
Monge-Kantorovich
Problem

Warning

These notes have been written mainly to help me in the preparation of a seminar
at NTNU, focused on the results contained in Chapter 2 of [19]. I tried to select
the results to keep the seminar as self contained as possible, and I put here most
of the tools needed for these results. As a byproduct, these notes could help
people who attended my (long and not really clear) seminar to fill the gaps I
left in the hurry of the seminar.

Notice that not all the material here comes from [19]. I also used [20] and, here
and there, added different definitions or proofs to keep the consistency of the
notations. Anyway, no proof, example or remark is original: I predated many
well–written books and papers to collect the results I needed. Take a look at
the Bibliography, if you want to know where my arguments come from.

In the future, I do not plan to update these pages, other than to correct small
mistakes. This does not mean I claim these notes to be perfect: many more
results could be added and many arguments could be improved. For sure, I
would like to add a proof of Kantorovich duality as it is presented in Chapter 1
of [19] and few results contained in papers I was not able to access (e.g. [13]).
But I do not know if it will ever happen.

A note to the reader: many preliminaries are piled up in the first Section before
a correct statement of the main results could be given. Anyway, not all the
preliminaries are needed to read (or to prove) each result. Namely,

• Theorem 2.1 requires only the preliminary results on the tightness of a set
of measures;

• Theorem 2.3 and Theorem 2.5 require a few basic concepts from convex
analysis to be stated and most of the preliminary results to be proved (but
you can safely skip the section about c-cyclically monotonicity, c-convexity
and c-concavity);

• Theorem 2.7 is the only result which needs generalized concepts of con-
vexity, concavity and monotonicity (depending on the cost c).

Finally, a thanks to SAS and Trenitalia: without long and boring periods to
spend waiting in airports and train stations during my travel to Bari, I would
have never found the time to write most (30+ pages) of these notes in LATEX.
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1 Preliminaries

1.1 Statement of the problem

Let X,Y be Polish spaces (i.e. complete, separable metric spaces). We will
denote with P(X) (resp. P(Y )) the space of Borel probability measures on X
(resp. Y ).
For any couple of measures (µ, ν) ∈ P(X) × P(Y ), we will define the set of
measures with marginals µ and ν the following set:

Π(µ, ν)
.
=
{
π ∈ P(X × Y ) ; µ = ProjX♯π , ν = ProjY♯π

}
, (1)

where ProjX : X × Y → X and ProjY : X × Y → Y are the canonical pro-
jections on the components. While a general definition of push–forward mea-
sures ProjX♯π,ProjY♯π will be given in Definition 1.10, at this point note that

µ = ProjX♯π and ν = ProjY♯π simply mean the following

π(A×Y ) = µ(A) and π(X×B) = ν(B) for any A ⊂ X,B ⊂ Y measurable sets.

Equivalently, π ∈ Π(µ, ν) if and only if for any (ϕ, ψ) ∈ L1(µ) × L1(ν) we have

∫

X×Y

[ϕ(x) + ψ(y)] dπ(x, y) =

∫

X

ϕ(x) dµ(x) +

∫

Y

ψ(y) dν(y) . (2)

We are now ready to state Kantorovich optimal transportation problem. Let
c : X × Y → [0,+∞] be a lower semicontinuous map. We want to find

inf
π∈ Π(µ, ν)

I(π)
.
= inf

π∈ Π(µ, ν)

∫

X×Y

c(x, y) dπ(x, y) . (3)

Any minimizer of this problem will be called optimal transportation plan for c
and possibly denoted as Tc(µ, ν).

As showed by Kantorovich duality theorem, this problem is equivalent to
the following. Given c as above, set

Φc
.
= {(ϕ, ψ) ∈ L1(µ)×L1(ν) ; ϕ(x)+ψ(y) ≤ c(x, y) µ-a.e. x ∈ X , ν-a.e. y ∈ Y } .

Then, finding Tc(µ, ν) is the same as solving the problem

sup
(ϕ,ψ)∈ Φc

J(ϕ, ψ)
.
= sup

(ϕ,ψ)∈ Φc

∫

X

ϕ(x) dµ(x) +

∫

Y

ψ(y) dν(y) . (4)

Remark 1.1. Notice that we have assumed c ≥ 0. All the results in the
following could be immediately extended to the more general case of a cost
satisfying a lower bound as the following one

c(x, y) ≥ a(x) + b(y) ∀ (x, y) ∈ X × Y , (5)

for suitable upper semicontinuous functions a ∈ L1(µ), b ∈ L1(ν). Indeed, we
can always define

c̄(x, y)
.
= c(x, y) − a(x) − b(y) ≥ 0 , Λ

.
=

∫

X

a dµ+

∫

Y

b dν <∞ , (6)
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Figure 1: Transportation Problem

and, for all (ϕ, ψ) ∈ L1(µ) × L1(ν),

ϕ
.
= ϕ− a , ψ

.
= ψ − b . (7)

With these definitions, we can prove easily that:

c real valued & lower semicontinuous ⇒ c̄ real valued & lower semicontinuous,

ϕ ∈ L1(µ) ⇔ ϕ ∈ L1(µ) ψ ∈ L1(ν) ⇔ ψ ∈ L1(ν) ,

(ϕ, ψ) ∈ Φc ⇔ (ϕ, ψ) ∈ Φc̄ ,

∀π ∈ Π(µ, ν)

∫

X×Y

c̄ dπ =

∫

X×Y

c dπ − Λ ,

∀(ϕ, ψ) ∈ L1(µ) × L1(ν)

∫

X

ϕ dµ+

∫

Y

ψ dν =

∫

X

ϕdµ+

∫

Y

ψ dν − Λ .

Therefore, to any solution of the Kantorovich transportation problem (in both
its formulations) with nonnegative cost there corresponds a solution of the Kan-
torovich transportation problem with cost bounded below as in (5).

1.2 Differentiability of Lipschitz continuous functions

Definition 1.2. Let A ⊂ R
n.

(i) A function f : A → R
m is called Lipschitz continuous if there exists a

constant C such that

|f(x) − f(y)| ≤ C|x − y| , (8)

for all x, y ∈ A. The smallest constant C such that (8) holds is denoted
by Lip(f). When C = Lip(f) we will also say that f is C-Lipschitz
continuous.
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(ii) A function f : A → R
m is called locally Lipschitz continuous if, for each

compact K ⊂ A, there exists a constant CK such that

|f(x) − f(y)| ≤ CK |x− y| , (9)

for all x, y ∈ K.

Definition 1.3. A function f : R
n → R

m is differentiable at x ∈ R
n if there

exists a linear mapping
L : R

n → R
m ,

such that

lim
y→x

|f(y) − f(x) − L(y − x)|
|x− y| = 0 . (10)

Remark 1.4. If such a linear mapping L exists, it is unique. We call it the
derivative of f at x and denote it with Df(x).

Theorem 1.5. (Rademacher’s Theorem) Let f : R
n → R

m be a locally
Lipschitz continuous function. Then f is differentiable in Ln-a.e. x ∈ R

n.

For a proof of Rademacher’s Theorem, please refer to [7] (precisely, Theo-
rem 2 at page 81)

1.3 Hahn–Banach theorems

Definition 1.6. Let X be a vector space over a field F and ℓ : X → F a function.
ℓ is said to be a linear functional if it is linear, i.e. if for all x, y ∈ X and for
all λ ∈ F

ℓ(x+ y) = ℓ(x) + ℓ(y) , ℓ(λx) = λ ℓ(x) (11)

Theorem 1.7. (Hahn–Banach Theorem) Let X be a vector space over R

and p : X → R such that

(i) p is positively homogeneous, i.e. for all x ∈ X and for all a > 0

p(ax) = a p(x) , (12)

(ii) p is subadditive, i.e. for all x, y ∈ X

p(x+ y) ≤ p(x) + p(y) . (13)

If Y ⊂ X is a vector subspace and ℓ : Y → R is a linear functional over Y such
that for all y ∈ Y

ℓ(y) ≤ p(y) , (14)

then there exists a linear functional Λ: X → R over X such that Λ|Y = ℓ and

for all x ∈ X
Λ(x) ≤ p(x) . (15)

Theorem 1.8. (Hahn–Banach Separation Theorem) Let X be a normed
vector space on R, with dual X∗, and let A,B ⊂ X be nonempty, convex and
disjoint sets.
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(i) If A is open, then there exist ξ ∈ X∗ \ {0} and c ∈ R such that for all
a ∈ A, b ∈ B

〈ξ, a〉 ≤ c ≤ 〈ξ, b〉 . (16)

(ii) If A is closed and B compact, then there exist ξ ∈ X∗ \{0} and c ∈ R such
that for all a ∈ A, b ∈ B

〈ξ, a〉 < c < 〈ξ, b〉 . (17)

You can find a proof for Theorems 1.7–1.8 in many books, e.g. in [6] or [11].

1.4 Ingredients from measure theory

In the following, let P(X) be the set of Borel probability measures on X.

Definition 1.9. Let X be a metric space. Given a probability measure µ ∈
P(X) and a set S ⊂ X, we say that µ is concentrade in S if µ(X \ S) = 0.
We also define the support of µ as the smallest (w.r.t. inclusion) closed set
Supp(µ) on which µ is concentrated.

Definition 1.10. Let (X,Σ1), (Y,Σ2) be measure spaces. Given a probability
measure µ ∈ P(X) and a µ-measurable map f : X → Y , we define a probability
measure in P(Y ) as follows. For all A ∈ Σ2 we set

f♯µ(A)
.
= µ

(
f−1(A)

)
= µ ({x ∈ X ; f(x) ∈ A}) . (18)

We call f♯µ the push–forward measure of µ through f . Measurability of f
implies that f♯µ is indeed a measure on (Y,Σ2) .

Remark 1.11. Given g : Y → R summable w.r.t. f♯µ, then g ◦ f is summable
w.r.t. µ and we have the equality

∫

Y

g(y) d(f♯µ)(y) =

∫

X

g(f(x)) dµ(x) .

Notice that this characterizes the probability measure f♯µ: if ν is a probability
measure on Y such that for all g ∈ L1(ν) we have

∫

Y

g(y) dν(y) =

∫

X

g(f(x)) dµ(x) ,

then ν = f♯µ. Indeed, for all E ⊂ Y measurable, χE ∈ L1(ν). Therefore,
ν(E) =

∫
Y
χEdν =

∫
X
χE ◦ fdµ =

∫
X
χf−1(E)dµ = µ(f−1(E)).

Definition 1.12. Let X be a metric space. A subset S ⊂ P(X) is said to be
tight if ∀ ε > 0 there exists a compact set Kε ⊂ X such that

µ(X \Kε) ≤ ε ∀µ ∈ S . (19)

Proposition 1.13. Let X,Y be Polish spaces and let A ⊂ P(X), B ⊂ P(Y ) be
tight subsets of P(X) and P(Y ) respectively. Then the set

Π(A,B)
.
= {π ∈ P(X × Y ) ; π ∈ Π(µ, ν) for some µ ∈ A, ν ∈ B}

is tight in P(X × Y ).
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Proof. Let µ ∈ A, ν ∈ B and ε > 0. By tightness of A,B, there exist compact
sets Kε ⊂ X and Lε ⊂ Y , independent by the choice of µ, ν, such that

µ(X \Kε) ≤
ε

2
, ν(Y \ Lε) ≤

ε

2
.

But then for all π ∈ Π(A,B), π ∈ Π(µ, ν) for suitable µ, ν and

π ((X × Y ) \ (Kε × Lε)) ≤ π ((X \Kε) × Y ) + π (X × (Y \ Lε))
= µ(X \Kε) + ν(Y \ Lε) ≤ ε .

This concludes the proof. ⋄

Theorem 1.14. (Prokhorov’s Theorem) Let X be a Polish space. A subset
S ⊂ P(X) is relatively (sequentially) compact in P(X) if and only if S is tight.

For a proof of this Theorem, please refer to [4].

Remark 1.15. In Prokhorov’s Theorem above, relatively compact in P(X)
means that the closure w.r.t. the topology σ(P(X), Cb(X)) is compact in P(X).

Corollary 1.16. Let X be a Polish space and µ ∈ P(X). Then {µ} is a tight
set in P(X).

Remark 1.17. Actually there is no need to use Theorem 1.14 to prove tightness
of {µ}. Indeed, in Polish spaces, every probability measure µ is regular (see
again [4] for a proof), i.e. for any Borel set A,

µ(A) = sup{µ(K) ; K compact,K ⊂ A}
= inf{µ(O) ; O open, A ⊂ O} .

Therefore, since µ(X) = 1 <∞, we can always find a compactK whose measure
is as close as we want to µ(X), and tightness follows.

Definition 1.18. Let (X,Σ) be a measure space and let µ a positive measure on
it. A family F in L1(X,µ) is said to be equiintegrable if the following conditions
hold:

(i) for any ε > 0 there exists a µ-measurable set A with µ(A) <∞ such that
∫

X\A

|f | dµ < ε ∀ f ∈ F , (20)

(ii) for any ε > 0 there exists δ > 0 such that for any µ-measurable set E,
µ(E) < δ implies

∫

E

|f | dµ < ε ∀ f ∈ F . (21)

Remark 1.19. Notice that, for finite measures (e.g. for probability measures),
the first condition is always trivially satisfied by the choice A = X . Therefore,
equiintegrability for a family F ⊂ L1(X,µ), with µ finite, reduces to condition
(ii) only.

Theorem 1.20. (Dunford–Pettis Theorem) Let µ be a positive σ-finite
measure on the measure space (X,Σ) and F be a bounded family in L1(X,µ).
Then F is weakly (sequentially) compact if and only if F is equiintegrable.

A rigorous proof of Theorem 1.20 would require some additional results from
measure theory, therefore we only refer to [2] for a proof (precisely, Theorem 1.38
at page 18).
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1.5 Ingredients from convex analysis

In this subsection, we will recall few results in convex analysis that we need in
the following.

Definition 1.21. Let X be a vector space. A function ϕ : X → R ∪ {+∞} is
said to be a convex function if ∀x, y ∈ X and ∀ t ∈ [0, 1] we have

ϕ (tx+ (1 − t)y) ≤ t ϕ(x) + (1 − t)ϕ(y) . (22)

Moreover, ϕ is said to be strictly convex if the equality in (22) implies either
x = y or t ∈ {0, 1}. Finally, ϕ is said to be proper if ∃x ∈ X such that
ϕ(x) <∞. Equivalently, setting

Dom(ϕ)
.
= {x ∈ X ; ϕ(x) <∞} , (23)

ϕ is proper if Dom(ϕ) 6= ∅.

Remark 1.22. Whenever ϕ is convex, Dom(ϕ) is a convex set. In particular,
when X = R

n, since any convex set C has ∂C with Hausdorff dimension n−1 1,
∂(Dom(ϕ)) is a set with finite Hn−1 measure.

We also mention the next equivalent definitions of a convex function. You can
prove them as an exercise or look for them in [12]–[17].

Proposition 1.23. Let ϕ : X → R ∪ {+∞}. Then, the following fact are
equivalent:

(i) ϕ is convex,

(ii) the epigraph of ϕ, defined as follows

epi(ϕ)
.
= {(x, λ) ∈ X × R ; ϕ(x) ≤ λ} , (24)

is a convex set.

Moreover, if X = R, both conditions are also equivalent to

(iii) for all xo ∈ R the map

x 7→ ϕ(x) − ϕ(xo)

x− xo
,

is nondecreasing for all x 6= xo.

Proposition 1.24. Let X be a normed space and ϕ : X → R ∪ {+∞} be a
convex map.

(i) The following facts are equivalent:

a. there exist O ⊂ X, open and non-empty, and α ∈ R such that

ϕ(x) ≤ α ∀x ∈ O ,

1This should be a consequence of a result contained in [8], but I haven’t tried to obtain it
in detail.
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b. ϕ is proper, Int(Dom(ϕ)) 6= ∅ and ϕ is continuous in Int(Dom(ϕ)).

(ii) If xo ∈ X, ro > 0, m,M ∈ R are such that

m ≤ ϕ(x) ≤M ∀x ∈ B(xo, ro) ,

then ϕ is Lipschitz continuous on B(xo, r), for all 0 < r < ro, with Lips-

chitz constant
M −m

ro − r
.

Proof. (i) b. ⇒ a. is clear. Let x ∈ Int(Dom(ϕ)) and α = 2ϕ(x). By continuity
there exists O ⊂ Int(Dom(ϕ)), open neighborhood of x, such that ϕ ≤ α on O.
As for a. ⇒ b. we want to prove that f is continuous at x ∈ Int(Dom(ϕ)).
Fixed v ∈ O, let t > 0 such that x− tv ∈ Int(Dom(ϕ)). Now consider the map

y 7→ h(y)
.
=

(t+ 1)y − x

t
+ v .

Notice that h is smooth and h(x) = v. Then N = h−1(O) is a neighborhood of
x. Let y ∈ N . Hence,

y =
t

t+ 1
h(y) +

1

t+ 1
(x − tv)

and

ϕ(y) ≤ t

t+ 1
α+

1

t+ 1
ϕ(x− tv) ≤ α+ ϕ(x − tv) .

Therefore, ϕ ≤ β
.
= α+ ϕ(x − tv) on N . We claim that this is enough to have

ϕ continuous in x.
Indeed, for any ε > 0 we want to find U neighborhood of x such that

|ϕ(ξ) − ϕ(x)| < ε whenever ξ ∈ U . Let V a symmetric neighborhood of 0 such

that x+ V ⊂ N and let η ∈ ε′V , ε′ =
ε

β
. Then:

• η

ε′
∈ V , we can write

x+ η = (1 − ε′)x+ ε′
(
x+

η

ε′

)
,

and there holds

ϕ(x+ η) ≤ (1 − ε′)ϕ(x) + ε′ϕ
(
x+

η

ε′

)
≤ ϕ(x) + ε′β = ϕ(x) + ε .

• − η

ε′
∈ V , we can write

x =
ε′

1 + ε′

(
x− η

ε′

)
+

1

1 + ε′
(x+ η) ,

and

ϕ(x) ≤ ε′

1 + ε′
ϕ
(
x− η

ε′

)
+

1

1 + ε′
ϕ(x+ η) ,

which, finally, implies

ϕ(x+ η) ≥ ϕ(x) − ε′ϕ
(
x− η

ε′

)
≥ ϕ(x) − ε′β = ϕ(x) − ε .

8



These inequalities on U = x + V imply the continuity of ϕ in x and the proof
of (i) is concluded.

(ii) Let x, y ∈ B(xo, r) with r < ro and let z
.
= y + ro−r

||y−x||X
(y − x). Since

z ∈ B(xo, ro), we have ϕ(z) ≤M . Moreover,

y =
||y − x||X

ro − r + ||y − x||X
z +

ro − r

ro − r + ||y − x||X
x ,

and hence

ϕ(y) − ϕ(x) ≤ ||y − x||X
ro − r + ||y − x||X

ϕ(z) +

(
ro − r

ro − r + ||y − x||X
− 1

)
ϕ(x)

≤ ||y − x||X
ro − r + ||y − x||X

(M −m)

≤ M −m

ro − r
||y − x||X .

Inverting the role of x, y you obtain that ϕ is Lipschitz on B(xo, r) and (ii) is
proved. ⋄

Proposition 1.25. Let X be a normed space and let ϕ : X → R ∪ {+∞}
be a proper and convex function. Then ϕ is locally Lipschitz continuous in
Int(Dom(ϕ)).

Proof. Let us start proving continuity of ϕ in Int(Dom(ϕ)). If x̄ ∈ Int(Dom(ϕ)),
then we can put x̄ in the interior of a simplex S and ϕ(x) is bounded by the
maximum value attained by ϕ on the vertices of S. 2 Therefore, continuity
follows by Proposition 1.24-(i) with O = S.

As for local Lipschitz continuity, we simply need to find also a lower bound
to ϕ in a neighborhood of x̄ ∈ Int(Dom(ϕ)), e.g. on a simplex around x̄, and
then apply 1.24-(ii) to a ball centered in x̄ and contained in the simplex.

A possible solution is to prove the existence of an affine function ℓ which
satisfies ϕ(x) ≥ ℓ(x) for all x ∈ X , by using Theorem 1.8 (Hahn–Banach sepa-
ration theorem). Once this has been done, we can simply take the minimum of
ℓ in the simplex to finish the proof. Anyway, a much shorter and smarter proof
has been suggested to me by X. Raynaud. We already have a simplex S around
x̄ such that ϕ ≤M on S. Let us consider B(x̄, ro) ⊂ S and prove that ϕ is also
bounded below in B(x̄, ro).

Indeed, for all y ∈ B(x̄, ro) there exists z ∈ B(x̄, ro) such that x̄ =
y

2
+

z

2
.

Hence, ϕ(x̄) ≤ ϕ(y)

2
+
ϕ(z)

2
and

ϕ(y) ≥ 2ϕ(x̄) − ϕ(z) ≥ m
.
= 2ϕ(x̄) −M .

This concludes the proof. ⋄

2This result follows from the elementary remark that any convex function ϕ attains its
maximum over a segment in one of the extremal points of the segment.
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Figure 2: From the gradient to the subdifferential.

Remark 1.26. From the previous Proposition 1.25 and from Theorem 1.5
(Rademacher’s Theorem), it follows that for Ln-a.e. x in Int(Dom(ϕ)) there
exists ∇ϕ(x) and ∇ϕ is locally bounded.

Remark 1.27. If ϕ is differentiable in a point x, then we have

ϕ(z) ≥ ϕ(x) + ∇ϕ(x) · (z − x) ∀ z ∈ R
n .

From a geometrical point of view, this means that the graph of ϕ is always
above its tangent hyperplane in x.

Motivated by Remark 1.27, we define the subdifferential of a convex function
as the collection of all the hyperplanes such that the graph of ϕ is above them.

Definition 1.28. Let X be a topological vector space with dual X∗, ϕ : X →
R ∪ {+∞} be convex and x ∈ X. We define ∂ϕ(x) as the set

∂ϕ(x)
.
= {ξ ∈ X∗ ; ϕ(z) ≥ ϕ(x) + 〈ξ, z − x〉 ∀z ∈ X} . (25)

The set ∂ϕ(x) is called subdifferential of ϕ in x, and its elements are called
subgradients. We also call subdifferential of ϕ the map x 7→ ∂ϕ(x), seen as a
function between X and 2X

∗

.

Remark 1.29. It follows immediately that

x̄ is a minimum for ϕ ⇔ 0 ∈ ∂ϕ(x̄) .

Proposition 1.30. Let X be a topological vector space endowed with a norm
|| · ||X . Then for all x ∈ Int(Dom(ϕ)) there holds ∂ϕ(x) 6= ∅.

Proof. Let x̄ ∈ Int(Dom(ϕ)). By Proposition 1.25, we know that ϕ is continuous
in x̄. Fix then d ∈ X such that ||d||X = 1 and define on span{d} the linear
functional

〈ℓd, kd〉 .= k lim
t→0+

ϕ(x̄+ td) − ϕ(x̄)

t
= k inf

t>0

ϕ(x̄+ td) − ϕ(x̄)

t

for all k ∈ R. This is a well defined linear functional due to convexity of ϕ.
Notice also that p : X → R, defined as follows

p(v)
.
= lim
t→0+

ϕ(x̄ + tv) − ϕ(x̄)

t
= inf

t>0

ϕ(x̄ + tv) − ϕ(x̄)

t
,

is subadditive and positively homogeneous. Indeed,
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a. For λ ≥ 0,

p(λv) = lim
t→0+

ϕ(x+ tλv) − ϕ(x)

t
= λ lim

s→0+

ϕ(x+ sv) − ϕ(x)

s
= λ p(v) ,

where we have set s = λt.

b. For all v, w

p(v + w) = lim
t→0+

ϕ(x + tv + tw) − ϕ(x)

t

= lim
t→0+

ϕ

(
x+ 2tv

2
+
x+ 2tw

2

)
− ϕ(x)

t

≤ lim
t→0+

ϕ(x + 2tv) + ϕ(x + 2tw) − 2ϕ(x)

2t

= lim
t→0+

ϕ(x + 2tv) − ϕ(x)

2t
+ lim
t→0+

ϕ(x + 2tw) − ϕ(x)

2t

= lim
s→0+

ϕ(x+ sv) − ϕ(x)

s
+ lim
s→0+

ϕ(x+ sw) − ϕ(x)

s

= p(v) + p(w) ,

where we have used the convexity and set s = 2t 3.

Therefore, by Theorem 1.7 (Hahn-Banach theorem), there exists a linear func-
tional ξd ∈ X∗ such that 〈ξd, kd〉 = 〈ℓd, kd〉 and for all v ∈ X

〈ξd, v〉 ≤ p(v) = inf
t>0

ϕ(x̄+ tv) − ϕ(x̄)

t
. (26)

This means 4 ξd ∈ ∂ϕ(x̄). In particular, ∂ϕ(x̄) 6= ∅. ⋄

Remark 1.31. Note that Proposition 1.30 holds in any point, not almost ev-
erywhere! Nevertheless, it is not that useful if Dom(ϕ) has no interior points. In
fact, it could be proved that ∂ϕ(x) is non-empty if x ∈ D ⊂ Dom(ϕ), for a suit-
able dense subset D, but such a proof would require much more sophisticated
tools from convex analysis (e.g. approximated subdifferentials) which are far
beyond the scope of these notes. Refer to [12] or [17] for extensive treatments
of the topic.

Proposition 1.32. Let ϕ : X → R ∪ {+∞} be convex and proper. Then

(i) ϕ is (Gateaux) differentiable in x ∈ X ⇒ ∂ϕ(x) = {∇ϕ(x)},

(ii) ϕ continuous in x̄ ∈ X and ∂ϕ(x̄) = {ξ̄} ⇒ ϕ is (Gateaux) differentiable
in x̄ ∈ X and ∇ϕ(x̄) = ξ̄.

3We have also used the fact that, since x is in the interior of the domain, x+ 2tv, x+ 2tw
belong to the interior of the domain as well (for t small enough). But this was implicitly used
in the whole proof, since the definition of ℓd.

4Indeed, for all z ∈ X, choosing t = 1 and v = z−x̄ in (26), we have ϕ(z) ≥ ϕ(x̄)+〈ξd, z−x̄〉.
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Remark 1.33. Notice that the continuity of ϕ in x cannot be dropped in (ii).
Indeed, it is possible to have a convex set A with empty interior such that in a
point x̄ ∈ A the normal cone reduces to {0}. Setting the indicator function of
A as the following map

IA(x)
.
=

{
0 if x ∈ A
+∞ if x /∈ A

we would have ∂IA(x̄) = {0}, but IA is not differentiable in x̄. Notice that IA is
convex if and only if A is convex and Dom(IA) = A. Here the key assumption
is Int(A) = Int(Dom(IA)) = ∅. Indeed, one could prove that Int(Dom(ϕ)) 6= ∅
implies ∂ϕ(x̄) not a singleton whenever ϕ is discontinuous at x̄ (i.e. at boundary
points of the domain, the subdifferential is either empty or unbounded). In
particular, if Int(Dom(ϕ)) 6= ∅, then one has the nicer result

ϕ differentiable in x ⇔ ∂ϕ is a singleton.

We refer to [12] for a set A with the required properties and for a precise proof
of the statement about subdifferentials in discontinuity points.

Proof. (i) First of all, notice that ϕ convex implies for all v ∈ X

t 7→ ϕ(x + tv) − ϕ(x)

t

is an increasing function. Therefore, for any t > 0 we have

ϕ(x+ tv) − ϕ(x)

t
≥ lim

t→0+

ϕ(x + tv) − ϕ(x)

t
= 〈∇ϕ(x), v〉 ,

i.e.
ϕ(x+ tv) ≥ ϕ(x) + 〈∇ϕ(x), tv〉 .

Since an identical estimate holds for t < 0, we conclude that ∇ϕ(x) ∈ ∂ϕ(x). If
now ξ ∈ ∂ϕ(x), for all v ∈ X and t > 0

ϕ(x+ tv) ≥ ϕ(x) + 〈ξ, tv〉 ,

i.e.

〈ξ, v〉 ≤ inf
t>0

ϕ(x+ tv) − ϕ(x)

t
= 〈∇ϕ(x), v〉 .

Since we can take in the previous inequality both v and −v, for any v ∈ X , this
actually implies ξ = ∇ϕ(x).

(ii) Fix d ∈ X such that ||d||X = 1 and proceed exactly as in the proof of
Proposition 1.30, we define on span{d} the linear functional

〈ℓd, kd〉 .= k lim
t→0+

ϕ(x̄+ td) − ϕ(x̄)

t
= k inf

t>0

ϕ(x̄+ td) − ϕ(x̄)

t

for all k ∈ R. By Hahn-Banach theorem (Theorem 1.7 in these notes), there
exists a linear functional ξd ∈ X∗ such that 〈ξd, kd〉 = 〈ℓd, kd〉 and for all v ∈ X

〈ξd, v〉 ≤ lim
t→0+

ϕ(x̄ + tv) − ϕ(x̄)

t
.

12



This means ξd ∈ ∂ϕ(x̄), and hence, ξd = ξ̄. Therefore, we have for all v ∈ X

〈ξ̄, v〉 = 〈ℓw, ||v||Xw〉 = ||v||X lim
t→0+

ϕ(x̄+ tw) − ϕ(x̄)

t
= lim
s→0+

ϕ(x̄+ sv) − ϕ(x̄)

s

where we set w =
v

||v||X
and, in the last equality, s =

t

||v||X
. Finally, this

means that ϕ is Gateaux differentiable and ∇ϕ(x) = ξ̄. ⋄

Definition 1.34. Let X be a locally convex Hausdorff space, X∗ be its dual
space and ϕ : X → R ∪ {+∞} be a proper function. Then, for any ξ ∈ X∗ we
define the Fenchel-Legendre conjugate of ϕ in ξ as

ϕ∗(ξ)
.
= sup
x∈X

{〈ξ, x〉 − ϕ(x)} . (27)

Proposition 1.35. Let ϕ : X → R∪{+∞} proper. Then ϕ∗ : X∗ → R∪{+∞}
is convex and lower semicontinuous. Moreover, if ϕ is convex, then ϕ∗ is also
proper.

Proof. Convexity and lower semicontinuity follows from the fact that ϕ∗ is
pointwise supremum of affine functions.

To prove that ϕ∗ is proper, we can apply Theorem 1.8 (Hahn–Banach sep-
aration theorem) to find an affine function 〈ξ̄, x〉 + r which supports ϕ in
x̄ ∈ Dom(ϕ). Indeed, let x̄ ∈ Dom(ϕ) and α < ϕ(x̄). By Theorem 1.8, we
can strictly separate with an hyperplane the compact set {(x̄, α)} ⊂ X ×R and
the closed convex set epi(ϕ) ⊂ X × R, where epi(ϕ) is the epigraph of ϕ as
defined in (24). This means that there exist ξ ∈ X∗ \ {0} and r, c ∈ R such that
for all (x, λ) ∈ epi(ϕ) there holds

〈ξ, x〉 + rλ > c > 〈ξ, x̄〉 + α . (28)

In particular, for (x̄, ϕ(x̄)) ∈ epi(ϕ), we get r(ϕ(x̄) − α) > 0 and, hence, r > 0.

This ensures that the hyperplane is not vertical 5 and it allows to set ξ∗ = − ξ

r
,

q =
c

r
and, finally,

ℓ(x)
.
= 〈ξ∗, x〉 + q .

ϕ(x) ≥ ℓ(x) immediately follows from (28) 6.

This implies that ϕ∗(ξ∗) ≤ ℓ∗(ξ∗) = −q <∞ and, hence, ϕ∗ is proper. ⋄

Remark 1.36. Directly from Definition 1.34, it follows that ∀x ∈ X and ξ ∈ X∗

〈ξ, x〉 ≤ ϕ(x) + ϕ∗(ξ) . (29)

Proposition 1.37. Let ϕ, ψ : X → R ∪ {+∞}. Then:

(i) ϕ ≤ ψ implies ϕ∗ ≥ ψ∗,

5In the opposite case, the proof would have been a bit longer: we would have had to prove
that we could slightly change our hyperplane with a non-vertical one, still maintaining the
separation property.

6ℓ(x̄) > α as well, but we don’t need this here.
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(ii) ϕ∗∗ ≤ ϕ,

(iii) ϕ∗∗∗ = ϕ∗.

Proof. (i) It immediately follows from

〈ξ, x〉 − ϕ(x) ≥ 〈ξ, x〉 − ψ(x) .

(ii) Notice that, using the definition of Fenchel conjugate, we have for all x ∈ X
and ξ ∈ X∗

〈ξ, x〉 − ϕ∗(ξ) ≤ ϕ(x) .

Hence, passing to the supremum over all ξ, we can conclude that ϕ∗∗ ≤ ϕ.

(iii) From (i) and (ii), it follows that ϕ∗∗∗ ≥ ϕ∗. On the other hand, by
definition of ϕ∗∗, we have for all x ∈ X and ξ ∈ X∗

〈ξ, x〉 − ϕ∗∗(x) ≤ ϕ∗(ξ) .

Hence, passing to the supremum over all x, we can conclude that ϕ∗∗∗ ≤ ϕ∗. ⋄

Proposition 1.38. Let X be a normed space and let ϕ : X → R ∪ {+∞} be a
proper map. Then the following facts are equivalent:

(i) ϕ is convex and lower semicontinuous,

(ii) ϕ ≡ ψ∗ for some proper function ψ,

(iii) ϕ∗∗ ≡ ϕ.

Since the proof is quite long and requires a few concepts we do not need other-
wise, it is deferred to the Appendix.

Proposition 1.39. Let X be a normed space and ϕ : X → R ∪ {+∞} be a
convex, lower semicontinuous and proper map. Then, for all x ∈ X and ξ ∈ X∗,
there holds

ξ ∈ ∂ϕ(x) ⇔ 〈ξ, x〉 = ϕ(x) + ϕ∗(ξ) ⇔ x ∈ ∂ϕ∗(ξ) . (30)

Proof. Fixed x ∈ X and ξ ∈ X∗, we have

ξ ∈ ∂ϕ(x) ⇔ ∀z ∈ X, ϕ(z) ≥ ϕ(x) + 〈ξ, z − x〉
⇔ ∀z ∈ X, 〈ξ, x〉 ≥ ϕ(x) + 〈ξ, z〉 − ϕ(z)

⇔ 〈ξ, x〉 ≥ ϕ(x) + ϕ∗(ξ) .

Since the opposite inequality always holds true, as noticed in (29), we have
proved half of the result. Applying now the same argument to ϕ∗ and recalling
that Proposition 1.38 implies ϕ(x) = ϕ∗∗(x), we have

x ∈ ∂ϕ∗(ξ) ⇔ 〈x, ξ〉 = ϕ∗(ξ) + ϕ∗∗(x) ⇔ 〈x, ξ〉 = ϕ∗(ξ) + ϕ(x) ,

which concludes the proof. ⋄

Remark 1.40. Notice that, even if here we do not enter in the details, there is
a sort of dual correspondence between strict convexity of ϕ and differentiability
of ϕ∗, as Figure 3 tries to underline.
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Figure 3: Loss of strict convexity in ϕ results in loss of regularity in ϕ∗

1.6 Monotone functions in R
n

Definition 1.41. Let u : R
n → 2R

n

be a multifunction, i.e. u maps points
x ∈ R

n to subsets u(x) ⊂ R
n. Then:

(i) for any fixed B ⊂ R
n, u is univalued on B if u(x) consists of at most one

point for every x ∈ B,

(ii) we define the domain of u as

Dom(u)
.
= {x ∈ R

n ; u(x) 6= ∅} , (31)

(iii) we define the graph of u as

Graph(u)
.
= {(x, y) ∈ R

n × R
n ; y ∈ u(x)} , (32)

(iv) u is monotone if

〈y1 − y2, x1 − x2〉 ≥ 0 ∀xi ∈ R
n ∀ yi ∈ u(xi) (i = 1, 2) , (33)

(v) for any given multifunctions u, v we say that

u ⊃ v ,

if Graph(v) ⊂ Graph(u), i.e. if v(x) ⊂ u(x) for all x ∈ R
n,

(v) u is maximal monotone if the following implication holds

v ⊃ u, v monotone ⇒ v = u (34)

in other words, u is maximal monotone when it is maximal w.r.t. the
inclusion among the monotone functions.

Remark 1.42. For univalued functions in R, condition (33) reduces to the
usual monotonicity. Indeed, it is equivalent to

x1 ≤ x2 and y1 ≤ y2 or x1 ≥ x2 and y1 ≥ y2 .

Therefore, any monotone nondecreasing map in R is a monotone function in the
sense of (33).
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Example 1.43. An example of univaled monotone function on R
n is provided

by the gradient ∇ϕ of a convex function. Whenever ϕ is differentiable at x, y ∈
R
n then

(∇ϕ(y) −∇ϕ(x)) · (y − x) ≥ 0 . (35)

Indeed, by Remark 1.27, for all x, y in which ϕ is differentiable there holds

ϕ(y) ≥ ϕ(x) + ∇ϕ(x) · (y − x) , ϕ(x) ≥ ϕ(y) + ∇ϕ(y) · (x− y) .

It is now sufficient to sum up the two inequalities and cancel the terms with ϕ
to obtain (35). Clearly, the same argument holds also for the subdifferential,
whose definition was indeed modeled on the property in Remark 1.27. Anyway,
we will come back later on the subdifferential and we will prove that it is in fact
maximal monotone.

Remark 1.44. Let u be monotone. Then u is maximal monotone if and only
if

〈y − η, x− ξ〉 ≥ 0 ∀ (x, y) ∈ Graph(u) ⇒ (ξ, η) ∈ Graph(u) . (36)

Indeed, by contradiction if (36) does not hold for a fixed (ξ, η), then we could
define

v(x)
.
=






u(ξ) ∪ {η} if x = ξ,

u(x) otherwise.

By properties of u and (36), v would be monotone and v ⊃ u, but η ∈ v(ξ)\u(ξ),
violating maximal monotonicity of u.

On the other hand, take any v : R
n → 2R

n

monotone such that v ⊃ u and
fix (ξ, η) ∈ Graph(v). By monotonicity, we would have

〈y − η, x− ξ〉 ≥ 0 ∀ (x, y) ∈ Graph(v) .

In particular, the same holds for all (x, y) ∈ Graph(u) ⊂ Graph(v) and, by (36),
(ξ, η) ∈ Graph(u). Therefore, Graph(v) ⊂ Graph(u), i.e. also u ⊃ v and u is
maximal.

We refer to [1] for a more complete development of the theory of maximal
monotone functions and their properties. Here we only state a few results and
their application to the multifunction ∂ϕ for a convex map ϕ.

Proposition 1.45. Let u : R
n → 2R

n

be maximal monotone. Then Graph(u)
is closed and u(x) is a convex and closed (possibly empty) set for all x ∈ R

n

Proof. Given (ξn, ηn) ∈ Graph(u) such that (ξn, ηn) → (ξ, η), we have by
monotonicity

〈ηn − y, ξn − x〉 ≥ 0 ∀ (x, y) ∈ Graph(u) .

Passing to the limit, we have

〈η − y, ξ − x〉 ≥ 0 ∀ (x, y) ∈ Graph(u) ,

and therefore, by (36), (ξ, η) ∈ Graph(u). This proves that Graph(u) is closed 7.

7Actually, to pass to the limit we would only need a sequence (ξn, ηn) that weakly con-
verges. In other words, Graph(u) is in fact weakly closed.
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Now fix x ∈ R
n. Set

Sξ
.
= {y ∈ R

n ; 〈y − η, x− ξ〉 ≥ 0 ∀ η ∈ u(ξ)} ,
and

S
.
=
⋂

ξ∈Rn

Sξ .

Since all Sξ are closed and convex, also S is closed and convex. We claim that
u(x) = S. Indeed, by monotonicity, u(x) ⊂ S. On the other hand, y ∈ S implies
that (36) holds, and therefore y ∈ u(x). ⋄

A remarkable property of maximal monotone functions is that there exists
a one–to–one correspondence between graphs of maximal monotone functions
and graphs of 1-Lipschitz continuous functions.

Proposition 1.46. Define the Cayley transformation Ψ: R
n × R

n → R
n × R

n

as follows:

Ψ(x, y)
.
=

1√
2

(x+ y,−x+ y) . (37)

Then the following facts hold:

(i) if u is a maximal monotone function, then (u+Id)−1 is defined on the whole
R
n and Ψ (Graph(u)) is the graph of a 1-Lipschitz continuous function

φ : R
n → R

n . 8

(ii) if φ : R
n → R

n is a 1-Lipschitz continuous function, then Ψ−1 (Graph(φ))
is the graph of a maximal monotone function on R

n.

In particular, u is maximal if and only if (u + Id) is surjective.

Another important property of maximal monotone functions is that the set
of points x such that u(x) is not univalued, is not too large.

Proposition 1.47. Let u be a maximal monotone function and set

Ξ1(u)
.
= {x ∈ R

n ; dim(u(x)) ≥ 1} ,
where dim(u(x)) is the Hausdorff dimension of u(x) ⊂ R

n. Then, dim(Ξ1) ≤
n − 1, i.e. the Hausdorff dimension of Ξ1 is at most n − 1. In particular,
Hn−1(Ξ1) <∞.

We do not give here a proof of the previous two results. You can find them
in [1]. More precisely: Proposition 1.46 corresponds to Proposition 1.1 in [1];
Proposition 1.47 it is a particular case of Theorem 2.2 in [1] for k = 1.

Proposition 1.48. Let ϕ be a proper convex function. Then ∂ϕ is a maximal
monotone function.

Proof. Monotonicity follows from the definition of subdifferential. Indeed, for
all ξx ∈ ∂ϕ(x), ξy ∈ ∂ϕ(y) we have

ϕ(z) ≥ ϕ(x) + 〈ξx, z − x〉
∀ z ∈ R

n ,
ϕ(z) ≥ ϕ(y) + 〈ξy , z − y〉

8Namely, z 7→ φ(z)
.
= z −

√
2 (u + Id)−1(

√
2z), which can be proved to be univalued and

1-Lipschitz, but we do not need this explicit form in the following.
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Choosing z = y in the first, z = x in the second and summing up, we have
exactly

〈ξx − ξy, x− y〉 ≥ 0 .

As for being maximal, thanks to Proposition 1.46, we only need to prove
that ∂ϕ + Id is onto. Let y ∈ R

n and x̄ ∈ R
n be the unique minimizer of the

coercive lower semicontinuous map

x 7→ ϕ(x) +
|x|2
2

− 〈y, x〉 .

Then 0 is in the subdifferential at x̄ of this map, i.e. for all z ∈ R
n

ϕ(z) +
|z|2
2

− 〈y, z〉 ≥ ϕ(x̄) +
|x̄|2
2

− 〈y, x̄〉 ,

or equivalently

ϕ(z) +
|z|2
2

≥ ϕ(x̄) +
|x̄|2
2

− 〈y, x̄− z〉 .

This in turn means y ∈ ∂

(
ϕ(x̄) +

|x̄|2
2

)
= (∂ϕ+ Id)(x̄). Therefore, (∂ϕ+ Id)

is surjective. ⋄
Combining Proposition 1.48 with Propositions 1.45 and 1.47, one immedi-

ately obtains the following results.

Corollary 1.49. Let ϕ be a proper convex function. Then Graph(∂ϕ) is a
closed set.

Corollary 1.50. Let ϕ be a proper convex function. Then the set in which ϕ
is not differentiable has finite Hn−1 measure.

1.7 Cyclical monotonicity, c-convexity and c-concavity

Definition 1.51. Let X,Y be arbitrary spaces and c : X×Y → R∪{+∞} be a
function. A subset Γ ⊂ X×Y is said to be c-cyclically monotone if for all n ∈ N

and for all families of points (x1, y1), . . . , (xn, yn) ∈ Γ the following inequality
holds:

n∑

i=1

c(xi, yi) ≤
n∑

i=1

c(xi, yi+1) , (38)

with the convention yn+1 = y1. A c-cyclically monotone set Γ is said to be
maximal if it is maximal w.r.t. the set inclusion.

Example 1.52. Let start with two trivial examples in X = Y = R
2 and

c(x, y) = |x− y| 9, just to learn how to handle Definition 1.51:

• Γ1
.
= {(0, 0), (1, 1), (2, 2)} is a c-cyclically monotone set;

• Γ2
.
= {(0, 0), (1, 0), (0, 1), (1, 1)} it is not a c-cyclically monotone set, in-

deed with m = 2 and (1, 0), (0, 1), it fails to satisfy (38).

9A power |x− y|p, p > 1, would work as well, but this is not really an interesting example
anyway...
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Remark 1.53. In particular, in the case X = Y = R
n and c(x, y) = |x− y|2,

a set Γ ⊂ R
n × R

n is c-cyclically monotone if for all m ∈ N and for all families
(x1, y1), . . . , (xm, ym) ∈ Γ there holds

m∑

i=1

|xi − yi|2 ≤
m∑

i=1

|xi − yi+1|2 , (39)

with the convention ym+1 = y1. Equivalently, we could require

m∑

i=1

yi · (xi+1 − xi) ≤ 0 , (40)

with the convention xm+1 = x1.

Theorem 1.54. (Rockafellar’s Theorem) A nonempty set Γ ⊂ R
n × R

n is
cyclically monotone (w.r.t. c(x, y) = |x− y|2) if and only if it is included in the
graph of the subdifferential of a proper, lower semicontinuous and convex func-
tion ϕ : R ∪ {+∞}. Moreover, every maximal cyclically monotone set coincides
with such a graph.

Proof. a. Let ϕ be a proper, lower semicontinuous and convex function. We
prove that Graph(∂ϕ) is a cyclically monotone set. In particular, this implies
that its subsets are cyclically monotone. Let m ∈ N and (x1, y1), . . . , (xm, ym) ∈
Graph(∂ϕ), i.e. for all i = 1, . . . ,m yi ∈ ∂ϕ(xi). By Definition 25, this means
that for all z ∈ R

n and for all i we have

ϕ(z) ≥ ϕ(xi) + yi · (z − xi) .

In particular, choosing z = xi+1,

ϕ(x2) ≥ ϕ(x1) + y1 · (x2 − x1) ,

ϕ(x3) ≥ ϕ(x2) + y2 · (x3 − x2) ,

...

ϕ(x1) ≥ ϕ(xm) + ym · (x1 − xm) .

Adding these inequalities, we recover (40) 10.

b. Let Γ be a nonempty cyclically monotone subset of R
n×R

n. Fixed (xo, yo) ∈
Γ, we define ϕ : R

n → R ∪ {+∞} as

ϕ(x)
.
= sup {ym · (x − xm) + . . . + yo · (x1 − xo) ;

m ∈ N, (x1, y1), . . . , (xm, ym) ∈ Γ} . (41)

Since ϕ is the supremum of affine functions, it is lower semicontinuous and
convex. Moreover, since Γ is cyclically monotone, we have that ϕ(xo) is the

10Notice that this part of the proof uses exactly the same elementary idea used in Exam-
ple 1.43 to prove that the graph of the gradient of a convex function is a monotone set (and
also the graph of its subdifferential).
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supremum of sums of the form in (40), i.e. is the supremum of nonpositive
terms. Therefore, ϕ(xo) ≤ 0 11 and ϕ is proper 12.

c. To prove that Γ ⊂ Graph(∂ϕ), for ϕ defined above, we need to prove that
for all (x̄, ȳ) ∈ Γ there holds

∀ z ∈ R
n ϕ(z) ≥ ϕ(x̄) + ȳ · (z − x̄) .

Given z ∈ R
n and α < ϕ(x̄), there exist m and (x1, y1), . . . , (xm, ym) in Γ such

that
α ≤ ym · (x̄ − xm) + . . .+ yo · (x1 − xo) .

Thus,

α+ y · (z − x̄) ≤ y · (z − x̄) + ym · (x̄− xm) + . . .+ yo · (x1 − xo) ,

where now the right hand side is one of the terms which would appear in the
definition of ϕ(z). Therefore,

α+ y · (z − x̄) ≤ ϕ(z) ,

and we can conclude by arbitrariety of α < ϕ(x̄).

d. Concerning maximality, let Γ be a maximal cyclically monotone set. Then it
is contained (by c.) in the Graph(∂ϕ) for a suitable ϕ proper, convex and lower
semicontinuous. But then, since Γ is maximal, it have to coincide with it. ⋄

Definition 1.55. Let X,Y be sets and c : X × Y → R ∪ {+∞} a function.
Then:

(i) ϕ : X → R ∪ {+∞} is said to be a proper c-convex function, if ϕ 6≡ +∞
and there exists ζ : Y → R ∪ {±∞} such that

∀x ∈ X ϕ(x) = sup
y∈Y

(ζ(y) − c(x, y)) , (42)

with the convention that (+∞) − (+∞) = −∞.

(ii) ψ : Y → R ∪ {−∞} is said to be a proper c-concave function, if ψ 6≡ −∞
and there exists ζ : X → R ∪ {±∞} such that

∀ y ∈ Y ψ(y) = inf
x∈X

(ζ(x) + c(x, y)) , (43)

with the convention that (−∞) + (+∞) = +∞.

Remark 1.56. Roughly speaking, a c-convex function is a function whose graph
can be “caressed” from below with an object having the shape of −c (this shape
might of course vary when you change point). Figure 4 could help to visualize
the situation.

11Actually ϕ(xo) = 0, since you can take m = 1 and (x1, y1) = (xo, yo) among the terms in
the supremum.

12This is the only part which requires the cyclically monotonicity of Γ.

20



�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

ϕ

x1y1 x2y2 x3 y3

Figure 4: a c-convex ϕ in the case of a convex cost c (the“tools” supporting
the graph of ϕ have the shape of −c) and a few points such that yi ∈ ∂cϕ(xi).

Remark 1.57. Notice that, if c(x, y) = −x · y, then c-convexity coincides with
usual convexity plus lower semicontinuity (indeed, we would have ϕ c-convex
if and only if ϕ = (−ζ)∗ for some ζ and the equivalence would follow from
Proposition 1.38).

Definition 1.58. Let X,Y be sets, c : X × Y → R ∪ {+∞} be a function and
ϕ : X → R ∪ {+∞} be c-convex. Then:

(i) we define the c-transform of ϕ as follows

ϕc
.
=





Y → R ∪ {−∞}

y 7→ inf
x∈X

(ϕ(x) + c(x, y))

(ii) we define the c-subdifferential of ϕ as follows

∂cϕ
.
= {(x, y) ∈ X × Y ; ϕc(y) − ϕ(x) = c(x, y)} ,

(iii) we define, for all x ∈ X the c-subdifferential in x of ϕ as follows

∂cϕ(x)
.
= {y ∈ Y ; (x, y) ∈ ∂cϕ} ,

or, equivalently 13, the set of y ∈ Y such that for all z ∈ X there holds

ϕ(x) + c(x, y) ≤ ϕ(z) + c(z, y) .

Remark 1.59. It is immediate to notice that ϕc is c-concave, whenever ϕ is
c-convex 14. This behavior is different from the usual one with convex functions
and their Fenchel-Legendre transforms. Namely, if c(x, y) = −x·y and ϕ convex,
then one always has ϕc = −ϕ∗.

13Notice that (x, y) ∈ ∂cϕ if and only if

ϕ(x) + c(x, y) = ϕc(y) = inf
z∈X

ϕ(z) + c(z, y) .

14Even more: the definition of c-concave functions can be restated as ψ = ζc for some ζ.
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Definition 1.60. Let X,Y be sets, c : X × Y → R ∪ {+∞} be a function and
ψ : Y → R ∪ {−∞} be c-concave. Then:

(i) we define the c-transform of ψ as follows

ψc
.
=





X → R ∪ {+∞}

x 7→ sup
y∈Y

(ψ(y) − c(x, y))

(ii) we define the c-superdifferential of ψ as follows

∂cψ
.
= {(x, y) ∈ X × Y ; ψ(y) − ψc(x) = c(x, y)} ,

(iii) we define, for all y ∈ Y the c-superdifferential in y of ψ as follows

∂cψ(y)
.
= {x ∈ X ; (x, y) ∈ ∂cψ} ,

or, equivalently 15, the set of x ∈ X such that for all w ∈ Y there holds

ψ(y) − c(x, y) ≥ ψ(w) + c(x,w) .

Remark 1.61. Notice that both the c-subdifferentials ∂cϕ and the superdiffer-
entials ∂cψ are c-cyclically monotone sets.

Remark 1.62. We want to stress that, in both Definition 1.55, Definition 1.58
and Definition 1.60, we never assumed any measurability and c is any function
defined on the product X × Y . Hence, a priori, measurability of ϕ, ψ or ϕc, ψc

is not guaranteed. Assuming c continuous, we would be able to say more:
a c-convex (resp. c-concave) function is lower semicontinuous (resp. upper
semicontinuous) and its c-subdifferential (resp. c-superdifferential) is a closed
set.

Despite of the loss of symmetry between X and Y induced by using infima or
suprema depending on the c-convexity or c-concavity, and of the differences with
standard convexity (as underlined in Remark 1.59), previous definitions allow
to recover some of the properties of Fenchel–Legendre transform for convex
functions, as the following properties show.

Lemma 1.63. Let X,Y be sets and c : X×Y → R∪{+∞}, ϕ : X → R∪{+∞}
and ψ : Y → R ∪ {−∞} be functions. Then

ϕccc
.
= ((ϕc)c)

c
= ϕc and ψccc

.
= ((ψc)c)

c
= ψc .

Proof. We prove the equality only for ϕ. A completely similar argument can be
used to prove the equality for ψ. Recall that for all y ∈ Y

ϕccc(y) = inf
z∈X

sup
w∈Y

inf
x∈X

(ϕ(x) + c(x,w) − c(z, w) + c(z, y)) .

Hence,

15As in the previous case, notice that (x, y) ∈ ∂cψ if and only if

ψ(y) − c(x, y) = ψc(x) = sup
w∈Y

ψ(w) − c(x,w) .
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• with w = y we obtain

ϕccc(y) ≥ inf
x∈X

(ϕ(x) + c(x, y)) = ϕc(y) ,

• with x = z we obtain

ϕccc(y) ≤ inf
z∈X

sup
w∈Y

(ϕ(z) + c(z, y)) = ϕc(y) .

This concludes the proof. ⋄

Proposition 1.64. Let X,Y be sets and c : X × Y → R ∪ {+∞}, ϕ : X →
R ∪ {+∞} and ψ : Y → R ∪ {−∞} be functions. Then:

(i) ϕ is c-convex if and only if ϕ = ϕcc
.
= (ϕc)c,

(ii) ψ is c-concave if and only if ψ = ψcc
.
= (ψc)c.

Proof. We prove the equivalence only for ϕ, being the proof for ψ entirely
similar.

⇐ If ϕ = ϕcc, in particular ϕ is the c-transform of ϕc, therefore it is c-convex
with the choice ζ = ϕc.

⇒ If ϕ is c-convex, there exists ζ such that ϕ = ζc. Hence, by Lemma 1.63,
ϕcc = ζccc = ζc = ϕ.

This concludes the proof. ⋄

2 Main Results

Theorem 2.1. Let (µ, ν) ∈ P(X) × P(Y ). Then there exists a minimizer π∗
of the problem, i.e. an element in Π(µ, ν) such that

I(π∗) = inf
Π(µ,ν)

I(π) .

Remark 2.2. For general measures µ, ν, one cannot expect any uniqueness re-
sult. Indeed, consider µ, ν ∈ P(R2) such that µ is concentrated in {(0, 0), (1, 1)}
and ν is concentrated in {(1, 0), (0, 1)}. In this situation it is clear that both
the plans

Π1 :

{
(0, 0) 7→ (1, 0)
(1, 1) 7→ (0, 1)

Π2 :

{
(0, 0) 7→ (0, 1)
(1, 1) 7→ (1, 0)

are optimal for the quadratic distance cost c(x, y) = |x − y|2. Figure 5 could
help to visualize the situation.

Let now restrict our study to a particular situation. Let assume:

(H1) we are in the Euclidean setting, i.e. X = Y = R
n,

(H2) the cost function is the square of the distance

c(x, y) =
|x− y|2

2
, (44)
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Figure 5: Two optimal transportation plans.

(H3) µ, ν are such that the following quantity

M2
.
=

∫

Rn

|x|2
2

dµ(x) +

∫

Rn

|y|2
2
dν(y) , (45)

i.e. the sum of the second moments of µ, ν, is finite.

Then we can state the following Theorem.

Theorem 2.3. Let assume (H1), (H2) and (H3). Then the following facts
hold.

(i) (Knott–Smith optimality criterion) A plan π ∈ Π(µ, ν) is optimal if
and only if there exists ϕ : R

n → R ∪ {+∞} proper, convex and lower
semicontinuous function such that

Supp(π) ⊂ Graph(∂ϕ) , (46)

or, equivalently, y ∈ ∂ϕ(x) for π-a.e. (x, y) ∈ X × Y . Moreover, the
couple (ϕ,ϕ∗) solves the problem

inf

{∫

X

ϕ(x)dµ(x) +

∫

Y

ψ(y)dν(y) ; x · y ≤ ϕ(x) + ψ(y) ∀(x, y)

}
. (47)

(ii) (Brenier’s Theorem) If µ does not give mass to sets with finite Hn−1,
then there exists a unique optimal transportation plan π and it is given by

π = (Id ×∇ϕ)♯ µ , (48)

where ∇ϕ is the unique (read: uniquely determined µ-a.e.) gradient of a
convex function ϕ such that ∇ϕ♯µ = ν.

(iii) As a consequence, if µ does not give mass to sets with finite Hn−1, then
∇ϕ is the unique solution to Monge’s transportation problem, i.e.

∫

Rn

|x−∇ϕ(x)|2 dµ(x) = inf
T♯µ = ν

∫

Rn

|x− T (x)|2 dµ(x) . (49)
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Remark 2.4. Notice that (ϕ,ϕ∗) does not solve the dual Monge-Kantorovich
problem. It is the couple

( |x|2
2

− ϕ(x),
|y|2
2

− ϕ∗(y)

)
, (50)

which provides a solution to the dual problem.

What about more general situations? A complete characterization, as in The-
orem 2.3, is not known at this point. Anyway, one could prove the following
results. First, without assuming finiteness of the second moments M2, the fol-
lowing Theorem holds true.

Theorem 2.5. Let assume (H1) and (H2). Then the following facts hold.

(i) If a plan π ∈ Π(µ, ν) is optimal, then there exists ϕ : R
n → R ∪ {+∞}

proper, convex and lower semicontinuous function such that

Supp(π) ⊂ Graph(∂ϕ) . (51)

(ii)(Brenier’s Theorem, refined version) If µ does not give mass to sets
with finite Hn−1, then there exists a unique ϕ : R

n → R ∪ {+∞} proper,
convex and lower semicontinuous function such that ∇ϕ♯µ = ν.

Remark 2.6. Comparing Theorem 2.5 to Theorem 2.3, you can see that here
there is no more a characterization of optimality, i.e. there is no proof that,
for general measures µ, ν, transportation plans π concentrated on a cyclically
monotone set are optimal. The equivalence holds when µ does not give mass
to sets with finite Hn−1 measure, and it is a consequence of the uniqueness in
Brenier’s Theorem. It is also true when you assume

∫

X×Y

|x− y|2 dµ(x)dν(y) < +∞ ,

as proved by in [3]. But this is the closest result known at present.

Finally, for a general cost c in Polish spacesX,Y , one can prove the following
Theorem.

Theorem 2.7. Let X,Y be Polish spaces and c : X × Y → [0,+∞] be lower
semicontinuous. Then the following facts hold.

(i) Kantorovich duality theorem can be extended in the following way

inf
π∈Π(µ,ν)

∫

X×Y

c dπ = sup
(ϕ,ψ)∈Φc

∫

X

ϕdµ+

∫

Y

ψ dν

= sup
ϕ∈L1(µ)

∫

Y

ϕc dν −
∫

X

ϕdµ

= sup
ψ∈L1(ν)

∫

Y

ψ dν −
∫

X

ψc dµ

(52)

where ϕc is the c-transform of ϕ, as in Definition 1.58, and ψc is the c-
transform of ψ, as in Definition 1.60, and one might as well impose that
ϕ is c-convex or ψ is c-concave in the last two suprema.
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(ii) If c is real valued, then there exists Γ ⊂ X ×Y measurable and c-cyclically
monotone (additionally, Γ is closed, if c is continuous) such that for any
π ∈ Π(µ, ν) the following facts are equivalent:

• π is optimal;

• Supp(π) is c-cyclically monotone;

• Supp(π) ⊂ Γ.

We will not prove Theorem 2.7. Refer to [20] for a complete proof, with
slightly different notations.

Remark 2.8. Something similar to the first part of Theorem 2.7 will be recov-
ered also in the setting of Theorem 2.3. Indeed, we will prove that a similar
“restriction” can be performed for a slightly modified Kantorovich duality, ob-
tained exploiting (H1),(H2) and (H3). Namely, we might consider only cou-
ples ϕ,ϕ∗ with ϕ convex and lower semicontinuous (see the proof of Theorem 2.3
for more details).

Remark 2.9. The second part of Theorem 2.7, states the equivalence between
optimality of a transportation plan π and c-cyclically monotonicity of Supp(π).
This is possible because we added the hypothesis of a real valued cost c. For a
general cost the problem is still not completely solved 16. The current state of
the art is:

• the equivalence is true for c real valued and lower semicontinuous (i.e.
Theorem 2.7);

• the equivalence is true for c continuous and possibly attaining infinite
values (see [15]);

• the equivalence is false for a general c lower semicontinuous with possibly
infinite values (see [3] for a counterexample).

Remark 2.10. As in Remark 1.1, the results in Theorem 2.7 still hold true for
a cost which is only bounded below as follows

c(x, y) ≥ a(x) + b(y) ∀ (x, y) ∈ X × Y , (53)

for suitable upper semicontinuous functions a ∈ L1(µ), b ∈ L1(ν). Neverthe-
less, dealing with c-convexity and c-concavity, one has to slightly modify the
argument from Remark 1.1. We still define

c̄(x, y)
.
= c(x, y) − a(x) − b(y) ≥ 0 , Λ

.
=

∫

X

a dµ+

∫

Y

b dν <∞ , (54)

but now, for all ϕ : X → R ∪ {+∞} and ψ : Y → R ∪ {−∞},

ϕ
.
= ϕ+ a , ψ

.
= ψ − b . (55)

With these definitions, we can prove easily that

c real valued, lower semicontinuous ⇒ c̄ real valued, lower semicontinuous,

16A possible construction of an equivalent condition to optimality is sketched in [20] and it
is in progress by Bianchini and Caravenna, but it requires a lot of measure theory and it is
far beyond our goal here.
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ϕ ∈ L1(µ) ⇔ ϕ ∈ L1(µ) ψ ∈ L1(ν) ⇔ ψ ∈ L1(ν) ,

(−ϕ, ψ) ∈ Φc ⇔ (−ϕ, ψ) ∈ Φc̄ ,

∀π ∈ Π(µ, ν)

∫

X×Y

c̄ dπ =

∫

X×Y

c dπ − Λ ,

∀(−ϕ, ψ) ∈ L1(µ) × L1(ν)

∫

Y

ψ dν −
∫

X

ϕdµ =

∫

Y

ψ dν −
∫

X

ϕdµ− Λ .

ϕ c-convex ⇔ ϕ c̄-convex, ψ c-concave ⇔ ψ c̄-concave,

(ϕ, ψ) are c-conjugate ⇔ (ϕ, ψ) are c̄-conjugate ,

where (ϕ, ψ) are said to be c-conjugate if either ψ = ϕc or ϕ = ψc. Finally a
set Γ ⊂ X×Y is c-cyclically monotone if and only if it is c̄-cyclically monotone.
Therefore, to any solution of the Kantorovich transportation problem with non-
negative cost, corresponds a solution of the Kantorovich transportation problem
with cost bounded below as in (53).

3 Proof of Main Results, I

Here we give a proof to Theorem 2.1.

Step 1

Since X,Y are Polish spaces, then we have seen (Corollary 1.16) that {µ}, {ν}
are tight sets. Therefore, by Proposition 1.13, Π(µ, ν) is a tight set in P(X×Y ).
By Prokhorov’s Theorem (Theorem 1.14 in these notes), Π(µ, ν) has compact
closure in P(X × Y ) (where the closure is w.r.t. w-topology).

We claim that actually Π(µ, ν) is weakly closed, and therefore it is weakly
compact. Indeed, given a sequence πn ∈ Π(µ, ν), we have by (2)

∫

X×Y

[ϕ(x) + ψ(y)] dπn(x, y) =

∫

X

ϕ(x) dµ(x) +

∫

Y

ψ(y) dν(y) ,

for any (ϕ, ψ) ∈ L1(µ)×L1(ν). In particular it holds for any couple of functions

in Cb(X) × Cb(Y ). Therefore, if πn
∗→ π∞, we can pass to the limit in the left

hand side and use the weak convergence to obtain

∫

X×Y

[ϕ(x) + ψ(y)] dπ∞(x, y) =

∫

X

ϕ(x) dµ(x) +

∫

Y

ψ(y) dν(y) ,

for all (ϕ, ψ) continuous and bounded. But in Polish spaces this is enough to
conclude that the same property holds for any couple in L1, which is equivalent
to π∞ ∈ Π(µ, ν). Hence, Π(µ, ν) is weakly closed as claimed.
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Step 2

Let (πk)k∈N be a minimizing sequence and let π∗ ∈ Π(µ, ν) a cluster point of
the sequence (it exists due to compactness of Π(µ, ν)).

Since c is lower semicontinuous and nonnegative, we can find a sequence
{cℓ}ℓ∈N of nondecreasing bounded Lipschitz functions such that c is the point-
wise supremum of the cℓ. Indeed, it is enough to consider the Moreau–Yosida
approximation of c,

c̃ℓ(x)
.
= inf

z∈X
{c(z) + ℓd(x, z)} , (56)

and to make it bounded by setting cℓ
.
= min{c̃ℓ, ℓ}.

Finally, using respectively the monotone convergence theorem, the fact that
π∗ is a cluster point, cℓ ≤ c and πk is a minimizing sequence, we can conclude

∫

X×Y

c(x, y) dπ∗(x, y) = lim
ℓ

∫

X×Y

cℓ(x, y) dπ∗(x, y)

≤ lim
ℓ

lim sup
k

∫

X×Y

cℓ(x, y) dπk(x, y)

≤ lim sup
k

∫

X×Y

c(x, y) dπk(x, y)

= inf I(π) . ⋄

4 Proof of Main Results, II

Here we prove Theorem 2.3 through various steps. The plan is the following:

1. to reformulate the problem (3)–(4) exploiting (H1), (H2) and (H3)
(Steps 1–2),

2. to give a rough idea of a possible strategy of proof (Step 3),

3. to prove two accessory results we need to make this rough idea more
rigorous (Steps 4–5),

4. to prove Knott–Smith criterion (Steps 6–7),

5. to prove Brenier’s Theorem (Steps 8–10),

6. to conclude the whole proof with (iii) (Step 11).

Step 1

First of all notice that, under assumptions (H1)–(H2)–(H3), we can rewrite (3)
as follows.

inf
π∈Π(µ,ν)

I(π) = inf
π∈Π(µ,ν)

∫

Rn×Rn

|x− y|2
2

dπ(x, y)

= M2 − sup
π∈Π(µ,ν)

∫

Rn×Rn

x · y dπ(x, y) .

(57)
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On the other hand, we also have

(ϕ, ψ) ∈ Φc ⇔ ϕ(x) + ψ(y) ≤ |x− y|2
2

µ-a.e. x, ν-a.e. y

⇔ x · y ≤
( |x|2

2
− ϕ(x)

)

︸ ︷︷ ︸
ϕ̃(x)

+

( |y|2
2

− ψ(y)

)

︸ ︷︷ ︸
ψ̃(x)

µ-a.e. x, ν-a.e. y

Therefore, there holds

sup
(ϕ,ψ)∈Φc

J(ϕ, ψ) = sup
(ϕ,ψ)∈Φc

M2 −
∫

Rn

( |x|2
2

− ϕ(x)

)
dµ(x)

−
∫

Rn

( |y|2
2

− ψ(y)

)
dν(y)

= M2 − inf
(ϕ,ψ)∈eΦ

J(ϕ, ψ) ,

(58)

where

Φ̃
.
=
{
(ϕ, ψ) ∈ L1(µ) × L1(ν) ; x · y ≤ ϕ(x) + ψ(y) µ− a.e. x, ν − a.e. y

}
.

Finally, we can rewrite the Kantorovich duality theorem as follows

sup
π∈Π(µ,ν)

∫

Rn×Rn

x · y dπ(x, y) = inf
(ϕ,ψ)∈eΦ

J(ϕ, ψ) . (59)

Step 2

We now prove that in the right hand side of (59), we can in fact consider the
infimum over the smaller set

{
(ϕ, ψ) ∈ L1(µ) × L1(ν) ; x · y ≤ ϕ(x) + ψ(y) ∀x, y

}
(60)

Indeed, given a couple (ϕ, ψ) ∈ Φ̃, let Nϕ,Nψ ⊂ R
n be such that

µ(Nϕ) = 0 ν(Nψ) = 0 ,

x · y ≤ ϕ(x) + ψ(y) ∀x ∈ R
n \ Nϕ, ∀ y ∈ R

n \ Nψ .

Consider the functions (ϕ′, ψ′) defined as follows:

ϕ′ .=

{
ϕ in R

n \ Nϕ

+∞ in Nϕ
ψ′ .=

{
ψ in R

n \ Nψ

+∞ in Nψ

Since these new functions are obtained by the previous ones by changing the
values only on negligible sets, we can deduce that

• J(ϕ′, ψ′) = J(ϕ, ψ),

• (ϕ′, ψ′) ∈ Φ̃,

• but now x · y ≤ ϕ′(x) + ψ′(y) for all x, y ∈ R
n.

Therefore, restricting our attention to this smaller set (60) in the infimum (59)
does not make any difference.
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Step 3

Thanks to Step 2, in the characterizing condition of Φ̃

ψ(y) ≥ x · y − ϕ(x) , (61)

we can pass to the supremum for x ∈ R
n, obtaining

ψ(y) ≥ sup
y∈Rn

{x · y − ϕ(x)} = ϕ∗(y) , (62)

and, hence, J(ϕ, ψ) ≥ J(ϕ,ϕ∗).

Remark 4.1. Alternatively, one could try to use the essential supremum in the
expression above, without passing through Step 2. Even if such a choice may
sound reasonable at first, issues might arise quite soon. E.g. there could be need
to pass from properties which hold for every x, ν-almost every y, to properties
which hold ν-almost every y, for every x. In the former case, the ν-negligible
set in which the property fails can well depend on x; in the latter case, on the
other hand, it has to be the same set for all x. Of course, in certain situations
to find such a set in the latter case may become a nightmare!

Recalling Remark 1.36, there also holds for all y ∈ R
n

ϕ(x) ≥ x · y − ϕ∗(y) . (63)

Passing to the supremum on y, we obtain

ϕ(x) ≥ sup
y∈Rn

{x · y − ϕ∗(y)} = ϕ∗∗(x) , (64)

and, hence, J(ϕ,ϕ∗) ≥ J(ϕ∗∗, ϕ∗).

Inspired by the previous inequalities, one could think to proceed as follows:

• for any minimizing sequence (ϕk, ψk) to the Kantorovich optimization
problem (59), to consider (ϕ∗∗

k , ϕ
∗
k), which attains a lower cost J and

consists of more regular functions, since now it would consist of a convex
and lower semicontinuous function an its Fenchel–Legendre transform,

• to ensure that (ϕ∗∗
k , ϕ

∗
k) ∈ Φ̃ and that the increased regularity leads to

weak compactness of the sequence (in L1),

• to find a minimizer passing to the limit as k → ∞ and to prove Theo-
rem 2.3 using this limit function.

Unfortunately, even starting with a minimizing sequence (ϕk, ϕ
∗
k) ∈ Φ̃, with

ϕk convex and lower semicontinuous, the weak compactness in L1 is far from
guaranteed. Indeed, the sequence (ϕk − k, ϕ∗

k + k) would still

• belong to Φ̃,

• be a minimizing sequence for J , since J(ϕk, ϕ
∗
k) = J(ϕk − k, ϕ∗

k + k),

• be of the desired form, since (ϕk − k)∗ = ϕ∗ + k,
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but it is not weakly compact in L1.

Therefore, to overcome these difficulties, we necessarily need to prove the
following facts:

Claim 1. Given (ϕk, ψk) minimizing sequence for the Kantorovich Problem,
then there exists (ak)k∈N ⊂ R such that the sequence

(ϕk, ψk)
.
= (ϕ∗∗

k − ak, ϕ
∗
k + ak)

satisfies:

(i) (ϕk, ψk) is a minimizing sequence for J ,

(ii) ∀x, y ∈ R
n

ϕk(x) ≥ −|x|2
2

, ψk(y) ≥ −|y|2
2
, (65)

(iii)

lim inf
k→∞

inf
x∈Rn

(
ϕk(x) +

|x|2
2

)
≤ inf

eΦ
J +M2 ,

lim inf
k→∞

inf
y∈Rn

(
ϕk(y) +

|y|2
2

)
≤ inf

eΦ
J +M2 .

(66)

Claim 2. There exists ϕ proper, convex and lower semicontinuous on R
n such

that (ϕ,ϕ∗) ∈ Φ̃ and
inf

eΦ
J = J(ϕ,ϕ∗) . (67)

In other words:

a. Claim 1 states that we can always modify our minimizing sequence so that it
has the required form (ϕ∗∗

k , ϕ
∗
k) and it satisfies suitable additional bounds;

b. Claim 2 states that such a modified sequence is weakly compact in L1 and
the limit still has the same form.

In Steps 4–5 we will prove these claims. In Step 6–10 we will go back to the
proof of the main result, following the approach sketched above.

Step 4

Proof of Claim 1. Let (ϕk, ψk) ∈ Φ̃. Then, for all x, y we have ϕk(x) ≥
x · y − ψk(y). Since ψk 6≡ +∞, then ϕk can be bounded below by some affine
function, say x · yo + bo for some yo ∈ R

n and bo ∈ R. 17 Then

ϕ∗
k(yo) = sup

x∈Rn

{x · yo − ϕk(k)} ≤ −bo .

This means ϕ∗
k 6≡ +∞, i.e. ϕ∗

k proper. Similarly, being ϕk 6≡ +∞, ϕ∗
k is bounded

below by a suitable affine function, and therefore

ak
.
= inf
y∈Rn

(
ϕ∗
k(y) +

|y|2
2

)
(68)

17It is enough to consider yo such that ψk(yo) <∞ and bo = ψk(yo).
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is finite for all k. Let us prove that this choice of (ak)k∈N satisfies the Claim.

a. Set, as in Claim 1,

(
ϕk, ψk

) .
= (ϕ∗∗

k + ak, ϕ
∗
k − ak) . (69)

Note that ϕk = ψ∗
k. By construction, we immediately have

inf
y∈Rn

(
ψk(y) +

|y|2
2

)
= 0 .

Moreover,

ϕk(x) +
|x|2
2

= ψ∗
k(x) +

|x|2
2

= sup
y∈Rn

[
x · y − ψk(y) +

|x|2
2

]

≤ sup
y∈Rn

[
− |y|2

2
− ψk(y)

]
= − inf

y∈Rn

[ |y|2
2

+ ψk(y)

]
= 0 .

This proves (65).

b. Reasoning as in Step 3,

J(ϕk, ψk) = J(ϕ∗∗
k , ϕ

∗
k) ≤ J(ϕk, ψk) < +∞ .

In particular, it is finite M2 + J(ϕk, ψk), i.e.

∫

Rn

(
ϕk(x) +

|x|2
2

)
dµ(x) +

∫

Rn

(
ψk(y) +

|y|2
2

)
dν(y) < +∞ .

Since by a. both integrands are nonnegative, we deduce they are integrable.
Moreover, recalling that µ, ν are assumed to have finite second moments, it
means that ϕk ∈ L1(µ) and ψk ∈ L1(ν).

c. It is now quite easy to conclude. By construction, (ϕk, ψk) ∈ Φ̃ and it is a
minimizing sequence for J . Moreover, there holds

J(ϕk, ψk) +M2 =

∫

Rn

(
ϕk(x) +

|x|2
2

)
dµ(x) +

∫

Rn

(
ψk(y) +

|y|2
2

)
dν(y)

≥ inf
x∈Rn

(
ϕk(x) +

|x|2
2

)
+ inf
y∈Rn

(
ψk(y) +

|y|2
2

)
.

Since we have already shown that both these infima are nonnegative, we can
conclude

lim inf
k→∞

inf
x∈Rn

(
ϕk(x) +

|x|2
2

)
≤ lim inf

k→∞
J(ϕk, ψk) +M2 = inf

eΦ
J +M2 ,

and similarly for the expression containing ψk, i.e. we have proved (66) as well.
⋄

Remark 4.2. Notice that exactly the same construction can be applied to any
pair (ϕ, ψ) which minimizes J , to produce a new couple

(ϕ′, ψ′) = (ϕ∗∗ + a′, ϕ∗ − a′) ,
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for a′ ∈ R as in (68), which still belongs to Φ̃ and has the form (f, f∗) for some
proper, convex and semicontinuous map f . Since

J(ϕ′, ψ′) ≤ J(ϕ, ψ) = inf
eΦ
J ,

the new couple minimizes J as well. This procedure is sometimes called double
convexification.

Step 5

Proof of Claim 2.

a. Our first goal is to replace everything with nonnegative quantities. Let
(ϕk, ψk)k∈N be a minimizing sequence for J . Thanks to Claim 1, we can assume
without loss of generality that

0 ≤ ϕk(x) +
|x|2
2

, 0 ≤ ψk(y) +
|y|2
2
.

Notice that

(ϕ, ψ) ∈ Φ̃ ⇔
[
ϕ(x) +

|x|2
2

]
+

[
ψ(y) +

|y|2
2

]
≥ |x|2

2
+

|y|2
2

+ x · y =
|x+ y|2

2

Being our sequence in Φ̃, assume

[
ϕk(x) +

|x|2
2

]
+

[
ψk(y) +

|y|2
2

]
≥ |x+ y|2

2
≥ 0 .

b. Now, we would like to prove some sort of weak compactness of our sequence in
L1. In view of Theorem 1.20 (Dunford–Pettis Theorem), this requires some ad-
ditional equiintegrability of the sequence. Hence, we start applying a truncation

procedure. For each ℓ ∈ N, define (ϕ
(ℓ)
k , ψ

(ℓ)
k ) as follows

ϕ
(ℓ)
k (x) +

|x|2
2

.
= min

{
ϕ

(ℓ)
k (x) +

|x|2
2

, ℓ

}
,

ψ
(ℓ)
k (y) +

|y|2
2

.
= min

{
ψ

(ℓ)
k (y) +

|y|2
2
, ℓ

}
.

It is easy to verify that ϕ
(ℓ)
k satisfies

0 ≤ ϕ
(ℓ)
k (x) +

|x|2
2

≤ ℓ , ϕ
(1)
k ≤ ϕ

(2)
k ≤ . . . ≤ ϕ

(ℓ)
k ≤ . . . (70)

and similar inequalities hold for ψ
(ℓ)
k . Moreover,

J(ϕ
(ℓ)
k , ψ

(ℓ)
k ) ≤ J(ϕk, ψk) , (71)

and

ϕ
(ℓ)
k (x) + ψ

(ℓ)
k (y) ≥ min

{ |x+ y|2
2

, ℓ

}
−
( |x|2

2
+

|y|2
2

)
. (72)
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c. We claim that, for any fixed ℓ ∈ N, the sequence ϕ
(ℓ)
k is weakly compact

in L1(µ) (resp. the sequence ψ
(ℓ)
k is weakly compact in L1(ν)). Indeed, we

immediately see that, given ε > 0, if we choose δ =
ε

ℓ
, E with µ(E) < δ and

recalling (70), ∫

E

ϕ
(ℓ)
k +

|x|2
2

dµ(x) < ℓµ(E) < ε ,

so that

(
ϕ

(ℓ)
k +

|x|2
2

)

k∈N

is equiintegrable, and hence weakly compact in L1(µ).

To prove weakly compactness of
(
ϕ

(ℓ)
k

)

k∈N

, it is enough to observe that it differs

from a weakly compact sequence by a fixed element of L1(µ), namely
|x|2
2

.

Therefore, it is weakly compact as well.

d. Fixed ℓ ∈ N, up to a subsequence that we still label with k, we have that

ϕ
(ℓ)
k

k→∞−→ ϕ(ℓ) weakly in L1(µ) .

Through a diagonal procedure, we can now extract a subsequence of indices k ∈
N such that the convergence above holds for all ℓ. Then, since weak convergence
preserves the ordering, we can deduce from (70), (71) and (72) that

ϕ(1) ≤ ϕ(2) ≤ . . . ≤ ϕ(ℓ) ≤ . . . ψ(1) ≤ ψ(2) ≤ . . . ≤ ψ(ℓ) ≤ . . . (73)

J(ϕ(ℓ), ψ(ℓ)) = lim
k→∞

J(ϕ
(ℓ)
k , ψ

(ℓ)
k ) ≤ lim inf

k→∞
J(ϕk, ψk) = inf

eΦ
J , (74)

ϕ(ℓ)(x) + ψ(ℓ)(y) ≥ min

{ |x+ y|2
2

, ℓ

}
−
( |x|2

2
+

|y|2
2

)
. (75)

e. At this point, we have constructed a sequence (ϕ(ℓ), ψ(ℓ)) in L1(µ) × L1(ν),
whose elements are:

• monotone nondecreasing, due to (73);

• uniformly bounded in L1, as a consequence of (74);

• bounded below by a fixed L1 function, due to (75).

Thus, we can apply the monotone convergence theorem and deduce the existence
of L1 limits (ϕ, ψ) defined almost everywhere as

ϕ = lim
ℓ→∞

ϕ(ℓ) , ψ = lim
ℓ→∞

ψ(ℓ) ,

and satisfying
J(ϕ, ψ) = lim

ℓ→∞
J(ϕ(ℓ), ψ(ℓ)) ≤ inf

eΦ
J . (76)

Notice that, passing to the limit as ℓ → ∞ in (75), we obtain (ϕ, ψ) ∈ Φ̃.
Therefore, from (76), it follows that we have found a minimizing pair.

f. Finally, it remains to prove that we can choose ϕ proper, convex and lower
semicontinuous and ψ = ϕ∗. But this follows easily applying the double convex-
ification procedure described in Remark 4.2. Therefore, Claim 2 is proved. ⋄
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Step 6

We move back to the proof of Theorem 2.3, and prove that for any optimal plan
π we have

Supp(π) ⊂ Graph(∂ϕ) .

Take any optimal transportation plan π (we know from Theorem 2.1 that there
exists such a plan π). Let also ϕ be proper, convex and lower semicontinuous
given by Claim 2. Then (ϕ,ϕ∗) is a minimizer and, recalling (2), it follows

∫

Rn×Rn

x · y dπ(x, y) =

∫

Rn

ϕ(x) dµ(x) +

∫

Rn

ϕ∗(y) dν(y)

=

∫

Rn×Rn

[ϕ(x) + ϕ∗(y)] dπ(x, y) .

This is equivalent to say
∫

Rn×Rn

[ϕ(x) + ϕ∗(y) − x · y] dπ(x, y) = 0 ,

which, in turn, means

ϕ(x) + ϕ∗(y) − x · y = 0 π − a.e.

Indeed, due to (ϕ,ϕ∗) ∈ Φ̃, the integrand is nonnegative. Therefore, it has
to vanish for π-a.e. (x, y). This is equivalent, by (30), to say y ∈ ∂ϕ(x) for
π-a.e. (x, y), i.e. π(X × Y \ Graph(∂ϕ)) = 0. Since, recalling Corollary 1.49,
Graph(∂ϕ) is closed, the whole Supp(π) is contained in Graph(∂ϕ) and (46) has
been proved.

Step 7

To complete Knott–Smith optimality criterion, it remains to show that given ϕ
as in (i) and π ∈ Π(µ, ν) with support contained in the graph of ∂ϕ, this plan π is
optimal. But this can be easily accomplished by using the previous arguments
in reverse order. The hypothesis on Supp(π) guarantees that y ∈ ∂ϕ(x) for
π-a.e. (x, y). In turn, this implies by (30)

ϕ(x) + ϕ∗(y) − x · y = 0 π − a.e. (77)

and, therefore,
∫

Rn×Rn

x · y dπ(x, y) =

∫

Rn×Rn

[ϕ(x) + ϕ∗(y)] dπ(x, y)

=

∫

Rn

ϕ(x) dµ(x) +

∫

Rn

ϕ∗(y) dν(y)

= inf
(ϕ,ψ)∈eΦ

J(ϕ, ψ) = sup
σ∈Π(µ,ν)

∫

Rn×Rn

x · y dσ(x, y) ,

where we used respectively (77), (2), optimality of (ϕ,ϕ∗) and Kantorovich
duality theorem, as restated in (59).
This ensures that π is optimal, and therefore it concludes the proof of the first
part of Theorem 2.3.
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Step 8

Assume now that µ does not give mass to sets with finite Hn−1 measure. We
want to show that any optimal π has the required form. Let ϕ the proper,
convex and lower semicontinuous given in (i).

Claim 3. ϕ ∈ L1(µ) implies ϕ finite µ-a.e. in R
n.

Assume that Claim 3 has been proved (we will show it in Step 9). Then, it is
equivalent to say that µ(Dom(ϕ)) = 1.
On the other hand, as already noticed in Remark 1.22, ∂Dom(ϕ) has finite Hn−1

measure. Hence, µ (Int(Dom(ϕ))) = 1.
Now, it follows from Corollary 1.50 that the set of x ∈ Int(Dom(ϕ)) in which ϕ
is not differentiable has finite Hn−1 measure. Therefore, it has to be

µ ({x ∈ Int(Dom(ϕ)) ; ϕ is diff. in x}) = 1 ,

and this means that ∂ϕ(x) = {∇ϕ(x)} for µ-a.e. x.
Observe now that, since π ∈ Π(µ, ν), i.e. π has marginals µ, ν,

π ({(x, y) ; ϕ is diff. in x}) = π ({x ; ϕ is diff. in x} × Y )

= µ ({x ; ϕ is diff. in x}) = 1 ,

and we can conclude that ∂ϕ(x) = {∇ϕ(x)} for π-a.e. (x, y).

This is enough, because we already know by Knott–Smith criterion that π
optimal implies y ∈ ∂ϕ(x) = {∇ϕ(x)}, i.e. y = ∇ϕ(x), for π-a.e. (x, y).

Now we claim that this implies π = (Id × ∇ϕ)♯µ. Recalling Remark 1.11,
we consider f ∈ L1(π) and prove that

∫

X×Y

f dπ =

∫

X

f ◦ (Id ×∇ϕ) dµ .

But, recalling (2), we have
∫

X×Y

f(x, y) dπ(x, y) =

∫

X×Y

f(x,∇ϕ(x)) dπ(x, y)

=

∫

X

f(x,∇ϕ(x)) dµ(x)

=

∫

X

f ◦ (Id ×∇ϕ)(x) dµ(x) .

Similarly, we can prove ∇ϕ♯µ = ν. Indeed for all (φ, ψ) ∈ L1(µ) × L1(ν) we
have by (2),

∫

X

φ(x) dµ(x) +

∫

Y

ψ(y) dν(y) =

∫

X×Y

(φ(x) + ψ(y)) dπ(x, y)

=

∫

X×Y

(φ(x) + ψ(∇ϕ(x))) dπ(x, y)

=

∫

X

(φ(x) + ψ(∇ϕ(x))) dµ(x) ,

which implies ∫

Y

ψ(y) dν(y) =

∫

X

ψ(∇ϕ(x)) dµ(x)

for all ψ ∈ L1(ν). This allows to conclude ν = ∇ϕ♯µ.
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Step 9

Proof of Claim 3. This is a brief exercise in measure theory. Let

Ak
.
= {x ∈ R

n ; ϕ(x) > k} .

Then we want to prove that

µ

(
⋂

k∈N

Ak

)
= 0 .

First of all, notice that
⋂
k Ak is measurable and that, since µ(Ak) ≤ µ(Rn) = 1

for all k, limk µ(Ak) is finite. Then µ(
⋂
k Ak) = limk µ(Ak). On the other hand,

k µ(Ak) =

∫

Ak

k dµ ≤
∫

Ak

ϕdµ ≤ ||ϕ||L1 .

Therefore,

µ

(
⋂

k∈N

Ak

)
= lim

k→∞
µ(Ak) ≤ lim

k→∞

||ϕ||L1

k
= 0 .

and this concludes the proof of Claim 3. ⋄

Step 10

We address now the uniqueness of the optimal transportation plan. In Step 8
we found a ϕ such that ∇ϕ♯µ = ν, π = (Id × ∇ϕ)♯µ is an optimal plan and
(ϕ,ϕ∗) is optimal for the dual problem. Let ϕ be another proper, convex and
lower semicontinuous function such that ∇ϕ♯µ = ν and (ϕ,ϕ∗) is optimal for
the dual problem. This means

∫

Rn

ϕ(x) dµ(x) +

∫

Rn

ϕ∗(y) dν(y) =

∫

Rn

ϕ(x) dµ(x) +

∫

Rn

ϕ∗(y) dν(y) .

Using (2) and the optimality of π, we can write
∫

Rn×Rn

[
ϕ(x) + ϕ∗(y)

]
dπ(x, y) =

∫

Rn×Rn

[ϕ(x) + ϕ∗(y)] dπ(x, y)

=

∫

Rn×Rn

x · y dπ(x, y) .

Since we know the explicit expression of π by (48), we can rewrite
∫

Rn

[
ϕ(x) + ϕ∗ (∇ϕ(x))

]
dµ(x) =

∫

Rn

x · ∇ϕ(x) dµ(x) ,

or, equivalently,
∫

Rn

[
ϕ(x) + ϕ∗ (∇ϕ(x)) − x · ∇ϕ(x)

]
dµ(x) = 0 .

We claim that the integrand is nonnegative. Indeed, (ϕ,ϕ∗) belongs to the set
defined in (60). This means that

ϕ(x) + ϕ∗(y) − x · y ≥ 0 ,
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for all x, y. Hence, it is enough to take y = ∇ϕ(x) in this inequality to prove
our claim.

But then the integrand has to vanish µ-a.e. and, recalling (30), this is
equivalent to say that ∇ϕ(x) ∈ ∂ϕ(x) for µ-a.e. x ∈ R

n. Since, as we observed
in Remark 1.26, ϕ is differentiable µ-a.e., its subdifferential must reduce to
contain a single element (the gradient of ϕ in the point) µ-a.e.

This is equivalent to say

∇ϕ(x) = ∇ϕ(x) µ− a.e. x ∈ R
n ,

i.e. that the gradient is uniquely determined almost everywhere (w.r.t. µ).

Remark 4.3. Notice that, in fact, we have shown not only the uniqueness of
the optimal transportation plan (Id×∇ϕ)♯µ, but also that there exists a unique
gradient of a convex function ∇ϕ which pushes forward µ in ν.

Step 11

Finally (iii) follows easily from (ii). Indeed, to solve Monge optimal transporta-
tion problem means to find an optimal plan for the Kantorovich problem of the
form

π = (Id × T )♯µ ,

for a suitable map T such that T♯µ = ν. Hence, Brenier’s theorem implies that
T = ∇ϕ is a solution to the Monge problem and is unique.

Therefore, we have proved (iii) and we have finally completed the whole
Theorem! ⋄

5 Restriction to the real line

In this Section we concentrate to the case n = 1: this allows to give a more
explicit characterization of the optimal transportation plan than the general
one given in Theorem 2.3.

First of all, there are the following one–to–one correspondences:

gradients of convex functions ↔ monotone functions,

subdifferentials of convex functions ↔ maximal monotone subsets of R
2.

Let us consider now probability measures on R. They enjoy a nice represen-
tation property: given any µ ∈ P(R) we can define the cumulative distribution
function associated to µ as

Fµ(x)
.
=

∫ x

−∞

dµ = µ(] −∞, x]) . (78)

Fµ is right continuous, nondecreasing and satisfies Fµ(−∞) = 0, Fµ(+∞) = 1.
The opposite holds true as well: given any F : R → [0, 1] right continuous,
nondecreasing and such that F (−∞) = 0, F (+∞) = 1, there exists a unique
probability measure µ ∈ P(R) such that Fµ = F . Indeed, µ(] −∞, x])

.
= F (x)
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∇ϕ ∂ϕ

Figure 6: Gradients and subdifferential of convex functions in R.

defines a unique Borel probability measure (because half-lines generates the
whole Borel σ-algebra).

An interesting property of these cumulative distribution functions is that
they admit generalized inverses, i.e. for all F we can define a (possibly discon-
tinuous) map F−1 : [0, 1] → R defined as follows

F−1(t)
.
= inf {x ∈ R ; F (x) > t} . (79)

Notice that F−1 is right continuous and it enjoys

∀x ∈ R F−1 (F (x)) ≥ x ,

∀ t ∈ [0, 1] F
(
F−1(t)

)
≥ t .

Indeed, whenever F is strictly monotone and continuous, there is no problem
(F−1 is strictly monotone and continuous as well, and equality holds in both
expressions).

If F ≡ c on a given interval I, then F−1 has a jump in c between inf I =
limγ→c− F

−1(γ) and sup I = F−1(c). In this case, F
(
F−1(c)

)
= F (sup I) = c,

but for all x′ ∈ I
F−1 (F (x′)) = F−1(c) = sup I ≥ x′ .

On the other hand, if F has a jump in x̄ between the values c1 < c2 (and
F (x) = c2 by right continuity), then F−1(λc1 + (1 − λ)c2) = x̄ for all λ ∈ [0, 1],
i.e. F−1 is constant in [c1, c2]. In this case, F−1 (F (x̄)) = F−1(c2) = x̄, but for
all γ ∈ [c1, c2]

F
(
F−1(γ)

)
= F (x) = c2 ≥ γ .

A similar representation can be given to measures in P(R2):

given π ∈ P(R2) and set

R(ξ, η)
.
=
{
(x, y) ∈ R

2 ; x ≤ ξ , y ≤ η
}
, (80)

we define the 2d cumulative distribution function associated to π as

Hπ(x, y)
.
=

∫

R(x,y)

dπ . (81)
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viceversa, for any H : R
2 → R such that H is nondecreasing and right con-

tinuous in both its variables, and its limits at (−∞,−∞), (+∞,+∞) are
respectively 0 and 1, we find a unique measure π ∈ P(R2) such that
Hπ = H (because rectangles R generates the whole Borel σ-algebra in
R

2).

Finally, for probability measures on R
2, there holds the following theorem due

to Hoeffding and Fréchet (for more details on this theorem, check [16]).

Theorem 5.1. (Hoeffding–Fréchet Theorem) Let H : R
2 → R be the 2d

cumulative distribution of a probability measure π and let µ, ν probability mea-
sures on R with cumulative distributions F,G. Then π ∈ Π(µ, ν) if and only if
for all (x, y) ∈ R

2

F (x) +G(y) − 1 ≤ H(x, y) ≤ min{F (x), G(y)} .

We can now state the characterization theorem in R.

Theorem 5.2. Let µ, ν ∈ P(R) and let F,G be the cumulative distributions
associated to them. Let π ∈ P(R2) be the probability measure associated to the
2-d cumulative distribution

H(x, y)
.
= min {F (x), G(y)} . (82)

Then π ∈ Π(µ, ν) and π is an optimal transportation plan for Kantorovich
optimization problem with cost c(x, y) = |x− y|2. Moreover, the optimal cost is
given by

Tc(µ, ν) .
=

∫ 1

0

|F−1(t) −G−1(t)|2 dt . (83)

Proof. Notice that one could prove this Theorem without using Theorem 2.3.
Nevertheless, we prefer to see it as a consequence of our main Theorem, to show
the links between the general R

n case and this 1d setting.

a. First of all, due to the choice of H , π ∈ Π(µ, ν) is a consequence of Theo-
rem 5.1 (Hoeffding–Fréchet Theorem).

b. We claim that

Supp(π) ⊂
{
(x, y) ∈ R

2 ; F (x−) ≤ G(x) and G(y−) ≤ F (x)
}
, (84)

where F (x−), G(y−) are the left limits of F,G in x, y respectively (by mono-
tonicity these limits always exist).

Let (x, y) such that F (x−) > G(y), being the case G(y−) > F (x) similar
(actually, the same up to a change of role between x and y). Fixed ε ∈ R

such that 0 < 2ε < F (x−) − G(y), we can exploit the right continuity and
the monotonicity of G to find δ1 > 0 such that G(y′) < G(y) + ε for all y′ ∈
]y−δ1, y+δ1[. Similarly, we can use the monotonicity of F and the definition of
left limit to find δ2 > 0 such that F (x′) > F (x−)− ε for all x′ ∈]x− δ2, x+ δ2[.
Setting δ = min{δ1, δ2}, we obtain

G(y′) < G(y)+ε < F (x−)−ε < F (x′) ∀(x′, y′) ∈ ]x−δ, x+δ[×]y−δ, y+δ[ .
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(x,y)
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y−δ

y+δ

Figure 7: Rectangle with H(x′, y′) = G(y′).

So, H(x′, y′) = min{F (x′), G(y′)} = G(y′) and hence H does not depend on x′

in a small square S around (x, y). Now setting (as in Figure 7) A = (x−δ, y−δ),
B = (x − δ, y + δ), C = (x + δ, y + δ) and D = (x + δ, y − δ), and using the
definition of rectangles given in (80), we have

π(S) = π(RC) + π(RA) − π(RB) − π(RD)

= H(C) +H(A) −H(B) −H(D) = 0 ,

since H does not depend on x on S. This proves that (x, y) /∈ Supp(π)

c. Now we claim that Supp(π) is a monotone subset of R
2. Let (x1, y1), (x2, y2)

in Supp(π) and assume x1 > x2, being the opposite case analogous. We have
to prove y1 ≥ y2. Since F is nondecreasing and (84) holds, we have

G(y1) ≥ F (x−1 ) ≥ F (x2) ≥ G(y−2 ) .

If G(y1) > G(y−2 ), we could conclude because also G is nondecreasing. Other-
wise, all the quantities are equal, i.e.

G(y1) = F (x−1 ) = F (x2) = G(y−2 ) .

Assume by contradiction that y2 > y1.This means that F = G = const.
on [x2, x1[ and [y1, y2[ respectively. Let us show that this would imply that
(x1, y1), (x2, y2) /∈ Supp(π). Consider (x2, y2), being the proof similar for (x1, y1).
Using monotonicity of F,G, their right continuity and the definition of left limit,
one can find as in b. δ > 0 small enough such that H(x′, y′) does not de-
pend on y′ in the square S’ with vertices (w, z) with w ∈ {x2 − δ, x2 + δ}, z ∈
{y2 − δ, y2 + δ}. This implies π(S′) = 0 and therefore (x2, y2) /∈ Supp(π).

d. Since Supp(π) is a monotone subset of R
2, i.e. the subdifferential of a convex

function on R, π has to be optimal by Theorem 2.3.
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e. It remains to prove (83). We claim that

π =
(
F−1 ×G−1

)
♯
L1 . (85)

Of course, it is enough to prove it on rectangles R(x, y) for all x, y, i.e. for all
x, y

π (R(x, y)) = L1
({
t ∈ [0, 1] ; (F−1(t), G−1(t)) ∈ R(x, y)

})
.

Notice that the subset of [0, 1] in the right hand side, is
{
t ∈ [0, 1] ; F−1(t) ≤ x

}
∩
{
t ∈ [0, 1] ; G−1(t) ≤ y

}
,

and these sets coincides with either [0, F (x)] or [0, F (x)) and with either [0, G(y)]
or [0, G(y)). In any case, the intersection will result an interval with endpoints
0 and min{F (x), G(y)}, whose L1 measure is min{F (x), G(y)} = H(x, y). This
proves our claim.

f. We can now conclude, since (85) implies that for any measurable function u
on R

2 we have
∫

R2

u(x, y) dπ(x, y) =

∫ 1

0

u
(
F−1(t), G−1(t)

)
dt .

Choosing u = c, we obtain (83). ⋄

Remark 5.3. In fact, the same π given in Theorem 5.2 is optimal not only
for the quadratic distance, but for any cost c(x, y) of the form γ(x − y) with
γ : R → R nonnegative, convex and symmetric. In this slightly more general
case, the optimal cost takes the following expression

Tγ(µ, ν) .
=

∫ 1

0

γ(F−1(t) −G−1(t)) dt . (86)

Remark 5.4. If additionally µ does not give mass to point, then T = G−1 ◦ F
transports µ to ν and solves Monge problem. In particular, notice that we have

∫ x

−∞

dµ =

∫ T (x)

−∞

dν , (87)

i.e. optimal plans are so called monotone rearrangements. Notice also that,
whenever a jump occurs in G, we have an interval on which T is constant, i.e.
there is a point in which we have to keep putting mass before moving on.

Remark 5.5. If µ, ν << L1 with densities f, g continuous and with g > 0, then
the optimal plan for Monge problem is of class C1 and, deriving w.r.t. x in (87),
we obtain that T satisfies

f(x) = g (T (x)) T ′(x) . (88)

6 Proof of Main Results, III

Here we give a partial proof to Theorem 2.5. The missing details can be found
in [13] and, partially, in [19].

First of all, we need the following Lemma.
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Z

Figure 8: Representation of Aleksandrov’s Lemma in a neighborhood of xo.

Lemma 6.1. (Aleksandrov’s Lemma) Let ϕ and ϕ be two convex functions
such that ϕ(xo) = ϕ(xo) but ∇ϕ(xo) 6= ∇ϕ(xo), for some xo ∈ R

n. Let

V
.
= {x ∈ R

n ; ϕ(x) > ϕ(x)} Z
.
= ∇ϕ−1 (∇ϕ(V )) .

Then xo ∈ V , Z ⊂ V but Z lies a positive distance away from xo.

A complete proof of this Lemma can be found in [13]. Here we only try to give
an idea of the situation through Figure 8.

Finally, we can sketch a proof to Theorem 2.5.

Proof of Theorem 2.5 (sketch)

(i) One can prove that any optimal transportation plan π has support which is
cyclically monotone (w.r.t. c(x, y) = |x − y|2). We refer to [13] for a proof of
this fact.
Then, the existence of a ϕ with the required properties follows from Theo-
rem 1.54.

(ii) a. If ϕ in (i) is in L1(µ), we can simply repeat Step 8 from the proof of
Theorem 2.3 to obtain that ∇ϕ transports µ in ν. Otherwise, one can still prove
(see [13]) that

π({x ∈ R
n ; ϕ is differentiable in x}) = 1

and then repeat the second part of Step 8, as in the other case. This complete
the proof of the existence.

b. To prove uniqueness, assume by contradiction there exist two functions ϕ,ϕ
which transport µ in ν and whose gradients do not coincide on Supp(µ). In
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particular, let xo such that ∇ϕ(xo) 6= ∇ϕ(xo) and assume, without loss of
generality 18, that ϕ(xo) = ϕ(xo).

Claim 1. In any neighborhood U of xo, the set in which ϕ = ϕ has finite Hn−1

measure.

A proof of this Claim, as well as a sort of implicit function theorem for convex
map, can be found in [13].

Hence, any neighborhood U of xo intersects either {ϕ > ϕ} or {ϕ < ϕ} in a set
of nonzero measure µ. Let assume it is the former (otherwise, simply change ϕ
and ϕ in the following). By Lemma 6.1, xo lies a positive distance away from
Z and, therefore, we have

µ(Z) < µ(V ) ,

where we are using V, Z as defined in Lemma 6.1. We claim now that this leads
to a contradiction. Indeed,

∇ϕ♯µ (∇ϕ(V )) = µ
(
∇ϕ−1(∇ϕ(V ))

)
= µ(Z)

< µ(V ) ≤ µ
(
∇ϕ−1(∇ϕ(V ))

)
= ∇ϕ♯µ (∇ϕ(V ))

and, therefore, ∇ϕ♯µ 6= ∇ϕ♯µ, against our assumptions. ⋄

18Recall that, for all constants c ∈ R and all ϕ proper, convex and lower semicontinuous,
∂ϕ = ∂(ϕ+ c), i.e. ϕ is determined by its subdifferential up to an additive constant.
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Appendix

A.1 Comments about Prokhorov’s Theorem (by X. Raynaud)

Reading Villani’s book [19]. and lecture notes [20], you could find two different
versions of Prokhorov’s Theorem. The first version is the one that can be found
in Wikipedia and in [19] (and coincides with our Theorem 1.14).

Theorem A.1. (Prokhorov’s Theorem, first version) Let X be a Polish
space. A subset S of P(X) is relatively compact in P(X) if and only if S is
tight, that is, for all ε > 0, there exists a compact Kε such that

µ(X \Kε) ≤ ε

for all µ ∈ S.

The second version (with a proof) comes from [20] (p.278):

Theorem A.2. (Prokhorov’s Theorem, second version) Let X be a Polish
space and S a set of positive measures. Then, S is relatively compact for the
topology σ(M(X),Cb(X)) if and only if

(i) S is bounded, i.e., there exists C > 0 such that ||µ| |M(X) ≤ C for all µ ∈ S,

(ii) S is tight.

We can consider two weak topologies in the space of Radon measure
M(X), namely σ(M(X),C0(X)) and σ(M(X),Cb(X)). A sequence µn con-
verges to µ in σ(M(X),C0(X)), and respectively in σ(M(X),Cb(X)), if

∫

X

φdµn →
∫

X

φdµ (89)

for all φ ∈ Cc(X), respectively φ ∈ Cb(X). Here, Cc(X) and Cb(X) denote
respectively the space of continuous functions with compact support and the
space of bounded continuous function. The space C0(X) is the closure of Cc(X)
in L∞(X).

The topology σ(M(X),Cb(X)) is strictly stronger than σ(M(X),C0(X))
(and a sequence that converges in σ(M(X),Cb(X)) automatically converges
also in σ(M(X),Cc(X))).

The space of probability measure P (X) is a closed subset of M(X) with
respect to σ(M(X),Cb(X)) but not with respect σ(M(X),C0(X)). Let us
prove this statement. We consider a sequence µn in P (X) that converges to
µ in σ(M(X),Cb(X)). We want to prove that µ ∈ P (X). Assume that we
have proven that µ is positive19, then it only remains to prove that µ(X) =
1. This follows from (89) after taking φ = 1 since

∫
X
dµn = µn(X) = 1

for all n and
∫
X
dµn →

∫
X
dµ = µ(X). Hence, P (X) is closed with respect

19This actually requires a little bit of work. A very rough sketch of the proof: Let A be a
set such that µ(A) < 0. The regularity of µ implies that A can be approached in measure by
a compact K and by an open O. If X is LCH , the conlusion follows from Uryshon’s lemma
which gives the existence of a continuous function φ such that 1K ≤ φ ≤ 1O. If X is a Polish
space, one construct a continuous function which approaches the characteristic function 1K

of K by using the metric (The function x 7→ d(x,K) is continuous and d(x,K) = 0 if and only
if x ∈ K).
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to σ(M(X),Cb(X)). Now consider the sequence of probability measure δn
(Dirac mass located at x = n). One can check that δn → 0 with respect to
σ(M(X),C0(X)) but 0 is not a probability measure and therefore P (X) is not
closed with respect to σ(M(X),C0(X)). Note that the same sequence is not
convergent (and none of its subsequence either) in σ(M(X),Cb(X)).

In the case of a locally compact Hausdorff (LCH) space, if we have a
tight family (or sequence), then the two topologies coincide. Let us prove
that. Let µn be a tight sequence that converges to µ in σ(M(X),C0(X)) and
φ a given function in Cb(X). Since the sequence is tight, for all ε > 0, there
exists a compact Kε such that µn(X \ Kε) < ε for all n and µ(X \ Kε) < ε.
By Urysohn’s lemma (which can be applied because X is LCH), there exists ψ
with compact support such that 0 ≤ ψ ≤ 1 and ψ|Kε

= 1. Then,

∣∣∣∣
∫

X

φdµn −
∫

X

φdµ

∣∣∣∣ ≤
∣∣∣∣
∫

X

(1 − ψ)φdµn

∣∣∣∣+
∣∣∣∣
∫

X

(1 − ψ)φdµ

∣∣∣∣

+

∣∣∣∣
∫

X

ψφdµn −
∫

X

ψφdµn

∣∣∣∣

≤ ||(1 − ψ)φ||
L∞(µn(X \Kε) + µ(X \Kε))

+

∣∣∣∣
∫

X

ψφdµn −
∫

X

ψφdµn

∣∣∣∣

≤ 2||φ||
L∞ε+

∣∣∣∣
∫

X

ψφdµn −
∫

X

ψφdµn

∣∣∣∣ .

Since ψφ has compact support and µn → µ in σ(M(X),C0(X)), the second
term in the inequality above tend to zero. The first one can be made as small
as wanted. Hence,

∫
X
φdµn →

∫
X
φdµ and we have proved that µn → µ in

σ(M(X),Cb(X)).
We can now prove one implication in the Prokhorov’s theorem (tightness

implies compactness) for a LCH space. By the Riesz representation theorem
(which holds for LCH space), we have C0(X)∗ = M(X). From Banach–
Alaglou theorem, any bounded set in M(X) is weakly-∗ compact so that any
bounded sequence µn has a convergent subsequence µni

in σ(M(X),C0(X)).
Since, for tight sets, convergence in σ(M(X),C0(X)) implies convergence in
σ(M(X),Cb(X)), the subsequence µni

also converges in σ(M(X),Cb(X)) and
we have proved the second version of Prokhorov’s theorem. The first version
now follows from the second as we have shown that P (X) is closed with respect
to the σ(M(X),Cb(X)) topology.

For Polish spaces, there are cases (which have applications! For example
C([0, 1],Rn)) for which C0(X) = {0}. Then, the σ(M(X),C0(X)) topology is
just the trivial topology (which consists of the two open sets {∅,M(X)})! It
means in practice that we will allways consider the σ(M(X),C0(X)) topology
when working with Polish spaces. The proof of Prokhorov is a little bit more
involved. One still uses the Riesz representation theorem and Banach–Alaglou
but repeatedly on a sequence of compact subset of X , see Villani’s lecture note.

A.2 Proof of Proposition 1.38

Let ϕ : X → R ∪ {+∞} be a convex map. We have seen in Proposition 1.23
that this is equivalent to say epi(ϕ) is a convex set. Now we add a couple of
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ingredients.

Proposition A.3. Let X a topological vector space and ϕ : X → R∪ {+∞} be
a map (not necessarily convex). Then ϕ is lower semicontinuous if and only if
epi(ϕ) is a closed set in X × R.

Definition A.4. A set E ⊂ X × R is an epigraph if

(x, α) ∈ E ⇒ (x, β) ∈ E for all β ≥ α .

If this is the case, we will have E = epi(φ) where, for all x ∈ X,

φ(x)
.
= inf {α ∈ R ; (x, α) ∈ E} .

Definition A.5. Let ϕ : X → R ∪ {+∞} be a map. We define:

(i) the lower semicontinuous regularization of ϕ as the map sc[ϕ] defined by

epi(sc[ϕ]) = epi(ϕ) ,

(ii) the convex lower semicontinuous regularization of ϕ as the map csc[ϕ]
defined by

epi(csc[ϕ]) = conv(epi(ϕ)) ,

where conv(A) is the convex hull of the set A.

Remark A.6. Since epi(ϕ) is an epigraph in the sense of Definition A.4, also its
closure and the closure of its convex hull are epigraph, and therefore the regu-
larizations are well defined. Moreover, by Proposition A.3 and Proposition 1.23,
they are respectively lower semicontinuous and convex lower semicontinuous as
their names suggest. Finally, since the closure of a set A (respectively its convex
hull) is the smallest closed (resp. convex) set containing A, sc[ϕ] (resp. csc[ϕ])
is the largest lower semicontinuous (resp. convex and lower semicontinuous)
function smaller than ϕ.

Lemma A.7. Let X be a normed space and ϕ : X → R ∪ {+∞} be a map. If
there exists ℓ(x) affine such that ϕ(x) ≥ ℓ(x) for all x ∈ X, then csc[ϕ] = ϕ∗∗

Proof. If ϕ is not proper, then ϕ = csc[ϕ] = ϕ∗∗ ≡ ∞ and we have concluded.
Otherwise, it is clear that csc[ϕ] ≥ ϕ∗∗, since ϕ∗∗ is convex and lower semicon-
tinuous. Moreover, applying twice Proposition 1.37-(i), for all x ∈ X

ϕ∗∗(x) ≥ ℓ∗∗(x) = ℓ(x) ,

and hence we have ϕ∗∗(x) > −∞. Notice that the last equality above follows
directly from the definition of Fenchel conjugate for all affine functions.

By contradiction, assume now that there exists x̄ ∈ X such that csc[ϕ](x̄) >
ϕ∗∗(x̄). Assume also csc[ϕ](x̄) < ∞. Then, using Theorem 1.8 (Hahn–Banach
separation theorem), we can strictly separate the compact set {(x̄, ϕ∗∗(x̄))} and
the closed convex set C

.
= epi(csc[ϕ]). This means that there exists ξ ∈ X∗\{0}

and r, c ∈ R such that for all (x, α) ∈ C

〈ξ, x〉 + r α > c > 〈ξ, x̄〉 + r ϕ∗∗(x̄) .
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In particular, considering α = csc[ϕ](x) we can prove that r > 0 and then we
have for all x ∈ X

〈ξ′, x̄〉 + ϕ∗∗(x̄) < 〈ξ′, x〉 + csc[ϕ](x) ≤ 〈ξ′, x〉 + ϕ(x) ,

where we set ξ′ =
ξ

r
. This is equivalent to

ϕ∗∗(x̄) < 〈−ξ′, x̄〉 − sup
x∈X

{〈−ξ′, x〉 − ϕ(x)}

= 〈−ξ′, x̄〉 − ϕ∗(−ξ′) ,

which is a contradiction with the definition of ϕ∗∗.

It remains to deal with the case of ϕ∗∗(x̄) < csc[ϕ](x̄) = ∞. In this case,
the separation still holds true, but we cannot prove r > 0, i.e. the hyperplane
could be vertical. If r 6= 0, we can proceed as above to obtain a contradiction.
On the other hand, if r = 0, the separation could be written as: there exists
ξ ∈ X∗ \ {0} and c ∈ R such that

〈ξ, x〉 − c < 0 ∀x ∈ Dom(ϕ) , 〈ξ, x̄〉 − c > 0 .

Hence, for all x ∈ X and t > 0

ϕ(x) > ℓ(x) + t (〈ξ, x〉 − c) ,

since the inequality holds true (trivially) also outside Dom(ϕ). Conjugating
twice and evaluating the expression in x = x̄, we obtain for all t > 0

ϕ∗∗(x̄) ≥ ℓ(x̄) + t (〈ξ, x̄〉 − c) .

Therefore, it has to be ϕ∗∗(x̄) = +∞ = csc[ϕ](x̄), a contradiction. ⋄
We are now ready to prove the last result we needed from convex analysis.

Proof of Proposition 1.38. It is clear that (iii) implies (ii) and that (ii) implies
(i). It remains to be proved that (i) implies (iii). So, let ϕ be proper, convex
and lower semicontinuous. Then ϕ = csc[ϕ].

Let x such that ϕ(x) <∞. Then, for all α < ϕ(x) we can use Hahn–Banach
Theorem in X×R to strictly separate the compact set {(x, α)} from the convex
and closed set epi(ϕ) by means of an hyperplane. Since this hyperplane provides
an affine lower bound to ϕ, we can apply Lemma A.7 to prove that in fact
ϕ = csc[ϕ] = ϕ∗∗. This concludes the proof. ⋄
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