ANALYTICAL METHODS — EXAM SIMULATION

Exercise 1. Let f,(x) := —=, x € [0,+00[, n € N, n > 2. Plot quickly the graph of f,. Is

1+xm°

fu € LY([0,+0o0[)? Is (f,) convergent (and, in the case, to what) in L'([0,+oco[)? Justify your
answer.

Exercise 2. Let H = L*([0, 7]). Solve

min ||x — (acosx + bsinx)||, .
a,beR

Exercise 3. State precisely the differentiation under integral sign theorem. Let now

+00 1 _
F(t) := / L Y
0 X

i) Determine the domain of definition of F, that is the set of r € R such that F(¢) is well
defined.
ii) Is F continuous on its domain? Justify carefully your answer.
iii) Determine for which ¢ is well defined F’(¢) and compute it.
iv) Determine F explicitly.

1
T+x4"

i) Does f exists? If yes, which of the following statements are true/false and why: f €
L'(R): f € L’(R); f € €'(R): f € S(R).
ii) By reducing to suitable Cauchy distributions, compute FT of
1

2+ V2x+1
iii) Noticed that 1 + x* = (x2 + V2x + 1)(x2 — V2x + 1), express Tlx“ in terms of

Exercise 4. The goal is to compute the FT of f(x) =

1
N x2+V2x+1"
Use this to determine f.
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Exercise 5. Let

Ja(x) =

, x €[0,1], n € N.
x+1
i) Plot quickly the graph of f,. Is (f,) < L([0,1])? Is (£,) < L*([0,1])?
ii) Is (f,) convergent in L'([0, 1]) and, in the case, to what? Is (f,) convergent in L*([0, 1])
and, in the case, to what?

Exercise 6. Let H := L?(R) with usual real scalar product. Consider
U:={feH : f(-x)= f(x), ae. x e R}.

i) Accept U closed. In general, what is the chatacteristic property of Il f? A natural
guess is [y f(x) = %(f(x) + f(=x)), f € H, x € R. Check that this guess is correct.

2
ii) Show that U is indeed closed, that is: if (f,) C U is such that f, L, fthen f € U.
2
(hint: recall that f; =, f does not imply that ( f,,) converges pointwise but. . .).

Exercise 7. Let
e_alé:l — e_b|£|

8ap(&) = e & € R\{0}.

Here a, b > 0 are fixed.
i) Check that g,; € L'(R) for every a, b. Is also g,;, € L*(R)? Justify carefully.
ii) Without doing calculations, show that g, has a Fourier original, that is a function f,;
such that fa\b = Qub-
iii) Determine f, .

Exercise 8. Let +oo .
F(Q) := / e L gy
0

X
i) Check that F' is well defined for every 4 > 0.
ii) Discuss differentiability of F on [0, +oco[ and compute 9, F. It may be helpful to know

/ e sin(Bx) dx = sz’rﬁz er* (sin(ﬁx) - gcos(ﬁx)) for a # 0.
iii) By ii), determine F'(A1) explicitely.
iv) (facultative, 6 extra marks) How can you use previous calculations to determine

+00 s
Sin x
— dx ?
0 X

Justify your answer.
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Exercise 9. Let |
w(x):=nlog|1+——], x €[0,1].
Ja(x) g( - \/)_C) [0,1]
i) Check that (f,) c L'([0,1]).
ii) Discuss convergence of (f,) in L'([0,1]).
It might be useful to know that log(1 + ¢) < ¢, V¢ > —1.

Exercise 10. Let
8(&) = (1=&N1-1(é). € €R.
i) Show that there exists f € L? such that g = f
ii) Determine f explicitly. Is f € L!?

Exercise 11. Let H be a real Hilbert space, ¢,y € H two linearly independent unit vectors
(that is ||@|| = |l¢]l = 1). Letalso U := {a¢p : a € R}, V := {By : B € R} and
U+V={u+v : uelU,veV} Clearly, U and V are closed. We accept U + V is closed as
well.
i) Determine the orthogonal projections 11y and ITy.
ii) Determine I1y.y.
iii) Under which condition on ¢, is it true that [T,y = Iy + [1y?

Exercise 12. Let .
F(&) = J _ sy
R x(x2 +2x +2)
i) Check that F' is well defined for every & € R.
ii) Show that F is differentiable on R and compute 9, F.
iii) Reducing d;F to suitable Fourier Transforms, determine F exactly. It may be useful to

know Ie‘”‘ cos(Bx) dx = 525" (cos(ﬁx) + g sin(ﬁx)) .

a?+p?
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Exercise 13. On

1
H := {f e €Y ([-1,1]) : f(0)=0, / |/ (x)]? dx < +c>o}
-1
define 1
(f.g) = / g d.

i) Check that (-,-) is a well defined inner product on H.
ii) Determine an orthonormal base for the linear space generated by x, x2, x>.
iii) What is the best approximation of f(x) := sin x on the subspace Span(x, x%, x>)?

Exercise 14. On X := {f € €1([0,1]) : f(0) = 0} we define
— 1/2) ¢r t
A1 %&’fﬁ |/ (@]

i) Check that || - || is a norm on X.
ii) Show that || f|| is stronger than || f||co on X.
iii) Define (f,;) C X as
4, red,

hO=1
ot tel0 %[.
Compute || f,,|| and || f;,||cc. What can be deduced about equivalence of || - || and || - || ?

Exercise 15. Define the 1-dim. Fourier transform for a function f € L',

i) Give and prove a sufficient condition on f in order ]? be derivable.
ii) You know f(¢) = £ Compute

1+&4°
/00 xf(x) dx.

What about £(0)?



SoLuTIONS
Exercise 1. Notice that
1, 0<x<l,
fu(x) — < 1/2, x =1,
0, x> 1.

LI
A reasonable guess is f, — 1jo,1}. To check this, we need to prove that

o = ol = L 1fa(x) = Lo dx = fol |t — 1] dx + /1+oo || dx

_ 1 X +oo
—fo T a’x+/1 o dx — 0.

To compute these limits we apply dominated convergence. In the first case

n 0, 0<x<l,

n X

X

—- < 1eL'([0,1]) and - —
1 +x I +x 172, x=1.

1 X" 1 X" 1
lim/ dx:/ lim dx:/ 0=0.
n Jo 1+ x" 0o " 1+ x" 0

In the second case, for n > 2,
1 1
S l4xt 14+ x2

+00 1 +00 1 +00
lim/ dx:/ lim a’x:/ 0=0. m
n ) 1+ x" 1 n 1+ x" 1

Exercise 2. Let U = Span(cos x,sin x). Being evident that cos x, sin x are linearly indepen-
dent (otherwise: acosx + bsinx = 0 would mean cos x = Asin x that is tanx = A on [0, 7],
which is impossible), U is a two dimensional (hence closed) space. An orthonormal base may
be determined in the following way:

0<

Thus

e L'([1,+c0[), and

— 0, Vx > 1.
1+ xn

Again,

cos sin —(sin, e )eq
e = —, é1 = .
* " lcosll” ' TI'sin—(sin, e)eolln

Now,

|| cos ||§ = foﬂ | cos x|? dx = fon cos x(sin x)" dx = [cos x sin x|77 + foﬂ(sin x)? dx

= (1 = (cos x)?) dx = 7 — || cos |12,
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by which || cos ||3 = %, thus

2
eo(x) = \/;cos X.

2 [T 1 d
(sin, eg) = \/j/ sin x cos x dx = —/ sin(2x) dx = 0,
T Jo V2r Jo

T T T
|| sin ||§ = / (sinx)? = 7 — / (cos x)? dx = =,
0 0

2
2
ei(x) = \/jsin X.
T

According to projection theorem, the element of U at minimum distance to x is

Notice that

and because

we deduce

IMyx = (x,ep)eq + (x,e1)e.

W,
2 [T 2 _ d 2 _ 2
(x,e0) = \/j‘/ xcosx dx = \/j ([x sin x]7 2 —/ sin x dx) = \/j[cos x|y = —2\/2
T Jo T 0 T T

and
2 [T 2 _ d 2
(x,e1) = \/j/ xsinx dx = \/j([—xcos x] 25 +/ COS X dx) = —Tl'\/j,
T Jo /4 0 /4

hence, in conclusion,

No

4
IIyx = ——cosx — 2sin x.
T

Therefore, a = —%, b=-2. n

Exercise 3. i) Domain of F is

+00
{teR:/ e
0

It is easy to check that if # < O the integral diverge while it is convergent for t > 0. First,

il —cosx

dx < +oo}.

X

notice that at x = 0, l_c% — 0, thus there’s no problem with integrability at x = O for every
t € R. The unique problem is at x = +oo. If = 0 we have 1_3& which sounds like 2, not

integrable. If t > 0,

.1 —cosx 2 _
Pt St [P Sl P tx,x>1’
X

X

integrable at +oo.
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i) Let f(t,x) = e""]_‘:%. We apply the continuity theorem. Clearly f(§,x) € €(]0,+oo[)

and

1_
1f(t,x)] < e ——2" ¢ L1([0, +c0]), Vt > &.
X

By this it follows F' € €'([&,+o0[) and because & > 0 is arbitrary, we conclude F' € €'(]0, +co]).
iii) We apply the differentiability theorem. Clearly,
1 —cosx

30 f(t,x) = —xe ™ ———— = ¢ (cosx — 1), Vx € [0, 0],
x

and because
0, f(t,x)| < 2e™™ < 2e7%*, Vit > ¢.
|

We may apply differentiation theorem on [&, +oo[ and conclude
+00
O F(t) = / e ™(cosx —1)dx, Vt > &,
0

and because € > 0 is arbitrary, previous formula holds true for every ¢ > 0. Easily,

+00 —tx JX=+®
_ e 1
A =
0 —t x=0 !

while
+ _ —tx X=too 400 4. .
fo e ™Mcosxdx = [e_t cosx] —% b € Xsin x dx
x=0
“ix . X=+00 too
%—%([e_t smx] +%f0 e”‘cosxdx)
x=0
= % - tl2/o e " cos x dx,

by which

In conclusion

iv) By iii)
1
ﬂnzimgLu%—my+g

where ¢ is a constant. To determine the value of ¢ we need some more information on F.
For instance, we may notice that, by Lebesgue dominated convergence (whose hypotheses are
fulfilled by initial bound obtained in ii)),

lim F(t) =0,

t—+o00
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and because

1 V1 1
510g(1+t2)—logt:10g t+ = log 1+;—>10g1:O,

wededucec=0. m

Exercise 4. i) Clearly f € L! thus f is well defined. To check f € L', we apply the well
known result: if f, f’, f” € L' then f € L'. We already said f € L'. About f’,

4x3 x3 C

’ :——E%R, ! ~+oo_4_:_,
1) =~ € F ), 100 ~ae ~47g = 5
which is integrable at +co. Similarly for f”:
. 3x2(1 + xM)? = 2x3(1 + xH)dx? " -5x' ¢
1) = ~4 ST € R, f/(1) ~am 47— = =

which is integrable at +oco. Is f € L?? Yes, this because f € L? (yet, f € €(R) and
| F(X)]? ~so0 xl—g is integrable, thus fR |f|> < +c0) and the FT maps L? into itself. Last: is

f € .Z(R)? No, this because FT maps the Schwarz space .7(R) into itself, thus f e S(R)iff
f € L (R). Clearly, f € € but, for instance,

xMf(x) /=0, |x| — *oo.

ii) We may notice that

1 1
2+ Vx+1 AR
(“Tz) T2

—i2nco

thus, recalling that g’(E?c) =e g,

1 1 Fi FiV2n -V2r
. ©) = (6 = () = VN Dre
T TV Y
vw) v v
iii) Because (1 + x*) = (x2 + V2x + 1)(x2 = V2x + 1) we have
1 1 1 ( L
L+x* (2 +V2x+ D2 = V2x + 1) 2V2x \x2+V2x+1  x2—V2x+1
thus | | .
—2V2x = —
T+x* 24 2x+1 x2-V2x+1
hence

—2‘/§(|i/f\)(§) = e VEN V2RIl _ (+iN2TENG 1, VIRIEL i e V2AIE] sin(V27€).



Recalling that
(i28) f) = 0 f,
we have

e F(&) = —2me V2"l sin(V2re).

To compute flet first compute

[ e sin(Be) de = < sin(BE) — [ B cos(BE) dé

= <2 sin(BE) - & | =5 cos(BE) + [ 4 psin(BE) dé .
by which, easily,

/ e sin(BE) dé = ﬁﬁze“f (sin(ﬁf) - gCOS(ﬁf)) :

Now,

& >0, —27r[e“/§”f sin(V2r&) dé + ¢; = Varg (sin(\/ijrf) + cos(\/iﬂf)) + ¢y,

F(&) =1
£<0, —27rfe‘/§”§ sin(V27€) dé + ¢y = —%e“ﬁ”‘f (sin(\/iﬂf) - cos(\/zﬂf)) + .

Because easily f(+o0) = ¢y, ¢, and eL!, necessarily ¢; = ¢; = 0. Thus

&>0, %e“ﬁ”f (sin(\/inf) + COS(\/Eﬂ'f)) , .
]?(5) = = ?e_‘/z”"f' (sin(\/zﬂfl) + cos(\/znf)) .
£ <0, —%e“/i”f (sin(\/iﬂf) - COS(\/iﬂf)) 2

DEeceMBER 2019

Exercise 5. i) The plot is quite easy. Clearly, being f, € €([0,1]) itis f, € L'([0,1]) N
L%([0,1]) for every n.
ii) Notice that

n—-+oo 1

W(x) — — =t f(x),
Ja(x) NS f(x)
1 =1
and beczuse # e L([0.1]) (J % dx = [2x1/2]i=0 = 2) but % ¢ L*(]0,1]) (because
fol (%) dx = /01 % dx = +00), this suggests the following guess:

1
fr 4, f, while (f,) does not converge in L([0,1]).
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To check the first, we have

1

1/27*=1
:2—[2(“%) ] 0:2—2(@-@)—&

L2
To check the second we notice first that being f ¢ L2, the statement f, — f does not make any
sense. However, this does not exclude a priori that (f,) may be convergent in L? to some other
limit. So we need to justify more our ansatz. The key point is to notice that

2

5 o L 1
I fully = dx = 1dx: log|x+ —
0 1 0 )C+Z n

n

o= £l = f

xX=

xX=

x=1

1 1
= log (1 + —)—log— — +00,
n n

X+ x=0

that is (]| f,]l») is unbounded, therefore ( f,) cannot be convergent in L. m
Exercise 6. i) The characteristic property of IIy f is the unique element of U such that

(f -y f,uy =0,VueU.

To check that Iy f(x) = %(f(x) + f(—x)) we first notice that %(f(x) + f(=x)) € U. Therefore,
to be the orthogonal projection of f on U we have to checl that

/ (f(x) -3+ f(—x))) u(x) dx =0, Vu € U.
R
‘We notice that

F (£ = 300 + fxn) u@) dx =5 [ (£ = f-x)u(x) dx

=1 (fR fu(x) dx = [ f(=x)u(x) dx) .

Because
/R Fenuln) de "= /R FOu(=y) dy "L /R FOuly) dy = /R Fu(x) dx,

the conclusion follows.

2
ii) Let (f,) € U be such that f, L, f. The goal is to prove f € U thatis f(—x) = f(x) a.e.
x. We know f,, € U, that is

fa(=x) = fu(x), a.e. x.



2
Now, because f;, G f, there exists (f,,) C (f,) such that f;,, — f a.e. x. Thus,

f(=x) — fu (=x) = fu (x) — f(x), ae.x, = f(-x) = f(x), ae. x,
thatis f e U. m

Exercise 7. i) Let

ap(&) = = & € R\{0}.

Here a,b > 0 are fixed. We notice that, because e’ = 1 + ¢ + o(1),
_ 1—alg[+0(&) — (1 - bg[ +0(&) _ (b—a)lg|+ o)
ga,b(f) - é: - f

which is integrable at £ = 0. At 00 we could say that

8@l < (71 + eME1), vig| > 1,

~o (b = a)sgn(£),

thus g, is integrable at +co. In conclusion g, € L'(R). Similarly, |g.5|> ~o (b — a)? is
integrable at & = 0 while, as above,

2
8an(@F < (eI + ) Vg > 1,

thus easily |g,|? is integrable at +co. In conclusion, g,; € L*(R).

ii) Because g, € L*(R), g, has a Fourier original in L?(R). The same does not apply for
an L' original. Indeed, is g, = fa;g for some f,;, € L! then g,;, € € (R). However, as in i),
8ap(€) ~o (b — a)sgn(¢) which is not continuous at ¢ = 0.

iii) If f, € L? is such that ﬁ;, = g,» then, according to inversion formula,

Zab(x) = fab(x) = fap(~x),
that is f,5(x) = ga»(—x). We compute then g, . To this aim notice that
2a 2b
a2 +4x2x2 b2+ 4n2x2’

F2an(x) = e~ — ¢ blHI(x) =

and because (i2’7r—1iga,l7 = 0x8ap We deduce

- . 2a 2b
O0x8up = IT ( ) .

a2 +4m2x2 B2 + 4n2x2
Thus,
— . 2 1 2 1
Zap(x) =im (E/—H(Z_ﬂx)z dx — Z/—H(%ﬂx)z dx) +c

a

=i (arctan (2”x) — arctan (%”x)) + ¢,
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where c is a suitable constant. Finally, to determine the value of ¢, we may notice that letting
X — +o00,

575 (x) .(7T 7T)+
— —_— = —
8ap\X l2 5 C C,

and because we already know that g,; € L2, this can be possible only if ¢ = 0. By this we
finally obtain that the original of g, is

Jap(x) = gap(—x) =i (arctan (%Tx) — arctan (z—ﬂx)) .

a

Exercise 8. i) Let f(z,x) := e"l”i%. Because sin x ~¢ x, we may consider f well defined
and continuous at x = 0, thus f(4,#) is integrable at x = 0 for every A € R. At x = +co, because
| sin x| < |x|, we have

| f(4,x)| < e e LY([0,+0oo[), YA > 0.

400 -
F(0) = / MY
0 X

exists (as generalized integral but not in L! sense). Thus, we may still consider F well defined
at 4 =0.
ii) We wish to apply differentiation under integral, that is

For 4 =0,

+00
6AF 2/ 3/1f(/7.,x) dx.
0

To ensure this for every A € A we need to check a) f(A,4) € L'([0, +oo[) for every A € A. This

is true with A =]0,+oo[. b) 39, f (4, x) = —xe L = _e~4xgin x, for every A €]0, +o0[, a.e.

x € [0,+00[. ¢) there exists g € L!([0, +co[) such that
[0 f(A,x)| < g(x),YA € A, ae. x € [0,+00].

Now,
10, f(A4,x)] < e < e™* e L]0, +c0]), VA € [Ag, +o9].

Thus, on A = [Ag, +oo[ with Ay > 0, we can conclude
+00
OLF(Q) = / —e ¥ ginx dx, YA > Ao,
0

and because Ay can be chosen arbitrarily > 0, we conclude the previous holds true for every
A > 0. Recalling that

/e‘” sin(Bx) dx = ﬁﬁzew (sin(ﬁx) - gcoswx)



we have

1 1 K=o 1 1 1
0,F(1) = —— |e " [sin x + — cos — B T—
WD 12+1le ( T X)LO L1l 1+

iii) By last calculation,
F(1) = —arctan A + c,

where c is a constant. The value of ¢ can be determined letting 4 — +oco and computing

+00 .
lim F(1) = lim P ey

A—>+0c0 A—>+00 0 X
We can invert limit with integral applying the Dominated Convergence noticing that

e lim,_, o f(4,x) =0, forall x > 0;
o [f(A,x)| <e ™ <e~foreveryd>1,ae. x € [0,+00.

Therefore
+00 +00 +0oo
lim F(1)= lim e %dx—/ lim e~* de_/ 0dx = 0.
A—+00 A—+00 Jq X 0 A—+00 X 0
On the other hand,
lim F(d) = lim (—arctanAd +¢) = L
A—>+00 A—+o00 2 ’

thus ¢ = 5 and
F(1) = % — arctan A.
iv) This part is much more delicate. Ideally, we would like to compute

. s T _
All)r& F(1) = lim ( > arctan /l)

A—-0+

by
2 2
while, on the other side,

+00 +00 400
sin x 9 . sin x sin x
hm F(1) = lim e dx = lim e —= dx = — dx.
1-0+ Jo X 0 A—0+ X 0 X

sin x /4
T dr ==
,/0 X * 2

”
Unfortunately, it is not easy ti justify = this because, on one side, we cannot use monotone
convergence (the function in the integral having variable sign), nor we can use Dominated
Convergence (this because the unique possible bound on [0, +oo[ independent by A is

?
If = were correct we would have

_apSinx| _fsinx
e —
x

¢ L([0, +0o)).

X
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To circumvent this difficulty we may proceed as follows: first we divide /O+oo = /OR + f;m where
R > 0 will be fixed later. On [0, R], 2% € L!([0, R]), thus

R . R ..
_,.sinx sin x
e dx — — dx.
0 X 0 X

About the remaining integral on [R, +oo[, suppose we are able to prove that

+o00
SlIl X
/ e —— dx| <
R

where £(R) does not depend on A and e(R) — 0 as R — +oo. Then we may write

R . ) .
F(1) = / e~ Smx dx + /+ e Smx dx,
0 R

g(R), YA > 0, (%)

X X
that is
4 R sin x -0+ R L sinx
——/ —dx| «— |F(1) - / —dx e(R),
2 Jo «x 0
thus
n R sin x
- - / — dx| < g(R),
2 0 X
and letting R — +oco we finally would obtain
+00
f—/ 22 il <o,
2 0 X

that is the conclusion. To prove (x) we first notice that
+o00 . +00 +00
sin x 1 1
/ eV dx = / - (e_/lx sin x) dx = / —¢'(x) dx
R X R X R X

A 1
p(x) = /e““ sinx dx = —me_“ (sinx + 1 cos x) .

Integrating by parts,
1 VAN R Al ¢(R) (x)
I —QO(X)dx—[—sO(X) [ e ax =230 +/ 29 o,
R X x=R R R R X

being easily ¢(+o0) = 0 for all 2 > 0. Now,

lp(x)] <

where

2+1
thus




assuming R > 1. Clearly, &(R) = % fulfills the desired conditions. m

Exercise 9. i) Let
1
=nl 1+ ——|, x€[0,1].
Ju(X) nOg( n\/}) x €[0,1]

Clearly f, € €(]0,1]), thus £, is measurable. To check if f, € L!(]0,1]) we have to show

1 1
L )] dx = ”Jo log (1 . ﬁ) d < oo,

Because log(1 + ¢) < t we have

1 1
log (1 + —)
i) S
thus

j 0] dx < J = Vel

ii) To discuss convergence of (f,,) we first notice that
filx) =1 (“ l)n loge! V¥ = — =: f(x), V€0, 1
w(x) =1lo — | —loge = — = f(x), ,1].
g oy g N

This f is a natural candidate to be a limit in L' for (£,). As well known, pointwise convergence
is not sufficient for L' convergence. We have to prove that

1
0 — gyl = | 150 = 0 a
By previous remark we already know
|fn(X) - f(x)l B O’ Vx E]O’ 1]’
hence a.e. x € [0,1]. By i) we have also f,(x) < f(x) a.e. x, and because f, > 0, we have

[fa(x) = fO] = f(x) = fulx) < f(x), ae. x € [0,1].

Finally, because f € L! we may apply dominated convergence to conclude. M

Exercise 10. i) Let
g&) =1 -1 (), € € R

Because g € L? and FT is a bijection on L?, g has an L? original f.
y g
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ii) According to inversion formula, if g = f then g = f = f(-4), thus f(x) = g(—x).

In
particular
1 BN sin(—27x) 27rx) 1 TN
F) = (1= Precty(—x) = 2 4 L Precty(—x)
_ sin(2ﬂx) 1 22—
= — —d°recty(—x).
Now, because recty(x) = 2sinc (27rx) and
2 . _ 2siny _ Yy Ccos y—siny
dysincy = =0y=- 5 =0y —
_ (cos y—y sin y—cos y)y?—(y cos y—sin y)2y
v
_ —y%siny—2ycos y+2siny
= 5 ,
y
we have
2 _n. 2 —(=27x)? sin(—27mx)+47x cos(—2mx)+2 sin(—27x)
Oirectry(—x) =2-4n oy
_ _47r 2 sin(27x)+47x cos(2mx)— 2s1n(27rx)
- nx3
Therefore,
_ sinQrx)  4x2x? sin(2xx)+4nx cos(2mx)—2 sin(27x)
f(x) = ™ 353
_ 4n%x? sin(2mx)—4n?x? sin(2rx)—4nx cos(2mx)+2 sin(27x)
- 473 x3
_ sin(2rx)— 27rxcos(27rx)
- 273 x3
1 ..
To conclude, we need to say if f € L!. Of course, being | f| < 27 |+||x| ~ oo %, f is integrable

at +oco. Because of singularity at x = 0 we have to check also integrability at x = 0. We may

notice that

2nx — (2”) +o(x?) - 2nx (1 (zm) +0(x2)) S 3x + o(x%) 4

f(x) = = ~0 3

273 x3 27r3x3 3

by which f is integrable also at x = 0. We conclude f € L'. m

Exercise 11. i) Because ¢,y are unit vectors,

Huf =<{f.¢r¢, Ilyf = {f.)y.
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ii) Notice that U + V = {a¢ + BY : «a,B € R}, thus {¢,y} is a basis for U + V. In general, this
is not an orthonormal basis. However, according to Gram-Schmidt algorithm,

5 U 00
T w0l
it is. Therefore v — W) . — (b
o =00 U1y ayoll o= ool

iii) By ii), denoting for brevity ¢ := || — (¥, ¢)@|| > 0, we may write
Ny f = (fr9)¢+ 5 (fr¥ = WD) — (U, $)9)

= (0 + CLfow - .00 0+ B fowr - W),

while
(HU + HV)f = HUf + HVf = <f’ ¢>¢ + <f"~//>df
Now, being ¢,y linearly independent, identity I,y = [1y + I1y holds true iff

(f,¢) = (f.0) + LLf Ly = (0, 0) ),

(f»W) = %(f’lﬂ - <¢”¢>¢>
that is
YWD (fp - (W.0)) =0,

(f) = H(fov — (. ) )
First equation gives two alternatives: either (¢, ) = 0 (and then second equation is automatically
fulfilled as easily checked), or {f,¥ — (¥, ¢)¢¥) = 0 (and then, by second equation, it follows
2

(f,¥) = 0; plugging this back into the first one, we get —Wé’—? = 0, that is again (¥, ¢) = 0).
Thus, in any case, identity IIy.y = Iy + [1y holds true iff (¢,¢) = 0, that is iff ¢ and ¢ are
perpendicular. m

Exercise 12. i) Let f(x,¢) := _sinx _ Clearly f(#,£€) € €(R\{0}) for every & € R.

x(x2+2x+2)"
Because sin(éx) ~y_o £x, we may extend by continuity f(#,£) also at x = 0, thus we may
consider f(#,&) € €(R) for any ¢ € R. Therefore, in order F(£) be well defined, we need just

to discuss integrability of f(#,£) at +co. Easily,
1

FE s f@r e = R

which is integrable at +co. We conclude f(#,¢) € L1(R) for any & € R, that is F is well defined
for any & € R.

~+o00
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ii) To show differentiability, we use the differentiation thm. We have to check:

o f(#,¢) € L'(R) for every ¢ € R: already checked in i);
o F0pf(x,£) = D — D yr e R ae. x €R;

x(x242x+2) ~ x242x+2°

e there exists g = g(x) € L'(R) such that |0¢ f(x,€)| < g(x), a.e. x € R: noticed that

|0¢.f (x,6)| < =: g(x) € L'(R)

conclusion follows.
We conclude that

x2+2x+2

cos(£x)

dx.
X2 +2x+2

0cF(E) = J

1§x+e i&Ex

, thus

iii) By Euler formulas, cos(éx) =

1 1 - 1 .
O¢F = = J S — dx+J — e gx].
2 x2+2x+2 R X2 +2x+2

Denoting by g(¢) the FT of ——, the previous says

2+2 +2°
_1 3 3
@ =5 s3] o 5
Let’s compute g: notice that
127r§ _ 12n§ 27r|.$|
€)= s ® = ) = ) = e
Therefore

0¢F(§) = % (e_ife_|§| + eife_|§|) = e ¥l cos &,
To determine F' we separate case & > 0 from & < 0:

€>0) [eFcosédé+cy,
F@)=n
(€ <0) fefcoscf dé + c;.
= 7 er* (cos(,Bx) + § sin(,Bx)) we have

(&>0), —%e‘f(cosf —siné) + ¢y,

By Ie‘” cos(Bx) dx =

F)=n
(& < 0), %ef(cosf +siné) + c.

Finally, to determine cy, c; just notice that F(0) = 0, thus ¢; = % and ¢ = —%. [
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Exercise 13. i) Let f,g € H. Since f,g € €'([-1,1]), f’.g" € €([-1,1]) thus integral
/_ 11 f'g’ is well defined. To show it is an inner product on H we have to check:
e positivity: (f, f) = /_11 f'(x)? dx > 0, trivial;
e vanishing: (f, f) = 0 means /_ 11 f'(x)? dx = 0. By a well known general fact, because
f' € € we have f’(x)> = 0 on [—1,1], that is f is constant, and because f(0) = 0 we
deduce f = 0.
1 ! 7 1 avd] ’ / P
e symmetry: (f,g) :/—1f :f_lgf = (g’, f'), trivial;
e linearity: (af + Bg,h) = a(f,h) + B{g, h), trivial.
ii) We apply the Gram-Schmidt orthogonalization. First ey = ﬁ Warning: here ||x|| is the
norm induced by inner product defined in the text, thus

1
||x||2:<x,x>:/ ldx=2, — |xl = V2,

1

x2=(x,e0)eo
llx2—(x.e0)eoll "

thus ep==. About ¢; = Notice that
V2

1 1
(x%,e0) = @/ 2x-1dx =0.
-1

1
Therefore [|x2 — (x, eg)eoll? = x2]1% = [ (2x)? dx = 4 [é] = thus

3
e| = \/;XZ.

3,3 3
x°—(x’,e0)ep—{x".e1)e1 W

. We have
[lx3—(x3,e0)e0—(x3e1)e ||

1 1
(x3,e0) = % [1 3x2-1dx = V2, (x3,e) = \/g‘[l (3x%)(2x) dx = 0.

Moreover

Finally e; =

1
18 12 54-60+30 8
23 —(x3, e0)eo—(x3, e1)er || = || -x||? = / (Bx*-1)dx = ———+2 = =
-1

5 3 15 5’
thus e, = \/é(f - Xx).

iii) The best approximation of sin x on Span(x, x2, x%) is the orthogonal projection of sin x,
that is

2
[Tsinx = Z(sin x,ej)e;.
j=0
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‘We have

(sinx,ep) = -+ ' cosx dx = V2sin 1,
2 J-1

(sinx,e;) = \/gf_ll cos x(2x) dx = 0,
(sinx,epy) = \/gf_ll cos x(3x*> = 1) dx = \/é ([3)62 sinx]i1 - /_11 6x sin x dx — 2 sin 1)
= \/é([6xcosx]1_1 - /_11 6 cos x dx + 4sin 1)

:\/§(12c0s1—8sin1).

thus, in conclusion

5
IIsinx = (sin1)x + §(12 cos1 —8sin)(x* —x). m

Exercise 14. i) Clearly || f|| is well defined. Let’s check the characteristic properties of a
norm:

e positivity: || f]| > 0, trivial.

e vanishing: || f]| = 0 means ¢'/2|f'(t)| = 0 on [0, 1], thus in particular * = 0 on ]0, 1]
and because ' € €, f' = 0 on [0, 1]. In particular, f is constant and because f(0) = 0
(f € X), we conclude f = 0.

e homogeneity: ||Af]| = maxt/2|(Af) ()] = maxt'/2|A||f ()] = |A] max /2| f' (1) =
alivale

e triangular inequality: notice first that if f,g € X we have
I(f + & DI =11+ gD < [f' DI +1g" (D],
thus
t21(f + @Y O] < P10 + 1P lg @ < IFI+ gl Ve € [0,1],

hence, taxing maximum, || f + g|| < ||f]| + ||]l-

ii) We have to prove that there exists a universal constant C such that || f||.c < C||f|| for every
f € X. We start recalling that

() = £(0) + /0 F/(s) ds = /0 £(s) ds,
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therefore
rwi=| [ 1o as
thus, finally

t , t 1 , t
< [1rias= [ s Pirelas < [ —siids =2,
0 0o S 0

I flleo = max If(t)l 20711
iii) Trivially || f,]|lcc = 1. Since

W e, s A red,
ro=1 = Pl
e (T o2 re0iL

thus 1
| fall = maX t1/2|fn/(t)| = —n1/4 —> 400,

hence it is impossible that there ex1sts a constant c such that || || < ¢||f]|co. In conclusion, || - ||
and || - || are not equivalent. m

Exercise 15. If f € L'(R) the FT of f is defined as

&) = /f(x)e"a”fx dx, £ € R.
R
i) Informally

0: f(&) = 0 /R F(x)e 2Ex gy = /R F)(=i2x)e 25 dx = D £ (£).

Precise assumptions under which this derivation is correct are f,#f € L!. Indeed, under these
assumptions we may apply differentiation under integral sign. Calling

F(x.£) = f(x)e”, 9F = f(x)(~i2mx)e 2,
and because
|0:F (x,6)| < 2x|xf(x)| € L', V& € R,
we deduce the concluswn

ii) We know f (f) = First we should start with some "technicalities", namely: are we

1 +§4

sure such f exists? Hopefully, f(x) = f( x) according to 1nvers1on thm. This holds true
provided f, f € L'. The latter is obvious ( f € ¢(R) and f (f) ~y 00— 53 which is integrable at
+00); about the former, we recall that if g,g’,g” € L' then g € L'. We apply this to g = f
clearly g, g’,g"” are well defined and continuous, and

(1L+&h -4t 1-3¢8 -3
(+&4% ~ (+&y =

(&) = def(€) =

integrable at +oo,
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and, similarly,

_10&2 42 _ (1 _red 43 11
g'(¢) = 12670+ &) — (=372 + &4 ~+o0 24 = ?—j integrable at +oo

(1+ &4 O gl6
This ensures f exists and f € L!. Now, since

o0 1 . . — .

/ Uunuzf—/ﬂﬂmy@fmwm:lnﬂﬂﬂm:i@ﬂmzi.

—oo -2 Jp 2r 2 - 2r

About f(0) we may use inversion formula:

£(0) = F(-0) = /R F@)e?™0 g = /R

&
1+&4

dé¢ =0,

being fodd. [ |



