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Which is the behavior at e = 07?

Questions:
m rate of convergence of 1j(g) neare =0
m derivatives of 1j(¢) ate =0

m monotonicity of 1j(¢) near e =0

Answers via asymptotic analysis for simple eigenvalues
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Let 12 be a simple Steklov eigenvalue, A(¢) for all € > 0 small
enough, be a simple Neumann eigenvalue such that A(¢) — 1 as
e—0.

We want to prove the following expansions
Ae) = pu+eu' + O(&?)

and
Us = u+eu' +ev, + &2V + O(£),

ase — 0.

m The second equality is in the sense of L?(Q2) norm.
m v., v, depend on & explicitly and are supported on w;.

m u', ;" solve an auxiliary boundary value problem which does
not depend on e.

m /' is the topological derivative of A(¢) at & = 0.
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m Justifying the expansions up to the desired order
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m Expansion of p, (= Y=Ehed)

|wel

1.
Pe =&+ —PeXwe»
E
where

~ M 3KM—Q69

- 2\ 4
Pe = 7] + 0F e+ 0(e%) as €—0,

0"’9' «(s)ds, k(s) is the signed curvature of Q2 at

and K =
¥(s)
m Laplacian in coordinates (s, ¢)

1 1
A = 8—2(9? — ;K(S)a{: — K(S)Zfag + ag + -
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Postulating the expansions

In the strip we:
m Expansion of u:

(Uoye)(s.€) = (uoye)(s,0) = ((9yu) 0 ¥s)(s.0) + O(?).

m Expansion of v/

(U' o ye)(s.€) = (U o ¥)(s,0) + O(e)

m We look for v,, v supported on w, of the form
W:V(L:Olﬁg, W1 :Vlo%,

where w(s, &), w'(s, &) are functions on [0, 092]) x (0, 1).
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Postulating the expansions

Plug the asymptotic expansions for u, and A(&) in the equation

1
_A(U+8U1 +8V;—:+82 V:) - (8 + ;ﬁg)(wg) ([1+3,U1 )(U+8U1 +8V;—:+82 V‘J )

We can split the equation in two parts: one supported on the whole
of Q2 and the other on the strip w;.

We match the terms where the coefficient £ appears with the same
exponent. We do the same for boundary conditions.

We obtain four problems, for u, i, u', u', w, w'.
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Problems in Q:
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u _ M ]
o — MU on 10195
|
—Au = in Q,
M — My _ . 2M2/12 M//1 M 1
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Postulating the expansions

Problems in [0, [0€2]) x (0, 1):

m For each s € [0,[0Q]), w(s, ), w' (s, £) solve explicit second
order ODEs in the variable ¢ € (0, 1) with suitable initial
conditions.

m In the coeffients of the ODEs the quantities (u o y.)(s,0),
(u' o) (s,0), i, 1", k(s), M, |0 and || appear.

m Once we know v, u', the solutions w, w' and therefore v, v/
are explicitly determined.



Justifying the expansions

Main tool:

Lemma (Oleinik’s Lemma)

Let A : H — H be a linear, self-adjoint, positive and compact
operator from a separable Hilbert space H to itself. Let V € H with
IVIly = 1. Letn,r > 0 be such that ||AV — nV||y < r. Then there
exists an eigenvalue n; of the operator A which satisfy the
inequality |n — ni| < r. Moreover, for any r* > r there exist V* € H
with ||V*||y = 1, V* belonging to the space generated by all the
eigenspaces associated with an eigenvalue of the operator A lying
on the segment [n — r*,n + r*] and such that

y 2r
IV =Vl < =
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Setting:
m Hilbert space H.(Q2) of H'(f) functions and scalar product

U, v)s == f Vu-Vvdx+fpguvdx, Yu,v e H(Q);
Q Q

m The operator A, from H.(Q) to itself defined by
Af=u = fVquoderf peUpdx = fpgfgadx, Yo € Ho(Q).
Q Q Q

A(e) Neumann eigenvalue < ) eigenvalue of A..

1+/1(
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Justifying the expansions

Setting:
m almost-eigenvalue

1

= 1+u+eu'

m almost-eigenfunction

u+eu' +ev, + £2v]
lu+eu' +ev. + &2V,

m v, u' and u, normalized in a suitable way. In particular:
2do = 2 _ M
Joq UPdo =1, [ pellZ = 5.
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Justifying the expansions

Apply Oleinik’s Lemma. There exist C > 0 such that
|y—|—8;1 - Ae )< Ce?
and

u+eu' +ev, + v/ U
lu+eu +ev, +&2v ), lluglls

< C&°.

&

From this it is possible to prove that
|u+eu +ev.+ &2, - ug||L2(Q) < C'&.

The expansions are correct up to the first order terms.
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Topological derivative

Consider the problem for u', ;'

-Au' =pu in €,
M o My _ 2M? ;1 1 M;z
oy _2|dQ|2 (K |aQ|K) 3|dQ|2 + |'}Q| /|Q\ + |‘)Q‘ on aQ

Multiply the equation by u + integrate by parts + boundary
conditions for u' + the function u is Steklov eigenfunction with
eigenvalue y + normalization faQ Pdo =1

1
2M2
2 M _Kr 2
(|Q| |69|f d) 300+ 2500 (|aQ|u—1)Kda.
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The ball

Which is the sign of this derivative? Case of the unit ball in R?
Steklov eigenvalues:

2nj

H2j-1 = H2; = M

for all j € N'\ {0}, 1o = 0. Steklov eigenfunctions (in polar
coordinates):

uj1(r.6) = 721 cos(j), Ujo(r.6) = 721 sin(jg).

Asymptotic expansion of Neumann eigenvalues:

2juzj1 ,L12;12
/lgj_1(8) = poj—1 + ( 3J 2(/,]_1_ 1 e+ 0(82)
2nj 2n? (2 /s
=7 T (5 M(1—|—j))8+o(82)’ as & — 0.
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Figure: 151 = Ay with M = 7 in the range (&, 1) € (0, 1) x (0, 50).
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To be done

Remark: for the ball in RN, N > 2, it is possible to obtain the
derivative ;' explicitly by means of another technique (write the
solutions in terms of ultraspherical Bessel functions, find implicit
equation for the eigenvalues, use suitable Taylor's expansions,
estimates for the remainders,...)

We have a formula for the derivative:

. (O)_Qf,uzj—1 2“3/—1
=13 N(2j + N)

m Is ;' always positive?

m What about a generic Q in RN?
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[ |
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Dew(s, 0)—"”—{;( uoy,)(s.0) s e 0,109,
Ogw(s,1) =w(s,1) =0 s € [0,092);

[ |

—92W' (s,€) = —«(8)d:w(s,€)
mm( (u' 0 y:)(s,0) + pw(s,£)
+u' (U0 ye)(s, 0) — péd,u(y(s))
— B (U0 y:)(5,0) + gz (U0 w)(s.0)) o [0,109) x (0, 1),

dew'(s,0) = 2(y(s)) s € [0,1092),
o:w'(s,1) = W1(S, 1)=0 s €[0,109)).



Postulating the expansions
Problems in [0, [0€2]) x (0, 1):

[ |
~02w(s.£) = g (uow.)(s.0) on[0,16Q1) x (0.1),
f%W(S 0) = ( ° )( 0) s€[0,/09]),
dew(s, 1) = ( 1) = s € [0,109);

[ |

w'(s,&) = —k(s)d:w(s,£)
mm( (u' o )(s.0) + uw(s. )
+1' (U o ye)(s,0) — uéd,u(y(s))
— B (U0 y:)(5,0) + gz (U0 w)(s.0)) o [0,109) x (0, 1),

dew'(5,0) = % ((s)) s € [0,1092),
8gw1(s,1) =w'(s,1)=0 s €[0,109)).

Once we know u, u', the solutions w, w' and therefore v., v are

explicitly determined. B 03028
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