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Introduction

Let Ω be a bounded domain in RN of class
C1. Consider the classical Steklov eigenvalue

problem {
∆u = 0, in Ω
∂u
∂ν = λu, on ∂Ω,

(1)

in the unknowns λ, u. For N = 2 this problem
models the transverse vibrations of a free
thin elastic membrane the mass of which is
concentrated at the boundary.

This concentration phenomenon can be de-
scribed as follows (see [6]). Let ε ∈]0, ε0[ and
consider the following Neumann eigenvalue

problem {
−∆u = λρεu, in Ω
∂u
∂ν = 0, on ∂Ω.

(2)

For N = 2 this problems models the transverse
vibrations of a free membrane the mass of which
is displaced on the whole of Ω with density

ρε =

{
ε, in Ωε
HN−1(∂Ω)−ε|Ωε|

|Ω\Ωε|
, in Ω \ Ωε,

where Ωε := {x ∈ Ω : dist(x, ∂Ω) > ε}. Note
that the mass is concentrated in a neighbor-

hood of ∂Ω.

Problems (1) and (2) admit an increasing se-
quence of non-negative eigenvalues of �nite mul-
tiplicity diverging to +∞, respectively

0 = λ1 < λ2 ≤ · · · ≤ λj ≤ · · ·
0 = λ1(ε) < λ2(ε) ≤ · · · ≤ λj(ε) ≤ · · · .

Let T0, Tε be the resolvent operators associated
with problems (1) and (2) respectively.

Theorem. Tε → T0 as ε → 0, the convergence
being in norm. In particular, for all j ∈ N,
λj(ε)→ λj as ε→ 0.

The biharmonic operator

Consider the classical biharmonic Neumann

problem (see [5]) with tension parameter τ > 0
and mass density ρε, namely

∆2u− τ∆u = λρεu, in Ω
∂2u
∂ν2 = 0, on ∂Ω

τ ∂u∂ν − div∂Ω

(
D2u.ν

)
− ∂∆u

∂ν = 0, on ∂Ω.

(3)
This problem models the transverse vibrations
of a free thin plate with density ρε. The spec-
trum is made up of eigenvalues of �nite multi-
plicity increasing to +∞

0 = λ1(ε) < λ2(ε) ≤ · · · ≤ λj(ε) · · · .

We perform the same analysis of the second
order case. The eigenvalues of (3) converge to
those of an appropriate limiting problem.

We refer to the limiting problem obtained in this
way as to the biharmonic Steklov problem.

The Bh Steklov problem

The classical formulation of this new fourth-

order Steklov problem is: �nd λ, u such that
∆2u− τ∆u = 0, in Ω
∂2u
∂ν2 = 0, on ∂Ω

τ ∂u∂ν − div∂Ω

(
D2u.ν

)
− ∂∆u

∂ν = λu, on ∂Ω.

(4)
We aim at:

� studying the dependence Ω 7→ λ[Ω];

� characterizing the critical domains for
this map under the constraint |Ω| �xed;

� �nding global maxima for this map un-
der the constraint |Ω| �xed.

Shape derivatives

Fix Ω of class C1 and consider the family of
perturbations

Φ(Ω) :=
{
φ ∈

(
C2(Ω)

)N
, φ inj. , inf

Ω
|detDφ| > 0

}
.

We want to study the map φ 7→ λj [φ] :=
λj [φ(Ω)]. To avoid the occurrence of bifurca-
tion phenomena, we consider the symmetric
functions of the eigenvalues (see e.g., [2]). We
have the following (see [3, 4])

Theorem. Let F ⊂ N �nite and non-empty.
Let

AΩ[F ] := {φ ∈ Φ(Ω) :

λl[φ] /∈ {λj [φ] : j ∈ F} , ∀l ∈ N \ F} .

The set AΩ[F ] is open in Φ(Ω) and the maps
from AΩ[F ] to R de�ned by

ΛF,s[φ] :=
∑

j1<···<js∈F
λj1 [φ] · · ·λjs [φ],

for s ∈ {1, ...|F |} are real analytic. Moreover,

let φ̃ ∈ AΩ[φ] be such that all the eigenvalues

with indexes in F have a common value λF [φ̃]

and ∂φ̃(Ω) ∈ C4. Then, for all ψ ∈
(
C2(Ω)

)N
,

d|
φ=φ̃

ΛF,s[ψ] = −λsF [φ̃]
(|F | − 1

s− 1

)
·
|F |∑
l=1

∫
∂φ̃(Ω)

(
λF [φ̃]κv2

l + λF [φ̃]
∂(v2

l )

∂ν

− τ |∇vl|2 − |D2vl|2
)(

ψ ◦ φ̃(−1)
)
· νdσ, (5)

where κ is the mean curvature on ∂φ̃(Ω)
and {v1, ..., vl} is a orthonormal basis of the
eigenspace associated with λF [φ̃].

Critical points

We consider now volume preserving pertur-
bations, i.e., |φ(Ω)| = |Ω|. Using (5) and the
Lagrange Multipliers Theorem, we can prove
the following (see [3, 4])

Theorem. Under the assumptions of the previ-
ous theorems, φ̃ is a critical point for ΛF,s if and
only if

|F |∑
l=1

(
λF [φ̃]

(
κv2
l +

∂(v2
l )

∂ν

)
− τ |∇vl|2 + |D2vl|2

)

is constant on ∂φ̃(Ω).

It is known that balls play an important role
in the frame of shape optimization for the
eigenvalues of the Laplacian and biharmonic
operator. We have the following result for
problem (4) (see [3, 4]).

Theorem. Let φ̃ such that φ̃(Ω) is a ball. Then
φ̃ is a critical point for ΛF,s for any s = 1, ..., |F |.
Remark. The analogue of the previous result
holds for problem (1). Moreover it is known that
for problem (1) the ball is the unique maxi-

mizer for the �rst positive eigenvalue.

Isoperimetric inequality

The �rst positive eigenvalue of the Laplacian or
the biharmonic operator is called the funda-

mental tone. In the case of problem (4) the
fundamental tone is λ2(Ω).

We introduce the notion of Fraenkel asymme-

try F(Ω)

F(Ω) := inf
B ball,
|B|=|Ω|

‖χΩ − χB‖L1(RN )

|Ω|
.

Note that F(Ω) is the distance in the L1(RN )
of Ω from the set of all balls of measure |Ω|.

It turns out that the ball is the unique maxi-

mizer for λ2(Ω) (see [3, 4]; cfr [1]).

Theorem. For every bounded domain Ω in RN
of class C1 it holds

λ2(Ω) ≤ λ2(Ω∗)
(
1− δNF(Ω)2

)
,

where δN is a dimensional constant and Ω∗ is the
ball with the same measure as Ω. In particular,

λ2(Ω) ≤ λ2(Ω∗),

with equality if and only if Ω is a ball.
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