NEUMANN TO STEKLOV EIGENVALUES: ASYMPTOTIC AND
MONOTONICITY RESULTS

PIER DOMENICO LAMBERTI AND LUIGI PROVENZANO

ABSTRACT. We consider the Steklov eigenvalues of the Laplace operator as lim-
iting Neumann eigenvalues in a problem of mass concentration at the boundary
of a ball. We discuss the asymptotic behavior of the Neumann eigenvalues and
find explicit formulas for their derivatives at the limiting problem. We deduce
that the Neumann eigenvalues have a monotone behavior in the limit and that
Steklov eigenvalues locally minimize the Neumann eigenvalues.

1. INTRODUCTION

Let B be the unit ball in R, N > 2, centered at zero. We consider the Steklov
eigenvalue problem for the Laplace operator

Au =0, in B,
(1.1) { % = Mpu, on 9B,

in the unknowns A (the eigenvalue) and u (the eigenfunction), where p = M /oy,
M > 0 is a fixed constant, and oy denotes the surface measure of 0B.

As is well-known the eigenvalues of problem (1.1) are given explicitly by the
sequence

(12) /\l:£7 leN,
p

and the eigenfunctions corresponding to \; are the harmonic polynomials of degree
I. In particular, the multiplicity of A; is (2l + N —2)({ + N — 3)!I/(I}(N — 2)!), and
only Ag is simple, the corresponding eigenfunctions being the constant functions.
See [7] for an introduction to the theory of harmonic polynomials.

A classical reference for problem (1.1) is [15]. For a recent survey paper, we refer
to [8]; see also [9], [12] for related problems.

It is well-known that for N = 2, problem (1.1) provides the vibration modes of
a free elastic membrane the total mass of which is M and is concentrated at the
boundary with density p; see e.g., [4]. As is pointed out in [12], such a boundary
concentration phenomenon can be explained in any dimension N > 2 as follows.

For any 0 < ¢ < 1, we define a ‘mass density’ p. in the whole of B by setting

g, if |z <1-—c¢,

1.3 - e i
o = { g, e
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where wy = oy /N is the measure of the unit ball. Note that for any x € B we
have p.(x) — 0 as ¢ — 0, and [, p.dx = M for all € > 0, which means that the
‘total mass’ M is fixed and concentrates at the boundary of B as ¢ — 0. Then we
consider the following eigenvalue problem for the Laplace operator with Neumann
boundary conditions

(1.4) % =0, on 0B.
We recall that for N = 2 problem (1.4) provides the vibration modes of a free elastic
membrane with mass density p. and total mass M (see e.g., [6]). The eigenvalues

of (1.4) have finite multiplicity and form a sequence
/\0(8) < )\1(6) < )\2(8) <l

depending on &, with A\p(g) = 0.
It is not difficult to prove that for any [ € N

(1.5) Ai(e) = A, ase — 0,

see [2], [12]. (See also [5] for a detailed analysis of the analogue problem for the
biharmonic operator.) Thus the Steklov problem can be considered as a limiting
Neumann problem where the mass is concentrated at the boundary of the domain.

In this paper we study the asymptotic behavior of A;(¢) as € — 0. Namely, we
prove that such eigenvalues are differentiable with continuity with respect to ¢ for
€ > 0 small enough, and that the following formula holds

2
(1.6) M (0) = CATSM
3 N(21 4+ N)
In particular, for [ # 0, Aj(0) > 0 hence X;(¢) is strictly increasing and the Steklov
eigenvalues \; minimize the Neumann eigenvalues A;(g) for € small enough.

It is interesting to compare our results with those in [14], where authors consider
the Neumann Laplacian in the annulus 1 — ¢ < |z| < 1 and prove that for N = 2
the first positive eigenvalue is a decreasing function of e. We note that our analysis
concerns all eigenvalues \; with arbitrary indexes and multiplicity, and that we do
not prove global monotonocity of A;(g), which in fact does not hold for any [; see
Figures 1, 2.

The proof of our results relies on the use of Bessel functions which allows to recast
problem (1.4) in the form of an equation F(X,&) = 0 in the unknowns A,e. Then,
after some preparatory work, it is possible to apply the Implicit Function Theorem
and conclude. We note that, despite the idea of the proof is rather simple and
used also in other contexts (see e.g., [11]), the rigorous application of this method
requires lenghty computations, suitable Taylor’s expansions and estimates for the
corresponding remainders, as well as recursive formulas for the cross-products of
Bessel functions and their derivatives.

Importantly, the multiplicity of the eigenvalues which is often an obstruction in
the application of standard asymptotic analysys, does not affect our method.

This paper is organized as follows. The proof of formula (1.6) is discussed in
Section 2. In particular, Subsection 2.1 is devoted to certain technical estimates
which are necessary for the rigorous justification of our arguments. In Subsection
2.2 we consider also the case N = 1 and prove formula (1.6) for A; which, by the
way, is the only non zero eigenvalue of the one dimensional Steklov problem. In
Appendix we establish the required recursive formulas for the cross-products of

{ —Au = Ap:u, in B,
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Bessel functions and their derivatives which are deduced by the standard formulas
available in the literature.

2. ASYMPTOTIC BEHAVIOR OF NEUMANN EIGENVALUES

It is convenient to use the standard spherical coordinates (r,6) in RY, where
0 = (61,...0n_1). The corresponding trasformation of coordinates is

1 = rcos(fr),
x9 = rsin(6y)cos(fa),

xny—1 = rsin(fy)sin(fz)---sin(fn_2)cos(fn—_1),
xn = rsin(f1)sin(fz)---sin(@n_2)sin(On_1),

with 601,...,0n_2 € [0,7], On_1 € [0,27] (here it is understood that 6y € [0, 2| if
N = 2). We denote by 6 the Laplace-Beltrami operator on the unit sphere S™V—1
of RY, defined by

N-1

_ 1 9 ((singN-i-19_
' 21 q;(sin 0;)N =71 06; ((Smaj) 39j> ’

=
where
q =1 gj=(sinb; sin92~-~sin9j71)2, ji=2,..,N—1
To shorten notation, in what follows we will denote by a and b the quantities defined
by
a=VX(l—e¢), and b=/ Ap:(1—¢),
where
N
M — EWN (]. — 5)

wN (1 -(1- 5)N)
As customary, we denote by J, and Y, the Bessel functions of the first and second
species and order v respectively (recall that J, and Y, are solutions of the Bessel
equation 22y"(2) + 2v/(2) + (22 — v?)y(z) = 0).

We begin with the following lemma.

Pe =

Lemma 2.1. Given an eigenvalue A of problem (1.4), a corresponding eigenfunc-
tion u is of the form u(r,0) = S;(r)H;(8) where H;(0) is a spherical harmonic of
some order l € N and

rlf%Jyl( Aer), ifr<l-—e
(2.2)  S(r) =
P15 (adu (VABr) + BY., (VAGer)), i l—e<r <1,
where v, = (N+2$2) and «, B are given by
_mb Py @
o= (Jn(@Y;,0) = 27, (@)Y, ()
_mbra PN
8= (374 0) 7, (@) = I, ()T (@)
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Proof. Recall that the Laplace operator can be written in spherical coordinates as

N -1 1
A:8M+T8,,+—5.

r2
In order to solve the equation —Au = Ap.u, we separate variables so that u(r,0) =
S(r)H(0). Then using I(I + N — 2), [ € N, as separation constant, we obtain the
equations

(2.3) 28" + (N = 1)S" +7r?Xp.S — (1 + N —2)S =0
and
(2.4) —0H =1(l+ N —2)H.

By setting S(r) = =2 S(r) into (2.3), it follows that S(r) satisfies the Bessel
equation

- 1 - 2\ .
S”+TS’+<Ap€:g>s_o.

Since solutions u of (1.4) are bounded on © and Yj,(z) blows up at z = 0, it
follows that for r < 1 — ¢, S(r) is a multiple of the function 71==> Jyl(\ﬁr) For
1—¢ < r <1, S(r)is a linear combination of the functions r'=%.J,, (v g.r)
and Tl’%Yyl( Aper). On the other hand, the solutions of (2.4) are the spherical
harmonics of order [. Then u can be written as in (2.2) for suitable values of
a,p eR.

Now we compute coefficient « and £ in (2.2). Solutions u of (1.4) belong to the
standard Sobolev space H?(2), hence a and 3 must be chosen in such a way that
u and O.u are continuous at r =1 — ¢, that is

oy (VAB-(1 = €)) + BY:, (VAB-(1 — )) W (VA (H_))
oy, (VAP=(1 =€) + BY,, (vVAp-(1 — \F Vae(l—¢)).

Solving the system we obtain

_ (@)Y, (0) — §J7,(0)Y, () 5= &Ju (0) ), (@) — J}, (0) 1y (a)
T (0)Y7, (0) = J7, (b)Y, (b) T (0)Y;, (b) = 7}, (b)Y, (b)

Note that J,, (b)Y}, (b) — J),(b)Y,,(b) is the Wronskian in b, which is known to be

2 (see [1, §9]). This concludes the proof. O

We are ready to establish an implicit characterization of the eigenvalues of (1.4).

Proposition 2.5. The nonzero eigenvalues A of problem (1.4) are given implicitly
as zeros of the equation

(2.6) (1 - ZQV) Pu(a,b) + “fg)&(a, B =0

where
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Pi(a,b) = Jy(a)

PQ(CL, b)

Il
&
—

S
&

+ —J,(a (J,,L (b)Y, (

Proof. By Lemma 2.1, an eigenfunction u associated with an eigenvalue X is of the
form wu(r,0) = S;(r)H;(0) where for r > 1 —¢

™ N a br
S [ (AT AU AT A PR
a br
 (F 0 @02, 07,(0) a7
We require that % = %\ = 0, which is true if and only if
b N , a , b
7 (1-3) [(m@n oL @rm) m )
a b
+ (F920)L, (@07, 0 @) Yo ()]
mb? , a , b
tats | (@Y 0= @Y ) 2, ()
a b
+ (§9 0,0, 010,@) Vi (2] =0
The previous equation can be clearly rewritten in the form (2.6). O

We now prove the following.

Lemma 2.7. Equation (2.6) can be written in the form

M 1 N (2 — N)Nwy 2Nwyl
A2 - Ne (o —yyp 2T TITON Y oy SNONE
E<:(3ZVQJN l/l(1+l/l)) + 6(2 Vl+21/l(1—|—vl)M> + M
QNle N -1 WN o
(28) - Vi (2 — ﬁ - Vl) e+ R()\,{f) =0

where R(\,e) = O(e/€) as e — 0.

Proof. We plan to divide the left hand-side of (2.6) by J;,(a) and to analyze the
resulting terms using the known Taylor’s series for Bessel functions. Note that

J}, (@) > 0 for all € small enough. We split our analysis into three steps.

Step 1. We consider the term 132,((;(’3), that is
vy

Jy, (a) b ,, b ,
e R ACE ST

@9 @

¥, (0)77,(
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Using Taylor’s formula, we write the derivatives of the Bessel functions in (2.9),

call them C,, as follows
(2.10)

b eb M@y [ eb \" eb \"!
C;l(1_g>_C/”l(b)+c'7l(b)1_g+"'+(n—(1))!(1—5) +o<1_5> :

Then, using (2.10) with n = 4 for J;, and Y}, we get

(2.11)
j: EZ? LE_bE (Y2, (0) T3, (b) = 7, () Yy, (b)) + ﬁ (Y2 (b) T (b) — L, (B)Y' (b))
E3b3 ’ 111 / "
tei—op (Y2, ()7 (0) = Ju, ()Y, (b)) + Rl(b)]
+ % [(Jw (b)Yy,(b) — Yy, (b)J,, (b)) + 1% (o (B)Y,L (B) — Yo (b).JL (B))
+2(1€7_bs)2 (Jo, (D)Y, (b) — Ys, (b) U (b)) + Rz(b)} ,

where R;(b), Ra(b) are the appropriate remainders in the Taylor’s formulas.
Let R3 be the remainder defined in Lemma 2.24. We set

eb

(2.12) R(\e) = Rs(a) .

= (Y (05 (0) =73, (0) Y. (0)
e2b?
A1—e)?
531)3 ’ 7 / "
5 e (WO 0=, 0¥ 0)

(Y2, (0) 0/ (B) = J0, (0) Y2 ()

a LL3

+ Ry (b) zTM} —|—R2(b)%+R3(a)R1(b).

By Lemma 2.29, it turns out that R(\,e) = O(e?) as ¢ — 0.
We also set
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where
ai(e) = J‘;?:ufe),
bi(e) = b %;
fie) = . ;
N T a2+ m) (1 — )3’
€)= 5o
gule) = 3u(1—¢e)3’
(€) = — 1 n € B 2B +2w°)
P v u)(i—e) 220 +m)(1—e)2 6w2(1+u)(l—e)’
B 2 € e2(3 + 2v,%) e
hu(e) = T u(l-e) + nl—e? 3u(l-e3 (1—e)?’
ha(e) = 1 _ 3e 2wt + 11y
28 = (1+wm)(1—-e) 2(14+wm)(1—¢e)?  6v2(1+uw)(l—e¢)?’
(o) =2+ 2ev;, 3’y N Ewt+11m%) 2 22+ u?)

-9 (=202 Bu(i—ep (-9  (1=o2

Note that functions f, g, h, k are continuous at € = 0 and f(0), g(0), h(0), k(0) # 0.
Using the explicit formulas for the cross products of Bessel functions given by
Lemma 3.2 and Corollary 3.7 in (2.11), (2.9) can be written as

1 A AVA A2V/A
(2.13) S evek(e) + %m@h(s) + ng\@g(e) + ;fsgkﬁf(s) + R(\¢).
m
Step 2. We consider the quantity 1;1,(?(’11’)), that is
Ju, (a) , b , b
214) Z8 |V 00 () — L Y ()|
a b b
5 [ ) - vam 1)
Proceeding as in Step 1 and setting
3
Py ai(e)bi(e) _
o) = 2mv (1 + 11)(1 — )2
3 2
_\ _ ai(e) 1 € _ai(e)bi(e) |
9 =39 (mzu T (= 5)2) vr(l—e)?’

2
5

_ai(e) [ 2 2¢ -1 -
h(e) = e (sz“qu_g)“Lw(ll—s)Qe)’

(=

one can prove that (2.14) can be written as
(2.15) eh(e) + Ae2g(e) + A3 f(e) + R(\, €),

where R(\, &) = O(e2\/) as € — 0; see Lemma 2.29.
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Step 3. We combine (2.13) and (2.15) and rewrite equation (2.6) in the form

(2.16) (1 — g)ﬁ(s) + % + (1 - g)g(s) + /\s%
2 3 g 22 251( )g(e) 3 _sbi(e)f(e) _
+A€( )f() m-F)\Em-FRO()\,S)—O,
where
o \/Xbl(E) N ~
RO()\,E) = mR(}\,E) + (1 — 2) R()\75)

Note that Ro(\,e) = O(e?\/€) as ¢ — 0. Dividing by € in (2.16) and setting
Ri(\e) = RO()‘ e) , we obtain

@17) (1= 50 + 2R a1 - Pgte) + AL
+>\2€2(17 E)f( ) )\2 bl( )9(5) )\3 2b1(€)f( ) +R1(>\ 5) =0.

2 w(1 ) w(1 )

We now multiply in (2.17) by Wél((lg)s) which is a positive quantity for all 0 <

£ < 1. Taking into account the definitions of functions g, h, k, §, h, we can finally
rewrite (2.17) in the form

p(e) 1 N 2—-N
e (3 Tt m) e <2 T z/l)ﬁ(s)> - 2A

21 (1
LU0 +en)

(2.18) 5

R(A\e)=0

where
M — sz(l — €)N

Wi (N N(N D, -y s (V) (=1)keh- 1)

and R(\,e) = O(ev/€) as ¢ — 0. The formulation in (2.8) can be easily deduced
by observing that

. M 2M (N—l WN

ple) = ep(e) =

pE:NU]N+ Noom 1 QM) +O0(e %), ase — 0.

We are now ready to prove our main result

Theorem 2.19. All eigenvalues of problem (1.4) have the following asymptotic
behavior

(2.20) Aie) =N+ <2Ml 207 )>€+0(€), as € — 0,

3 T NQ@+N
where \; are the eigenvalues of problem (1.1).

Moreover, for alll € N the functions defined by X\i(e) for e > 0 and A\(0) = A,
are continuous in the whole of [0,1] and of class C' in a neighborhood of € = 0.

Proof. By using the Min-Max Principle and related standard arguments, one can
easily prove that X\;(¢) depends with continuity on € > 0 (cfr. [13], see also [10]).
Moreover, by using (1.5) the maps € — A;(¢) can be extended by continuity at the
point € = 0 by setting A;(0) = A;.
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In order to prove differentiability of A\;(g) around zero and the validity of (2.20),
we consider equation (2.8) and apply the Implicit Function Theorem. Note that
equation (2.8) can be written in the form F()\, e) = 0 where F' is a function of class
C' in the variables (\, ¢) €]0, 00[x[0, 1[, with

2Nle
F(A0) = —=2A
( I ) + M ?
F{(\0) = =2
M 1 N (2— N)Nwy
F/(\0) = X\ — A = — -~
(X, 0) <3NwN v (1 —|—1/l)> + (2 mt 21 +1/l)M)

(2.21)

2Nwnl (N -1  wn
i )

By (1.2), Ay = Nwnl/M hence F(X\;,0) = 0. Since F}(A;,0) # 0, the Implicit
Function Theorem combined with the continuity of the functions X;(-) allows to
conclude that functions \;(+) are of class C'! around zero.

We now compute the derivative of A;(:) at zero. Using the equality Nwy /M =
A1/l and recalling that vy =14+ N/2 — 1 we get

F/(\N,0) = Ag(l 1>+)\l<1—l+)\l(2_m>—2/\l<1—l_)‘l>

37)\1_ Vl(l-i-Vl) 2[1/1(1—&-1/1) 2 NI
1 2—-N 2 4 40? 4
2.22) = A} — 1)+ = |+ Al = e AL
(2:22) l<ul(1+yl)< 51 >+Nl>+3l N2 o] 3
Finally, formula \j(0) = —F/(\;,0)/F% (A, 0) yields (1.6) and the validity of (2.20).

O

Corollary 2.23. For any ! € N\ {0} there exists §; such that the function A\(-) is
strictly increasing in the interval [0, 6;[. In particular, Ay < Ai(g) for all € €]0, &;].
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N

FIGURE 1. Solution branches of equation (2.6) with N =2, M =
7 in the region (g, A) €]0,1[x]0, 150[ . The colors refer to the choice
of [ in (2.6), in particular blue (I = 0), red (I = 1), green (I = 2),
purple (I = 3), orange (I = 4).

FIGURE 2. Solution branches of equation (2.6) with N =2, M =7
in the region (g, \) €]0,1[x]0,50[ . The colors refer to the choice
of [ in (2.6), in particular blue (I = 0), red (I = 1), green (I = 2),
purple (I = 3), orange (I = 4), cyan (I = 5), pink (I =6) .
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2.1. Estimates for the remainders. This subsection is devoted to the proof of
a few technical estimates used in the proof of Lemma 2.7.

Lemma 2.24. The function Rs defined by
Ju(z) =z 23

(2.25) ) v + 210 + R3(2),

is O(2%) as z — 0.

Proof. Recall the well-known following representation of the Bessel functions of the
first species

PN (=1)f 2\ 27
(2:26) 1) =(3) 2 G (5)
For clarity, we simply write
(2.27) T, (2) = 2" (ag + az2? + agz* + O(2°)),
hence
(2.28) J(2) = 2" Yvag + (v + 2)axz® + (v + 4)asz* + O(2°))

where the coefficients ag, az, a4 are defined by (2.26). By (2.27), (2.28) and standard
computations it follows that
J(2)  z  2a
J(z) v V2ag

which gives exactly (2.25). O

23 +O(z5),

Lemma 2.29. For any X > 0 the remainders R(\, ) and R(\,¢) defined in the
proof of Lemma 2.7 are O(g3), O(e2\/€), respectively, as ¢ — 0. Moreover, the
same holds true for the corresponding partial derivatives O\R(\, ), a)\R(A,E).

Proof. First, we consider R3(a) = R3(v Ae(1—¢)) where Rj is defined in Lemma 2.24
and we differentiate it with respect to A. We obtain
ORs(a)  aRjs(a)

oA 22X 7

hence by Lemma 2.24 we can conclude that R3(a) and %)Ea) are O(g2y/z) ase — 0.

Now consider R;(b) and Ro(b) defined in the proof of Lemma 2.7. Since A > 0,
we have that b > 0 hence the Bessel functions are analytic in b and we can write

3 eFp* ’ k+1 / k+1
Ri(b) = kzﬂ—m(l_g)k (V)2 () = T ()Y (1))
OR1(b b1 = bkt , k+1 / k41
22 m( ) \/g(l(f)s)x(k_l)!(f_s)kd (Y ) — S eYET )

k=4
kbk

b1(e) = . / 1 / 1 !
VE Iy (V) B = SLYE B)

Jr

Using the fact that b = /\/eby (¢) and Lemma 3.2 we conclude that all the cross
products of the form Y/ (b).J*+1(b)—.J/ (b)Y +1(b) and their derivatives (Y/(b).J5+1(b)—

JL(b)YF+L(B)) are O(y/€) and O(e) respectively, as e — 0. It follows that Ry (), €)
and Oy Ry (), ) are O(2/€) as ¢ — 0.
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Similarly,
too kpk
D e = CACLARCER CORAROY
k=3
ORx(b)  ebi(e) R bFleP? . )
e Ve(l—¢) k; (k— D1 —e)F—1 (Jv(b)Y»'“+ (b) = Yo (b) " (b))

by(e) T2 ke ) 1 !
" w(? > =y (1 @Y 0) - v @) I B)

hence Ry(\,€) and 9y\Ra(\, €) are O(g?) as e — 0.
Summing up all the terms, using Lemma 3.1 and Corollary 3.7, we obtain

R(X\ €) = Rs(a) [% (%z - 1) +7T(187j6)2 (1 - 35%2)

n 3b? (u4+ 1122 _ 34+ 202 +1>:|

3r(1—¢)? bt b2
+ Ri(b) [% + m} +Rz(b)%+R3(a)R1(b).

We conclude that R(\, ¢) is O(e?) as € — 0. Moreover, it easily follows that
is also O(e%) as ¢ — 0.
The proof of the estimates for R and its derivatives is similar and we omit it. [

OR(\e)
oA

Remark 2.30. According to standard Landau’s motation, saying that a function
f(2) is O(g(2)) as z — 0 means that there exists C > 0 such that |f(2)| < C|g(2)|
for any z sufficiently close to zero. Thus, using Landau’s notation in the statements
of Lemmas 2.7, 2.29 understands the existence of such constants C', which in prin-
ciple may depend on A > 0. However, a careful analysis of the proofs reveals that
given a bounded interval of the type [A, B] with 0 < A < B then the appropriate
constants C' in the estimates can be taken independent of A € [A, B.

2.2. The case N = 1. We include here a description of the case N = 1 for the
sake of completeness. Let {2 be the open interval | — 1,1[. Problem (1.1) reads

{ u’(x) =0, for x €] — 1,1],

(2.31) w/(£1) = £AM gy (1),

in the unknowns A and u. It is easy to see that the only eigenvalues are A\g = 0 and
AL = % and they are associated with the constant functions and the function z,
respectively. As in (1.3), we define a mass density p. on the whole of | — 1, 1] by

M _14e ifzel—1,-1+¢Ul —e 1],
pe(w) =q 2 :
5 ifrel—1+¢e1—¢l

Note that for any = €] — 1, 1[ we have p.(x) — 0 as e — 0, and f_ll pedx = M for
all € > 0. Problem (1.4) for N =1 reads

—u'(x) = Ape(x)u(x), for x €] —1,1],
(2.32) { S0 o), o ] - 11

It is well-known from Sturm-Liouville theory that problem (2.32) has an increasing
sequence of non-negative eigenvalues of multiplicity one. We denote the eigenvalues



STEKLOV EIGENVALUES 13

of (2.32) by N\(e) with I € N. For any ¢ €]0, 1], the only zero eigenvalue is Ag(e)
and the corresponding eigenfunctions are the constant functions.
We establish an implicit characterization of the eigenvalues of (2.32).

Proposition 2.33. The nonzero eigenvalues A of problem (2.32) are given implic-
itly as zeros of the equation

(2.34) 24/e (QZ -1+ s> cos (2VAe(1 — €)) sin (25 A (‘;‘z -1 +e>>

M M M
—— 4+ 1+ =——1+4+2)cos |2/ ——1+4¢
2e 2e 2¢e

Proof. Given an eigenvalue A > 0, a solution of (2.32) is of the form

+ sin (2&(1 - 5)) ~0.

Acos (v/Ap2zx) + Bsin (VAp2z), forz €] —1,—-1+¢],
u(z) =< Ccos(VAp1z) + Dsin (v/Apiz), forz €] —1+4¢,1—¢],

E cos (v Ap2x) + Fsin (v Apaz), for z €]1 —¢,1],

where p; = ¢, p3 = 12% —14eand A, B,C, D, E, F are suitable real numbers. We
impose the continuity of v and ' at the points z = —1+¢ and x = 1 — ¢ and
the boundary conditions, obtaining a homogeneous system of six linear equations
in six unknowns of the form Mv = 0, where v = (4, B,C, D, E, F) and M is the
matrix associated with the system. We impose the condition detM = 0. This
yields formula (2.34). O

Note that A = 0 is a solution for all € > 0, then we consider only the case of
nonzero eigenvalues. Using standard Taylor’s formulas, we easily prove the following

Lemma 2.35. Equation (2.34) can be rewritten in the form

AM? AM? M
(2.36) M= "o+ = <1+)\<2+2>>5+R()\,5)—0,

where R(\,e) = O(¢?) as e — 0.

Finally, we can prove the following theorem. Note that formula (2.38) is the
same as (2.20) with N =1,1=1.

Theorem 2.37. The first eigenvalue of problem (2.32) has the following asymptotic
behavior

2
(2.38) Ai(e) =M+ 5()‘1 +X)e+o0(e) ase—0,

where Ay = 2/M is the only nonzero eigenvalue of problem (2.31). Moreover, for
I > 1 we have that A\j(e) = +00 as e — 0.

Proof. The proof is similar to that of Theorem 2.19. It is possible to prove that the
eigenvalues \;(¢) of (2.32) depend with continuity on € > 0. We consider equation
(2.36) and apply the Implicit Function Theorem. Equation (2.36) can be written in
the form F(A,¢) = 0, with F of class C* in |0, +00[x [0, 1[ with F(,0) = M — A2,
F{(A\,0) = =M% and F/(,0) = 222 (1 4 (2 + M),
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Since Ay = &, F(A1,0) = 0 and F}(A1,0) # 0, the zeros of equation (2.38) in
a neighborhood of (\,0) are given by the graph of a C'-function ¢ — A(g) with
A(0) = Ay. By continuity arguments, it can be proved that A(e) = A1(g), hence
A1(+) is of class C! in a neighborhood of zero and \{(0) = —F!/()\1,0)/F5(A1,0)
which yields formula (2.38).

The divergence as € — 0 of the higher eigenvalues A;(g) with I > 1, is clearly
deduced by the fact that the existence of a converging subsequence of the form
Ai(en), n € N would provide the existence of an eigenvalue for the limiting problem
(2.31) different from Ag and A;, which is not admissible.

O

3. APPENDIX

We provide here explicit formulas for the cross products of Bessel functions used
in this paper.

Lemma 3.1. The following identities hold

VIE) - LY = -2,
V(L) - LEYIE) = o,
VI - v = 2 (1),

Proof. Tt is well-known (see [1, §9]) that

TRV = Yol = Tosa (2)ole) = Tl () = .

which gives the first identity in the statement. The second identity holds since

L ()Y (2) = Yu(2)J)(2) = (L(2)Yi(2) — Yy(z)JL(z))/ = (i) = ,l,

Tz 22



STEKLOV EIGENVALUES 15

The third identity holds since

Yo (2)J) (2) = JL(2)Y) (2) = Yi(2) (JH(Z) - EJV(Z)) ) (YH(Z) - ng(z))'
=Y (2)J,_1(2) — JL(2)Y,_1(2) + 212 (Y2(2) o () — TL(2)Yo(2)
_ (Y;( ); (Jo—2(2) = Ju(2)) — JL(z)% (Yi—a(z) — yy(z))) %
= % (Yo (2)Ju—2(2) — JL(2)Yi—2(2))
- % (V) (2)Ju(2) = T, (2) Yo (2)) %
= LY - V)
+ 2L () = LY () - - + o
= (@) () - ) Y (B ) - L))
2,
= V(VZ; Y Vo (2) o (2) = Ju(2) Vi (2)) — % " %

2 v?
-2 (%),
where the first, second and fourth equalities follow respectively from the well-known
formulas C,,(z) = C,—1(2) — 2Cu(2), 2C,(2) = Cp_1(2) — Cpy1(2) and Cp_2(2) +

C,(z) = 2»=1¢, | (2), where C,(2) stands both for J,(z) and Y, (z) (see [1, §9]).

This proveszthe lemma. O

Lemma 3.2. The following identities hold

(3-3) Y, (2) I (2) = 1 (2) Y0 (2)

2
- (T + Ry k(2))

(3-4) Y)(2) I (2) = T ()Y P (z) =

p— (qx + Quir(2)),

for all k > 2 and v > 0, where ri,qx € {0,1,—1}, and Q. x(2), Ry i(2) are fi-
nite sums of quotients of the form CZ";H’?, with m > 1 and ¢, a suitable constant,

depending on v, k.

Proof. We will prove (3.3) and (3.4) by induction. Identities (3.3) and (3.4) hold
for k=1 and k = 2 by Lemma 3.1. Suppose now that

V(I () = YR = e+ Run(2),

Y (2) IS (2) = T(2)Y P (2) = Gk + Qui(2)),

—
hold for all v > 0. First consider

Y, (2) I (2) — JL(2) Y,V ().
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We use the recurrence relations C,41(2)+Cy—1(2) = 22C, (2) and 2C'(2) = Cp—1(z)—
Cy+1(2), where C,(z) stands both for J,(z) and Y, (z) (see [1, §9]). We have

(3:5) V() () = L) (2) = Vi) (1) B (2) - () (V)P (2)

= 1 [ (B) Y1 (2) (o1 () — s ()P

4

— (Jo=1(2) = Ju+1(2)) (Yo—1(z) — Yu+1(z))<k)]
- i [(Y (@I E) = T (Y (Z)) + (Yu+1( VIR (2) = Juga ()Y, R (2 ))
+ (Fen@VEE =Y @I @) + (@Y E - Y @40 @)

Z[ (rk + Ru—1,k(2) + 7k + Ruy1,5(2))

+ 2 (@Y = V@I @) + Y E) - Vi) IE, ()
- (le( Wi (2) = Yo (DI (2) + da (Y () = Yo 1 )]

1] 4
== {; (2rk + Ru—1,6(2) + Rug1,6(2))

4
+ 2 (102) (1) + Vi1 (NP = Vi (2) (o (2) + Ju+1<z>>(k))}

1
=_ (2ri + Ru—1,k(2) + Rug1,6(2))

2 (0 (209) -0 (200) )

2 1
=— |:7"k + = (Ru—1,5(2) + Rug1,6(2))
TZ 2

2 k k—j
v kl(—=1)*—7
T Ru,j(z»] .
7 J!

z i=
We prove now (3.4)
(36) Y@@ = L@ @) = (%P @) - @Y o)

- (W@ @) - RV E)
-2 (*Qk = Qui(2) —

e Ruw(z)
Tz z

+ R, k(z)) .

This concludes the proof.

Corollary 3.7. The following formulas hold

2 (2417
. v —y, " _ A ~1):
TV () — Yol2) ' (2) m( - )
2 32
Y/ "1 _ ! Y/// — 1_ .
) - v = 2 (12
2 3+ V4112
Y/ 1111 _ ! Y//// — “ 1_
@) = ) = 2 (122 =
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Proof. From Lemma 3.2 (see in particular (3.6)) it follows

Jo(2)Y(2) — Vo) (2) = — 2 [—qz CQuale) -

2 Rypa(2) '
z z

VU () = V) = 2 it g (Ruas(a) + R ()

2

U % (ry + Ry,j(z))}
j=0

z
j=

2 4 2
2 (173—&-221/ LY +411V)~
z z

O
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