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Chapter 1

An overview of Lagrangian mechanics

1.1 From Newton to Lagrange equations

The mathematical structure of Newtonian mechanics is the theory of ordinary differential equa-
tions (ODEs) of second order of the form

MẌ = F (X, Ẋ, t) , (1.1)

where t 7→ X(t) ∈ RN is the unknown vector valued function (curve), M is a N ×N constant,
symmetric, positive definite matrix, F : R2N+1 → R is a given vector field1. The great success
of such a theory consists in the solution of important problems in celestial mechanics, starting
with the two body problems. Modern results of non-perturbative celestial mechanics (n-body
problem) are still based on the study of the Newton equations (1.1), and in particular on their
well posedness (existence, uniqueness and regularity of the solution).

Newtonian mechanics displays some limits, most of them technical in character and due
to the fact that one has to work with differential equations. Thus, for example, determining
the presence of symmetries and/or first integrals and using them to reduce the dimensionality
of the problem can be quite cumbersome. Also the treatment of perturbation problems can
be very difficult. However, the most important shortcomings of Newtonian mechanics is the
difficulty in treating constrained systems. Indeed, when geometrical constraints are imposed
on a given system, on the right hand side of the Newton equation (1.1) one has to add to the
”active force” F a force, or reaction R, which is necessary to render the motions compatible
with the constraint (e.g., one needs a force to constrain a mass point to move on a sphere
subject to gravity). The problem is that such a reaction, at variance with the active force, is
not known, in general, as a function of X, Ẋ and t. This is obvious, since R = MẌ − F , so
that R displays a dependence on the acceleration. As a matter of fact, it was such a second
obstruction that led to the formulation of Lagrangian mechanics.

Lagrangian mechanics is the mathematical theory describing the dynamics of mechanical
systems subject to constraints. In the case of holonomic constraints the mechanical system is

1In the specific case of n mass points moving in the d-dimensional physical space one has N = nd, and M
is block diagonal with each of the n diagonal blocks of the form miId, mi being the mass of the i-th particle
(i = 1, . . . , n) and Id denoting the d× d identity.
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6 CHAPTER 1. AN OVERVIEW OF LAGRANGIAN MECHANICS

supposed to move on a given L-dimensional manifold (smooth surface of co-dimension N − L
in RN) given by an implicit equation of the form Φ(X, t) = 0, where Φ : RN × R → RN−L

(here 1 ≤ L ≤ N − 1; the limit case L = N means unconstrained systems). Under the usual
hypotheses of the implicit function theorem such a manifold is given in the parametric form
RL 3 q 7→ X(q, t) ∈ RN . The free parameters q = (q1, . . . , qL) are the so-called generalized or
Lagrangian coordinates. The fundamental hypothesis that allows to close the problem is that
of ideal holonomic constraint, i.e. the hypothesis that the field of reactions R be orthogonal
to the constraint manifold (the so-called D’Alambert principle). Such a condition is locally
expressed by requiring

R · ∂X
∂qi

= 0 ∀i = 1, . . . , L , ∀t , (1.2)

where X(q(t), t) is understood in the above expression. Upon scalar multiplication of the
Newton equation MẌ = F + R by ∂X/∂qi the, due to condition (1.2), the contribution of
the reaction disappears and one is left with the L projections of the Newton equation onto the
tangent space to the constraint manifold, namely

MẌ · ∂X
∂qi

= Qi ; Qi := F · ∂X
∂qi

. (1.3)

The generalized force Qi on the right hand is just the definition of the projection of F along
the i-th coordinate direction. The left hand side is instead worked out by writing it as

MẌ · ∂X
∂qi

=
d

dt

(
MẊ · ∂X

∂qi

)
−MẊ · d

dt

∂X

∂qi

and taking into account the two identities

∂X

∂qi
=
∂Ẋ

∂q̇i
;

d

dt

∂X

∂qi
=
∂Ẋ

∂qi
. (1.4)

Defining the kinetic energy K := (Ẋ ·MẊ)/2 of the system, one easily shows that the equations
(1.3) take on the form

d

dt

∂K

∂q̇
− ∂K

∂q
= Q , (1.5)

to be meant by components. This is the most general form of Lagrange equations. If the force
F admits a conservative component, i.e. if a function U(X, t) exists such that F = −∇XU+F ,
then one easily checks that the Lagrange equations (1.5) read

d

dt

∂L

∂q̇
− ∂L

∂q
= Q , (1.6)

where Qi := F · ∂X/∂qi, and

L(q, q̇, t) := K(q, q̇, t)− U(q, t) (1.7)
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is the Lagrange function, or Lagrangian of the system. In the definition (1.7) we have set, with
abuse of notation

K(q, q̇, t) :=
1

2
Ẋ ·MẊ ; Ẋ =

∑
j

∂X

∂qj
q̇j +

∂X

∂t

and

U(q, t) := U(X(q, t), t) .

Once one has solved the Lagrange equations determining the motion t 7→ q(t) of the system,
one inserts X(q(t), t) into the original Newton equation and solves for R = MẌ − F , which
allows to completely close the problem, in principle.

Actually, it is possible to close the problem of ideal holonomic constraints in another equiv-
alent way, without introducing the Lagrange equations (1.5) or (1.6). Indeed, the L conditions
(1.2) are equivalent to the requirement

R =
N−L∑
r=1

cr(X, t)∇XΦr(X, t) , (1.8)

where the Φr are the N −L components of Φ, whereas the cr are unknown coefficients. Notice
that the above mentioned hypothesis of the implicit function theorem, allowing the parametric
representation of the constraint manifold of dimension L, is that of linear independence of the
N −L gradients ∇Φr, so that R = 0 iff cr = 0 for any r. Now, by explicitly computing the two
identities

d

dt
Φ(X(t), t) = 0 ;

d2

dt2
Φ(X(t), t) = 0 ,

and making use of the Newton equation Ẍ = M−1(F+R) one shows that the constraint reaction
R can be explicitly computed a priori as a function of X, Ẋ and t (i.e. one determines the
coefficients cr entering (1.8)). Finally, one can reduce the dimension of the Newton equations
from N to L. As a matter of fact, such an equivalent approach reveals much more involved in
practice.

1.2 General properties of Lagrange equations

The Lagrange equations for conservative systems, i.e. for system subject to purely conservative
forces (F = −∇XU), the Lagrange equations take on the simple standard form

d

dt

∂L

∂q̇
− ∂L

∂q
= 0 , (1.9)

with L = K − U as specified above. All the properties of the Lagrange equations reported in
the sequel are easily checked by means of direct simple computations, and are independent of
the mechanical origin of the equations themselves.
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1. The L-equations are left invariant in form by any (possibly) time dependent change of
coordinates

q 7→ Q(q, t) ; q̇ 7→ Q̇(q, t) ,

where here and in what follows ḟ(q(t), t) :=
∑

j(∂f/∂qj)q̇j + ∂f/∂t.

2. For any constant c 6= 0 and any function F (q, t), the Lagrangians L and L′ := cL + Ḟ
are equivalent, in the sense that their associated L-equations are the same. The change
of Lagrangian L→ L′ is referred to as a gauge transformation.

3. If ∂L/∂t = 0 then the energy function

H (q, q̇) :=
∂L

∂q̇
· q̇ − L(q, q̇) (1.10)

is a first integral, i.e. is constant along the solutions of the L-equations. The function
H is known as the Jacobi integral; in the mechanical case it is the total energy of the
system.

4. Consider a one-parameter family of coordinate transformations q 7→ Q = Φs(q, t), s ∈
I ⊆ R, such that Φ0(q, t) = q. Let u(q, t) := ∂Φs(q, t)/∂s|s=0. Then, the Nöther theorem
holds:

∂

∂s
L

(
Φs(q, t),

d

dt
Φs(q, t), t

) ∣∣∣
s=0

= 0 ⇒ Ju := u · ∂L
∂q̇

= const. (1.11)

along the solutions of the L-equations (i.e. Ju is a first integral). The one-parameter family
Φs satisfying the condition on the left of (1.11) is said to be an admissible (infinitesimal)
symmetry for the Lagrangian at hand. Observe that for mechanical Lagrangians L is
a quadratic form in q̇ so that Ju is always linear in q̇. A particular case of the Nöther
theorem is that of an ignorable or cyclic coordinate, e.g. q1, such that ∂L/∂q1 = 0. In
this case one can choose Φs(q) = (q1 + s, q2, . . . , qL), and the quantity J1 := ∂L/∂q̇1 is
constant, as also follows directly from the L-equations. One can prove that if Φs is a
one-parameter group (with respect to the composition) of symmetry for L, then there
exists a change to new coordinates such that one of them is ignorable (this follows by
rectifying the vector field u generating the group).

Exercise 1.1. Show that if H is the Jacobi integral corresponding to L(q, q̇), the Jacobi integral
H ′ corresponding to the gauge-equivalent Lagrangian L′ = cL + Ḟ , ∂F/∂t = 0, is given by
H ′ = cH (hint: p′ = cp+∇qF is the Lagrangian momentum corresponding to L′).

Exercise 1.2. Consider the Lagrangian of a particle of mass m and charge q moving in a given
electromagnetic field, namely

L(x, ẋ, t) = m
|ẋ|2

2
+
q

c
A(x, t) · ẋ− qφ(x, t) , (1.12)

being A and φ the vector and scalar potential, respectively, and c the velocity of light.



1.3. HAMILTON FIRST VARIATIONAL PRINCIPLE 9

1. Show that the Lagrange equation read

mẍ = q

(
E +

1

c
ẋ ∧B

)
, (1.13)

where, in the Lorentz force on the right hand side, the electric field E and the magnetic
field B are defined in terms of the potentials by

E := −∇xφ−
1

c

∂A

∂t
; B := ∇x ∧ A . (1.14)

2. Observe that E and B are invariant with respect to the gauge transformation of the po-
tentials

A 7→ A′ = A+∇χ ; φ 7→ φ′ = φ− 1

c

∂χ

∂t
, (1.15)

so that the Lagrange equation (1.13) is invariant as well.

3. Show that under the gauge transformation (1.15) L 7→ L′ = L+ Ḟ , with F := (q/c)χ.

4. Show that in the autonomous case (i.e. ∂A/∂t = 0, ∂φ/∂t = 0), the Jacobi integral is
given by

H (x, ẋ) =
m|ẋ|2

2
+ qφ(x) , (1.16)

and explain why this is obviously invariant under gauge transformations of the e.m. po-
tentials that are independent of time.

1.3 Hamilton first variational principle

Let us denote by Ca,b the space of smooth curves [t1, t2] 3 t 7→ q(t) ∈ RL with fixed ends
q(t1) := a, q(t2) := b. Then, for any given Lagrangian, the so-called action functional AL :
Ca,b → R is defined by

AL[q] :=

∫ t2

t1

L(q(t), q̇(t), t) dt . (1.17)

Notice that the curve t 7→ q(t) appearing on the right hand side of the latter formula denotes
any element of Ca,b (containing also the curve solution of the Lagrange equations with fixed
ends, if any). Pay attention to such abuses of notation made here and in the sequel.

The weak, or Gateaux differential of AL in q ∈ Ca,b with increment δq ∈ C0,0 is defined by

δAL :=
d

dε
AL[q + εδq]

∣∣∣
ε=0

= lim
ε→0

AL[q + εδq]− A[q]

ε
. (1.18)

Such a quantity is also known as Lagrange first variation of AL, and is the linear part of the
increment of the functional. Notice that the increment δq is a finite curve with fixed ends set
to zero.
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Remark 1.1. A more precise notation for δAL would be dAL[q]h := dAL[q+ εh]/dε|ε=0, where
h denotes the increment curve (δq). However, for later convenience, we keep on making use of
the simpler δ-notation introduced above, also because it is the most widespread one in theoretical
physics.

Now, according to definition (1.18), a simple calculation shows that

δAL =

∫ t2

t1

(
∂L

∂q
− d

dt

∂L

∂q̇

)
· δq dt . (1.19)

The critical points of AL are those points of Ca,b where δAL = 0 independently of the increment.
The following proposition, characterizing the critical points of the action AL, is known as the
Hamilton first variational principle.

Proposition 1.1.

δAL = 0 ∀δq ⇐⇒ d

dt

∂L

∂q̇
− ∂L

∂q
= 0 . (1.20)

C PROOF. The implication ⇐ is obvious. The opposite one follows by contradiction (re-
ductio ad absurdum): if the Lagrange equations do not hold, then one can properly choose the
increment δq in such a way that δAL 6= 0. B

In words, the critical points of the action AL are the solutions of the Lagrange equations
in Ca,b. We stress that the latter is a boundary value problem that, depending on the interval
[t1, t2], may have no solution, unique solution, or infinitely many solutions.

Exercise 1.3. For the harmonic oscillator with unit frequency L=(q̇2−q2)/2, and the Lagrange
equation is q̈ = −q. Take t1 = 0 and t2 = T , q(0) = a and q(T ) = b. Show that

• if T 6= kπ, k ∈ Z, then the boundary value problem has unique solution (write it);

• if T = kπ and b = (−1)ka the problem has infinitely many solutions, namely a one
parameter family of them (write it);

• if T = kπ and b 6= (−1)ka there is no solution.

Exercise 1.4. Consider the boundary value problem in general. The Lagrange equations can be
written in second order form q̈ = g(q, q̇, t). Denote the unique solution of the associate initial
value problem with initial conditions q(t1) = a and q̇(t1) = v by q(t) = φ(t, t1; a, v). Now, in
the boundary value problem the initial velocity v is not known. Find under which condition
v is uniquely determined by the boundary data t1, t2 and a, b. Check such a condition on the
harmonic oscillator case.

Remark 1.2. The condition of the exercise above is violated, in general for special choices of
the end time t2 when t1 and the initial point (a, v) of the phase space are fixed.
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We observe that by means of the Hamilton principle some of the properties of Lagrangian
systems listed above become obvious. For example, the gauge invariance of the L-equations is
immediately proven: the action associated to cL+ Ḟ (for any constant c 6= 0 and any function
F (q, t)) is cAL + ∆F , where ∆F := F (b, t2) − F (a, t1) is a constant that vanishes under
differentiation with fixed ends. Also the invariance in form of the L-equations under point
transformations q 7→ Q(q, t) is easily proven: the critical points of the action AL′ associated
to the transformed Lagrangian L′(Q, Q̇, t) := L(q(Q, t), q̇(Q, t), t) are the solutions of the L-
equations in the new variables.

1.4 Maupertuis-Jacobi variational principle

In the autonomous case, i.e. ∂L/∂t = 0, the flow of the L-equations preserves the Jacobi
integral H = p · q̇ − L, where p := ∂L/∂q̇. In such a case, one can formulate a variational
principle taking into account such a fact, which means restricting to curves t 7→ (q(t), q̇(t)) and
on the surface ΣE := {(q, q̇) : H (q, q̇) = E}. In this case, the action reads

AL[q] =

∫ t2

t1

L dt =

∫ t2

t1

(p · q̇ −H ) dt =

∫ t2

t1

(p · q̇) dt− E(t2 − t1) := AE[q]− E(t2 − t1) ,

where the reduced actionAE :=
∫ t2
t1

(p·q̇)dt has been defined. The constant contribution vanishes
under differentiation, which suggests the formulation of the following variational principle,
named after Maupertuis and Jacobi.

Proposition 1.2.

δAE = 0 ∀δq ⇐⇒ d

dt

∂L

∂q̇
− ∂L

∂q
= 0 . (1.21)

C PROOF. Observe that the displaced curves must belong to ΣE, namely

H (q + εδq, q̇ + εδq̇) = E

which, upon taking the derivative with respect to ε at ε = 0, implies

∂H

∂q
· δq +

∂H

∂q̇
· δq̇ = 0 . (1.22)

Thus, observing that p · q̇ = L+ H , one gets

δAE = δ

∫ t2

t1

(L+ H ) dt =

∫ t2

t1

(
∂L

∂q
− d

dt

∂L

∂q̇

)
· δq dt+

∫ t2

t1

(
∂H

∂q
· δq +

∂H

∂q̇
· δq̇
)

dt .

The statement (1.21) follows now from relation (1.22). B
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Chapter 2

From Lagrangian to Hamiltonian
mechanics

2.1 Hamilton equations

The L-equations in second order form q̈ = g(q, q̇, t) can always be written as an equivalent
system of first order: q̇ = v, v̇ = g(q, v, t). This is not the only way of doing that. Another
approach is to make use of the Lagrangian momentum

p :=
∂L

∂q̇
(q, q̇, t) (2.1)

in place of the velocity q̇ as a variable. This is possible if one can express q̇ in terms of p. From
(2.1), it follows that if the Hessian of L with respect to the velocities (∂2L/∂q̇2) is non singular,
then there exists a function f such that

q̇ = f(q, p, t) . (2.2)

Definition 2.1. The function

H(q, p, t) := p · q̇ − L
∣∣∣
q̇=f

= p · f(q, p, t)− L(q, f(q, p, t), t) (2.3)

is called Hamilton function, or Hamiltonian, of the given Lagrangian system.

Observe that H is the Legendre (or Donkin, to some authors) transformation of L. The
following proposition holds.

Proposition 2.1. The Lagrange equations ṗ = ∂L/∂q are equivalent to the Hamilton (H)
equations

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
. (2.4)

Moreover, ∂H/∂t = −∂L/∂t.

13
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C PROOF. Recalling that p = ∂L/∂q̇, one finds

dH = −∂L
∂q
· dq + f · dp− ∂L

∂t
,

which in turn implies
∂H

∂q
= −∂L

∂q
;
∂H

∂p
= f ;

∂H

∂t
= −∂L

∂t
.

The statement of the proposition follows now by taking into account that q̇ = f (equivalent to
the definition of p) and the L-equations ṗ = ∂L/∂q. B

One easily checks that in the autonomous case (∂H/∂t = 0) the Hamiltonian H is a constant
of motion, i.e. Ḣ = 0 along the solution of the H-equations. On the other hand, by the identity
∂H/∂t = −∂L/∂t = 0, the Jacobi integral H is constant along the solution of the L-equations.
From the definitions (2.3) of the Hamiltonian and (1.10) of the Jacobi integral, one immediately
finds that

H(q, p) = H (q, f(q, p)) . (2.5)

where q̇ = f(q, p) as explained above.

Example 2.1. Consider a mechanical Lagrangian L = K(q, q̇) − U(q), with kinetic energy
given by K(q, q̇) = (q̇ · M(q)q̇)/2, M(q) being the mass or kinetic matrix (symmetric and
positive definite). In this case H = K + U . On the other hand, p = M(q)q̇, so that q̇ =
f(q, p) := M−1(q)p, and the Hamiltonian is given by H = (p ·M−1(q)p)/2 + U(q).

Exercise 2.1. Consider the Lagrangian (1.12) of a charged particle in a given e.m. field. Show
that the corresponding Hamiltonian is

H(x, p, t) =
|p− (q/c)A(x, t)|2

2m
+ qφ(x, t) . (2.6)

Show that, in the autonomous case (i.e. ∂A/∂t = 0, ∂φ/∂t = 0), formula (2.5) holds with the
Jacobi integral (1.16).

Exercise 2.2. Show that, if H(q, p, t) is the Hamiltonian associated to L(q, q̇, t), the Hamilto-
nian H ′(q, p, t) associated to the gauge equivalent Lagrangian L′ = aL + Ḟ (a a constant) is
given by

H ′(q, p, t) = aH

(
q,
p−∇qF

a
, t

)
− ∂F

∂t
. (2.7)

Notice that the momentum conjugated to q is p = a∂L/∂q̇ +∇qF . Compute the Hamiltonian
H ′ corresponding to the gauge displaced Lagrangian L′ of a charged particle in an e.m. field
(where a = 1 and F = (q/c)χ).

The procedure described above fails if the Hessian of L with respect to the velocities is
singular. This happens for example in the case of Lagrangians that are linear in the velocity
q̇. However, a Hamiltonian formulation of the dynamics may exist even in such pathological
cases.
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Example 2.2. Consider a particle of zero mass and charge q moving in the (x, y) plane subject
to a constant, uniform magnetic field B0 orthogonal to the plane and to an electric potential
φ(x, y). The Lagrangian of the system is

L =
q|B0|

2c
(xẏ − yẋ)− qφ(x, y) ,

which can be obtained by (1.12) setting m = 0, A = (B0∧x)/2 and φ = φ(x, y). The components
of the momentum p are px = −(qγ/2)y and py = (qγ/2)x, where γ := |B0|/c. The L-equations
read

ẏ =
1

γ

∂φ

∂x
; ẋ = −1

γ

∂φ

∂y
. (2.8)

The Jacobi integral in this case is H = qφ(x, y). The Legendre transformation here obviously
fails, and one can check that, for example, ṗx 6= −∂H /∂x. On the other hand, upon setting
y = q, x = p and h(q, p) := φ(p, q)/γ, the L-equations (2.8) take on the standard Hamiltonian
form q̇ = ∂h/∂p, ṗ = −∂h/∂p.

2.2 Hamilton second variational principle

The definition of the the Hamiltonian (2.3) and the Proposition 2.1 lead to the following vari-
ational principle.

Proposition 2.2. The solutions of the Hamilton equations q̇ = ∂H/∂p, ṗ = −∂H/∂q are the
critical points (i.e. curves) of the Hamiltonian action functional

AH [q, p] :=

∫ t2

t1

[p · q̇ −H(q, p, t)] dt (2.9)

in the space of the smooth curves t 7→ (q(t), p(t)) such that q(t1) and q(t2) are fixed.

C PROOF. The differential of AH at (q, p) with increments (δq, δp) satisfying δq(t1) = 0
and δq(t2) = 0, is

δAH =

∫ t2

t1

[(
q̇ − ∂H

∂p

)
· δp+

(
−ṗ− ∂H

∂q

)
· δq
]

dt+ p · δq
∣∣∣t2
t1
. (2.10)

The boundary term vanishes, and δAH = 0 ∀ δq, δp iff the Hamilton equations hold. B

Remark 2.1. The critical points of the action AH are the solutions of the Hamilton equations
with fixed ends on q(t) and no boundary condition on p(t). On the other hand, since the
Hamilton equations are of first order, the associated boundary value problem with p(t1) and
p(t2) also fixed has no solution, in general (try to understand why).
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2.2.1 Properties of the action

Let us regard the action (2.9) as a function of the arrival time t2 := t and of the arrival
coordinate q(t2) := q, namely let us define

S(q, t) :=

∫ t

t1

(y · ẋ−H(x, y, t)) dt , (2.11)

the integral on the right being computed on curves t 7→ (x, y)(t) such that x(t1) = a is fixed and
x(t) = q is an independent variable. The action function S(q, t) is the value taken on by the
action functional AH on curves that have the arrival point q(t) in common at time t. Taking
the differential of (2.11) one gets

dS =
∂S

∂q
· dq +

∂S

∂t
dt = p · dq −Hdt ,

which is equivalent to

p =
∂S

∂q
;
∂S

∂t
+H(q, p, t) = 0 . (2.12)

Remark 2.2. Observe that the variation of y(t2) = p does not affect S, which means ∂S/∂p = 0.

The two relations (2.12) together give rise to a partial differential equation, namely the
Hamilton-Jacobi equation

∂S

∂q
+H

(
q,
∂S

∂q
, t

)
= 0 , (2.13)

on which we will come back later. We here notice only that the action function S satisfies (i.e.
is a solution of) the Hamilton-Jacobi equation, and its deep meaning will be clarified below, in
the framework of the theory of the transformations of H-systems.

2.3 General properties of the Hamilton equations

The following general properties of the H-equations (2.4) can be easily checked to hold, in-
dependently of the fact that the H-system at hand correspond to a L-system via a Legendre
transformation.

1. Along the solutions of the H-equations

dH

dt
=
∂H

∂t
, (2.14)

so that H is a first integral iff H does not depend (explicitly) on time.

2. The Hamiltonians H and H ′ = H+ψ(t) are equivalent, i.e. the H-equations are invariant
under any time-dependent translation of the Hamiltonian.

3. Given a non-autonomous Hamiltonian H(q, p, t), (q, p) ∈ R2n it is always possible to
associate to it the equivalent autonomous problem defined by

K(q, ξ, p, η) = H(q, p, ξ) + η ; ξ(0) = 0 ,

where (ξ, η) ∈ R2 is a pair coordinate-momentum (so that ξ̇ = ∂K/∂η = 1).
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2.3.1 Poisson bracket

Given a Hamiltonian system defined by H(q, p, t), let us denote by Φt
H(q0, p0) := (q(t), p(t))

the solution of the associated Hamilton equations (2.4) with initial condition (q0, p0). The map
Φt
H : Γ→ Γ, which is called the Hamiltonian flow of (or associated to) H, is a one parameter

family of diffeomorphisms of the phase space Γ. If H is independent of time (∂H/∂t = 0), and
the solution exists globally, i.e. for t ∈ R, then Φt

H is a one parameter group1 of diffeomorphisms
of Γ. A condition ensuring that Φt

H exists for any t and any initial condition is that Γ is a
compact smooth manifold. Since Φt

H preserves the value of H, then one can restrict the phase
space to the surface of constant energy, namely Γ = ΣE = {(q, p) : H(q, p) = E}. Thus, the
compactness of ΣE ensures that Φt

H is a (commutative) group of diffeomorphisms of ΣE, the
group operation being the composition: Φt

H ◦ Φs
H = Φt+s

H ; Φ0 = 1ΣE
; Φ−t = Φt

H (s, t ∈ R).
With this in mind, one can consider the evolution of any smooth function (or observable)

F : Γ× R→ R : (q, p, t) 7→ F (q, p, t) along the flow of the Hamilton equations, namely

Ḟ :=
d

dt
F (q(t), p(t), t) =

∂F

∂q
· q̇ +

∂F

∂p
· ṗ+

∂F

∂t
=

=
∂F

∂q
· ∂H
∂p
− ∂H

∂q
· ∂F
∂p

+
∂F

∂t
:= {F,H}+

∂F

∂t
. (2.15)

Such a formula holds even if the flow is not globally defined. In the last step of (2.15) the
Poisson (P) bracket {F,G} of two functions F and G defined on Γ (possibly depending on time
explicitly) has been defined:

{F,G} =
∂F

∂q
· ∂G
∂p
− ∂G

∂q
· ∂F
∂p

=
n∑
i=1

(
∂F

∂qi

∂G

∂pi
− ∂G

∂qi

∂F

∂pi

)
. (2.16)

The P-bracket is a function defined on Γ and one can check by direct inspection that the
following properties hold:

1. {F,G} = −{G,F} (skew-symmetry);

2. {aF + bG,H} = a{F,G}+ b{G,H} (left-linearity);

3. {F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} ≡ 0 (Jacobi identity);

4. {FG,H} = F{G,H}+ {F,H}G (Leibniz rule),

1We recall that a set G is a group if a binary application, or operation ◦ : G×G→ G is defined on it, such
that:

1. f ◦ (g ◦ h) = (f ◦ g) ◦ h for all triples f, g, h ∈ G (associativity);

2. there exists an element e ∈ G such that g ◦ e = e ◦ g = g for any g ∈ G (unit element);

3. for any g ∈ G there exists f := g−1 ∈ G such that f ◦ g = g ◦ f = e (inverse element).

Properly speaking, the group is the pair (G, ◦). If for any f, g ∈ G f ◦ g = g ◦ f then the (G, ◦) is said to be a
commutative or Abelian group.
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for any triple of functions F,G,H and any pair of real numbers a, b.

Remark 2.3. The algebra of functions defined on the phase space, endowed with the operation
{ , } has the structure of a Lie algebra2 (properties 1., 2., and 3.) of Leibniz type (property 4.).
A Lie-Leibniz algebra is called a Poisson (P) algebra.

The solution of equation (2.15) is clearly given by F (Φt
H(q0, p0), t). The Hamilton equations

are a particular case of equation (2.15) when one considers F = qi or F = pi. For such a reason,
the evolution equation (2.15), defines the class of Hamiltonian dynamical systems on the given
phase space Γ (notice that H is one of the possible functions defined on Γ: the privileged role
played by the Hamiltonian comes only from physics).

Remark 2.4. Observe that the conservation of energy for an autonomous system follows from
equation (2.15) and by the skew-symmetry of the P-bracket: Ḣ = {H,H} = 0.

2.3.2 Symplectic structure

The Hamilton equations (2.4) can be rewritten in compact form by defining x = (q, p) and
∇xH(x) = (∂H/∂q, ∂H/∂p). One then gets

ẋ = J2n∇xH(x) , (2.17)

where the 2n× 2n standard symplectic matrix

J2n :=

(
On In
−In On

)
(2.18)

has been defined. The matrix J2n is immediately checked to satisfy the properties JT2n = J−1
2n =

−J2n, J2
2n = −I2n, the latter implying | det J2n| = 1; actually det J2n = 1, as can be easily

proven3.
The matrix J2n is called standard symplectic matrix for the following reason. Consider the

skew-symmetric bilinear form 〈x, J2ny〉, and look for the linear transformations x 7→ Sx, y 7→ Sy
that leave such a form invariant. One gets STJ2nS = J2n, whose solutions S define the so-called
symplectic group Sp(2n,R) of 2n× 2n real matrices. One easily checks that S, S ′ ∈ Sp(2n,R)
implies SS ′ ∈ Sp(2n,R), and the matrix product is associative; I2n ∈ Sp(2n,R), so that a unit
element exists. Moreover, S ∈ Sp(2n,R) is non singular and, multiplying STJ2nS = J2n by S−1

from the right and by S−T from the left one verifies that S−1 ∈ Sp(2n,R, so that the inverse
element exists. This shows that Sp(2n,R) is a group (with respect to the matrix product). A
further property that is easily checked is that S ∈ Sp(2n,R) implies ST ∈ Sp(2n,R). Obviously,
J2n ∈ Sp(2n,R).

2A Lie algebra L = (V, [ , ]) is a vector space V endowed with a “product” [ , ] : V × V → V that is
skew-symmetric, bilinear and Jacobi; here V is the vector space of functions on Γ and [ , ] = { , }.

3Consider the eigenvalue problem J2nξ = λξ; λ 6= 0 since det J2n 6= 0. Setting ξ = (u, v) one gets v = λu
and −u = λv, so that u = 0 iff v = 0, and (1 + λ2)u = 0. Thus λ = ±ı, ı denoting the imaginary unit. Since
J2n is real, the eigenvalues come in complex conjugate pairs, and the product of them is one.
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Given a function F (x), one associates to it the Hamiltonian vector field XF (x) := J2n∇xF (x),
motivated by the Hamilton equations ẋ = XH(x). One then easily checks that the P-bracket
reads

{F,G} = 〈∇xF , J2n∇xG〉 = 〈XF , J2nXG〉 . (2.19)

2.4 Canonical transformations

Anatural question is the following. As stressed above, the L-equations are left invariant in form
by any point transformation q 7→ Q(q, t). Which are the transformations that leave invariant
in form the H-equations (2.4)? In order to see that something richer and nontrivial happens
in the Hamiltonian formalism, we first consider once again the relevant example of the charged
particle in a given e.m. field.

Example 2.3. Consider the Hamiltonian (2.6), write down explicitly the corresponding H-
equations and show that they are not invariant under the gauge transformation of the e.m.
(1.15). Show that, upon defining a new momentum P = p− (q/c)∇χ while retaining the same
coordinates, i.e. X = x, the H-equations do not change in form. Observe however, that to
such a transformation there has to correspond the cancellation of the term −∂F/∂t from the
Hamiltonian (2.7).

Definition 2.2. A change of variables, or transformation

(q, p) 7→ (Q,P ) = (V (q, p, t), U(Q,P, t)) ⇐⇒ (Q,P ) 7→ (q, p) = (v(Q,P, t), u(Q,P, t)) (2.20)

is said do be canonical if to any Hamiltonian H(q, p, t) and its H-equations it associates a
Hamiltonian K(Q,P, t) and its H-equations.

The latter definition implies that a notation (q, p,H) 7→ (Q,P,K) is more appropriate to specify
a canonical transformation. Observe that K is not unique, in general (one can alway add a
constant or even a function of time to K).

The shortest way to characterize the canonical transformations makes use of the Hamilton
second variational principle. Indeed, we recall in short that the H-equations corresponding to a
Hamiltonian H(q, p, t) characterize the critical points of the action AH =

∫ t2
t1

(p · q̇ −H)dt. On
the other hand, also the H-equations corresponding to K(Q,P, t) characterize the critical points
of the action AK =

∫ t2
t1

(P · Q̇ −K)dt. Taking into account that in the mentioned variational
principle the both the coordinate curves q(t) and Q(t) have fixed ends, one easily realizes that
in order to ensure the validity of the H-equations in both the old and the new coordinates,
there have to exist a function F (q,Q, t) and a constant c 6= 0 such that

AH = c AK + ∆F , (2.21)

where ∆F :=
∫ t2
t1
Ḟdt = F (q2, Q2, t2)− F (q1, Q1, t1). Explicitly, relation (2.21) reads∫ t2

t1

[p · q̇ −H(q, p, t)] dt︸ ︷︷ ︸
AH

= c

∫ t2

t1

[
P · Q̇−K(Q,P, t)

]
dTt︸ ︷︷ ︸

AK

+

∫ t2

t1

F (q(t), Q(t), t)dt︸ ︷︷ ︸
∆F

. (2.22)
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Proposition 2.3. The transformation (q, p,H) 7→ (Q,P,K) defined by F and c( 6= 0), satisfying
(2.21), maps Hamilton equations into Hamilton equations.

C PROOF. δAH = cδAK + δ∆F , and the last term vanishes, so that δAH = 0 iff dAK =
0. According to Proposition 2.2, the condition δAH/K = 0 are equivalent to the Hamilton
equations. B

As a matter of jargon, the function F (q,Q, t) and the constant c appearing on the right
hand side of (2.21) are called the generating function and the valence of the transformation.

The differential form of degree one δω := p · dq − Hdt is the so-called Poincaré-Cartan
1-form. Denoting by δΩ := P · dQ −Kdt the transformed 1-form, due to the arbitrariness of
the integration interval [t1, t2], (2.21) is equivalent to the closure condition δω− cδΩ = dF , i.e.

dF (q,Q, t) = p · dq − cP · dQ+ (cK −H)dt , (2.23)

The latter relation implies

∂F

∂q
= p ;

∂F

∂Q
= −cP ;

∂F

∂t
= cK −H . (2.24)

The canonical transformation defined in this way is given implicitly, since F depends on both
the old and the new coordinates. In order to determine it explicitly, one has to make the further
hypothesis

det

(
∂2F

∂q∂Q

)
6= 0 , (2.25)

which allows (by the implicit function theorem) to invert either the first or the second of relations
(2.24). Indeed, starting from the first of (2.24) one gets Q = V (q, p, t) which, substituted in
the second relation yields P = −c−1∂F/∂Q(q, V, t) = U(q, p, t). On the other hand, starting
from the second relation one gets q = v(Q,P, t) and substituting it in the first one yields
p = ∂F/∂q(v,Q, t) = u(Q,P, t). Using the latter expressions and substituting them in the
third of (2.24) yields the new Hamiltonian K(Q,P, t) = c−1[H(v, u, t) + ∂F/∂t(v,Q, t)].

Very often one needs to generate canonical transformations by means of a function of q and
P , for example. This is easily realized starting from (2.23) and defining the generating function
S(q, P, t) := F (q,Q, t) + cQ · P , satisfying

dS = p · dq + cQ · dP + (cK −H)dt , (2.26)

which implies
∂S

∂q
= p ;

∂S

∂P
= cQ ;

∂S

∂t
= cK −H . (2.27)

The canonical transformation generated by S is explicitly determined under the condition

det

(
∂2S

∂q∂P

)
6= 0 , (2.28)

with reasonings similar to those made above for F .



2.5. HAMILTON-JACOBI EQUATION 21

Exercise 2.3. Consider the Hamiltonian H ′(q, p, t), defined in (2.7) and corresponding to the
a gauge shifted Lagrangian. Show that the time-dependent transformation (q, p) 7→ (Q,P )
defined by P = (p − ∇F )/a, Q = aq, is a canonical transformation, generated by S(q, P, t) =
aq · P + F (q, t) + ψ(t). Show that the new Hamiltonian is

K(Q,P, t) = H ′(Q,P, t) +
∂F

∂t
+ ψ̇ = aH(Q,P, t) .

Apply all this to the case of the particle in the e.m. field.

Exercise 2.4. Given a time-dependent point transformation q 7→ Q = V (q, t), show that this
is canonically complemented by

P =

(
∂V

∂q

)−T
(p−∇ϕ(q, t)) ,

where ϕ(q, t) is an arbitrary function of its arguments. Show that the transformation is gener-
ated by S(q, P, t) = V · P + ϕ; write down the new Hamiltonian.

Exercise 2.5. Repeat the previous exercise complementing the point transformation on the mo-
menta, namely p 7→ P = U(p, t). Hint: look for a generating function of the kind F ′(p,Q, t) =
F (q,Q, t) + q · p, where F is determined by (2.23); as an alternative, invert first P = U(p, t)
and then look for S(q, P, t).

2.5 Hamilton-Jacobi equation

Suppose that one looks for a canonical change of variables (q, p,H, t) 7→ (Q,P,K, t) with valence
c = 1 and such that K = ϕ(t) depends (at most) on time only, i.e. independent of Q and P .
This amounts to look for a canonical transformation such that the new Hamiltonian variables
do not evolve in time. Notice that one can set ϕ(t) ≡ 0 without any loss of generality. Indeed,
if S satisfies (2.27) with K = ϕ(t), then S̃ := S −

∫
ϕ(t)dt satisfies (2.27) with K ≡ 0. With

this in mind, the first and the third of relations (2.27) yield the Hamilton-Jacobi equation

∂S

∂t
+H

(
q,
∂S

∂q
, t

)
= 0 , (2.29)

a first order PDE in the unknown function S(q, t). Notice that, among the possible solutions
of equation (2.29), we are interested to the so-called complete integrals, namely those solutions
depending on n parameters P1, . . . , Pn and such that (2.28) holds.

A complete integral of the Hamilton-Jacobi equation generates a canonical transformation
(q, p,H, t) 7→ (Q,P, 0, t), since condition (2.28), together with the first two equations of (2.27),
allows to get (q, p) in terms of (Q,P ) and t and viceversa. More precisely, starting from
Q = ∂S/∂P , by (2.28) one can invert it and get q = v(Q,P, t); the latter can then be inserted
into the right hand side of p = ∂S/∂q, which yields p = u(Q,P, t). By construction, the
functions of time q(t) and p(t) solve the H-equations with Hamiltonian H. On the other hand,
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one can start from p = ∂S/∂q and, again by (2.28), invert it to get P = U(q, p, t); upon
substitution of the latter into the right hand side of Q = ∂S/∂P one gets Q = V (q, p, t). By
construction, Q and P thus obtained are preserved by the flow of the original Hamiltonian. In
particular, by hypothesis, the functions Ui are n independent first integrals of H:

Ṗi = {Ui, H}+
∂Ui
∂t

= 0 i = 1, . . . , n . (2.30)

Moreover, the functions Ui are new momenta and as a consequence {Ui, Uj} = {Pi, Pj} = 0.
Very often H is independent of time, and one looks for time-independent canonical transfor-

mations such that the new Hamiltonian K depends on the momenta P only, since in the latter
case the Hamilton equations are immediately solved: Q(t) = Q(0) + t(∂K/∂P ), at constant P
(such canonical transformations rectify the flow of the given Hamiltonian system). In this case,
the following time-independent version of the Hamilton-Jacobi equation holds:

H

(
q,
∂S

∂q
(q, P )

)
= K(P ) . (2.31)

Here again, a complete integral of the above equation is required. Notice that the new Hamil-
tonian K is an unknown of the problem.

2.6 Integrability: Liouville theorem

A dynamical system is integrable if it possesses a number of first integrals (i.e. functions defined
on the phase space not evolving in time along the flow of the system) which is high enough
to geometrically constraint the motion, a priori, on a curve. For a generic system of the form
ẋ = u(x) in Rn, integrability would require, a priori, n − 1 first integrals (the intersection of
the level sets of m first integrals has co-dimension m and dimension n−m). However, it turns
out that the Hamiltonian structure reduces such a number to half the (even) dimension of the
phase space.

Definition 2.3. The system defined by the Hamiltonian H(q, p, t), is said to be integrable in Γ ⊆
R2n, in the sense of Liouville, if it admits n independent first integrals f1(q, p, t), . . . , fn(q, p, t)
in involution, i.e., for any (q, p) ∈ Γ and t ∈ R

1. ∂fj/∂t+ {fj, H} = 0 for any j = 1, . . . , n;

2.
∑n

j=1 cj∇fj(q, p, t) = 0 ⇒ c1 = · · · = cn = 0 (equivalently: the rectangular matrix of the
gradients of the integrals has maximal rank n) for any (q, p, t);

3. {fj, fk} = 0 for any j, k = 1, . . . , n.

Notice that often H coincides with one of the first integrals. The introduction of the above
definition is motivated by the following theorem.
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Theorem 2.1 (Liouville). Let the Hamiltonian system defined by H be Liouville-integrable in
Γ ⊆ R2n, and let a ∈ Rn such that the level set

Ma := {(q, p) ∈ Γ : f1(q, p, t) = a1, . . . , fn(q, p, t) = an}

is non empty; let also M ′
a denote a (nonempty) connected component of Ma. Then, a function

S(q, t; a) exists, such that p · dq|M ′a = dqS(q, t; a) and S is a complete integral of the time-
dependent Hamilton-Jacobi equation, i.e. the generating function of a canonical transformation
C : (q, p,H, t) 7→ (b, a, 0, t), where b := ∂S/∂a.

Remark 2.5. If H(q, p) does not depend explicitly on time, then in the above definition of
integrable system all the fj are independent of time as well, and condition 1. is replaced by
{fj, H} = 0. In such a case, the generating function S(q; a) appearing in the Liouville theorem
is a complete integral of the time-independent Hamilton-Jacobi equation H(q,∇aS) = K(a),
thus generating a canonical transformation C : (q, p) 7→ (b, a) such that H(C −1(b, a)) = K(a).

C PROOF. In order to prove the theorem 2.1, understand the meaning of the definition 2.3,
we start by supposing thatH(q, p, t) admits n independent first integrals f1(q, p, t), . . . , fn(q, p, t),
but we do not suppose, for the moment, that such first integrals are in involution. Without
any loss of generality, as a condition of independence of the first integrals one can assume

det

(
∂f

∂p

)
= det

(
∂(f1, . . . , fn)

∂(p1, . . . , pn)

)
6= 0 ,

in such a way that the level set Ma = {(q, p) : f(q, p, t) = a} of the first integrals can be
represented, by means of the implicit function theorem, as

p1 = u1(q, t; a) ; . . . pn = un(q, t; a) . (2.32)

The above relations must hold at any time if they hold at t = 0. Differentiating the relation
pi(t) = ui(q(t), t; a) (i = 1, . . . , n) with respect to time and using the Hamilton equations one
gets

∂ui
∂t

+
n∑
j=1

(
∂ui
∂qj
− ∂uj
∂qi

)
∂H

∂pj
= −∂H

∂qi
−

n∑
j=1

∂uj
∂qi

∂H

∂pj

∣∣∣∣∣
p=u(q,t;a)

. (2.33)

Notice that, for the sake of convenience, the same sum of terms is artificially added on both
sides of the equation. By introducing the quantities

rot(u) :=

(
∂u

∂q

)
−
(
∂u

∂q

)T
, (2.34)

v(q, t) :=
∂H

∂p

∣∣∣∣
p=u(q,t;a)

, (2.35)

and
H̃(q, t) := H(q, u(q, t; a), t) , (2.36)
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the equations (2.33) can be rewritten in compact, vector form as

∂u

∂t
+ rot(u)v = −∇qH̃ . (2.37)

Notice the similarity of the latter equation with the (unitary density) Euler equation of hydro-
dynamics, namely

∂u

∂t
+ rot(u)u = −∇

(
|u|2

2
+ p

)
, (2.38)

where u is the velocity field, p is the pressure and rot(u)u = ω ∧ u, ω := ∇ ∧ u being the
vorticity of the fluid. The similarity of (2.37) and (2.38) is completely evident in the case of
natural mechanical systems, whose Hamiltonian has the form

H(q, p, t) =
p ·M−1(q, t)p

2
+ V (q, t) ,

where M−1(q, t) is a n × n positive definite matrix. In such a case v = M−1u and equation
(2.37) takes the rather simple form

∂u

∂t
+ rot(u)M−1u = −∇q

(
u ·M−1u

2
+ V

)
. (2.39)

In particular, in those cases such that G = In the latter equation is the Euler equation in space
dimension n, with the potential energy V playing the role of pressure.

Remark 2.6. Attention has to be paid to the fact that for the Euler equation (2.38) the pressure
p is determined by the divergence-free condition ∇ · u = 0, while nothing similar holds, in
general, for the equations (2.37) or (2.39).

Now, by analogy with the case of fluids, we look for curl-free, i.e. irrotational solutions
of the Euler-like equation (2.37) (we recall that in fluid dynamics, looking for a solution of
the Euler equation (2.38) of the form u = ∇φ leads to the Bernoulli equation for the velocity
potential φ, namely ∂φ/∂t + |∇φ|2/2 + p = constant). In simply connected domains (of the
n-dimensional configuration space), one has

rot(u) = 0 iff u = ∇S ,

where S = S(q, t; a). Upon substitution of u = ∇S into equation (2.37) and lifting a gradient,
one gets

∂S

∂t
+H(q,∇qS, t) = ϕ(t; a) . (2.40)

One can set ϕ(t; a) ≡ 0 without any loss of generality, and the latter equation becomes the

time-dependent Hamilton-Jacobi equation (if ϕ 6≡ 0 then S̃ := S −
∫
ϕdt satisfies equation

(2.40) with zero right hand side). Thus, The Hamilton-Jacobi equation is the analogue of the
Bernoulli equation for the hydrodynamics of Hamiltonian systems. The interesting point is
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that the curl-free condition rot(u) = 0 is equivalent to the condition of involution of the first
integrals f1, . . . , fn. Indeed, starting from the identity

fi(q, u(q, t; a), t) ≡ ai , (2.41)

and taking its derivative with respect to qj one gets

∂fi
∂qs

+
n∑
r=1

∂fi
∂pr

∂ur
∂qs

= 0

for any i = 1, . . . , n. Thus

{fi, fj} =
n∑
s=1

(
∂fi
∂qs

∂fj
∂ps
− ∂fi
∂ps

∂fj
∂qs

)
=

n∑
r,s=1

(
∂fi
∂ps

∂fj
∂pr

∂ur
∂qs
− ∂fj
∂ps

∂fi
∂pr

∂ur
∂qs

)
=

=
n∑

r,s=1

∂fj
∂pr

(
∂ur
∂qs
− ∂us
∂qr

)
∂fi
∂ps

=

[(
∂f

∂p

)
rot(u)

(
∂f

∂p

)T]
ji

,

which implies rot(u) = 0 iff {fi, fj} = 0 for any i, j = 1, . . . , n (the direct implication is obvious,
the reverse one requires the independence condition det(∂f/∂p) 6= 0). This is the key point: the
condition of involution of the first integrals is equivalent to that of irrotational, i.e. gradient,
velocity fields of the hydrodynamic equation (2.37). The velocity potential S(q, t; a) satisfies
the Hamilton-Jacobi equation and is actually a complete integral of the latter. In order to see
this, one can start again from identity (2.41), setting there u = ∇S and taking the derivative
with respect to aj, getting the i, j component of the matrix identity(

∂f

∂p

)(
∂2S

∂q∂a

)
= In ,

which, by the independence condition of the first integrals, yields det(∂2S/∂q∂a) 6= 0. We finally
notice that if the first integrals and thus the velocity field u are known, then the potential S
can be obtained by a simple integration, based on the identity dqS = u · dq, such as

S(q, t; a)− S(0, t; a) =

∫
0→q

u(q′, t; a) · dq′ =
∫ 1

0

u(λq, t; a) · qdλ ,

where S(0, t; a) may be set to zero. The function S(q, t; a), satisfying the Hamilton-Jacobi
equation, generates a canonical transformation (q, p,H, t) 7→ (b, a, 0, t) to a zero Hamiltonian,
transformation defined by the implicit equations p = ∇qS(q, t; a), b := ∇aS(q, t; a). This con-
cludes the proof of theorem 2.1. The restriction to the case where H, f1, . . . , fn are independent
of time is left as an exercise. B

Example 2.4. The Hamiltonian system of central motions is Liouville-integrable. Indeed, if

H = |p|2
2m

+ V (|r|) is the Hamiltonian of the system, then it is easily proven that the angular
momentum L = r∧p is a vector constant of motion (the Hamiltonian is invariant with respect
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to the “canonical rotations” (r,p) 7→ (r′,p′) = (Rr, Rp), where R is any orthogonal matrix;
the conservation of the angular momentum is a consequence of the Nöther theorem). The phase
space of the system has dimension 2n = 6, and three independent first integrals in involution
are f1 := H, f2 := |L|2 and f3 := Lz, for example (show that).

Example 2.5. The Hamiltonian of n noninteracting systems, H =
∑n

j=1 hj(qj, pj), is obviously
Liouville integrable, with the choice fj := hj(qj, pj), j = 1, . . . , n. As an example, consider the
case of harmonic oscillators, where hj(qj, pj) = (p2

j + ω2
j q

2
j )/2.

A fundamental result in the theory of integrable systems is the following theorem due to
Arnol’d, whose proof is not reported.

Theorem 2.2 (Arnol’d). Let the Hamiltonian system defined by H be integrable in Γ ⊆ R2n in
the sense of Liouville, and let a ∈ Rn such that the level set

Ma := {(q, p) ∈ Γ : f1(q, p) = a1, . . . , fn(q, p) = an}

is non empty; let also M ′
a denote a connected and compact component of Ma. Then M ′

a is
diffeomorphic to the n-dimensional torus Tn = T1×· · ·×T1 (n times), where T1 = R/(2πZ), the
(group of) real numbers modulo 2π. Moreover, there exists a neighborhood U of M ′

a in Γ that is
canonically diffeomorphic to Tn×B, where B ⊂ Rn

+, i.e. there exists a canonical transformation
C : U → Tn×B : (q, p) 7→ (ϕ, I) to angle-action variables, such that H(C −1(ϕ, I)) = E(I) and
fj(C −1(q, p)) = Φj(I) for any j = 1, . . . , n.

Thus, for Liouville-integrable Hamiltonian systems displaying compact families of level sets,
canonical action-angle coordinates (ϕ, I) can be introduced, such that both the Hamiltonian and
all the first integrals depend on the action variables I only. In terms of the variables (ϕ, I), the
dynamics of the system becomes trivial: the Hamilton equations ϕ̇ = ∂E/∂I, İ = −∂E/∂ϕ = 0
imply that I(t) = I(0) and ϕ(t) = ϕ(0) + ω(I(0))t, where

ω(I) :=
∂E(I)

∂I
. (2.42)

The phase space of the system is thus locally foliated into invariant tori, on each of which the
motion is a translation with a frequency vector (2.42) depending, in general, on the value of
the action I0 labeling the torus Tn.



Chapter 3

General Hamiltonian systems

3.1 Poisson structures

The evolution in time of physical systems is described by differential equations of the form

ẋ = u(x) , (3.1)

where the vector field u(x) is defined on some phase space Γ, i.e. the space of all the possible
states of the system.

Remark 3.1. From a topological point of view, the phase space Γ of the system has to be a
Banach (i.e. normed complete vector) space. This is due to the necessity to guarantee the
existence and uniqueness of the solution x(t) = Φt(x0) to the differential equation (3.1), for
any initial condition x(0) = x0 ∈ Γ and any t ∈ I0 ⊆ R.

Very often, Γ turns out to be a Hilbert space, i.e. a Euclidean space that is Banach with
respect to the norm induced by the scalar product. This happens obviously if Γ has finite
dimension or, for example, in the theory of the classical (linear and nonlinear) PDEs, such as
the wave and the heat equations, and in quantum mechanics. In this case equation (3.1) can
be written by components, namely ẋi = ui(x1, x2, . . . ), i ∈ N, where the xi’s are called the
components, coordinates or Fourier coefficients of x in a given orthonormal basis {ϕi}i∈N of the
Hilbert space: x =

∑
i xiϕi, xi := 〈ϕi, x〉 (where 〈, 〉 denotes the scalar product of the Hilbert

space). In the sequel, we will almost always suppose the phase space of the system to be a
Hilbert space.

Hamiltonian systems are those particular dynamical systems whose phase space Γ is en-
dowed with a Poisson structure, according to the following definition.

27



28 CHAPTER 3. GENERAL HAMILTONIAN SYSTEMS

Definition 3.1 (Poisson bracket). Let A (Γ) be the algebra (i.e. vector space with a bilinear
product) of real smooth (i.e. C∞) functions defined on Γ. A function { , } : A (Γ) ×A (Γ) →
A (Γ) is called a Poisson bracket on Γ if it satisfies the following properties:

1. {F,G} = −{G,F} ∀F,G ∈ A (Γ) (skew-symmetry);

2. {αF + βG,H} = α{F,H}+ β{G,H} ∀α, β ∈ R and ∀F,G,H ∈ A (Γ) (left linearity);

3. {F, {G,H}}+ {G, {H,F}}+ {H, {F,G}} = 0 ∀F,G,H ∈ A (Γ) (Jacobi identity);

4. {FG,H} = F{G,H}+ {F,H}G ∀F,G,H ∈ A (Γ) (left Leibniz rule).

The pair (A (Γ), { , }) is a Poisson algebra, i.e. a Lie algebra (a vector space with a skew-
symmetric, left-linear and Jacobi product) satisfying the Leibniz rule. Observe that 1. and 2.
in the above definition imply right-linearity, so that the Poisson bracket is actually bi-linear.
Observe also that 1. and 4. imply the right Leibniz rule.

Definition 3.2 (Hamiltonian system). Given a Poisson algebra (A (Γ), { , }), a Hamiltonian
system on Γ is a dynamical system described by a differential equation of the form (3.1) whose
vector field has the form

ui(x) = [XH(x)]i := {xi, H} .
where H ∈ A (Γ) is called the Hamiltonian of the system.

In local coordinates, a skew-symmetric, bi-linear Leibniz bracket { , } on Γ is of the form

{F,G} = ∇F · J∇G :=
∑
j,k

(
∂F

∂xj

)
Jjk(x)

(
∂G

∂xk

)
, (3.2)

for all F,G ∈ A (Γ), where
Jjk(x) := {xj, xk} . (3.3)

The following proposition holds:

Proposition 3.1. The bracket (3.2) is Jacobi, i.e. is a Poisson bracket, iff the operator function
J(x) defining it satisfies the relation:∑

s

(
Jis
∂Jjk
∂xs

+ Jjs
∂Jki
∂xs

+ Jks
∂Jij
∂xs

)
= 0 (3.4)

for any x ∈ Γ and any i, j, k.

C PROOF. The condition (3.4) is checked by a direct computation. One has

{F, {G,H}} = ∇F · J∇(∇G · J∇H) =
∑
isjk

∂F

∂xi
Jis

∂

∂xs

(
∂G

∂xj
Jjk

∂H

∂xk

)
=

=
∑
isjk

[
∂F

∂xi
Jis

∂2G

∂xs∂xj
Jjk

∂H

∂xk
+
∂F

∂xi
Jis

∂2H

∂xs∂xk
Jjk

∂G

∂xj
+
∂F

∂xi

∂G

∂xj

∂H

∂xk
Jis
∂Jjk
∂xs

]
=

= ∇F ·
(
J
∂2G

∂x2
J

)
∇H −∇F ·

(
J
∂2H

∂x2
J

)
∇G+

∑
isjk

∂F

∂xi

∂G

∂xj

∂H

∂xk
Jis
∂Jjk
∂xs

.
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Now, exploiting the skew-symmetry of J and the consequent symmetry of a matrix of the form
J(hessian)J , and suitably cycling over the functions F,G,H and over the indices i, j, k, one
gets

{F, {G,H}}+{G, {H,F}}+{H, {F,G}} =
∑
ijk

∂F

∂xi

∂G

∂xj

∂H

∂xk

[∑
s

(
Jis
∂Jjk
∂xs

+ Jjs
∂Jki
∂xs

+ Jks
∂Jij
∂xs

)]
.

Such an expression is identically zero for all F,G,H ∈ A (Γ) iff (3.4) holds. Indeed, sufficiency
(if) is obvious, whereas necessity (only if) is obtained by choosing F = xi, G = xj and F = xk
and varying i, j, k.B

As a consequence of the above proposition, the Hamiltonian vector fields are of the form
(put F = xi and G = H in (3.2))

XH(x) := {x,H} = J(x)∇xH(x) , (3.5)

i.e. are proportional to the gradient of the Hamiltonian function through the function operator
J(x) := {x, x}. The latter operator, when (3.4) is satisfied, takes the name of Poisson tensor ,
and generalizes the symplectic matrix of standard Hamiltonian mechanics (i.e. the one following
from finite-dimensional Lagrangian mechanics).

Remark 3.2. According to what just shown above, any constant skew-symmetric tensor
is a Poisson tensor (explain why).

Remark 3.3. The standard formula expressing the derivative of a function F (x) along the flow
of ẋ = XH(x) in terms of the Poisson bracket of F and H holds, namely

dF

dt
= ∇F ·XH = ∇F · J∇H = {F,H} . (3.6)

Remark 3.4. The deep meaning of the Jacobi identity (3. in Definition 3.1, or its equivalent
(3.4)), is the following. Given two functions F and G, and their Poisson bracket {F,G}, the

relation (3.6) implies Ḟ = {F,H}, Ġ = {G,H} and ˙{F,G} = {{F,G}, H}. One then easily
checks that the identity

˙{F,G} = {Ḟ , G}+ {F, Ġ} (3.7)

holds iff the Jacobi identity holds. In other words, the Jacobi identity is equivalent to the Leibniz
rule on the Poisson bracket with respect to the time derivative.

A Poisson tensor J(x) is singular at x if there exists a vector field u(x) 6≡ 0 such that
J(x)u(x) = 0, i.e. if ker J(x) is nontrivial. The functions C(x) such that ∇C(x) ∈ ker J(x)
have a vanishing Poisson bracket with any other function F defined on Γ, since {F,C} =
∇F · J∇C ≡ 0 independently of F . Such special functions are called Casimir invariants
associated to the given Poisson tensor J , and are constants of motion of any Hamiltonian
system with vector field XH associated to J , i.e. Ċ = {C,H} = −{H,C} = −∇H · J∇C ≡ 0,
which holds independently of H.
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Example 3.1. In the “mechanical case” x = (q, p) and J = J2n, i.e. the P-tensor is the
standard symplectic matrix. This has been already discussed.

Example 3.2. The Euler equations, describing the evolution of the angular momentum L of a
rigid body in a co-moving frame and in absence of external torque (moment of external forces),
read L̇ = L∧I−1L, where I is the inertia tensor of the body (a 3×3 symmetric, positive definite
matrix) and ∧ denotes the standard vector product in R3. This is a Hamiltonian system with
Hamiltonian function H(L) = 1

2
L · I−1L and Poisson tensor

J(L) :=

 0 −L3 L2

L3 0 −L1

−L2 L1 0

 = L ∧ . (3.8)

In this way, the Euler equations have the standard form L̇ = J(L)∇LH(L), and the Poisson
bracket of two functions F (L) and G(L) is {F,G} = L · (∇G ∧ ∇F ) (one has of course to
check that J(L), as defined above, is actually a Poisson tensor, which is left as an exercise; see
below). We notice that the Casimir invariants of J(L) are all the functions C(L) := f (|L|2),
since ∇C = f ′ (|L|2) 2L, so that J(L)∇C = L ∧ (2f ′L) = 0.

Exercise 3.1. Prove that the tensor (3.8) satisfies relation (3.4). Hint: observe that one can
write Jij(L) = {Li, Lj} = −

∑3
k=1 εijkLk, where εijk is the Levi-Civita symbol with three indices

i, j, k = 1, 2, 3, so defined: εijk = +1 if (i, j, k) is an even permutation of (1, 2, 3); εijk = −1 if
(i, j, k) is an odd permutation of (1, 2, 3) and εijk = 0 if any two indices are equal (recall that a
permutation is even or odd when it is composed by an even or odd number of pair exchanges,
respectively). The following relation turns out to be useful:

3∑
i=1

εijkεilm = δjlδkm − δklδjm , (3.9)

where δij is the Kronecker delta, whose value is 1 if i = j and zero otherwise.

Example 3.3. Let us consider a single harmonic oscillator, with Hamiltonian H = 1
2

(p2 + ω2q2),

and introduce the complex variables z = (ωq + ıp)/
√

2ω and z∗ = (ωq − ıp)/
√

2ω, where ı is
the imaginary unit. In terms of such complex coordinates, known as complex Birkhoff coordi-
nates, the Hamiltonian reads H(z, z∗) = ω|z|2, and the Hamilton equations become ż = −ıωz =

−ı∂H̃/∂z∗ and its complex conjugate ż∗ = ıωz∗ = ı∂H̃/∂z. The new Poisson tensor is the sec-

ond Pauli matrix1, σ2 =

(
0 −ı
ı 0

)
= −ıJ2, that satisfies condition (3.4) because is constant

(independent of z and z∗). Thus, with respect to the Birkhoff vector ζ = (z, z∗)T , the equations
of motion of the Harmonic oscillator take on the new Hamiltonian form ζ̇ = σ2∇ζH.

1The three Pauli matrices are

σ1 :=

(
0 1
1 0

)
; σ2 :=

(
0 −ı
ı 0

)
; σ3 :=

(
1 0
0 −1

)
.
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As further coordinates for the harmonic oscillator one can introduce the so-called action-
angle variables. The latter are linked to the Birkhoff coordinates by the relations z =

√
Ie−ıϕ,

z∗ =
√
Ieıϕ. Observing that H = ω|z|2 = ωI, so that İ = 0, from the equation of motion

ż = −ıωz it follows that ϕ̇ = ω. Thus the equations of motion in the action-angle variables
read ϕ̇ = ∂H/∂I, İ = −∂H/∂ϕ, with the standard symplectic matrix J2 as Poisson tensor.

3.1.1 Wave equation

The wave equation utt = c2uxx is an example of infinite dimensional Hamiltonian system. For
what concerns the boundary conditions we consider the case of fixed ends: u(t, 0) = 0 = u(t, L),
ut(t, 0) = 0 = ut(t, L). One can also write the wave equation in the equivalent first order form{

ut = v
vt = c2uxx

, (3.10)

where fixed ends conditions hold now on v. The initial conditions for the latter system are
u0(x) := u(0, x) and v0(x) := v(0, x). The quantity

H[u, v] =

∫ L

0

v2 + c2(ux)
2

2
dx (3.11)

is easily checked to be a constant of motion for system (3.10).
Now, the set of functions ϕk(x) :=

√
2/L sin(πkx/L), k = 1, 2, . . . , constitutes an orthonor-

mal basis in the Hilbert space L2([0, L]) of square integrable functions on [0, L] with fixed ends,

since one easily checks that 〈ϕi, ϕj〉 :=
∫ L

0
ϕi(x)ϕj(x)dx = δij. One can thus expand both

u(t, x) and v(t, x) in Fourier series: u(t, x) =
∑

k≥1 qk(t)ϕk(x), v(t, x) =
∑

k≥1 pk(t)ϕk(x), with
Fourier coefficients given by qk(t) = 〈ϕk, u〉 and pk(t) = 〈ϕk, v〉, respectively. Upon substitution
of the latter Fourier expansions into the wave equation system (3.10) one easily gets q̇k = pk,
ṗk = −ω2

kqk, where ωk := cπk/L, k ≥ 1. These are the Hamilton equations of a system of
infinitely many harmonic oscillators, with Hamiltonian K(q, p) =

∑
k≥1(p2

k + ω2
kq

2
k)/2, which

is obviously integrable (in the Liouville sense). One easily finds that the substitution of the
Fourier expansions of u and v into the function (3.11) yields H = K; to such a purpose, notice

that
∫ L

0
(ux)

2dx = uux|L0 −
∫ L

0
uuxxdx.

The solution of the Cauchy problem for the wave equation utt = c2uxx is thus immediately
found:

u(t, x) =
∑
k≥1

[
qk(0) cos(ωkt) +

pk(0)

ωk
sin(ωkt)

]
e(k)(x) , (3.12)

where qk(0) = 〈ϕk, u0〉 and pk(0) = 〈ϕk, v0〉 are determined by the initial conditions.
Notice that if the Fourier coefficients of the string are initially zero for some given value of

the index, then they are zero forever. In particular, if they are zero from some given value of the
index on, then they are zero for any t: if qk(0) = 0 = pk(0) for k > M then qk(t) = 0 = pk(t)
for k > M . As a consequence, one can construct solutions of the string equation of any
finite dimension M . The finite dimensional system thus obtained consists of M noninteracting
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harmonic oscillators. In particular, such a system is integrable in the Liouville sense: there
exist M independent first integrals H1, . . . HM in involution, i.e. such that {Hi, Hj} = 0 for
any i, j = 1, . . . ,M . In the specific case, the first integrals are the energies of the oscillators
and the Hamiltonian is simply the sum of them. Such a property is valid for any M and is
clearly preserved in the limit M → +∞ (the only attention to be paid deals with convergence
problems).

3.1.2 Quantum mechanics

Quantum mechanics, in its simplest version, is build up as follows. One starts from the classical

Hamiltonian H =
∑N

j=1

|pj |2

2mj
+ U(x1, . . . ,xN) of a given system of N interacting particles, and

therein substitutes all the momenta: pj → −ı~∇j, where ~ ' 10−27erg · sec is the normal-
ized Planck constant2 and ∇j := ∂/∂xj. Such a procedure is referred to as the “canonical
quantization” of the classical system. The operator thus obtained, namely

Ĥ := −
N∑
j=1

~2∆j

2mj

+ U(x1, . . . ,xN) , (3.13)

where ∆j is the Laplacian with respect to the coordinates of the j-th particle, is referred to as
the quantum Hamiltonian, or Hamiltonian operator (or simply Hamiltonian, if the quantum
mechanical context is given for granted) of the system. Ĥ is naturally defined on a certain
domain D ⊆ R3N (depending on U) of the configuration space, and is easily checked to be
Hermitian (or even self-adjoint) on the Hilbert space L2(D) of square integrable functions van-
ishing on ∂D, i.e., denoting by 〈F,G〉 :=

∫
D
F ∗GdV the scalar product (dV := d3x1 . . . d

3xN),

one has
〈
ĤF ,G

〉
=
〈
F, ĤG

〉
. The latter condition is usually denoted by Ĥ = Ĥ† that, in the

sequel, will be always meant to denote self-adjointness.
The Schrödinger equation describing the quantum dynamics of the given system of N par-

ticles is

ı~
∂Ψ

∂t
= ĤΨ , (3.14)

where the complex function Ψ(t,x1, . . . ,xN) is the so-called “wave function” of the system,
satisfying the boundary condition Ψ|∂D = 0. Notice that the unitary evolution (3.14) implies
that

∫
D
|Ψ|2dV is independent of time; in other words, Ψ|t=0 ∈ L2(D) implies Ψ ∈ L2(D) for

any t ∈ R. The physical meaning of Ψ is that
∫
A
|Ψ|2dV is the probability to find the particles

in the region A ⊆ D of the configuration space at time t.
We now suppose that the spectrum of the Hamiltonian operator (3.13) is discrete, and

denote by {Φj}j and {Ej}j the set of orthonormal eigenfunctions and of the corresponding

eigenvalues of Ĥ, respectively, so that ĤΦj = EjΦj, and 〈Φk,Φj〉 :=
∫
D

Φ∗kΦjdV = δkj. One

can then expand the wave-function Ψ on the basis of the eigenfunctions of Ĥ: Ψ =
∑

j cjΦj.

2The Planck constant is h ' 6.626 10−27erg · sec; the normalized constant, which actually enters the theory,
is ~ := h/(2π).
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Substituting the latter expression into the Schrödinger equation (3.14) and taking the scalar
product with Φk one gets

ıċk = ωkck ; ωk :=
Ek
~
, (3.15)

valid for any “index” k. The latter equation is that of the harmonic oscillator in complex
Birkhoff coordinates, so that the Hamiltonian of the system is

K(c, c∗) =
∑
j

Ej|cj|2 . (3.16)

Equation (3.15) reads thus ıċk = ~−1∂K/∂c∗k for any k. Making use of the expansion Ψ =∑
j cjΦj of the wave function one easily checks that

K(c, c∗) =
〈

Ψ, ĤΨ
〉
, (3.17)

known as the “quantum expectation of the total energy”. One can easily check that the

conservation of K =
〈

Ψ, ĤΨ
〉

follows directly from the Schrödinger equation with the condition

that Ĥ is independent of time t. Another conserved quantity is clearly∫
D

|Ψ|2dV = 〈Ψ,Ψ〉 =
∑
j

|cj|2 (= 1) . (3.18)

The solution of the Cauchy problem for the Schrödinger equation (3.14) is

Ψ(t,x1, . . . ,xN) =
∑
k

ck(0)e−ı(Ek/~)tΦk(x1, . . . ,xN) , (3.19)

where ck(0) = 〈Φk,Ψ〉 |t=0. The solution (3.19) can be obtained also by introducing the formal
solution of the Schrödinger equation in the operator form, namely

Ψ(t) = e−ı
Ĥ
~ tΨ(0) := ÛtΨ(0) , (3.20)

where the unitary evolution operator Ût := e−ı(Ĥ/~)t has been introduced. Expanding the wave
function Ψ(0) on the basis of the eigenfunctions Φj of Ĥ and observing that ÛtΦj = e−ı(Ej/~)tΦj,
one gets (3.19).

Thus when the spectrum of Ĥ is purely discrete, as just assumed above, the quantum
mechanical problem of any system of interacting particles is essentially equivalent to that of
a vibrating string: the dynamics of the system is decomposed into its “normal modes”, i.e. a
collection of noninteracting harmonic oscillators, and is thus integrable in the classical Liouville
sense. In this respect, no relaxation phenomenon can take place if the system is left free to
evolve, isolated from external perturbations. Things are instead quite different in the presence
of a continuous spectral component of Ĥ, as can be seen through simple examples.
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3.2 Change of variables

Let us consider a Hamiltonian dynamical system

ẋ = J(x)∇xH(x) , (x ∈ Γ) (3.21)

and perform a change of variables f : x 7→ y = f(x), with inverse g := f−1 : y 7→ x = g(y).
The gradients with respect to x and y are connected by the chain rule, namely

∂

∂xi
=
∑
j

(
∂yj
∂xi

)
∂

∂yj
i.e. ∇x =

(
∂f

∂x

)T
∇y .

The Jacobians of f and g are instead linked by the identity(
∂g

∂y

)−1

=
∂f

∂x
(g(y))

that in turn follows differentiating the identity f(g(y)) = y. Using such relations one immedi-
ately shows that in the new variables the Hamilton equation (3.21) reads

ẏ = J#(y)∇yH̃(y) , (y ∈ f(Γ)) (3.22)

where

H̃(y) := H(g(y)) , (3.23)

and

J#(y) :=

(
∂f

∂x

)
J(x)

(
∂f

∂x

)T ∣∣∣∣∣
x=g(y)

=

(
∂g

∂y

)−1

J(g(y))

(
∂g

∂y

)−T
, (3.24)

where the superscript −T on the right hand side of the latter definition means inverse and
transpose3.

The first question that naturally poses is whether and when equation (3.22) is still Hamil-
tonian, i.e. whether and when the tensor J#(y), defined in (3.24), is a Poisson tensor. The
equivalent (and deeper) question is how a given Poisson algebra transforms under change of
variables. In this respect, the following proposition holds.

Proposition 3.2. Poisson brackets are characterized by coordinate-independent properties.

C PROOF. Given a Poisson bracket {F,G}(x) = ∇F (x) ·J(x)∇G(x) we want to show that
it transforms into another Poisson bracket under any change of variables f : x 7→ y; as above,

3For any invertible operator L one has LL−1 = I, so that (LL−1)T = (L−1)TLT = I and (LT )−1 = (L−1)T .
Thus the notation L−T is well defined, independent of the order of the inversion and of the transposition.
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when convenient, g := f−1. According to (3.23), a tilde denotes composition with the inverse,

namely F̃ (y) := F (g(y)). By means of (3.24) one finds

{̃F,G}(y) = {F,G}(g(y)) =

[(
∂f

∂x

)T
∇yF

]
· J(x)

(
∂f

∂x

)T
∇yG

∣∣∣∣∣
x=g(y)

=

= ∇yF̃ (y) ·

[(
∂g

∂y

)−1

J(g(y))

(
∂g

∂y

)−T]
∇yG̃(y) =

= ∇yF̃ (y) · J#(y)∇yG̃(y) := {F̃ , G̃}#(y) . (3.25)

Equivalently, with notation independent of coordinates, one has

{̃F,G} = {F̃ , G̃}# ⇔ {F,G} ◦ g = {F ◦ g,G ◦ g}# . (3.26)

We must show that the bracket {F̃ , G̃}#, formally defined in the last step of (3.25), is an actual
Poisson bracket on the algebra of the transformed (i.e. “tilded”) functions. To this end, we
observe that skew-symmetry, bi-linearity and the Leibniz property follow directly from those
of { , }, through the identity (3.26) (show it). In fact, repeated use of the latter relation also
implies the validity of the Jacobi identity:

0 ≡ ˜{F, {G,H}}+ ˜{G, {H,F}}+ ˜{H, {F,G}} =

= {F̃ , {̃G,H} }# + {G̃, {̃H,F}}# + {H̃, {̃F,G}}# =

= {F̃ , {G̃, H̃}#}# + {G̃, {H̃, F̃}#}# + {H̃, {F̃ , G̃}#}# . (3.27)

Thus, the change of variables f transforms Poisson brackets into Poisson Brackets.B
Since { , }# is a Poisson bracket, it follows that (3.24) is a Poisson tensor and that, as a

consequence, the transformed system (3.22) is Hamiltonian. The conclusion is that a given
dynamical system is Hamiltonian independently of the coordinates chosen.

Notice that, from (3.26), with the choice F = fi and G = fj, it follows that

{yi, yj}# = {fi, fj} ◦ g (3.28)

holds for any change of variables f : x 7→ y. It must be stressed that in the bracket on the left
hand side of (3.28) y is the independent variable, whereas in the bracket on the right hand side
the independent variable is x (and the composition with g yields back a function of y).

Example 3.4. Let us reconsider the example of the complex Birkhoff coordinates for the har-
monic oscillator. Let us set x = (q, p)T and y = (z, z∗)T , so that the change of variables
y = f(x) is defined by the formulas z = (ωq + ıp)/

√
2ω, z∗ = (ωq − ıp)/

√
2ω. Formula (3.24)



36 CHAPTER 3. GENERAL HAMILTONIAN SYSTEMS

for the transformed Poisson tensor reads

J# =
∂(z, z∗)

∂(q, p)

(
0 1
−1 0

)
∂(z, z∗)

∂(q, p)

T

=

=

( √
ω/2 ı/

√
2ω√

ω/2 −ı/
√

2ω

)(
0 1
−1 0

)( √
ω/2

√
ω/2

ı/
√

2ω −ı/
√

2ω

)
=

=

(
0 −ı
ı 0

)
= σ2 ,

(3.29)

which shows how the standard, symplectic Poisson structure is mapped into the Birkhoff one.
The “new” Poisson bracket in Birkhoff coordinates reads

{F̃ , G̃}# =

(
∂F̃ /∂z

∂F̃ /∂z∗

)
·
(

0 −ı
ı 0

)(
∂G̃/∂z

∂G̃/∂z∗

)

= −ı

(
∂F̃

∂z

∂G̃

∂z∗
− ∂F̃

∂z∗
∂G̃

∂z

)
.

The Poisson tensor in Birkhoff coordinates is determined by the relations {z, z∗} = −ı, {z, z} =
{z∗, z∗} = 0.

Remark 3.5. To a Hamiltonian sum of harmonic oscillator Hamiltonians, i.e. H =
∑

j ωj|zj|,
there corresponds the Poisson bracket

{F,G} = −ı
∑
j

(
∂F

∂zj

∂G

∂z∗j
− ∂F

∂z∗j

∂G

∂zj

)
,

with a Poisson tensor specified by the relations {zj, z∗k} = −ıδjk, {zj, zk} = {z∗j , z∗k} = 0.

This is the case, for example, of quantum mechanics (where zj = cj), but for a prefactor
~−1. One easily checks that with the Poisson bracket

{F,G} = − ı
~
∑
j

(
∂F

∂cj

∂G

∂c∗j
− ∂F

∂c∗j

∂G

∂cj

)
, (3.30)

and the Hamiltonian K =
∑

j Ej|cj|2, the Hamilton equations ċk = {ck, K} are exactly the
Schrödinger ones (3.15).

Exercise 3.2. Suppose F (c, c∗) =
〈

Ψ, F̂Ψ
〉

and G(c, c∗) =
〈

Ψ, ĜΨ
〉

, where Ψ =
∑

k ckΦk.

Show that

{F,G} =

〈
Ψ,

1

ı~
[F̂, Ĝ]Ψ

〉
, (3.31)

where [F̂, Ĝ] := F̂Ĝ− ĜF̂ is the commutator of the self-adjoint operators F̂ and Ĝ.
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Example 3.5. Let us consider the case of a constant Poisson tensor J := A in finite dimension
n. The real n × n matrix A is only supposed to be skew-symmetric: AT = −A. We consider
the Hamiltonian system

ẋ = A∇xH(x) (3.32)

and perform a linear change of variables x 7→ y = Lx. In this case one has ∂f/∂x = L, so
that formula (3.24) yields the transformed Poisson tensor J# = LALT . The Linear change of
variables is built up in such a way that J# turns out to be as close as possible to a standard
symplectic matrix. To this purpose, the main properties of the matrix A are listed below.

1. A is a normal matrix, i.e. commutes with its Hermitian conjugate4, so that it is unitarily
diagonalizable: ∃U such that U †U = I and U †AU = diag(λ1, . . . , λn).

2. The spectrum of A consists of pure imaginary numbers λ1, . . . , λn ∈ ıR; if λ is an eigen-
value with eigenvector x =∈ Cn, also λ∗ = −λ is an eigenvalue, with eigenvector x∗.
Thus there are 2k = n− r non zero eigenvalues, where r := dim(kerA).

3. Consider the eigenvalue problem

A(a+ ıb) = ıµ(a+ ıb) , ⇔
{
Aa = −µb
Ab = µa

(3.33)

where a, b ∈ Rn and µ > 0 without loss of generality. Then there exist a solution con-
sisting of k positive numbers µ1, . . . , µk and k pairs of real vectors (aj, bj), j = 1, . . . , k,
such that ai · bj = 0, ai · aj = bi · bj = δij for any i, j = 1, . . . , n.

4. The orthonormal vectors a1, . . . ,ak, b1, . . . , bk are also orthogonal to kerA. Thus, given
any orthonormal basis w1, . . . ,wr of kerA, the vectors a1, . . . ,ak, b1, . . . , bk,w1, . . . ,wr

constitute an orthonormal basis of Rn.

The matrix L that defines the linear change of variables is now given by

LT :=

(
a1√
µ1

∣∣∣ · · · ∣∣∣ ak√
µk

∣∣∣ b1√
µ1

∣∣∣ · · · ∣∣∣ bk√
µk

∣∣∣w1

∣∣∣ · · · ∣∣∣wr

)
, (3.34)

defined by its column vectors. One then easily checks that

J# = LALT =

 Ok Ik Ok,r

−Ik Ok Ok,r

Or,k Or,k Or,r

 . (3.35)

The Hamilton equations ẏ = J#∇yH̃(y) take on a very simple form. Indeed, setting y :=
(q, p, ξ), where q, p ∈ Rk and ξ ∈ Rr, one gets

q̇ =
∂H̃

∂p
; ṗ = −∂H̃

∂q
; ξ̇ = 0 . (3.36)

4Recall that the Hermitian conjugate of a matrix, or of a linear operator, M is the transpose of its complex
conjugate, or vice versa, namely M† := (M∗)T = (MT )∗.
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Thus the Hamiltonian H̃(q, p; ξ) depends on the r parameters ξ1, . . . , ξr. Such parameters are
nothing but the Casimir invariants of the system, and their expression in terms of the old
variables x is obtained by computing the last r components of the vector y = Lx.

3.2.1 Canonical transformations

Given the Hamiltonian dynamical system (3.21), among all the possible changes of variables
concerning it, a privileged role is played by those leaving the Poisson tensor and, as a con-
sequence, the Hamilton equations invariant in form, i.e. mapping the equation (3.21) into

the equation ẏ = J(y)∇yH̃(y), with the same Poisson tensor and a transformed Hamiltonian

H̃ = H ◦ g. Such particular changes of variables are the so-called canonical transformations of
the given Poisson structure and are characterized by the following equivalent conditions:

J#(y) = J(y) ; (3.37)

{yi, yj} = {fi, fj} ◦ g ; (3.38)

{F ◦ g,G ◦ g} = {F,G} ◦ g . (3.39)

Exercise 3.3. Prove the equivalence of conditions (3.37), (3.38) and (3.39).

The set of all the canonical transformations of a given Poisson structure has a natural
group structure with respect to composition (they are actually a subgroup of all the change of
variables).

Example 3.6. Let us consider the standard Hamiltonian case, where the reference Poisson
tensor is the standard symplectic matrix J2n defined in (2.18). If x = (q, p) and y = (Q,P ) =
f(q, p), taking into account formula (3.24) with J = J2n, condition (3.37) reads

J2n =

(
∂f

∂x

)
J2n

(
∂f

∂x

)T
,

namely (
On In
−In On

)
=

(
∂(Q,P )

∂(q, p)

)(
On In
−In On

)(
∂(Q,P )

∂(q, p)

)T
,

which is equivalent to the relations[
∂Q

∂q

(
∂Q

∂p

)T
− ∂Q

∂p

(
∂Q

∂q

)T]
ij

=
n∑
s=1

(
∂Qi

∂qs

∂Qj

∂ps
− ∂Qi

∂ps

∂Qj

∂qs

)
:= {Qi, Qj}q,p = 0 ;[

∂P

∂q

(
∂P

∂p

)T
− ∂P

∂p

(
∂P

∂q

)T]
ij

=
n∑
s=1

(
∂Pi
∂qs

∂Pj
∂ps
− ∂Pi
∂ps

∂Pj
∂qs

)
:= {Qi, Qj}q,p = 0 ;[

∂Q

∂q

(
∂P

∂p

)T
− ∂Q

∂p

(
∂P

∂q

)T]
ij

=
n∑
s=1

(
∂Qi

∂qs

∂Pj
∂ps
− ∂Qi

∂ps

∂Pj
∂qs

)
:= {Qi, Pj}q,p = δij ,
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for all i, j = 1, . . . , n. Such relations are the necessary and sufficient conditions for a change
of variables to be canonical in standard Hamiltonian mechanics. The same relations can be
obtained by applying the equivalent conditions (3.38) (check it).

Example 3.7. Consider again the harmonic oscillator of example 3.3. The transformation
(q, p) 7→ (ϕ, I) defined by q =

√
2I/ω cosϕ, p = −

√
2ωI sinϕ, is canonical, since {ϕ, I}q,p = 1.

The new Hamiltonian reads H̃(ϕ, I) = ωI, and the corresponding equations read ϕ̇ = ω, İ = 0.

Example 3.8. Consider the Euler equations L̇ = L ∧ I−1L = J(L)∇LH(L) for the free
rigid body, where J(L) = L∧ and H = 1

2
L · I−1L. The linear change of variable L′ = RL,

where R is any orthogonal matrix (RRT = I3), is canonical. Indeed, formula (3.24), with
∂f/∂x = ∂L′/∂L = R, gives

J#(L′)ξ = RJ(L)RT
∣∣
L=RTL′

ξ = R[(RTL′) ∧ (RTξ)] = L′ ∧ ξ = J(L′)ξ ,

which, being valid for any vector ξ, implies J#(L′) = J(L′). The transformed Hamiltonian is

H̃(L′) = H(RTL′) =
1

2
L′ · (RI−1RT )L′ :=

1

2
L′ · Ĩ−1L′ ,

which has the same functional form of H, but for the transformed inertia tensor Ĩ := RIRT ;
observe that Ĩ−1 = (RIRT )−1 = RI−1RT .

Sometimes, the requirement of canonicity in the sense stated above turns out to be too
restrictive. For example, the simple re-scaling (q, p,H, t) 7→ (Q,P,K, T ) = (aq, bp, cH, dt),
depending on four real parameters a, b, c, d, preserves the form of the Hamilton equations,
namely dQ/dT = ∂K/∂P , dP/dT = −∂K/∂Q, under the unique condition ab = cd. On the
other hand, canonicity in strict sense would require ab = 1. In this case, the extra factor ab
gained by the transformed Poisson tensor is re-absorbed by a rescaling of Hamiltonian and
time.

One is thus naturally led to call canonical transformations those changes of variables (time
and Hamiltonian included) that preserve the final form of Hamilton equations, with the same
Poisson tensor. In particular, a change of phase space coordinates x 7→ y = f(x) such that
J#(y) = cJ(y), can be completed to a canonical transformation by re-absorbing the constants
c through the time rescaling T = ct. Indeed, the change of variables

(x, J,H, t) 7→ (y, J#, H̃, T )

maps the original Hamilton equations dx/dt = J∇xH into dy/dT = J(y)∇yH̃(y), and is thus
canonical, in the extended sense of preserving the given (Poisson) structure of the Hamilton
equations.

Example 3.9. Consider the Euler equations for the free rigid body. Since |L| is a constant of
motion (Casimir invariant), one can reasonably consider only unit vectors. Let us set ` := |L|
and u := L/`. One easily checks that the change of phase space variable L 7→ u gives a

transformed Poisson tensor J# = J/` and a transformed Hamiltonian H̃ = `2H. It thus
follows that the change of variables

(L, J,H, t) 7→ (u, J/`, `2H, `t) ,

is canonical. The Euler equations on the unit sphere read du/dT = u ∧ I−1u.
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3.2.2 Canonicity of Hamiltonian flows

A very convenient way of performing canonical transformations is to do it through Hamiltonian
flows. To such a purpose, let us consider a Hamiltonian G(x) and its associated Hamilton
equations ẋ = XG(x). Let Φs

G denote the flow of G, so that Φs
G(ξ) is the solution of the

Hamilton equations at time s, corresponding to the initial condition ξ at s = 0. We also denote
by

LG := { , G} = (J∇G) · ∇ = XG · ∇ (3.40)

the Lie derivative along the Hamiltonian vector field XG; notice that LGF = {F,G}.

Lemma 3.1. For any function F one has

F ◦ Φs
G = esLGF . (3.41)

C PROOF. Set F̃ (s) := F ◦ Φs
G (observe that G̃(s) = G ◦ Φs

G = G), and notice that

F̃ (0) = F . Then
d

ds
F̃ (0) = {F,G} = LGF .

Then

d

ds
F̃ (s) = lim

h→0

F̃ (s+ h)− F̃ (s)

h
= lim

h→0

F̃ (s) ◦ Φh
G − F̃ (s)

h
=

=
d

dh
F̃ (s) ◦ Φh

G

∣∣∣
h=0

= {F̃ (s), G} = LGF̃ (s) ,

whose solution is
F̃ (s) = esLGF̃ (0) = esLGF . B

Proposition 3.3. If G is independent of s, the change of variables x 7→ y = Φ−sG (x) defined by
its flow at time −s constitutes a one-parameter group of canonical transformations.

C PROOF. The group properties follow from those of the flow. For what concerns canonicity,
we prove the validity of condition (3.39), with f := Φ−sG and g := f−1 = Φs

G, namely we prove
that

{F ◦ Φs
G, H ◦ Φs

G} = {F,H} ◦ Φs
G ∀s . (3.42)

The equivalent statement is that the difference

D(s) := {F ◦ Φs
G, H ◦ Φs

G} − {F,H} ◦ Φs
G = {esLGF, esLGH} − esLG{F,H}

identically vanishes. Observe that D(0) = 0; moreover G = G̃. One finds

dD

ds
= {LGF̃ , H̃}+ {F̃ , LGH̃} − LG{̃F,H} = {{F̃ , G̃}, H̃}+ {F̃ , {H̃, G̃}} − {{̃F,H}, G̃} =

= {{F̃ , G̃}, H̃}+ {{G̃, H̃}, F̃} − {{̃F,G}, H̃} = {{F̃ , H̃}, G̃} − {{̃F,H}, G̃} =

= {{F̃ , H̃} − {̃F,H}, G̃} = {D(s), G} = LGD(s) .



3.2. CHANGE OF VARIABLES 41

The unique solution of this differential equation, namely D′(s) = LGD(s), with initial datum
D(0) = 0, is D(s) ≡ 0. B

An interesting application of the above formalism is the following Hamiltonian version of
the Nöther theorem, linking symmetries to first integrals.

Proposition 3.4. If the Hamiltonian H is invariant with respect to the Hamiltonian flow of
the Hamiltonian K, i.e. H ◦ Φs

K = H, then K is a first integral of H.

C PROOF. One has

0 =
dH

ds
=

d

ds
H ◦ Φs

K = {H,K} ◦ Φs
K ,

for any s ∈ R. In particular, for s = 0 one gets {H,K} = 0.B

In order to apply the previous proposition, one usually has to

1. find a one parameter group of symmetry for H, namely a transformation of coordinates
x 7→ y = f s(x), depending on a real parameter s, such that f s1 ◦ f s2 = f s1+s2 for any pair
s1, s2 ∈ R and f 0(x) = x for any x, and such that H ◦ f s = H;

2. check whether f s is a Hamiltonian flow, namely whether there exists a Hamiltonian K
such that f s = Φs

K .

As a matter of fact, there is no recipe for point 1., whereas for point 2. one has to check whether
the generator of the group, namely the vector field ∂f s(x)/∂s|s=0, is a Hamiltonian vector field.
In practice one writes the equation

∂f s(x)

∂s

∣∣∣∣
s=0

= J(x)∇K(x)

and looks for a solution K(x); if such a solution exists then K is a first integral of H. In the
equation above J(x) is the Poisson tensor fixed for H. We recall that the generator of the
group u := ∂f s/∂s|s=0 is the vector field whose flow is f s, i.e. the vector field of the differential
equation whose solution at any time s with initial datum x is just y(s) := f s(x). This is easily
checked as follows:

dy

ds
= lim

h→0

y(s+ h)− y(s)

h
= lim

h→0

fh(y)− y
h

=
∂fh(y)

∂h

∣∣∣∣
h=0

= u(y) .

Exercise 3.4. Consider the single particle Hamiltonian

H =
|p|2

2m
+ V (q) ,

where q,p ∈ R3. i) Determine the conditions under which H is invariant under the one-
parameter group of space translations q 7→ q+su, p 7→ p, where u is a given unit vector. Write
such a transformation as a Hamiltonian flow and determine the corresponding first integral. ii)
Repeat the same analysis with the one-parameter group of rotations q 7→ R(s)q, p 7→ R(s)p,
where R(s) = esA, A being a given skew-symmetric matrix. Finally, show that for one parameter
subgroups of rotation matrices the exponential form R(s) = esA is generic.
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Exercise 3.5. Repeat the previous exercise for the corresponding quantum problem and show
that the conserved quantities corresponding to the two symmetries are the canonically quantized
classical ones. Hint: x 7→ x′(s) implies ψ(x) 7→ ψ′ := ψ(x′(s)).



Chapter 4

Perturbation theory

The basic elements of Hamiltonian perturbation theory are reported, with particular attention
to the construction of the normal form to some given order.

4.1 Normal form Hamiltonian

Let us consider a Hamiltonian system of the form

Hλ = h+ λP1 + λ2P2 + · · ·+ λnPn +Rn+1 , (4.1)

where λ is a small parameter (|λ| � 1), h, Pj = O(1) (j = 1, . . . , n) are given functions and
Rn+1 = O(λn+1). Now, if the Hamiltonian h = H0 is integrable, for example in the Liouville
sense, though the notion will be better specified below. The Hamiltonian (4.1) is said to be
quasi-integrable or close to integrable, and P (λ) = Hλ−h is called the perturbation. It has to be
stressed that in many applications the perturbation P does not appear as explicitly ordered in
terms of a small parameter λ, but could be split into a leading part, say P1, plus a remainder,
say P2, the latter being possibly split in turn into a leading part, say P3, and so on. Moreover,
the splitting of P can be different in different regions of the phase space. In such cases the
parameter λ can be artificially inserted in the theory as a tracer of the ordering, and set to
one at the end of the calculations (some authors, in this case, refer to λ as a “bookkeeping”
parameter). Another remark concerns the closeness of the perturbed system, defined by Hλ,
to the unperturbed one defined by h. What really matters is not, or not so much, the ratio
|P |/|h| of the perturbation to the unperturbed Hamiltonian, but the ratio of the respective
vector fields, namely ‖XP‖/‖Xh‖, in some norm. One understands this by thinking that a
constant perturbation does not affect the dynamics independently of its size.

The central idea of Hamiltonian perturbation theory, which goes back to Lagrange and
Poincaré and has then be developed by Birkhoff, Bogoliubov and Kolmogorov, consists in
looking for a change of variables that removes, completely or partially, the perturbation P (λ)
from Hλ, up to some pre-fixed order. As will be shown below, the complete removal of the
perturbation, already at first order (i.e. the complete removal of P1) is not possible, in general.
What is actually meant by “partial removal of the perturbation up to some pre-fixed order” is
clarified by the following definition.

43



44 CHAPTER 4. PERTURBATION THEORY

Definition 4.1 (Normal form). A Hamiltonian Kλ of the form

Kλ = h+
n∑
j=1

λjSj +Rn+1 , (4.2)

where {Sj, h} = 0 for any j = 1, . . . , n, and Rn+1 = O(λn+1), is said to be in normal form
to order n with respect to h.

The Hamiltonian (4.2) is of the form (4.1), but the perturbation terms Sj are first integrals
of h, which includes the case of Sj = 0 for some j, i.e. of absence of the perturbation term
of the order j at hand. From a technical point of view, the aim of Hamiltonian perturbation
theory becomes that of finding a suitable change of variables that maps the quasi-integrable
Hamiltonian (4.1) into a normal form of the type (4.2). To that purpose, suppose that

1. the Hamiltonian Hλ(x) has the form (4.1) for any x ∈ D ⊂ Γ;

2. the unperturbed Hamiltonian H0 = h is integrable in D, which means that its flow Φt
h(ξ),

i.e. the solution of the Hamilton equations ẋ = Xh(x) = (J∇H)(x) is known for any
ξ ∈ D;

3. the flow Φt
h(ξ) is bounded in D, uniformly in time: there exists a constant C such that

‖Φt
h(ξ)‖ ≤ C for any ξ ∈ D, in some suitable norm ‖ ‖.

Then one looks for a smooth, λ-dependent, λ-close to the identity, canonical change of variables
Cλ such that H̃λ(y) := Hλ

(
C −1
λ (y)

)
is in normal form to order n with respect to h, i.e. has the

form (4.2):
Cλ : x 7→ y = Cλ(x) = x+O(λ) ; H̃ = Hλ ◦ C −1

λ = Kλ . (4.3)

The role of the third hypothesis (boundedness) on Φt
h made above will appear below. The

λ-closeness to the identity of the change of variables Cλ is necessary in order to match the
unperturbed problem as λ → 0. Finally, the canonicity of Cλ allows one to deal with the
transformation of the Hamiltonian function only, without minding about the consequent de-
formation of the Poisson structure. However, it has to be stressed that this is a choice, made
for the sake of simplicity, and represents an actual restriction in the framework of perturbation
theory.

In order to go on with the above program, one has to choose how to build up the canonical
transformation Cλ. This is very conveniently made by composing the Hamiltonian flows of suit-
able generating Hamiltonians at λ-dependent times. More precisely, one looks for a canonical
transformation of the form

Cλ = Φ−λ
n

Gn
◦ Φ−λ

n−1

Gn−1
◦ · · · ◦ Φ−λ

2

G2
◦ Φ−λG1

, (4.4)

with inverse
C −1
λ = Φλ

G1
◦ Φλ2

G2
◦ · · · ◦ Φλn−1

Gn−1
◦ Φλn

Gn
, (4.5)

where Φ±λ
j

Gj
is the flow of the Hamiltonian Gj at time ±λj; notice that the choice of the minus

sign in defining the direct transformation (4.4) is made just for formal convenience: one always
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needs the inverse transformation to compute the transformed Hamiltonian. The n Hamiltonians
G1, . . . , Gn are called the generating Hamiltonians of the canonical transformation Cλ: the
latter transformation is completely specified when the n generating functions are completely
specified. As a matter of fact, the generating Hamiltonian G1, . . . , Gn are the unknowns of the
perturbative construction described above: their form is determined order by order. It will turn
out that actually, in a very precise sense, there are infinitely many possible sets of n generating
functions allowing to set Hλ in normal form. In other words, the normal form of a given
quasi-integrable Hamiltonian is not unique.

In the sequel, the following notation will be made use of. Given the Hamiltonian h, for
any real function F on Γ its time-average 〈F 〉h along the flow of h and its deviation from the
average δhF are defined by

〈F 〉h := lim
t→+∞

1

t

∫ t

0

(F ◦ Φs
h) ds ; (4.6)

δhF := F − 〈F 〉h . (4.7)

We will also need the following technical lemmas.

Lemma 4.1. The time-average 〈 〉h is invariant with respect to the flow of h, i.e. for any
function F one has

〈F 〉h ◦ Φr
h = 〈F 〉h ∀r ⇔ Lh 〈F 〉h = 0 . (4.8)

C PROOF. Two equivalent proofs of the statement are given. The first one starts by
writing down explicitly 〈F 〉h ◦ Φr

h and making use of the group property of the flow, namely
Φs
h ◦ Φr

h = Φs+r
h , which yields

〈F 〉h ◦ Φr
h = lim

t→+∞

1

t

∫ t

0

F ◦ Φs+r
h ds = lim

t→+∞

1

t

∫ t+r

r

F ◦ Φu
hdu .

Now, by splitting
∫ t+r
r

du =
∫ 0

r
du +

∫ t
0

du +
∫ t+r
t

du, observing that the first and the third
integral are on bounded intervals, and making use of the boundedness hypothesis on Φt

h, the
thesis of the Lemma follows. The second proof starts from the chain of identities

d

ds
F ◦ Φs

h = LhF ◦ Φs
h = {F, h} ◦ Φs

h = {F ◦ Φs
h, h} ,

where use has been made of Lemma 3.1 first, while the last step follows by the canonicity of the
flow, Proposition 3.3, and by the obvious invariance of h with respect to Φs

h. Now, integrating
the above identity (left and rightmost members) from 0 to t and dividing by t, one gets

F ◦ Φt
h − F
t

=
1

t

∫ t

0

{F ◦ Φs
h, h}ds =

{
1

t

∫ t

0

F ◦ Φs
hds, h

}
,

where the second equality follows by the bi-linearity of the Poisson bracket (think of computing
the integral as the limit of Riemann sums). The thesis of the lemma, equation (4.8), right form,
follows in the limit as t→ +∞, by observing that the left hand side of above identity vanishes
in the limit (recall the boundedness of Φt

h). B
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Lemma 4.2. For any function F , the solution of the equation

LhG = δhF ⇔ {G, h} = F − 〈F 〉h (4.9)

is given by

G = G + L−1
h δhF := G + lim

t→+∞

1

t

∫ t

0

(s− t) (δhF ◦ Φs
h) ds , (4.10)

where G is an arbitrary element of kerLh, i.e. any function satisfying {G , h} = 0.

C PROOF. Consider the left form of equation (4.9), compose both sides with Φs
h, multiply

by (s− t), integrate withe respect to s from 0 to t and divide by t. This yields

1

t

∫ t

0

(s− t)LhG ◦ Φs
hds =

1

t

∫ t

0

(s− t)δhF ◦ Φs
hds .

Now make use of Lemma 3.1 on the left hand side of the latter equation, which, upon integrating
by parts, implies

G =
1

t

∫ t

0

esLhG ds+
1

t

∫ t

0

(s− t)δhF ◦ Φs
hds .

The thesis of the Lemma follows by taking the limit of the latter equation for t→ +∞, and by
observing that G := 〈G〉h, by the Lemma 4.1, is an arbitrary element of kerLh. B

The following Theorem holds.

Theorem 4.1 (Averaging principle). Consider a quasi integrable Hamiltonian Hλ of the form
(4.1) and satisfying the hypotheses 1., 2. and 3. made above. Then

I) For any choice of the generating Hamiltonians G1, . . . , Gn defining the canonical trans-
formation (4.4)-(4.5), one has

H̃λ = Hλ ◦ C −1
λ = h+

n∑
j=1

λjPj + Rn+1 , (4.11)

where, for j = 1, . . . , n and starting with F1 = 0,

Pj = −LhGj + Pj + Fj[h, P1, . . . , Pj−1, G1, . . . , Gj−1] ; (4.12)

Rn+1 =
∑
j≥n+1

λj(Pj + Fj[h, P1, . . . , Pj−1, G1, . . . , Gn]) . (4.13)

II) The perturbation at order j = 1, . . . , n of the normal form is given by

Pj := Sj = 〈Pj + Fj〉h . (4.14)

III) The n normalizing, generating Hamiltonians G1, . . . , Gn are given by

Gj = Gj + L−1
h δh (Pj + Fj) , Gj ∈ kerLh . (4.15)
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(the operators 〈 〉h, δh and L−1
h δh are those defined above in (4.6), (4.7) and (4.10)).

C PROOF. Let us define Lj := LGj
= { , Gj} and recall the obvious property Ljh = −LhGj,

to be repeatedly used in the sequel. Making use of the definition (4.5) of C −1
λ and by repeated

use of Lemma 3.1, one gets

H̃λ = Hλ ◦ C −1
λ = eλ

nLn · · · eλ2L2eλL1
(
h+ λP1 + λ2P2 + · · ·+ λnPn +Rn+1

)
. (4.16)

Let us first write down explicitly the above transformation in the case n = 2. By expanding
the two exponentials one finds

H̃λ =
(
1 + λ2L2 + . . .

) (
1 + λL1 + λ2L2

1/2 + λ3L3
1/6 + . . .

) (
h+ λP1 + λ2P2 + λ3P3 + . . .

)
=

= h+ λ (L1h+ P1) + λ2
(
L2h+ P2 + L1P1 + L2

1h/2
)

+ R3 ,

which is of the form (4.11)-(4.13) with

P1 = −LhG1 + P1 ; F1 = 0 ;

P2 = −LhG2 + P2 + F2 ; F2 = L1P1 + L2
1h/2 ;

R3 = λ3 (P3 + F3) +O(λ4) ; F3 = L1P2 + L2P1 + L2
1P1/2 + L3

1h/6 + L2L1h .

Moreover, any Fj, for j ≥ 4, depends on h, all the perturbation terms up to order j − 1, and
on the two generating functions G1, G2.

Thus, statement I) of the theorem holds for n = 1, 2. Let us now suppose that statement
holds up to order m − 1, so that H̃λ looks in the form (4.11)-(4.13) with n = m − 1; call the

latter H̃
(m−1)
λ . Then one lets the exponential operator eλ

mLm = 1 + λmLm +O(λ2m) act on the

left of such an expression, getting H̃
(m)
λ = eλ

mLmH̃
(m−1)
λ , namely

H̃
(m)
λ = eλ

mLm

[
h+

m−1∑
j=1

λjPj + λm (Pm + Fm) +
∑

j≥m+1

λj(Pj + Fj)

]
=

= h+
m−1∑
j=1

λjPj + λm (−LhGm + Pm + Fm) +
∑

j≥m+1

λj(Pj + F ′j) =

= h+
m∑
j=1

λjPj + R ′m+1 ,

of the form (4.11)-(4.12). By induction I) holds for any j ≥ 1 and thus up to any pre-fixed n.

In order to prove statements II) and III), let us consider equation (4.12) at a generic order
j, 1 ≤ j ≤ n. When the generating set of Hamiltonians G1, . . . Gn is specified, the latter gives
the form of Pj. On the other hand, in order to get the transformed Hamiltonian (4.11) in
normal form, we have to impose the condition Pj := Sj ∈ kerLh and solve the equation

Sj = −LhGj + Pj + Fj (4.17)

with respect to two unknowns, namely Sj and Gj (supposing we have solved for G1, . . . , Gj−1

at previous orders, which specifies Fj).
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Remark 4.1. Observe that Pj[G1, . . . , Gj] has the form (4.12) for any choice of the generating
Hamiltonians G1, . . . , Gj. We then look for those special sequences Ḡ1, . . . , Ḡj such that Sj :=
P[Ḡ1, . . . , Ḡj] ∈ kerLh.

Equation (4.17) is the so-called homological equation of Hamiltonian perturbation theory
to order j. We first solve it for Sj, and then for Gj. Let us compose both sides of the homological
equation (4.17) with Φs

h, and take into account that Sj◦Φs
h = Sj, and LhGj◦Φs

h = d(Gj◦Φs
h)/ds.

Then, integrating with respect to s from 0 to t and dividing by t one gets

Sj = −Gj ◦ Φt
h −Gj

t
+

1

t

∫ t

0

(Pj + Fj) ◦ Φs
hds .

Statement II) of the Theorem, equation (4.14), follows in the limit as t→ +∞, given the bound-
edness of the unperturbed flow. Inserting the expression Sj = 〈Pj + Fj〉h into the homological
equation (4.17), one is left with the equation

LhGj = Pj + Fj − 〈Pj + Fj〉h = δh(Pj + Fj) .

By Lemma 4.2, its solution is

Gj = Gj + L−1
h δh(Pj + Fj) ,

namely statement III) of the Theorem. B

It can be useful to give the explicit formulas of the normal form Hamiltonian to second
order (n = 2). After some minor manipulation, one finds H̃λ = h+ λS1 + λ2S2 + R3, with

S1 = 〈P1〉h ; (4.18)

δhG1 = L−1
h δhP1 ; (4.19)

S2 = 〈P2〉h +
1

2
〈{δhP1, δhG1}〉+ {〈P1〉h ,G } , (4.20)

where G is an arbitrary element of kerLh.

Exercise 4.1. Deduce formulas (4.18), (4.19) and (4.20).

Exercise 4.2. Show that in the case of τ -periodic unperturbed flow, i.e. Φτ
h(x) = Φ0

h(x) = x
for any x, formula (4.6) for the time average of a function and formula (4.10) for the operator
L−1
h δh simplify to

〈F 〉h =
1

τ

∫ τ

0

(F ◦ Φs
h) ds ; (4.21)

L−1
h δhF =

1

τ

∫ τ

0

s (δhF ◦ Φs
h) ds . (4.22)
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4.1.1 Quasi-periodic unperturbed flows

In large part of the applications of Hamiltonian perturbation theory, one actually deals with
quasi-periodic, or multi-periodic, unperturbed flows, characterized by a certain number d of
frequencies ω1, . . . , ωd, including the possibility d→ +∞. This means that the dynamics of the
unperturbed system takes place on a d-dimensional torus parametrized by d angles, each of them
advancing linearly in time. For example, for mechanical systems with n degrees of freedom, this
is the case when the unperturbed system is Liouville-Arnol’d integrable, so that action-angle
variables (I, ϕ) exist such that h = E(I) and E is a function of d ≤ n action variables only;
the unperturbed flow in this case reads Φt

h(ϕ, I) = (ϕ+ ω(I)t, I), ω(I) := ∂E/∂I.

In the considered case of quasi-periodic unperturbed motions, in solving the homological
equation at any given order, one has to compute the time average of a function of the form

(P + F ) ◦ Φs
h =

∑
k∈Zd

Cke
i(k·ω)s , (4.23)

where ω := (ω1, . . . , ωd). Its time average is

〈P + F 〉h =
∑
k∈Zd

Ck lim
t→+∞

1

t

∫ t

0

ei(k·ω)sds =
∑
k∈Zd:
k·ω=0

Ck . (4.24)

Thus, a coefficients Ck survives the averaging iff k · ω = k1ω+ · · ·+ kdωd = 0. If the frequencies
ω1, . . . , ωd are rationally independent, i.e. if k · ω = 0 implies k = 0, then 〈P + F 〉h = C0.
Observe that Ck is always a given function of the point x in the phase space, whereas the
frequency vector ω may depend or not on x, which one refers to as the anisochronous and
isochronous case, respectively. Now, once one has computed the average (4.24), subtracting the
latter from (4.23) gives the deviation

δh(P + F ) ◦ Φs
h =

∑
k∈Zd:
k·ω 6=0

Cke
i(k·ω)s . (4.25)

Then, the particular solution δhG = G− G of the homological equation LhG = δh(P + F ) for
the generating Hamiltonian G is given by

δhG = L−1
h δh(P + F ) =

∑
k∈Zd:
k·ω 6=0

Ck lim
t→+∞

1

t

∫ t

0

(s− t)ei(k·ω)sds =

=
∑
k∈Zd:
k·ω 6=0

Ck

[
1

ik · ω
− lim

t→+∞

ei(k·ω)t − 1

t(ik · ω)2

]
=
∑
k∈Zd:
k·ω 6=0

Ck
ik · ω

. (4.26)

In the case of τ -periodic unperturbed flow, there is only one frequency ω1 := ω = 2π/τ (d = 1).
In such a case formulas (4.24) and (4.26) simplify to

〈P + F 〉h = C0 ; δhG =
∑

k∈Z\{0}

Ck
ikω

. (4.27)
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Exercise 4.3. Consider an anharmonic oscillator, described by the Hamiltonian

Hλ(q, p) =
p2 + ω2q2

2
+ λα

q3

3
+ λ2β

q4

4
.

Express the latter in terms of the complex Birkhoff variable z = (ωq + ip)/
√

2ω and compute
its normal with respect to h = H0, to second order.

Exercise 4.4. Consider the Henón-Heiles family of Hamiltonian

Hλ(q1, q2, p1, p2) =
p2

1 + ω2
1q

2
1

2
+
p2

2 + ω2
2q2

2
+ λC(q1, q2) ,

where C is a homogeneous polynomial of degree 3. Write it in terms of the complex Birkhoff
variables zj = (ωjqj + ipj)/

√
2ωj, j = 1, 2, and compute its normal form (with respect to

h = H0) to first order, discussing its dependence on the frequency ratio ω2/ω1.

Exercise 4.5. Consider the system of three rotators defined by the Hamiltonian

H(ϕ, I) =
I2

1 + I2
2 + I2

3

2
+ λ [cos(ϕ2 − ϕ1) + cos(ϕ3 − ϕ2) + cos(ϕ1 − ϕ3)] ,

where ϕ = (ϕ,ϕ2, ϕ3) ∈ (R/(2πZ))3 and I = (I1, I2, I3) ∈ R3
+ are canonically conjugated

angle-action variables. Compute the normal form of Hλ with respect to h = H0 to first order,
discussing in detail its dependence on the point of the action space R3

+.

Exercise 4.6. Consider the nonlinear, non homogeneous Klein-Gordon equation

utt = −m2u+ λ
[
uxx − gu3 − V (x)u

]
, (4.28)

where m and g are real parameters, V (x) is a given function and λ is a small parameter. Here
the domain of x can be an interval with periodic boundary conditions or the whole real line.

Check that the equation (4.28) can be written in Hamiltonian form, namely ut = δHλ/δπ,
πt = −δHλ/δu, where Hλ[u, π] = h+ λP , with

h[u, π] =

∫
π2 +m2u2

2
dx ;

P [u, π] =

∫ [
(ux)

2

2
+ g

u4

4
+ V (x)

u2

2

]
dx .

Perform the change of variables (u, π) 7→ (ψ, ψ∗), where ψ := (mu + ıπ)/
√

2m and ı denotes
the imaginary unit; write the transformed Poisson tensor and the transformed Hamiltonian.

Compute the normal form Hamiltonian to first order with respect to h. Prove that the
Hamilton equations corresponding to the normal form Hamiltonian are the Gross-Pitaevskii
equation

ıϕt = mϕ+
λ

m

[
−ϕxx + V (x)ϕ+

3g

2m
|ϕ|2ϕ

]
(4.29)

and its complex conjugate.
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4.1.2 Application to quantum mechanics

The formalism of Hamiltonian perturbation theory just developed can be applied to quan-
tum mechanics once one identifies the relevant quantum objects such as Hamiltonian flows
and canonical transformations. To such a purpose, we start by observing that unitary trans-
formations of the wave function Ψ, the unknown of the Schrödinger equation, are canonical
transformations of the latter equation. Indeed, given any unitary operator Û independent of
time, and defining Ψ′ := Û†Ψ, Ĥ′ = Û†ĤÛ, one has

ı~Ψt = ĤΨ ⇐⇒ ı~Ψ′t = Ĥ′Ψ′ , (4.30)

the equation on the right being identical in form to that on the left. Thus, in the perturbative
context where Ĥ = ĥ + λV̂ + · · · , one can try to remove the leading order perturbation V̂ (and
then the higher order contributions as well) by looking for a particular unitary operator Ûλ that
conjugates Ĥ to its normal form, to leading order. In particular, by analogy with the classical
case one looks for a unitary operator Ûλ that is the Schrödinger flow at time λ of some unknown
Hamiltonian (Hermitian) operator Ĝ, namely

Ûλ = e−ıλĜ/~ (4.31)

(we hare recall that the solution of the Schrödinger equation ı~Ψt = ĤΨ is formally given by

Ψ(t) = e−ıtĤ/~Ψ(0)). To any Hermitian operator Ĝ one can associate the operator

L̂Ĝ := − ı
~

[
, Ĝ
]
, (4.32)

i.e. the quantum Lie derivative associated to Ĝ. One easily proves the following

Lemma 4.3. For any pair of Hermitian operators F̂ and Ĝ independent of λ, one has

e+ıλĜ/~F̂e−ıλĜ/~ = eλL̂ĜF̂ . (4.33)

C PROOF. Define F̂(λ) the left hand side of (4.33) and take its derivative with respect to
λ, getting

d

dλ
F̂(λ) =

ı

~

(
ĜF̂(λ)− F̂(λ)Ĝ

)
= L̂ĜF̂(λ) .

The latter differential equation can be formally integrated with the initial condition F̂(0) = F̂,
to yield (4.33).B

In particular, from the latter Lemma it follows that F̂ is invariant with respect to the flow of
Ĝ iff [F̂, Ĝ] = 0 (prove it). Now, supposing that Ĥλ = ĥ+λV̂ and transforming it by Ûλ = e−ıλĜ/~,
one gets

Ĥ′λ := Û†λĤÛλ = eλL̂Ĝ
(
ĥ + λV̂

)
= ĥ + λ

(
V̂ + L̂Ĝĥ

)
+O(λ2) .

One now requires that the latter expression be in normal form with respect to ĥ to first order,
i.e. that Ĥ′λ = ĥ + λŜ + O(λ2), with Ŝ invariant with respect to the flow of ĥ: L̂ĥŜ = 0. Thus,



52 CHAPTER 4. PERTURBATION THEORY

taking into account that L̂Ĝĥ = −L̂ĥĜ, one writes down the (first order) quantum homological
equation

Ŝ = V̂ − L̂ĥĜ (4.34)

and solves it for Ŝ and Ĝ exactly as done in the classical case. The result is

Ŝ =
〈
V̂
〉
ĥ

= lim
t→+∞

1

t

∫ t

0

e
ı
~ sĥV̂e−

ı
~ sĥds ; (4.35)

Ĝ = Ĝ + lim
t→+∞

1

t

∫ t

0

(s− t)e
ı
~ sĥ
(
V̂ −

〈
V̂
〉
ĥ

)
e−

ı
~ sĥds . (4.36)

Exercise 4.7. Prove formulas (4.35) and (4.36).

It follows that the averaging principle, Theorem 4.1, holds in quantum mechanics to all
orders, with a formulation that, up to the replacement of the Poisson bracket with the commu-
tator divided by ı~, is completely analogous to the classical one. In particular, to first order,
the perturbation in normal form is the time average of the perturbation along the flow of the
unperturbed system.

Exercise 4.8. Consider the classical anharmonic oscillator defined by the Hamiltonian

H(x, p) =
p2

2m
+
kx2

2
+ µ

x4

4
. (4.37)

Quantize the problem, introduce the quantum analogue of the Birkhoff variables and compute
the normal form to first order with respect to the quadratic Hamiltonian. Compare the result
with the corresponding classical one.


