n) admits a
unique G.F.Q.1. up to the above operations.

The theorems above —see also [29] and [30]- still hold in T*R"™, provided
that (¢¢) is a flow of a compactly supported Hamiltonian vector field.

A generalization of Definition 3.1 —introduced by Viterbo and studied in
detail by Theret [29], [30]- is the following;:

Definition 3.4 A generating function S : N x R¥ — R, (¢,&) — S(q,€), is
asymptotically quadratic if for every fized ¢ € N

15 (g,-) = PP (g, )len < +o0, 3)

where PP(q,€) = Q(q,€) + A(q)é + B(q) and Q(q,€) = €7Q(q)¢ is a

nondegenerate quadratic form.

In particular, a Lagrangian manifold is generated by a generating function
quadratic at infinity (in the sense of Definition 3.1) if and only if it is gen-
erated by an asymptotically quadratic function (in the sense of Definition
3.4).

4 Geometric and minimax solutions

Let N be a smooth, connected and closed (i.e. compact and without bound-
ary) manifold. Let us consider the Cauchy problem (C'P). We suppose that
the Hamiltonian H : R x T*N — R is of class C? and the initial condition
o: N — R is of class C.

Let R x N be the “space-time”, T* (R x N) = {(¢t,q,7,p)} its cotangent
bundle (endowed with the standard symplectic form dp A dq + d7 A dt) and
H(t,q,7,p) =T+ H(t,q,p).

In order to overcome the difficulties arising from the obstruction to existence
of global solutions, we search for Lagrangian submanifolds L C 7% (R x N)
satisfying the following geometric version of Hamilton-Jacobi equation:

LcH(0).

But how to obtain such an L? We explain now the procedure.
Let ' : Rx T* (R x N) — T* (R x N) be the flow generated by the Hamil-



tonian H : T* (R x N) = R, H (t,q,7,p) =7+ H (t,q,p):

t= 1
_ 9"
- 0,

il
tr

b= "o

and I', be the initial data submanifold:
To:={(0,¢,—H (0,q,do (q)) ,do (q)): g€ N} CH ' (0) CT*(Rx N).

We note that T', is the intersection of the Lagrangian submanifold A, =
{(0,q,t,do (q)) : (t,q) € R x N} with the hypersurface H ' (0):

Iy =As NHL(0).

Definition 4.1 The geometric solution to (C'P) is the submanifold

L= |J o'@,)cT*RxN).
0<t<T

Proposition 4.2 The geometric solution L is an exact Lagrangian sub-
manifold, contained into the hypersurface H~'(0) and Hamiltonian iso-
topic to the zero section Op«(o1)xn) = {(t,¢,0,0): 0<t<T, g€ N} of
T*([0,T] x N).

Proof. A direct computation shows that every geometric solution is an
exact Lagrangian submanifold. In order to prove that L is Hamiltonian iso-
topic to the zero section Op«(jo7jxn) = {(t,4,0,0): 0<t < T, g€ N} of
T*([0,T] x N), we determine a continuous path of exact Lagrangian sub-
manifolds in 7% (R x N) connecting the zero section to L. Hence we conclude
using Theorem 2.3.

Let us consider the following 1-parameter family of Cauchy problems related
to Hamilton-Jacobi equations:

95 (t,q) + M (1,0, %5 (t.g)) =0
(CP),
5(0,9) = Ao (g)

The initial data submanifold related to (C'P), is:

I = {(Oa q,—\H (Ov ¢, Ado (Q)) ; Ado (Q))}

and the geometric solution to (C'P), is



U @8 (The) ={(t.axn (1), 75 (1) .5 (1)}

0<t<T
with
1) ®% the flow of Hy =7 + A\H,
2) (Gx (t) ,pa (t)) the characteristics of X g such that gy (0) = go and py (0) =
Ado (q0)7
3) Ta(t) = =AH (t,qx (), px (1))
We point out that every L), geometric solution to (C'P),, results an exact
Lagrangian submanifold of 7% (R x N) and that L; = L. On the other hand
Lo = Op«(o,1)xN)- Hence we have defined a continuous path A — Ly con-
necting the zero section Op«(jo71x ) to the Lagrangian submanifold L. As
a consequence of Theorem 2.3, this fact results equivalent to the existence
of a Hamiltonian isotopy connecting the zero section Op« (g 77xn) to L. O

As a consequence of preceding Proposition 4.2 and of the compactness
of N, Theorem 3.3 of Viterbo guarantees that the Lagrangian submanifold
L admits essentially (that is, up to the three operations described above) a
unique G.F.Q.L S:[0,T] x N x RF = R, (t,q;:€) — S (t,q; ).

We can assume that the graph of S (¢,q;&) at t = 0 coincides with T';:

ro={ (005 0.69.5 0.69) : 0,59 =0},

The quadraticity at infinity property of S (¢,q;€) is crucial: minimax
solutions arise from the application of the Lusternik-Schnirelman method to
the G.F.Q.I. S (t,¢;£). In some more detail, let us consider the sublevel sets

St = {EERE S(Lai) <}, (ta) €[0,T] x N fixed,

Q= {eeR: Q) <cf.

We observe that for ¢ > 0 large enough, S(
homotopical point of view:

t.a) and Q¢ are invariant from a

+c ic
Stq) =Q

and S(icq) retracts on S(itc) for every ¢ > ¢. Let A := Q9. ¢ > 0 small.
Then the isomorphisms below (the first one by excision and the second one

by retraction) hold:

H*(Q°.Q7) = H* (Q°\ A,Q™\ A4) = H* (D', 0D,



where i is the index of the quadratic form @ (that is, the number of negative
eigenvalues of Q) and D! denotes the disk (of radius /c) in R’. Hence

H* (S(Ct,q)’ S(_t’cq)> is 1-dimensional:

0 ifh#i

h c —
H (S 5 a-R ifh=1 (4)

ta) St

) ~ H" (D',D") = {

We remark that (4) holds also for generalized G.F.Q.I. of Definition 3.4,
g~

because the relative cohomology H" (Sc ( th

(t.q)® )> 1s Invariant.

Definition 4.3 (Minimaz solution) Let S (t,q;€) be any G.F.Q.1. for L,
S (t,q;€) = Q(€) out of a compact set in the parameters £ € RF. For ¢ > 0

large enough and for every (t,q) € [0,T] x N, let 0 # o € H' (S(Ct q),S(_th))

be the unique generator (up to a constant factor) as in (4) and
xSt = Sty
The function
(t,q) = u(t,q) :=inf{\ € [—¢,+c] : i\a # 0} (5)
is the minimaz solution of (C'P).
The following fundamental Theorem has been proved by Chaperon, see [13].

Theorem 4.4 The minimaz solution u(t,q) is a weak solution to (CP),
Lipschitz on finite times, which does not depend on the choice of the G.F.Q.1.

We observe that the definition of minimax solutions arises naturally in the
compact case, when the Uniqueness Theorem of Viterbo is satisfied. More-
over, for a fixed point on the manifold [0,7] x N, the minimax critical value
is unique and is determined by the Morse index of the quadratic form Q.
We conclude with the following Proposition (see also Theorem 7.1 in [20]),
which will be useful in the sequel.

Proposition 4.5 Let S(t,q;&) and w(t,q) as in Definition 4.3. Let us
suppose that the Morse index of the quadratic form @ is 0. Then

w(t,q) = min 5 (¢ q;€)

Proof. Let us fix a point (¢,q) € [0,7] x N. Since @ is positive definite,
Sfc) = (), and for ¢ > 0 large enough, it results (see (4))

(t.q
H" <S(Ct7q)’ S(_t,cq)> = H" (S(Ct,q)> - { 1 .OR i Z i 8

9



where 1 is the generator of H° (SC

(t q)>. Consequently, the minimax solution
(5)

u(t,q) =inf {\ € [—¢,+c] : 31 #0}

coincides with the minimum of the function £ — S (¢, ¢;€), that is

u(t,q) Zgﬁgs(t,q;f)'

5 A global generating function for the geometric
solution for H (q,p) = 1p|* + f (¢,p) on T*T"

Let us consider the Hamiltonian H (¢, p) € C? (T*T™; R):

H (a.0) = 3o+ (a:0). (6

f compactly supported in the p variables, and the Cauchy Problem (CP):

9 (t,q)+ H (q,% (t,q)> =0,
(CP)y

5(0,9) =0 (q),

where t € [0,7], ¢ € T" and o € C* (T™;R).

In this section we investigate around the structure of the generating function
for the geometric solution of (C'P), showing that its structure is naturally
interpreted as an improvement of the Hopf’s formula utilized by Bardi and
Evans in order to build the viscosity solution for Liouville-integrable Hamil-
tonians.

It turns out useful to introduce the compactly supported Hamiltonian K (¢, q, p):

K (t.0.0) = (66)" 1) (0:0) = H (g + tp,p) — 5lp" @

where ¢} is the flow of Hy (p) := 1[p|>.
We recall now the following Proposition, which is, essentially, a result of
Hamilton (see [19] and also [18], [5]).

Proposition 5.1 Let gb%,gbtf’(o and ¢} be the flows of H, K and Hy respec-
tively. We have:

Sy (q.9) = ¢h 0 0% (¢.p) . (8)
V(q,p) € T*T"™ and Vt € R.

10



Now let us consider the Cauchy Problem (CP), related to K:

9 (t,q)+ K (t,q,%(t,m =0
(CP)g

5(0,9) =0 (q)

and define K (¢,¢,7,p) := 7+ K (t,q,p), P} its flow, and ('), the initial
data submanifold

(Cx), :==A{(0,q,—K (0,q,do (q)) ,do (q)) : q € T"} C K" (0).

Since the manifold T" is compact, a consequence of Proposition 4.2 and The-
orem 3.3 is the existence of a unique G.F.Q.I. Sk (¢, q;u) for the geometric
solution Lg of (CP):

Lg= |J @k ((Tk),).

0<t<T

Proposition 5.2 Let H (q,7,p) := 7+ H (q,p), ®Y its flow and (Tp), the
initial data submanifold

(Tr), :=A{(0,q,—H (g,do (q)) ,do (q)) : ¢ € T"} CH ' (0).

Then the Lagrangian submanifold Ly

Ly:= |J @4 ((Tn),),
0<t<T

geometric solution of (CP)y, is generated by the function

g(t,q;é,u,v) = —%UZt—i—(q—ﬁ)-v—i—SK(t,{;u). 9)

Proof. The generating function Sk (¢,&;u) generates the Lagrangian sub-
manifold Ly, which can be written, more explicitly

L= |J @ (Tx),) = {(La(1). 7). 5(t): 0<t<T},
0<t<T

where ¢ and p are the characteristics of X g such that ¢(0) = ¢go and p (0) =
dor (q0), and 7 (t) = —K (1,3 (1) .5 (1)),

Now, by a direct computation, we prove that the Lagrangian submanifold
generated by S (t,q; &, u,v) coincides with L.

o[, 0505\ 05 _ 05 _ 05 _
ST\ Y9 8¢ B T w T A (-

11



More precisely,

a8 1o, 05k

E(tv(I;g?uav): 2 +W(t fa )7
a5
aiq (t7Q§faUa U) =,
g? (t,q;€,u,v) =0 is and only if —v+05€K (t,&u) =0
if and only ifv—asg( (t,&u),
gs(t q; &, u, v)—()lfandonlyﬁas (t,&u) =0,

aS : . . .
%(t,q;ﬁ,u,v):01fandonly1f—vt—i—q—f:O1fandon1y1fq:§+vt.

Hence L3z is equivalent to

L§:{<t q,— ;2 aSK(t§7 )7 > 8S§K(t &; )7 aSK(tf, )_O,q:§—|—vt}_

Now we remind that Sk (¢,&; u) generates the Lagrangian submanifold Ly,
hence

Ls={(t0~50? K (060),0)  (€0) € 40 (hm (o)) g =+ o).

But K (t,&,v) = H (£ + tv,v)—3v%, then — 30— K (t,£,0) = —H (£ + tv,v).
Hence

Lz = {(t,E +tv,—H (§ + tv,v),v) : (§,v) € qbtK’O (Im (da))}.
Now we also note that (£ + vt,v) = ¢} (§,v), therefore, since ¢%; = ¢} o ¢'}’{0,

Ly =A{@t,q@t),—H(q(t),p(t),p(): 0<t<T},

where ¢ and p are the characteristics of X g such that g (0) = ¢go and p (0) =
do (qo). Equivalently

Lg=Ly.

O
We remark the following interesting fact: the structure of the generating

function (9) recalls the Hopf’s formula used in 1984 by Bardi and Evans
in order to construct viscosity solutions for Liouville-integrable and convex

12



Hamiltonians H (p).
In fact, their formula is

Uise (t,q) = irglfsgp {-H@)t+(q—&  -v+a(§)}. (10)

The above formula (10), in the case H (p) = 5|p|?, becomes

Uyise (L, Q) :i%fsup{—;v2t+(q—§) w—l—a(&)}. (11)
v
Therefore, the generating function (9) can be considered the improvement of
—20%t+(g — §)-v+o (€) in (11) when we take into account the perturbed non-
integrable Hamiltonian H (gq,p) = %]p\Q + f(gq,p), f compactly supported.
This correction is just provided by the term Sg (¢,&;u).
The relationship between the explicit generating function for the geometric
solution formula and the Hopf’s formula was already noticed by Martin Day
in [14], albeit he didn’t know that his formula was a special case of a minimax
solution and he was looking only at the p-convex case.
We finally note that the plan of construct viscosity solutions starting from
generating functions has been rather fruitless; nevertheless, under suitable
assumptions, we can find similar representation formulas for state-dependent
Hamiltonians, see [7] and [23].

6 A relationship between minimax and viscosity
solutions

Here we prove in detail the coincidence of minimax and viscosity solutions for
p-convex Hamiltonians of mechanical type!. The equivalence is essentially
established through an Amann-Conley-Zehnder reduction of an infinite pa-
rameters generating function arising from Hamilton-Helmholtz variational
principle.

6.1 A global generating function for the geometric solution
for H (¢,p) = 3/p|* +V (¢) on T"R"

We consider the Hamiltonian H (¢,p) = [p|> + V (¢) € C*(T*R%;R), V
compactly supported, and its related Cauchy problem (CP):

95 (tq) + 4192 (t,g) P+ V (9) =0,
(CP)y
S(07Q) :U(Q)7

'The paper [15] studies the same Hamiltonian from the perspective of idempotent
analysis and arrives essentially to our explicit formula.

13



where t € [0,T], ¢ € R™, o compactly supported. The starting point consists
to take into account the below global generating function W for the geo-
metric solution for H —see Theorem 6.1 arising from Hamilton-Helmholtz
functional.

Let us consider the set of curves:

Ui={y()=(¢(-),p(-) € H ([0, T],R*") : p(0) =do (q(0))}.
By Sobolev imbedding theorem,
H' ((0,7),R*) — C° ([0, T],R*")

compactly, so in the above definition the elements of I' are the natural
continuous extensions of the curves of H! ((0,T),R*") (i.e. the continuous

curves t — v (t), starting from the graph of do, such that 4 = % €L?:=
L? ( (0,7) ,R2”) ). Moreover, the set I' has a natural structure of linear space,
and then T,I' =T, for all v € T".

An equivalent way to describe the curves of I' is to assign the g-projection
at time ¢, ¢ = ¢ (t) € R", and the velocity 4 of the curve v by means of a
function ® € L2. This is summarized by the following bijection g:

g:[0,T] x R" x L* ((0,T) ,R*") — [0,T] x T
(t.q, @) —g(t.q,®) = (t,v()),

v (s) = (prrog)(t,q,®)(s) = (¢(s),p(s)) =

= <q—/st@q(’r’)dr,da(Q(O))-i-/OSCI)p(T)d,,,) _

- <q—/st<bq(r)dr,do (q—/otcbq(r)dr>—i—/OSCI)p(T)dr). (12)

To be more clear, we remark that the second value of the map g (¢, q, ®) is
the curve v (-) = (¢(-),p(:)) which is
1) starting from (¢ (0),do (¢ (0))), such that
2) 4 () = @ (), and
3)q(t) =q
By composing the Hamilton-Helmholtz functional:

A:[0,T)]xT — R

(67 0) > Al () = g O) + | D) ) — H (ryq () p (1)) dr.

with the bijection g, we obtain the following global generating function W =
Aog:
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Theorem 6.1 The infinite-parameters function:

W:=Ao0g:[0,T] xR" x L* — R, (13)

(t,q, @) — W (t,q,®) :=Aog(t,q,®),

generates Ly = Uy<yer @4 (Tr), ), the geometric solution for the Hamil-
tonian H (q,p) = 3[p|> +V (q).

Proof. We first explicitly write down W:

Wita.®) = go) + [ [(drao)+ ["a,0)ar) 2,0 -

DW _ W oW
Then, for g = 0, we compute 9 and %

%qu:do(qm)H /Od%(q(o»-@q(s)ds— Sods— [ 5o do (g (0)) ds,

— do (¢ (0)) + d% (¢ (0)) - /0 B, (5)ds + /0 B () ds — d% (¢ (0)) - /0 §(s) ds,
— do (¢ (0)) + d% (¢ (0)) - /O Q(s)ds+ /0 b (s)ds — do ( (0)) - /0 §(s) ds,
—do(a(0)+ [ B (5)ds=p(0).

0

: 214
Finally, we compute ;.
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= p(0)-d () +p(t)- q(t)—H(t,qu),p(t))—d2a<q<o>>-q<t>-/0<I>q<s>ds+

/8 (5,4(s) ,p(s)) ds - q(>+d20<q<o>>-q'(t)-/otcus)ds,

:—p<o>-q<t>+8£f-q(t)—H(t,qa),a;qV) ~ o lgO)- a0 [ () ds -

([ wi-mar) a0+ ooy -i- [ dts)as

:%-g(t)—}[(t,q(t),agfﬁ —aaq {U(Q(O)H/Ot(ch—H)dT] q(t),

:W.q(t)H<t,q(t),aW>aalzf-q'(t),

dq
ow
=—-H <t7q<t)78q> .

6.2 Fourier expansion and fixed point

Results in this Section are classical, see also [1], [12] and [?].
Hamilton equations related to Xy are

q=p
{p =-V'(q) )

Using the p-components of the bijection g, (14) can be rewritten, almost
everywhere, as

16



¢(s) =do (q — Jo @4 (r) dr) + Jo @p (r)dr
p(s) ==V (a= JL @y () dr)

Hence

d, (s) = do (q—/otq)q(r)dr> —/Osv’ <q—/:<1>q(7)d7> dr  (16)

Note that the reduction of (15) into (16) is equivalent to the displacement
from the Hamiltonian formalism to the Lagrangian formalism through the
Legendre transformation.

For every ®, € L?((0,7),R"), let us consider the Fourier expansion

(I)q (8) _ Z ((I)q)k ei(Zﬂk/T)s.
keZ

For each fixed N € N, let us consider the projection maps on the basis
{ei(Qﬂ’k/T)s}kGZ of 2 ((0’ T) ,Rn)’

Pr®y(s) = Y (D), ™D Qug(s) = D (), !PT,
[kI<N K[> N

Clearly,

PyL?((0,T),R") & QnL*((0,T),R") = L*((0,T) ,R"),
and for ®, € L2 ((0,T),R") we will write u := Py®, and v := Qn®,.

We will try to solve (16) by a fixed point procedure.

Proposition 6.2 (Lipschitz) Let sup,cgn V' (q)| =C (< +o0).
For fized (t,q) € [0,T] x R® and u € Py L? ((0,T),R"), the map

F: QNL2 ((O7T) 7Rn) — QNL2 ((OvT) 7Rn)

U’—)QN{—/OSV/ <q—/:(u+v)(r)dr> dr}

is Lipschitz with constant

, T?C
Lip (F) < 3— (1 + \/2N> .

Before the proof of the Proposition 6.2, we premise some technical results.

17



Lemma 6.3 Let f € L' ((0,7),R") N L?((0,T),R™). Then the function
fo s)ds € L?((0,T),R"™) and

t
[ /0 £ (8) dsl 2oz < T [11lz2( 0.2 2 (17)

Proof. Left to the reader.

Proof of Proposition 6.2 For each v1,v2 € QnL? ((0,T),R"), let us consider
the Fourier expansion

Vi=1Ug — V] = g v TR/ T)T
|k|>N

We compute F (v2) — F (v1):

F(v2) —

{ [ Z u—l—vg)(T)dT)dr] +/Os [v’ <:1—/Tt(u+u1)(r)dr>dr“,
_@N{ /0 [v( /(uﬂz)mm)—v’ <q—/r (u—l—vl)(T)dT)dr]}.

Therefore

[F (v2) = F (v1) [l 2(0,1),mm) <

<r-jon {v' (- | (a4 va) () ar) v (a- | (uto) (7) ) oo, <

<TC - ||—/ > eI dr || 2oy ey <
|k|>N

(27 r T (27 T
= ( Z w0 'i27rk;HL2((0,T),R”) + 1l Z oge!CTETE ikaLQ((O’T)Rn)) -
|k|>N [k|>N

T2C
2n N

g,
Tollzzgoman + 72611 YD o .

|k|>N

<

We now use Cauchy-Schwartz inequality in 1% := L?(Z, C) as follows

Z ’1;:’ - <(|Uk|)’f€Z’ (1)\k|>N> < (v rezll2 - ||(%)\k\>NHlQ-

|k|>N

18



Hence

vk 2
> ﬂ_2 loll2qomymey |2 D kg <o HUHL (0,T),R™)

|k|>N |k|>N
obteining
T2 2 "U]g
TN ol z2o,r)mey +T°C - | Z ||L(0T)R)<
\k\>N
T?C 1 /2
<5 N’ V]| 20,7y gy + T2C - 2\ ~ Yl om k) =
_T°C
= o (14 V2N) - llol 2o )
that is
T2C
Lip (F) < —~ (1 V2N )
ip(F) < o~ (1+
O

Corollary 6.4 (Contraction map) Let supcgn V' (q)| =C (< +o0). For
fized (t,q) € [0,T] x R", u € PyL?((0,T),R") and N large enough:

T2
1 1,
2N < +\/7> <
the map s — F (t,q,u) (s)

F: QNL2 ((O’T) an) — QNL2 ((OvT) ’Rn)

UHQN{—/OSV’ (q—/rt(u—Fv)(T)dT) dr}

1s a contraction.

By Banach-Cacciopoli Theorem, for fixed (t,q) € [0,7] x R™ and u €
Py L2 ((0,T),R"), there exists one and only one fixed point F (¢, ¢, u) (s),
shortly F (u), for the above contraction:

f(u)_QN{—/Osv’ <q—/:(u+f(u))(7)d7> dr}. (18)

Beside (18), let us consider the finite-dimensional equation of unknown u €
PyL?((0,T),R™):
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u:PN{da <q—/0t(u+f(u))(r)dr>—/osv’ <q—/:(u+f(u))(7)d7>dr}.

(19)
By adding (18) and (19), in correspondence to any solution u of (19), we
gain

) =do <q - /Ot (u+ F ) (r)dr)/os v (q - /: (u+ F (W) (7) dT) ar
in other words, the curve (see (12)) (20)

2 (8) = prpog <t, . <[u+f(u)] (5),—V' <q _ /Tt (u+ F () () d7>)>

solves the Hamilton canonical equations starting from the graph of do (so
that v € I).

Furthermore, we point out that dim(PyL? ((0,7),R")) = n (2N + 1).

As a consequence, substantially following the line of thought in [1], [9] and
[10], we get that the geometric solution of Hamilton-Jacobi problem for H
admits a finite-parameters generating function, denoted by W (¢, ¢, u):

Theorem 6.5 The finite-parameters function:
W:=Aog:[0,T] x R" x R**N*TD) R

(t,q,u) — W (t,q,u) =
_ {0 ((0)) + /0 ()4 (s) — H (5,4(5),p(5))] ds} oo,

(a(s),p()) = prrog (t., ([u+F )] (), =V (4= J} (w+ F () () dr) ).
generates Ly = Up<pcr ' ((Th),), the geometric solution for the Hamil-

tonian H (q,p) = 3[p|* + V (q).

6.3 The quadraticity at infinity property

We check the quadraticity at infinity property of W (¢, ¢, u) with respect to
u: this is a crucial step in order to catch the minimax critical point in the
Lusternik-Schnirelman format. We premise the following technical

Lemma 6.6 For fized (t,q) € [0,T] x R"™, the function u — F (u) and its

derivatives u — %—5 (u) are uniformly bounded.
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Proof. We immediately get from (18) that |F(u)| < TC, where C =

SUp egn \V” (q)| < 4+o0. Moreover, by a direct computation, it can be

proved that the derivatives %—i are uniformly bounded. In fact, the fixed

point function F solves the equation of unknown v:

g (t,q,u,v) :zQN{—/OSV/ <q—/:(u+v)(7')d7'> dr}—v:

The implicit function theorem does work, since

gg(t,q,u,v)—gv@]v{—/osv’ <q—/:(u+v)(7-)d7-> dr}—]l,

and, by a classical argument, it can be proved that

Bﬁ <t,q,u,u)]l _ _:Zj) [;UQN{—/DSV <q—/: (u+ v) (T)d7> dr}]

Since a bound for the derivatives %QN {— % V' ( - ft (u+v) (1) dT) dr}
is given by the Lipschitz constant o := —ﬁ(l + V2N),

o= [V (o= [(wr o) ar)
we obtain that
N{—/Osv’ <q—/:(u+u) (T)d7> dr}

G (t, g u,v) ]~
ov

LI

1_ .

G (t,q,u, F (u)) = 0 implies ag + gg %F 0, therefore the derivatives %f
— (@)71 % result uniformly bounded by the constant 2-:

ov
B a
\ !_I H !_1 < +o0.

Theorem 6.7 The finite-parameters function

k

<a<l,

+o0 k

O

W:i=Aog:[0,T] x R" x RPN+ R

(t,q,u) — W (t,q,u) =

= {U(q (0)) +/O [p(s)-q(s)—H(s,q(s),p(s))] dS} |(a(5).p(5)):

21



(a(s),p(s)) = prreg (t.0, (Ju+F @] (5), =V (4= J} (w+F ) () dr ) ).
is asymptotically quadratic: there exists an u-polynomial P (t,q,u) such
that for any fized (t,q) € [0,T] x R"

HW (tv q, ) - P(2) (ta q, ) HCl < +00
and its leading term is positive defined (Morse index Q).

Proof.
W0 = {o 0O+ [ 5646~ H (5.0 ) p 6] ds o

(a().p()) = prreg (t.a. ([u+ F@)] (), V' (0= [/ (w+ F ) () dr))).

that is (through the Legendre transformation)

W ) = {o @)+ [ [306) 7=V @60 s ot s o
~o (0= [lut)+ F)ar) +

+[{3ue+E@er-v (- [ wo+Ew o) s

As a consequence of the technical Lemma 6.6 above and the compactness of
o and V, for fixed (¢,q) € [0,T] x R" we obtain that

HW (t7Q7 ) - P(Q) (tv q, ) HCl < 00,

where P?) (t, ¢, u) is a function with positive defined leading term : fg’ lu(s)|?ds
(hence with Morse index 0) and linear term with uniformly bounded coeffi-

cient, that is (see Definition 3.4) W (¢, ¢, u) is an asymptotically quadratic
generating function. O

6.4 Minimax and viscosity solutions for H (¢,p) = i[p|*+V (q)

We finally prove the main result: the equivalence of minimax and viscosity
solutions for a large class of p-convex mechanical Hamiltonians.
Preliminarily, we point out the following technical fact:

Lemma 6.8 Let H(t,q,p) be a C*-uniformely p-convexr Hamiltonian func-

tion:
2

H

IC>ce>0: c|\?*<
A OpiOp;
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VYA € R", YVt €[0,T], V(q,p) € R?™. Then, for every fived q(-) € H'([0,T],R"),

T
sup / p(t) - 4(t) — H (t,q(t), p(t))] dt =
p() € HY(0.T)RY) s 0
p(0) = 22(4(0)
T
- /O L (t,q(t), d(t)) dt, (22)
where
L(t,q,v) = sup {p-v—H(tqnp)} (23)

Proof. Convexity (21) guarantees us that global Legendre transformation
holds and that, for any fixed ¢(-), the (unique, see below) critical curve of
the functional:

A {Hl([O,T],R”): p(0) = g‘;( (0))} —R

) / 0 H (£, (1), p(t))] dt

realizes the strong maximum (in the uniform convergence topology). In fact,
p(+) is a critical curve iff, YAp € H([0, T],R™) such that Ap(0) = 0,

T
dA(p)2p = d /0 (1) (1) — H (t.a(t). p(0))] dt } 2p =

T
F 00+ 000 dt) = 1 (a0 + copten] ] _ o
T oH
| iy = 55 tato 0] s =
that is, -
i) = 5 (.a(0).p(0). (21)

and, by a standard argument laying on Legendre transformation, the unique
solution p(t) of (24), for any time ¢, is given by

(1) = St a(0), (1)

Finally, dQA(p)(Ap, Ap) is given by

T
E{ [ 1) dl6) = H (t.a(0). ple)] e} (B, Bp) < ~T sup [Ap(0).
0 te€[0,7
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From the identity
Alp+Lp) =

i S 0%A
Alp)+ 8p2 P)Apit / Z Op:iOpy _3)(P+AP)+SP) (Api,Api)ds,

i,7=1

we gain, at the critical p,
A(p+ Ap) — A(p) < —¢T||Apl[20 < 0
that is, p realizes the maximum of A in C°, and then in HY(— 0. O

Theorem 6.9 Let us consider H (q,p) = %|p\2 +V(q), V compactly sup-
ported and the related Cauchy Problem (CP)y

% (o) + 315 o) P+ V() =0
(CP)y
5(0,9) =0 (q),

where t € [0,T],q € R™ and o compactly supported.
The minimax and the viscosity solution of (CP)y; coincide with the function

S(t,q):= inf su o (G (0)) + t( j—H), _dsgp.
I q(): p(.?; { ! /0 P @) }
—

(25)

Proof. In Subsection 6.1 we have proved that the Hamilton-Helmholtz func-
tional involved in (25) can be interpreted as a global generating function W
(with infinite parameters) for the geometric solution for the Hamiltonian H
(Theorem 6.1). By Lemma 6.8, the sup-procedure on the curves p in (25)
represents exactly the Legendre transformation. Moreover, the fixed point
technique described in Subsection 6.2 reduces the function W to a finite
parameters G.F.Q.I., W, with Morse index 0 (Theorems 6.5 and 6.7). As a
consequence of Proposition 4.5, for such a function W, the minimax critical
value coincides with the minimum (which explains the inf-procedure on the
curves ¢ in (25)). Hence the function S (¢, ¢) furnishes the minimax solution
of (CP)y

On the other hand (see [16], [17] and bibliography quoted therein), the
function S (¢, q) is the Hamiltonian version of the Lax-Oleinik formula pro-
ducing the viscosity solution of (C'P)

Therefore (25) establishes the equivalence of the two solutions. O
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