Nonsmooth Multi-time Hamilton-Jacobi Systems

MONICA MOTTA ¢ FRANCO RAMPAZZO

ABSTRACT. We establish existence of a solution for systems of
Hamilton-Jacobi equations of the form (1.1). A previous result—
see [3]—valid for C! Hamiltonians is here extended to the case
where Hamiltonians are locally Lipschitz continuous. The main
tool for dealing with this kind of non-smoothness consists in the
interpretation of the existence issue in terms of commutativity of
the minimum problems originating the Hamiltonians involved in
(1.1). In turn, a sufficient condition for such commutativity is
based on a notion of Lie bracket for nonsmooth vector-fields in-
troduced in [20]. Besides existence, we establish uniqueness—
actually, a comparison result—, regularity, and four different repre-
sentations of the solution. Moreover, we prove a front-propagation
property in the vector-valued time (ty,...,tn). The paper also
contains results concerning semigroup properties of the solution
and the additivity of a suitable defined exponential map.

1. INTRODUCTION

1.1. The problem In this paper we investigate existence and uniqueness of
a solution to the so-called multi-time systems of Hamilton-Jacobi equations. For a
given T > 0, these systems have the form

ou

3t Hi(x,Dxu) =0,
(1.1) o

O Hy(x, Dyu) = 0,

otn
(t1,...,tn,x) €10, T[N x R™, and are associated with an initial condition
(1.2) u(0,...,0,x) = ¢(x) VxeR™
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By a solution of (1.1) we mean a map u : [0,TIN X R" — R verifying each of
the equations in (1.1) as a viscosity solution in 0, T[N x R"—see Definition 2.1.
In particular, we are given a vector-valued time variable t = (ti,..., tNy)—the
so-called multi-time variable—, whose dimension coincides with the number of
equations of (1.1). If, fora given i = 1, ..., N, we regard the variables t; such
that j # i as parameters, the i-th equation is a standard Hamilton-Jacobi equation
in the time-variable t;.

An obvious starting observation is that, as soon as N > 1, (1.1) is an over-
determined system, namely we have more equations than the dimension (= 1) of
the solution’s range. It is then natural to expect that in the general case a solution
fails to exist. Hence, it is reasonable to look for sufficient conditions on the data
in order that a solution does exist (in a sense to be made precise).

System (1.1) can be regarded as a possible nonlinear generalization of over-
determined linear systems, which have been widely investigated both for their im-
portance in physical applications and because of (and thanks to) their differential
geometric content—see e.g.[16].

An application in Economics has been proposed by Rochet in [22]. In that
paper the solution of (1.1)—(1.2) has the meaning of a Benefit Function for a mo-
nopolist who wishes to optimize a selling strategy to a population of retailers. In
this case the t;’s are parameters affecting the costs of the retailers.

More abstractly, as soon as the Hamiltonians are of the (control-theoretical)
form Hi(x,p) = sup,.,{—(p, filx,p)) — Li(x,p)} one can consider a situa-
tion where N control systems—the i-th one being characterized by the dynamics-
Lagrangian pair (f;, ¥;)—are evolving in their own times t;. A potential appli-
cation of the results on (1.1)—(1.2) could concern switching systems, where the
existence of the solution to (1.1)—(1.2) would mean a sort of invariance of the
output with respect to the order of implementation of the optimal switchings.

1.2. The case with x-independent Hamiltonians The first contribution
explicitly devoted to systems of Hamilton-Jacobi equations is due to PL. Lions
and J.C. Rochet [15], who investigated the case when the Hamiltonians are state-
independent, that is H; = H;(p), where p denotes the adjoint variable. As in
the case of a single equation, this case has the advantage that solutions can be ex-
plicitly computed by means of Hopf or Lax-Oleinik formulas. In particular, the
existence of a solution is checked by means of a direct verification of the commuta-
tivity of semigroups generated by the single equations. In fact, the commutativity
issue—which later will be interpreted in the sense of commutativity of optimal con-
trol problems—is intimately related to the question of existence of solutions. In the
case of state-independent Hamiltonians investigated by Lions and Rochet it turns
out that the semigroups always commute, so no quantitative restrictions are to be
imposed on the Hamiltonians in order that a solution exists. This can be intu-
itively regarded as a consequence of the Euclidean structure lying behind the fact
that the Hamiltonians are state-independent (so-to-speak, the spatial projections
of characteristic lines are straight lines).
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Still by means of some Hopf-like formulas, recently S. Plaskacz and M. Quin-
campoix [17] have extended the investigation to the case when the Hamiltonians
depend on times and on the solution as well but are independent of x.

1.3. The general case The major contribution to the non Euclidean case—
i.e., when the Hamiltonians are state-dependent—is due to G. Barles and A.
Tourin [3]. They assume two main conditions, which we label [BT Jsmooth and

[BT lzps:

Hypothesis [ BT lsmootn (Smoothness of the Hamiltonians). 7he Hamiltonians
H; are of class C' and convex in the gradient variable.

Hypothesis [ BT 1zpp (Zero Poisson Bracket). foralli, j =1, ..., N and all
(x,p) € R* x R™!
{H;,Hj}(x,p) =0

is verified, where {Hi, Hj} denotes the Poisson bracket of Hi and H :

On one hand, the smoothness condition [B7 Jsmooth is needed in order to
give a classical sense to the Zero Poisson Bracket condition [BT Jzpg. On the
other hand, Barles and Tourin have proven that under hypotheses [BT Jsmooth—
[BT lzpp there exists a (unique) solution to (1.1)—(1.2).> Let us remark that
condition [BT ]zpg is in fact sufficient for the commutativity of the semigroups
corresponding to the equations forming the system (1.1) (the parameter of the
i-th semigroup being the i-th time variable ;). Namely, if e ' denotes the
value at time t; of the solution to the Cauchy problem corresponding to the i-th
equation of (1.1) (see Subsection 2.1), [BT |zpp implies that

(’Ue*tiHie*tJ'Hj — (’Ue*thje*tiHi

forall i, j = 1, ..., Nand all t;, t; € [0,T]. Although some special situa-
tions involving nonsmooth Hamiltonians are treated in [3] (e.g. when one of two
Hamiltonians H;, Hj is smooth and the other one is just Lipschitz continuous,
and condition [BT ]zpg is verified almost everywhere)? by means of regulariza-
tion techniques, the more general case of (locally) Lipschitz continuous Hamil-
tonians seems to be outside the range of this approach. On the other hand, the

I'To be more precise: (x,p) € R" X TFR™.

2Due to the adopted proof’s strategy, some growth and boundedness hypotheses are also assumed
in [3] in order to obtain a Lipschitz continuous solution (see Subsection 5.1).

3 A further case treated in [3] is when the regularized Hamiltonians H [t are such that {H", Hf} =0
foralli, j = 1, ..., N and all n € N. But the (differential geometric) problem of finding such
approximations is, to our knowledge, without an answer up to now, and it may well be that such
approximations do not exist in general.
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interest for nonsmooth Hamiltonians is obviously justified by the applications to
optimal control problems, where Hamiltonians have the form:

(1.3) Hi(x,p) = sup{—(fi(x,a),p) —¥i(x,a)} (i=1,...,N).

acA

Here the f; are control vector fields, i.e., vector fields depending on a parame-
ter a € A, and the ¥; are real functions, sometimes called Lagrangians. Notice
that, as an effect of the involved maximization, these Hamiltonians happen to be
nonsmooth (in p), even in the case where the data f;, ¥; are very regular.

1.4. Our main goal The principal purpose of the present paper is to give
existence results? for a general case where the smoothness condition [BT Jsmooth
is not verified and the commutativity condition [BT |zpg is replaced by a new
condition which is meaningful even when the data are nonsmooth.

Actually, hypotheses [BT lsmooth and [BT 1zpp will be replaced by hypothe-
ses [H Lip (or [H " 1Lip) and [H lcczLp below, respectively.

Definition 1.1 (Hypothesis [H Irip). By saying that the Hamiltonians H;
verify hypothesis [ H vip (Lipschitz continuous data) we mean that the Hamiltoni-
ans have the form (1.3),% and the data fi, ¥; verify the following set of conditions:

Forany i =1, ..., N the functions fj : R* X A — R", £; : R" X A — R are
continuous. Moreover, there is a constant M and, for every R > 0, there are some
Lg, Mg > 0 such that

lfilx,a) = fi(y,a)| < Lglx — ¥|

1.4
(1.4) [i(x,a) —¥i(y,a)| < Lglx — y|

YV (x,a), (y,a) € B"(0,R) X A,

|[¢i(x,a)l < Mr V (x,a) € B"(0,R) x A
(where B"(0, R) is the open ball of radius R of R"); and

Ifilx,a)l =M1+ |x]) V(x,a)eR"xA.

We shall also consider a slightly stronger hypothesis:

Definition 1.2 (Hypothesis [ ]Lip). By saying that the Hamiltonians H;
verify hypothesis [H " ]ip we mean that all the hypotheses in [H ]rip, are verified
and (1.4) is changed into the stronger condition:

Ifi(x,a) — fi(y,b)| < Lgl(x,a) — (y,Db)]

\v4 b B™(0,R A.
1i(x, @) — iy, b)] < Lrl(x,a) — (y, by © r @) (D) € BROR) x

“The uniqueness issue will be also treated—see Section 3. Let us remark that it is partially based
on the recognition of some boundary conditions that are implicit in the definition of solution.

>In view of the assumed convexity of the H; (in the p variable), the fact of considering Hamiltoni-
ans of the form (1.3) is not too restrictive (see [9], [13], [18]).



Nonsmooth Multi-time Hamilton-Jacobi Systems 1577

In order to state condition [H Jcczip below, let us consider product coor-

dinates (x,x) € R'*" and let us define the control vector fields f; on R1+" by
setting, for every i = 1, ..., N,°

A a n a
filx, 00 = Li(x, “)a—xo +J§1fij(X,(X)§j.

Notice that, although the f;’s are vector fields on R'*", they are x¢-independent.

Definition 1.3 (Hypothesis [H lcczip). By saying that the family of pairs
(41, fi) verifies hypothesis [H lcczre (Constant Control Zero Lie Bracket) we mean
that:

e forany i = 1, ..., N the functions f; : R" X A - R", £; : R" X A - R
are continuous in (x, a) and locally Lipschitz continuous in x, uniformly with
respect to the control;

e foreachx, € Aand i, j=1,..., N one has’

[fi(x, ), fi(x,)] =0 fora.e. x € DIFF(fi(-,x)) n DIFE(f;(-, B)),

where:
(i) foreachk =1,..., N and each a € A we use DIFF(fk(-, a)) to denote the

subset of R1*" on which fk( -,a) is differentiable—which, by Rademacher’s
Theorem, is a full measure set; and

(i) for any subset E C R!*™, the expression for a.e. x € E means for every
x € E\ N, where N is a subset of zero Lebesgue measure.

1.5. An example Let us consider the initial value problem on [0, T]? x R?

ou
~— +Hi(x,Dxu) =0,
1.5) ot
(1. ou
— + H)(x,Dxu) =0,
oty
(1.6) u(0,0,x) = y(x),
where
Hi(x,p) = —|x1 —arctan x2|p1 + |p1l,
|xop1l
Hy(x,p) = —— + |x ,
2(x, p) 1+ x2 |x2p2|
6We use (3/0x0,0/0x1,...,0/0xn) to denote the canonical basis of R!t", while fij stands for
the components of f; with respect to the basis (0/0x1,...,0/0xn) of R™.

7We recall that for each x € R™ the value of the Lie bracket [h, k](x) of two vector fields h, k
which are differentiable at x is defined by

[h,k](x) = Dk(x) - h(x) — Dh(x) - k(x).
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and
Y(x) = |x; —arctanx2| + |x2] Vx € R%.

Notice that

Hi(x,p) = max {-p- filx,a)}, i=1,2
ac{0,-1,1}

where the control vector fields fi, f, are defined by

|x| — arctan x3| + a 1|Xz|6l2

filx,a) = . fa) =T
0

[x2]a

Clearly, hypothesis [H " 1ip is verified. Moreover, for every

a,a € {0,-1,1} and x € DIFF(fi(x,a)) n DIFF(f>(x,a)),
one has

[f1(x,a), fa(x,a)] = Dfr(x,a)fi(x,a) — Dfi(x,a)fr(x,a)

. — 25
0 sign (x2) (1 . x3)a |x1 —arctan x| + a
_ (1+x3)2
. i 0
0 sign(x2)a
ien (x tan x7) —sign(x — arctan x3) 1x21a 0
n(x; — arctan
) sign{x) — arctan X, 1+ x3 |13 ()
0 0 |x2la 0

so that the commutativity condition [H Jcczis is verified as well. Hence, by
Theorem 5.1 there is a unique viscosity solution U of the initial value problem
(1.5)—=(1.6). Actually, one can easily check that the function U : [0, T]?> x R?
defined by

(1.7) U(t), ta,x) = —e 1 (x; —arctanxy) — (1 —e 1) + |xyle B2,

if x; —arctanx, < 1 —el1,

(1.8) Ul(ty, t,x) = |xzle
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if1 —el' <x; —arctanx, <1 —e~01, and

(1.9) U(ty, tr,x) = el (x; —arctanxz) + (1 —el) + |xyle &

if x; —arctanx, > 1 — e "1, is a (viscosity) solution of system (1.5) verifying the
initial condition (1.6). In Section 5.4 we shall show how the results of the next
sections allow one to construct this solution, which, on the basis of Theorem 5.1,
is in fact the unique solution.

1.6. Main tools and outline of the paper In order to deal with the different
kinds of non-smoothness affecting the gradient variable and the state variable, we
shall exploit two separate tools. The first one is the interpretation of the prob-
lem in terms of minimization, so that the existence problem can be regarded as a
question of commutativity of minimum problems. In fact, this allows us to skip the
problem of the non-smoothness of the Hamiltonians in the variable p .2

The second tool allows us to treat the non-regularity in x and consists in a
notion of Lie bracket for locally Lipschitz continuous vector fields which has been
introduced in [20]. Let us remind that for two smooth vector fields h, g, the
condition [h, g] = 0 is equivalent to the (local) commutativity of the flows corre-
sponding to h and g, respectively.” Let us point out that hypothesis [H ]cczLs
generalizes this condition in two ways. On one hand, when the controls « and
B are fixed, [H ]cczus is a generalization of the above zero bracket condition
to nonsmooth vector fields, according to [21]. On the other hand, [H lcczis
extends the zero bracket condition from vecror fields to control vector fields. The
characterization of (the suitably defined) flows’ commutativity for control vector
fields by means of condition [ ]cczLe was proved in [19].

The outline of the paper is as follows. In Section 2 we introduce an exponen-
tial notation which will prove useful to state various results of the paper. In Section
3 we deal with the uniqueness question. In Section 4 we introduce the notion of
commutativity of optimal control problems, which we call inf-commutativity. Sec-
tion 5 contains our main result on the existence of solution to (1.1)—(1.2). Here
is a partial statement:

Theorem 5.1 (Partial statement). Let us assume hypotheses [H lnip and
[(Hcczue. Then for any continuwous map , there exists a unique viscosity solu-
tion Uy = Uy (t, x) of the system (1.1)—(1.2).

8This approach is distinct from the one that focuses on the commutativity of the semigroups
associated to the Hamiltonians. Yet the two approaches are obviously connected, as shown e.g. in
Theorem 5.1 below.

9That s, if xe!/ denotes the value at t of the solution to the Cauchy problem y = f(y)y(0) = x,
the validity of [h, g] in a open neighborhood U of x is equivalent to the existence, for every z € U,

of some & > 0 such that

th

zethesd = zo59 pth

forall t, s such that0 < t, s < &5.
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Moreover, three different representations of the solution are provided in The-
orem 5.1. In particular, the solution can be represented as the composition of
the N semigroups corresponding to the single equations (and the fact that this is
independent of the order of such composition is due to hypothesis [H JcczLp)-
For each multi-time (t1,...,tn) the solution can also be represented as the value
function obtained by choosing any simple multi-time path connecting (1, ..., tx)
with (T,...,T). Actually, if the stronger hypothesis [#H 'Irip is verified, the so-
lution of (1.1)—(1.2) turns out to coincide with the value function obtained by
choosing any absolutely continuous multi-time path connecting (t1,...,ty) with
(T,...,T). Incidentally, as soon as [H Jcozup is assumed, this allows to prove
that the above-defined exponential map is commutative and additive:!°

e hHig—tHy _ e—tsze—t1H1, e hHig—tHy _ a-tiHi~0:H;

In Section 6 we introduce a further value function, which we call the Best
Value. When hypothesis [H lcczup is in force, the Best Value coincides (up to re-
versing time) with the solution to (1.1)—(1.2) (see Theorem 6.3)—and this, in fact,
provides a further representation of this solution. Yet the Best Value is perfectly
meaningful also when there is no solution of (1.1)—(1.2). So, from the viewpoint
of applications, it can be regarded as a possible replacement of the (generally non
existing) solution of (1.1)—(1.2).

In Section 7 we establish some regularity properties of the solution. Moreover,
thanks to the commutativity of the N one-parameter semigroups e 'ifli, under
hypothesis [H Jcczrp the solution of (1.1) is a N-parameter semigroup, as shown
in Theorem 7.2.

In Section 8 we show that as soon as the Hamiltonians are positively homo-
geneous in the adjoint variable a Front Propagation Property analogous to the one
holding true for single equations is valid for multi-time systems as well.

Up to now, with the expression existence of a solution we (and the authors of the
quoted papers) have meant existence for every continuous initial data @ (subject,
in [15] and in [3], only to some regularity conditions). However, even when the
commutativity condition [BT lzpg is not verified, it may happen that a solution
exists only for suitable initial conditions . We devote Section 9 to illustrate an
example of such an occurrence, leaving as an open question the search of general
sufficient conditions on ¢ for the existence of a solution to (1.1)—(1.2) in the case
when [BT ]zpg is not satisfied.

2. NOTATION AND GENERAL DEFINITIONS

Let M be a positive integer. For any z € RM, |z| will denote the usual Euclidean
norm of z, while |z|; will denote the £;-norm, i.e., |z|; = Zlivil |zi|. For any
R > 0 and for any zp € RM, B(zp,R) denotes the open ball {z € RM

|z — 2ol < R}, and, for any E C RM, E stands for the closure of E in RM. A

10See Subsection 2.1 for a rigorous definition of the exponential map.
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scalar real function h : [a,b] — [c,d] will be called increasing [resp.: strictly
increasing] if for any pair s, $1 € [a, b] such that sy < 51 one has h(sg) < h(s;)
[resp.: h(sp) < h(s1)]. An increasing function w : [0,+oc0 [—[0, +oo[, con-
tinuous at 0 and such that w(0) = 0 will be called a modulus. A function
w : [0,+0[% = [0, +oo[ will be called a local modulus if it is increasing in the
second variable and, for every R > 0, the map w(+, R) is a modulus.

If Q c RM and I is a real interval, L' (I, Q) will denote the subset of Lebesgue
integrable maps from I into RM which take values in Q, while B(I, Q) will denote
the subset of the maps belonging to LY (I, Q) which are Borel measurable.

If ny, ..., ng are positive integers and k is a function from a subset of
R™ x .-+ X R™ to R, forany i = 1, ..., g we use D,k to denote (possibly
in a weak sense) the gradient of k with respect to the z; variable. Moreover, we
use Dk to denote the gradient of k with respect to z = (z1,...,2q).

We will consider solutions to (1.1)—(1.2) in the viscosity sense. Let us recall
the definitions of viscosity sub- and supersolution—see e.g. [7].

Definition 2.1. Let q be a positive integer and let Z be a subset of R%. Let
F:T xR1 - Randu:ZE — R be continuous functions, and let yy € Z.
The function u is called a viscosity subsolution (resp.: a viscosity supersolution)

of
2.1) F(y,Du) =0

at )y if for every @ € C'(R4) such that yy is a local maximum (resp.: minimum)
in E for

u(y) - e)

one has
F(y0,D@(9)) <0 (resp.: = 0).

U is a viscosity solution of (2.1) at yy if it is both a viscosity subsolution and a
viscosity supersolution of (2.1) at yy.

In particular, for i = 1, ..., N the i-th equation in (1.1) has the form (2.1)
Wlthq =N+7’l,y = (t,X) € RN X [R‘Vl,, andF(tls---1tN|X1pt1’---’ptN’pX) =
pi; + Hi(x, px).

2.1. Exponential notation System (1.1) is made of autonomous equations.
However, for the sake of completeness, we prefer to define the exponential nota-
tion for the more general case of non autonomous equations. In particular, we
shall assume that the Hamiltonian is measurable in the time variable, which re-
quires a more general definition of (viscosity) solution. In fact, this is originally
due to I. Ishii [11] and we recall it below in the equivalent form stated in [14]. Let
us remark that, when H is continuous, the two notions of (sub- and super-) solu-
tion do coincide. Moreover, Definition 2.2 turns out to be the natural extension

by density of Definition 2.1 (see [11], [14], [5]).
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Definition 2.2. Let H = H(t, x, p) be Lebesgue-measurable in t and contin-
uous in (x, p). Let u(t,x) be a continuous function on Q = 10, T[ X O. u isa
viscosity subsolution (resp.: a viscosity supersolution) of

(2.2) % +H(t,x,Dxu) =0

at (tg,x0) € Q if for every @ € C'(O) and b € L'([0, T]1,R) such that (o, xo)
is a local maximum (resp.:minimum) for

t
u(t,x) + Jo b(s)ds — p(x)

one has

liminf ess inf{H(t,x,p) —b(t):|x —x0l <6, |p —Dp(x9)| <6} <0,
5100 [t-tol<d

respectively

limsup ess sup{H(t,x,p)—b(t):|x —x0l <6, |[p —Dp(xo)| <6} =0.
Slot [t—to|<S

u(t, x) is a viscosity solution of (2.2) at (to, xo) € Q if it is both a viscosity subso-
lution and a viscosity supersolution of (2.2) at (to, xo).

Definition 2.3. We say that H = H(t, x, p) verifies condition [E£U] if for
each continuous map ¢ : R" — R and each pair S, $1, So < 51, a viscosity solution
Uy ($,x) to the Cauchy problem

(2.3) ?9_? +H(s,x,Dxu) =0, (s,x) € 150,51 XxR",  u(s9,x) = p(x)

exists and is unique.

If H verifies [E°U], for every s € [So, $1] we shall use the exponential notation

we~ Is, H(o) do

to denote the continuous map x — uy (s, x), while
[X](,I/eij‘sso H(O’)d()’

will stand for its evaluation at x.!!
Let us prove a parameter-invariance property for the equation in (2.3).

This notation is borrowed from an analogous notation introduced by Agrachev and Gamkrelidze
for (finite-dimensional) flows of control vector fields, [1]. Let us notice that it is consistent with a
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Lemma 2.4. Let 0, 01, So, S1 be real numbers such that oy < 01, So < S1, and
let s : (00,011 = [S0,S1] be an absolutely continuous, strictly increasing, surjective
map such that s’ (o) > 0 for a.e. 0 € 10y, 01[. Let H : [Sg,51] X R" X R" — R be
continuous and let it verify the uniqueness and existence hypothesis [E'U]. Then there
exists a unique viscosity solution to the Cauchy problem

» %(g,x) +H(s(0),x,Dv(0,x))s' (o) =0,

(0,x) € log, o[ X R", v (009, x) = P(x),

that is, the Hamiltonian H(s(-), -, -)s'(+) satisfies [E'U] in [0p,01] X R™ X R™.
Moreover, the corresponding solutions verify

e I HOIAY ol (s () dn

forall o € [09,01].12
The proof of this lemma is postponed to the Appendix.

Remark. Let us observe that the property stated in Lemma 2.4 is far beyond
what is needed in this paper. In fact, we will only consider the trivial case of C!
reparametrizations S (-) such that s” > 0.

2.1.1. The autonomous case In the autonomous case, i.e., when the Hamil-
tonian H is independent of s, we shall simplify notation by setting, for every real
number ¥ + 0,

so+r|

eH - efj(l”(frH/lrl)do (=e b CTHIITDAT o e R,

There is no ambiguity in using this notation, for, in view of Lemma 2.4, one has

(2.5) e’H — e—fo](—rH)dU = @ l(-TH) _ o1(rH)

Jformal interpreration of the exponential operator. Indeed, if H is given as in (2.2), for every s € [so, 51]
let us define the operator H(S) : CL(R") — CO(R™M) by setting,
H(s): @ — @H(s) = H(s,,Dx@(-)).

s
OH(U)dU

Then, setting u(s,x) = [x]ype" [s and proceeding formally, we obtain:

%_?(s,x) — —[xlpe o H AT () — _H(s,x,Dus,x)).
1214 other words, if uy (s, x) is the solution of (2.3) on [So, 511 X R™, then
v(o,x) =uy(s(o),x)

is the (unique) solution of (2.4) on [0y, 011 x R™.
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If Hy, H; are given Hamiltonians and t1, t, € R, then

et1H1 etsz % et1H1+t2H2

unless suitable hypotheses are made on Hj, H;. Actually, in order to have an
equality, it is sufficient that either Hy = H; or [H lcczie be verified. More
precisely, we have the following result.

Proposition 2.5 (Additivity properties of the exponential). Lez H be an Hamil-
tonian verifying the existence and uniqueness hypothesis [EU]. Then for every t,
s € R one has

(26) e1.‘HesH _ etH+sH_
Moreover, if H and H are defined by

H(x,p) = sup{—(f(x,a),p) —¥(x,a)},

acA

H(x,p) = sup{—(f(x,a),p) - L(x,a)},

acA

and the pairs (f, ), f, 0) verify hypotheses [ H ' rip and [H lcczis, then for every
t, s € R one has

2.7) etHasH _ otH+sH

While the proof of (2.6) is a straightforward consequence of the definition,
(2.7) is non trivial and will be proved in Section 5.

3. COMPARISON AND UNIQUENESS OF SOLUTIONS

While postponing the investigation on existence of solutions to (1.1)—(1.2), let us
begin with the (comparison and) uniqueness issue.
Let us fix two positive numbers C and T, and let us set

De = {(ty,...,tn,x) : (t1,...,tn) €0, T[N\ {(0,...,0)}, |x| < C|T —t|;}.

The following comparison result states the validity of a so-called domain of
dependence property. An analogous result is well-known in the case of a single
evolution equation (see e.g [4]).

Theorem 3.1 (Domain of dependence). Let us assume that there exists a mod-
ulus w such that forany i = 1, ..., N the Hamiltonian H; : B(0,CT) x R" — R s
continuous and satisfies

|Hi(x,p) —Hi(x,q)| < Clp —al,
|Hi(x,p) —Hi(y,p)l < w(lx -y +w(x —ylIpl)
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forall x, y € B(0,CT), p, q € R™.

Let wy, uy : De — R be a viscosity sub- and supersolution, respectively, of the
multi-time system (1.1) at every (t, x) in the interior of Dc. If they verify u,(0,x) <
u2(0,x) forall x € B(0,CT), then u,(t,x) < ux(t,x) forall (t,x) € Dc.

Here is the uniqueness result. Notice that, in particular, the hypotheses on
the Hamiltonians cover our hypothesis [H 1vip on the data of the problem.

Theorem 3.2 (Uniqueness). Let us assume that there exists K > 0 such that for
anyi=1, ..., N, the Hamiltonian H; : R™ x R"™ — R is continuous and satisfies

|Hi(x,p) — Hi(x,q)| = K(1 + [x])|p — ql

forall x, p, q € R™. Moreover, let us assume that there exists a local modulus w (-, -)
such that for any R > 0 one has

|Hi(x,p) —Hi(y,p)| < w(lx —y[,R) + w(lx - yIIpl,R)

forallp € R", x, ¥y € B(O,R). Then for any T > 0, problem (1.1)—(1.2) has at
most one viscosity solution in [0, TNV x R™,

We shall prove Theorems 3.1 and 3.2 in the next subsection as corollaries of
analogous results concerning the auxiliary Hamilton-Jacobi equation (3.1) below.

Remark. Let us remark that neither convexity nor any commutativity hypo-
thesis—like [BT Izpg or its nonsmooth counterpart [H ]cczrs—are assumed in
Theorem 3.2. This is particularly relevant in view of the fact that a solution (for a
particular initial datum () may well exist even if no commutativity conditions are
verified (see Section 9). Incidentally, Theorem 3.2 improves the uniqueness result
contained in [3], in that the latter was proved under the commutativity hypothesis

[BT 1zps.

3.1. An auxiliary HJ equation Let us consider the auxiliary boundary value
problem!3

(3.1) max{a—u CHi(x.Dyw),..., 2% +HN(x,Dxu)} ~0

oty otn
Y (t,x) €10, T[N x R",

ou ou
(32) max{a—tl +H1(X,Dxu),,m

+HN(x,DXu)} >0
on 9 (10, T[N x R™),
(3.3) u(0,...,x) =yw(x) VxeR"

13The boundary condition (3.2)—often called constrained boundary condition—means that the
solution has to be found among the functions u : [0, TN x R™ — R that are supersolutions of

max{a—u T H (D), .. 2% +HN(x,DXu)} -0
oty otn

at each (£,x) € 99(10, T[N x R™).
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where

90(10, T[N xR™) = | J 3i(10, T[N x R™),
i=1,..,.N

24(10, TN x R™) = {(t,x) € ([0, T[N\ {(0,...,00}) x R" :
ti # 0, and t; = 0 for some j # i}.

In Section 6 we shall illustrate a control-theoretical interpretation of the bound-
ary value problem (3.1)—(3.3) in the case where the Hamiltonians are convex in
the gradient variable. Roughly speaking, (3.1), is the boundary value problem for
the value function—called Best Value in Section 6—of the optimal control prob-
lem obtained by suitably partitioning the time intervals of the optimal control
problems underlying the single equations in (1.1) and by optimizing the imple-
mentation’s order of such intervals.

Theorem 3.3. Let us assume that there exists a modulus w such that, for any
i=1,...,N, the Hamiltonian H; : B(0,CT) x R"™ — R is continuous and satisfies

|Hi(x,p) —Hi(y,p)| < w(lx -y +w(lx—-ylIpl)

forallx, y € B(0,CT), p, g € R™.

If uy and uy : De — R are a viscosity sub- and supersolution of (3.1) in
the interior of D¢ and in Dc, respectively, and u1(0,x) < us(0,x) for all x €
B(0,CT), then ui(t,x) < uy(t,x) forall (t,x) € Dc.

Corollary 3.4. Assume that there exists a K > 0 such that foranyi=1, ..., N
the Hamiltonian
H;i: R™ X R™ — R is continuous and satisfies

|Hi(x,p) —Hi(x,q)| < K(1+|x])|p —ql

forall x, p, a € R™. Moreover, assume that there exists a local modulus w such that
foranyi=1, ..., N and for every R > 0, one has

[Hi(x,p) —Hi(y,p)l < w(lx —y[,R) + w(lx —yIIpl,R)

forallp € R", x, ¥ € B(0,R). Then for any T > O there is at most one viscosity
solution v : [0, TIN X R™ of the auxiliary boundary value problem (3.1), (3.2), (3.3).

Theorem 3.3 and Corollary 3.4 will be proved in the Appendix.
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Proof of Theorem 3.1 and Theorem 3.2 These results follow from Theorem
3.3 and Corollary 3.4, respectively, via the following fact:

Proposition 3.5. Assume that for any i = 1, ..., N the Hamiltonian
Hi : R" x R" — R is a continuous function. Then, for any T > 0, both (i) and
(i1) below hold true:

(i) any function u € C([0, TIN X R™) which is a viscosity solution of (1.1) at any
(t,x) €10, T[N x R™ verifies (3.1), (3.2);

(i) any viscosity solution of (3.1) is a viscosity subsolution of (1.1) in 10, T[™ x R™.
Proof. Statement (ii) is trivial. As for (i), it is obvious that u verifies (3.1).

Finally, in order to prove that u verifies (3.2), let us remark that for each i = 1,
..., N the function

Ki(tll"')tNleptli-"!ptN’pX) = pti +H1(Xapx)

is in fact independent of each pt; such that j # i. In view of the result in [8], this

implies that forany i = 1,..., N, u is a supersolution of
ou
a_ti + Hi(x,Dxu) =0
on 36( 10, T[N x R™), which in turn yields (3.2). O

4. INF-COMMUTATIVITY

By inf-commutativity we mean commutativity of optimal control problems. This is
a generalization—introduced in [19]—of the notion of commutativity for con-
trol systems, which, in turn, extends the standard concept of commutativity of
vector fields” flows. As a matter of fact, we shall prove existence of a solution to
(1.1)—(1.2) by proving that the optimal control problems associated with the pairs
(fi, ¥i) do commute. Before giving a formal definition of inf-commutativity (see
Definition 4.6 below), let us illustrate this notion by means of a simple example.
Suppose we are given the minimum problems

0

T T
(4.1) {iﬂf< . O(x(ty),c(ty))dt, + m(y(tz),d(tz))dt2>
x:f(X,C), x(0) = x, y:g(y’d)i )’(0)=X(T1)

and

T2 Tl
“ {inf( Cmy(), ) de + | e, et dn)
y=g0u,d), y0)=x, x=f(x,c), x(0)=y(T).
where ¢(+) and d(-) are controls which range over a given control set A.

The obvious meaning of problem (4.1) is that the infimum is taken over the
four-uples (c, x, d, y) verifying the following:
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(i) ¢ and d are controls defined on [0, T1] and [0, T> 1, respectively;
(ii) x is the solution over [0, T ] of the Cauchy problem x = f(x,¢), x(0) = x;
(iii) o is the solution over [0, T>] of the differential equation 3 = g(y, d) taking
the final value x(T7) as its own initial condition: Y (0) = x(T}).
The meaning of (4.2) is analogous, up to an exchange between (f,¥) and (g, m).
One can wonder if the infimum value of problem (4.1) coincides with that of
(4.2). This would mean that the order according to which one implements the
two control systems does not affect the final infimum value. If this holds true for
any choice of X and of the times T}, T, we shall say that the two control systems
(f, 1), (g,m) inf-commute. Of course, we can generalize this question by parti-
tioning the two intervals into several subintervals and running these subintervals
(and the corresponding control systems) in whatever order. Also one can consider
the interactions of more (than two) optimal control systems, and the latter can
include final costs as well.
We shall see in Section 5 that the existence of a solution to the multi-time
problem (1.1)—(1.2) is practically equivalent to such a commutation property.

4.1. Multi-time control problems Let us consider a partial order < on RN
by saying that (t1,...,ty) =t < t = (ty,...,tn) ifti <t;foralli=1,...,N.
Let us_denote tbe set [t1,£1] X - - - X [tn, En], which we call the interval between
t andt, by [t,t].

Definition 4.1. Let S > 0 and lett, f € RN, t <. A map
T=(T1,...,Tn) : [0,8] = RN

is called a multi-time path connecting the multi-times t and T if it is absolutely
continuous, for every i = 1, ..., N the map T; is increasing, [(dT/ds)(s)| > 0

for almost every s € [0,S], and T(0) = t, T(S) = L.

Definition 4.2. A simple multi-time path is a piece-wise affine multi-time path
T:[0,ST7 — RN such that'4

at o) e {i i}
ds oty’ 7 oty

for all s where it is differentiable.

Definition 4.3. Let us consider multi-times t, £ € RN such that t < ¢.
An N-uple

a=(a,...,an) € B([t;,t1]1,A4) x - - - x B([tn, IN], A)

will be called an N-control defined on [t, .

14\We recall that (3/0t1, ..., 0/0tn) denotes the canonical basis of RN .
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Definition 4.4. Let us assume that the N pairs (€;, fi) verify hypothesis
[H Lip. Let t, t € RN be multi-times such that t < £, and let a be an N-control
defined on [t,t]. Let T : [0,S] — RN be a multi-time path such that

T0)=t T(S)=1.

Let us define the a-/iff of T at a point (xp,x) € R1*™ as the solution of the Cauchy
problem

N

43) B2 LS (0 (), are i) T (20,0)(0) = (x0,%).
s = ds

The a-lift of T ata point (xp, x) € R will be denoted by (30, ¥) (a,r) [ X0, X1(+).
When x¢ = 0 we will write, in short, (379, ¥) @) [x]1(-).

Remark. Notice that, because of hypothesis [H rip, the a-lift of T is well-
defined, for all a and T.

Definition 4.5. Let ¢ : R™ — R be a function and let 7 : [0,S] — RN be a
multi-time path connecting two multi-times t, t such that t < f.
For any x € R" let us consider the minimization problem

minimize | (¥(5)) + JOS (i%&(y(s),ai o Ti(s»%(s)) as|

whel:e tlge infimum is searched over all N-controls a € B([t;,t1],A) X - - - X
B([ tn,tn]1, A), and, for every such a, ¥ (-) stands for Y(a,r)[x](-).
Moreover, for any 0 < s < S let us set

Vi (s, x)

dTi) }
o do¢.

s , N
= inffpan¥16) + | (X ivan @), aie
$oNi=

Let us introduce the notion of W-inf-commutativity:

Definition 4.6. Let ¢ : R™ — R be an arbitrary continuous map. We say
that the flows of the control vector fields (41, f1)(x,a), ..., ({n, fn)(x,a) inf

commute at | [resp. szmply mfcommute at ] if for any x € [R", any pair (t,1) =
((ty,...,tN), (t1,...,tN)), t <, and any two [resp. simple] multi-time paths T,
7:[0,5] — RN connecting t and t, one has

Vg (0,x) =V (0,x)
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We say that the flows of the control vector fields (¢4, f1) (x,a), ..., (€n, fn) (x,a)
inf-commute [resp. simply inf-commute] if they inf-commute at ¢ [resp. simply
inf-commute at ] for any continuous map ¢ : R" — R.

Theorem 4.7 ([19]). Assume the regularity hypothesis [ H Lip and the zero Lie
bracket hypothesis [ H 1cczrs. Then the flows of the control vector fields (41, f1) (x, a),
coor (N, fN) (x, @) simply inf-commute.

Moreover, if hypothesis [H iy is replaced by the stronger hypothesis [H ' Ivip,
then the flows of the control vector fields (41, f1)(x,a), ..., (In, fn)(x,a) inf

commaute.

Remark. A case where one has (-inf-commutativity without having commu-
tativity will be discussed in Section 9.

5. EXISTENCE AND SOME REPRESENTATIONS OF A SOLUTION

For any continuous initial data ¢ and any multi-time path T connecting some
t €[0,TIN to (T,...,T), let us define the map

W(,T,(s,x) = V(Z(S -s5,x) V(s,x)€[0,S] xR".

Theorem 5.1 (Existence and representations). Lez us assume hypotheses [ H Ipip
and [Hcczis. Then for any continuous map p, there exists a unique viscosity
solution Uy = Uy (t, x) of the problem (1.1)—(1.2).

Moreover, for any simple multi-time path T : [0,S] — RN such that t(0) =t =
(t1,...,tN) andT(S) = (T, ..., T) and any permutation (iy, ..., in) of (1,...,N),
one has the following two representations of this solution:

(1) Uy(t,x) =Wy,(0,x)

()  Uy(t,x) =[x]pe Wi ..o~ (= [x]pe tivntliv e tulli)

forall (t,x) € [0, TN x R™,

If hypothesis [ H 1uip is replaced by the stronger regularity assumption [H' 1L,
then representation (1) above holds for all—i.e., not necessarily simple—multi-time
paths T : [0,S] — RN such that T(0) =t = (ty,...,ty) and T(S) = (T,...,T)
and one also has the following third representation of the solution of (1.1)—(1.2):

3) Uy (t,x) = [x]we V=0l (= [x]ype tivHiy=~tuHi),

This theorem will be proved in Subsections 5.2, 5.3, while in the next sub-
section we make some comments on the commutativity hypothesis [ H lcczup-
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5.1. Some remarks on the hypotheses

Neither bounded fields nor controllability ~Although our main goal was the
removal of the smoothness assumption on the Hamiltonians, notice that neither
we are assuming that the vector fields or the Lagrangian are bounded, nor we
are making some controllability hypothesis. As a matter of fact, these kinds of
hypotheses were made in [3]!® in order to exploit a priori bounds on the solution’s
gradient which is essential for the proof’s strategy adopted there.

The commutativity hypothesis [H lcczrs  The main achievement of Theorem
5.1 is the fact that the Hamiltonians are not assumed to be smooth. Hence, it
is reasonable to investigate the relation occurring between hypothesis [H lcczis
and hypothesis [BT 1zpp, which was made in [3] to prove existence.

Foranyi=1,..., N, let us define the i-th unminimized Hamiltonian

hi(x,p,a) = {(-p, fi(x,a)) —¥i(x,a) V (x,p,a) € R" x R" x A.
By definition, the Hamiltonian H; is given by

Hi(x,p) = sup hi(x,p,a).

acA

Under assumption [H ]y, the function h; is locally Lipschitz in x and differ-
entiable in p uniformly with respect to a. Hence by Rademacher’s Theorem for
any a € A there is a set Nj 4 C R™ of zero Lebesgue measure such that h;(-, -, a)
is differentiable at every (x,p) € (R"™ \ Njq) X R™.

Actually, in the result below we add a uniformity condition on the set of
differentiability points.

Proposition 5.2. Let us assume hypotheses | H vip and [H lcczis. Moreover,
let the following additional conditions be verified:

() foranyi=1, ..., N there is a set N C R"™ of zero Lebesgue measure such that
forallp € R™ the map hi(-,p,a) is differentiable in R™ \ N, uniformly with
respect to a (that is, the sets Niq C R" defined above do not depend on a);

(i) for any i = 1, ..., N, the map a — Dyxhi(x,p,a) is continuous at every
(x,p) € (R \ N;) X R™;
(iii) he control set A is compact.
Then the zero Lie bracket hypothesis [H Icczup implies that the zero Poisson bracket
hypothesis | BT 1zpg is verified almost everywhere.

5The “coercivity” assumption

I }im Hi(x,p) = 400 uniformly for x € R",
pl—+o

which was made in [3], is in fact a first order controllability hypothesis on the underlying optimal
control problem.
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Proof. Let us fix an arbitrary i € {1,..., N}, and let us consider the set

Mi(x,p) = argmaxh;(x,p,a) ={b € A: hi(x,p,b) = maj\(hi(x, p,a)}
ac

acA

which, by (iii) turns out to be non-empty for all (x, p) € R" x R". Furthermore,
forall (x,p) € (R™ \ N;) x R" let us define the subset Y;(x, p) by setting

Yi(x,p) = {(Dxhi(x,p,a),Dphi(x,p,a)) :a € Mi(x,p)}
(= {(=Dx fi(x,a)p — Dxli(x,a),—fi(x,a)) :a € Mi(x,p)}).

Under hypothesis [# ], the Hamiltonian H;(-, -) is locally Lipschitz con-
tinuous. Hence by Rademacher’s Theorem there exists a subset N; € R™ x R"
of zero Lebesgue measure such that H;(-,-) is differentiable at every (x,p) €
(R™ x R™) \ N;. By hypothesis (i), it follows that at every (x,p) € ((R™\ N;) X
R™) \ N; both H;(-,-) and h;(-, -, a) are differentiable (uniformly with respect
to a). Hence by well known properties of marginal functions (see e.g. Proposition
2.13, 11, in [4]), for every (x,p) € ((R™ \ N;) x R™) \ Ni the set Yi(x,p) is a
singleton and

DyHi(x,p) = Dxhi(x,p,a) = —Dx fi(x,a)p — Dxli(x,a),
D,Hi(x,p) = Dyhi(x,p,a) = - fi(x,a)

for any a € Mi(x,p). Hence for any i, j € {1,...,N}, i # j and for any
(x,p) € ((R™\ (N; UNG)) x R?) \ (N; UN;) one has
(5.1) {Hj,Hi} (x,p) = (p, D[f;(x,a;), fi(x,a:)]

for arbitrary a; € Mi(x,p) and aj € M;(x, p). By [H lcczup and the regularity
hypothesis (i), at any x € R™ \ (N; U N;) one has

[fi(x,a,), filx,aN]l=0 Vaj, a;€A.
Therefore (5.1) implies that
{Hi,Hj}(x,p) =0 forall (x,p) € (R"\ (N; UN;)) x R")\ (N; UN;),

which concludes the proof. O

5.2. Preliminary results for the proof of Theorem 5.1 Theorem 5.1 will
be proved in the next subsection as a consequence of Theorems 5.4 and 5.6 below.

To begin with, to every multi-time t = (ty,...,ty) € [0, T]N we can attach
canonically special simple multi-time paths, namely those which run each time
component only once.
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Definition 5.3 (Time-ordered value functions). For any permutation t =
{i1,...,IN} of{l,...,N}‘andanyt = (t1,...,tn) suchthat 0 < t < (T,...,T),

let usset So = 0, S = Zizl(T —tiy) forany j =1,..., N, S = Sy, and let us
consider the simple multi-time path

s N D
TH(s) = TINS) = (e ) + | D Xy, (B 5, dE
03 ti;

for all s € [0, S]. Correspondingly, for any arbitrary continuous map ¢ and any
x € R™, let us define the value function

.....

Remark. For any y, there are exactly N! time-ordered value functions. Notice

that they are defined on [0, TV x R", while the functions V(;‘t are defined on sets
of the form [0, S] x R™.

For each permutation t = (iy,...,in), let us define the map Wé} """ on
[0, TN x R™ by setting

WJ} """ iN(tl,...,tN,X) = Vé} """ iN(T— ti,..., T —tn, x).

Theorem 5.4. Let us assume hypothesis [H vip. For any permutation {iy,...,iN}

ou
ot;,

(t,x) + Hi, (x,Dxu(t,x)) =0

on 10, T1N x R™. Moreover, it verifies the boundary condition
W™ (0,...,0,x) = w(x) VxeR™

Furthermore, if the function @ is locally Lipschitz continuous, the map W$ """ is
locally Lipschitz continuous as well. Finally, if the function @ is globally Lipschitz
continuous and the dynamics f; and the Lagrangians £; are bounded and globally Lip-

schitz continuous in X, uniformly with respect to the controls, then the map W&} """
turns out to be globally Lipschitz continuous.

Proof. This theorem is an easy consequence of well known results on evolu-

tion equations (see e.g. Sect. III in [4]) and of the representation formula for the

map Wy ™ proved in Theorem 5.6 below. m
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In order to prove Theorem 5.6 below, we shall make use of the following dynamic
programming principle, whose proof is omitted, because it can be easily obtained
by arguing as in the proof of the dynamic programming principle for finite horizon
problems (see e.g. Proposition 3.2, I in [4]).1°

Proposition 5.5 (Dynamic Programming Principle). Lez us assume hypothesis
(H rip and let @ be an arbitrary continuous function. Let us fix (t,x) € [0, TN x
R™, t # (T,...,T), and a permutation t = {iy,...,in} of {1,...,N}. Let us set

So=0,8; =3I _(T—t;) foranyj=1,..., NandS = Sn, and T(-) = TL(-).
Then for any 0 < o < S one has

where the infimum is taken over the set of controls
a=(ay,...,an) € B([t;,T],A) x--- xB([ty, T], A),

and ¥ (+) = Yo [x]1().
Theorem 5.6. Let us assume hypothesis [H 1Lip. Let @ be an arbitrary contin-

uous function and let (iy,...,1N) be any permutation of (1,...,N). Then for every
(t1,...,tN) €0, TIN and any x € R"™ one has
Wi (b, by, X) = [x]pe tinFive v Hivey et

Proof. For every (T,x) € [0, T] x R" let us consider the value function

. T
(5.2) Vi (7, %) iinf{wym) +j @(y(&a(&))d&}

where the infimum is taken over the set of controls a(-) € B([T1,T],A) and y(-)
stands for the solution of!”

(5.3) AY (&) = £i(v(E),a(E), (1) = x.

16Ler us notice, however, that this dynamic programming principle is not completely standard
because of the dependence of V1IN (£, x) on t through the t-parameter family of multi-time paths
{tihe. .

17Tt is convenient to notice that, since the problem is autonomous, Vd, can be equivalently defined
as VJ,(T,X) = infly(y(T-T1))+ fOT_T £i(y(§),a(§)) dE}, where the control a(-) ranges over the
set B([0,T — 71, A) and ¥ solves the equation in (5.3) with initial condition y(0) = x.
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It is well-known that for every T € [0, T] one has
(5.4) [x]pe ™i = V)(T —7,x) VxeR"

Up to renaming indexes, we can limit ourselves to prove the theorem for
(i1,...,in) = (1,...,N). Moreover, since " coincides with the identity map,
without loss of generality, we can consider only points (¢, x) € 10, TV x R™, We
argue by induction on N. For N = 1, the thesis follows from (5.4) with j = 1. Let
N > 1. For any continuous map @, any (ti,...,ty—1) € [0, TIV"!, any x € R",

andany j=1,...,N—1letussetSp =0,S; = Z£=1(T—tr) and let us introduce
the value function

(t1y.. oy tN-1,X)

Sy N-1
= inf{ JO Z ﬂgj(_’)‘/(S),(/:Lj o fj(s))X]ijl,Sj](S)dS + (p(j’(SN—l))},
=1

where the infimum is taken over the set of controls
a=(ay...,an-1) € B([t;,T],A) x - - - X B([tn-1,T], A),

T is defined by

ON-1 2
T(S) = (tl,...,thl) + 0 J; X]ijlfsj](g)aitjdg

forall s € [0,Sn-11, and, for any control &, 3 (-) denotes the solution of

dy & L
= S .0 T DXy, s S € 10,Sxl, 1(0) = x.
j=1

Furthermore, let us set

We NN, o, x) = Vg (T—ty,...,T —ty_1,X).
By the inductive hypothesis it follows that
(5.5) Wo NN, .y, x) = [x]@e i | et
forall (t1,...,tn—1,x) € [0, TIN-! x R". Since

N(T,..., T, tn,x) = V) (tn,x)  Viy €[0,T], x € R,
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choosing o = Sy—1 in Proposition 5.5, we get
(5.6) VNt ...ty Xx)

Sny_1 N-1
mf{ z L), 0 (T (Dxgs, 5,1 () dis

+ v&i(tN,y(SN,l))}

where:

(1) the infimum is taken over the set of controls

a=(ay,...,an) € B([t;,T],A) X - - - X B([tn, T],A);

.....
.....

(iii) for any control a, we have written y( ) instead of y(a’Tz) [x](-).

Since the restrictions to the interval [0, Sy—1] of the functions T!(+), a(-), and
¥ (+) can be identified, respectively, with the functions T(-), a(-), and ¥(-) de-
fined above, by (5.6) it follows that (see footnote (17)

(5.7) VN (ot x) = Visie (. e, X).
Thus (5.7), (5.4) and (5.5)—where we choose @ () = V) (tn, -)—yield that

""" Nty ooty x) = [XIVY (ty, e v e tifh

—INHN o—tN-1HN- -LH
=[X]([Je NHN @=IN-1tHN-1 @ =l

which concludes the proof. o

Remark. The relevant property, stated in Theorem 5.6, that for any permu-
tation (i1,...,in) of (1,...,N) the map WW """ V may be defined as composition
of elements of N one-parameter semigroups of solutions generated by the single
Hamilton-Jacobi equations belonging to the multi-time system (1.1) holds even if
a solution to (1.1)—(1.2) does not exist. In particular, it is independent of the zero
Lie bracket hypothesis [H lcczug. Incidentally, this implies that we do not need
hypothesis [H ]cozrp also in Theorem 5.4.

5.3. Proof of Theorem 5.1 Let us fix a point (t,x) € [0,T]N x R". By
Theorem 4.7 we easily obtain that for any simple multi-time path T : [0,5] —
RN such that T(0) = (ty,...,ty) and T(S) = (T,...,T) and any permutation
(i1,...,in) of (1,...,N), the maps W (0,x), Wy "™ (t,x), and Wy, " (t, x)
do coincide. Actually, in view of Theorem 5.4, the map

(t,x) — Uy(t,x) = WyN(t,x)
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(1.1)—(1.2). This proves the existence issue and the representation (1)—while
uniqueness comes from Theorem 3.2.

Representation (2) has been proved in Theorem 5.6.

If hypothesis [H ' ]1ip is assumed, Theorem 4.7 ensures that the representa-
tion formula (1) for the solution of (1.1)—(1.2) holds also for 27y multi-time path.

In order to prove (3), for any C! multi-time path 7 : [0,S] — RY joining
somet € [0, TN to (T,...,T) let us introduce the Hamiltonian

N aT;
He(s,x,p) = ZHi<x,p)d—;(s>,
i=1

defined for all (s,x,p) € [0,S] x R™ x R"™. From well known uniqueness and
representation results (see e.g. Theorem 3.17, III in [4]) it follows that, under
hypothesis [H ]rip, the Cauchy problem

a—v(s,x) + Ho(s,x,Dxv(s,x)) =0,
(5.8) os
(5,x) €10,S[ xR", v(0,x) =(x)

has a unique viscosity solution, which, according to the notation introduced in
. . S
Section 2, is denoted by [x]ye~ Iy Hz () dr Moreover,

[x]pe b Hrdr _ Wi (s,x) VY (s,x)€[0,S]xR".
This allows us to prove (3): indeed, choosing
T(S)i(tl,...,tN)+S(T—t1,...,T—tN) 56[0,1],

one has

Hy=-tiHy — - - — tyHy,
so, by representation (1),
Uy (t,x) = Wi (0,x) = [x]ye WHN—hil

Proof of the second part of Proposition 2.5. The additivity property (2.7) is a
straightforward consequence of the representation formulas (2) and (3) in Theo-
rem 5.1. O
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5.4. Solving the initial value problem (1.5)—(1.6) In the Introduction we
have considered the initial value problem

ou
3t +Hi(x,Dxu) =0,

ou
oty
u(0,0,x) = Y(x),

where
P(x) = |x; —arctanx2| + |x2] Vx € R?

and

Hi(x,p) = max {-p- filx,a)}, i=1,2,

ac{0,-1,1}
[x2la
|x] —arctan x| + a 1+ x72
Silx,a) = ( 0 , flx,a) = 2
[x2la

After having observed that this problem verifies the hypotheses of Theorem 5.1,
we have given an explicit solution U (see (1.7), (1.8), (1.9)). We now show how
this solution can be constructed on the basis of the results of the previous subsec-
tions. For every (t1,t2,x) = (t,x) € [0,T]*> X R? let us set §; = (T — t;) and
S = (T —t1) + (T — t) and let us consider the simple multi-time path

s

T(s) = (1, 1) +J

0 0
0 (X]O,S]](E)Ttl + X]Sl,S](E)E> dg

for all s € [0,S]. Correspondingly, for any x € R? let us introduce the time
ordered value function

VE2(t, by, x) = infly (y(S)},

where:
(i) the infimum is searched over all 2-controls

a=(ai,az) € B([t;,T],{0,-1,1}) x B([t2, T], {0, -1, 1});

and
(ii) for every such a, ¥ (-) stands for the solution of the Cauchy problem

2—3; = f1(7(s),a1°T1(5))X)0,5,1 (&) +/2(¥ ($), a1°T2(5)) X}, 51(8), ¥ (0) = x.
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Notice that for every 2-control @ one has

ya(s) = x2, % = |yi(s) —arctanx2| + a; o T1(s), Vs e€]0,5]

and that the map E(x) = x; — arctan X, evaluated along ¥ (s) remains constant
forall s € [S1, S]. Hence, one easily deduces that the optimal policy consists in:
(i) minimizing |y (s) — arctan x> | for s € [0, S ]; and
(i) minimizing |y, (s)| for s € 151, S]1.
A direct computation yields:

VI2(t,t,x) = —e~ T8 (x; —arctan x3) — (1 — e~ T71)) 4 |xy[e(T-12)
when x| — arctanx, < 1 — T 115
VI2(ty, 1, x) = |xp]e” T8

when 1 — el 1 < xy —arctanx, < 1 — e~ T,

VI2(t, b, x) = eT 8 (xy —arctanx2) + (1 —eT~0) + |xy e T12)

when x; — arctanx; > 1 — e T=t)_ In view of Theorem 5.1, we obtain the
solution U by simply setting, for every (t1,t2,x) € [0, T1* x R?,

U(tlitZ,x) = VI’Z(T - tllT_ tZ’X)-

6. THE BEST VALUE

In this section we wish to introduce the (standard) control problem obtained by
the whole family of multi-time control problems by considering the multi-time
paths as new controls, so that the optimizing strategy consists not only in the
choice of the N-control a, but also in the choice of the path joining the given
initial multi-time (¢y, ..., ty) with the end multi-time (T, ..., T).

The interest for this auxiliary problem is obvious from the point of view of
applications. Indeed, unless commutativity hypotheses are assumed (as in The-
orem 4.7), the cost depends on the multi-time path followed from (¢1,...,tn)
to (T,...,T). So, one could be interested to single out the best choice of the
multi-time path. This provides the multi-time control problem with a reasonable
concept of value, the Best Value, even when there is no existence for the original
multi-time system (1.1)—(1.2).

But the auxiliary optimal control problem we are introducing is interesting
also from an other viewpoint. Indeed the corresponding Hamilton-Jacobi equa-
tion is exactly equation (3.1), used in Section 3 to prove the uniqueness of the
solutions to (1.1)—(1.2). Moreover, as soon as the multi-time problem (1.1)—(1.2)
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admits a solution, this coincides (up to reversing time) with the Best Value (see
Theorem 6.3). In particular this can be used to study the regularity of the solution
to (1.1)—(1.2),'® which (thanks to the uniqueness property of equation (3.1)) can
be reduced to the regularity of the value function of a standard optimal control
problem.

Let us consider the optimal control problem

s N
P[t,x] minimize {(,U(y(S)) + JO ( > li(y(s),a;o Ti(s))Wi(S)) dS},

i=1

where
T'(s) = w(s),
N
6D V() =D fily(s),ai o Ti(s)wils),
i=1
(6.2) (1,7)(0) = (t,x) T(S)=(T,...,T),

and the minimization is performed over the set of all control pairs (w, @) such that
the control w : [0,S] — RY is piecewise constant and ranges over the canonical
basisof RN, a = (ay,...,an) € B([t;,T],A)x---xB([ty,T],A), and T(S) =
(T,...,T)." In the sequel, we will refer to this set as admissible control set and we
will denote it by A(t). Furthermore, for any (w,a) the corresponding solution
to (6.1)—(6.2) will be denoted by the pair (T [t1(+), Y(w,a)[t,x]1(-)). By the
definition of w it follows that A(t) £ & forall t € [0, TIN \ {(T,...,T)}.
Notice also that S is determined by t; indeed, one has

N
S=>(T-t).

i=1

Problem P[t,x] can be regarded cither as a control problem with target 7 =
{(T,...,T)} xR"and S = inf{s > 0:7(s) = (T,...,T)}, or, equivalently, as an
exit-time control problem, where S turns out to be the first exit-time of the pair
(T, ) from the region ([0, +oo[¥ \ {(T,...,T)}) x R™.

Let us consider the value function associated with problem P[t, x]:

s N
Vy(t,x) = inf ){w<y(5>>+[o(izlﬁxy(s),aion(s))m(s))ds}.

(w,a)e A(t

The map Vy (-, -) will be called the Best Value of the multi-time control problem
(1.1)—(1.2).

18See the two proofs of Theorem 7.1.
9This is equivalent to say that T is chosen among simple multi-time paths connecting t with
(T,..., T).
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Theorem 6.1 (Regularity of the Best Value). Let us assume hypothesis [ H 1vip.
(i) For any continuous map , the map Vy (-, +) is continuous on [0, TN x R"™,
(ii) Ifthe function @ is locally Lipschitz continuous, then Vy (-, -) is locally Lipschitz
continuous as well.
(iii) If the function @ is globally Lipschitz continuous and the dynamics f; and the
Lagrangians ; are bounded and globally Lipschitz continuous uniformly with
respect to the controls, then Vy (-, -) turns out to be globally Lipschitz continuous.

Proof. Forany t, x, (w,a) € A(t),and S € [0, NT] we set

S N
I(t,x,w,a,8) = y(y($)) + jo (S iy (s), a0 Tis)wils)) ds

i=1

where T(-) = Tw[t](-) and ¥(-) = Y@w,alt,x](:). By applying Gronwall’s
inequality, one has that, for any R > 0 and for all (s,x) € [0,5] x B(0,R),

6.3)  |ys)| < |x|+M(1 + |x])seM <R+ M(1 + R)NTeMNT = C|(R),

where M is the same constant introduced in assumption [H Jpp.

For a fixed t € [0,T]", the regularity properties in the variable x can be
deduced by standard arguments. Moreover, such properties turn out to be uniform
with respect to the variable t as the latter ranges in [0, T]V.

Let us fix x € R™. The proof of the continuity of Vy, (-, X) requires some care
because of the dependence of the admissible control set A(t) on t. Let (t,x),
(t,x) € [0, TN x R™ and suppose that Vy, (t,x) > Vq,(f,x). Since

Vy (£,%) = Vi (E,x) = [V (£,X) = Vi (E1, B2,y Eny X) ]

+ [VW(EllttZ!"'!EN!x) _V([I(flﬂf21£31"'!Ele)]
+oeet [Vl[l(fli---’fN*hEle) _V(I/(fix)]i

we can consider only the case where t; # {; for a given i, and t; = &; for j # i.
For any € > 0, let (w,a) € A(f) be a control such that

Vy (t,x) = I(E,x,w,a,S) — ¢,

where S = Z]TVZI (T-1%,). In general, the control (w, a) does not belong to A(L),
so let us construct a second control pair (w,a) € A(t) as follows.

If t; < ti, we consider the control @ = (dy,...,dn) such that aj = aj for
all j # iand @;(r) coincides with the restriction of a; (v — (t; — t;)) to [t;, T].
Furthermore, let us set

S=inf{s > 0: (Tu[tDi(s) >T - (t;—ti)} (<9)
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and define the control

() = wxp0(5) + | wis) = (ws), 2) 2] xpe6,05)
1 1

for all s. Notice that w is not yet an admissible control, in that it takes the
value 0 ¢ {0/0ty,...,0/0tn} on a finite number of intervals. However, it is clear
that on the intervals where w = 0 the corresponding solution to (6.1) and the cost
function I remain constant. Let us consider the control one obtains from w when,
loosely speaking, all the intervals where w = 0 are removed and the remaining
intervals are translated backwards, so that, in particular, the corresponding simple
multi-time path T verifies T(S) = (T,...,T) at S = S — (t; — t;). There is no
danger of confusion in using again the notation (w, a) for the so obtained control.
In particular, (1, a) turns out to belong to A(L).

If &; > t;, let us fix an arbitrary @ € A and consider the control a =
(di,...,an) such thata; = a;j forall j # i, and

ai(r) = ai(r — (& = 8 Xg, 74 -1 () + AXy74 6,1 () forall 7.

Moreover, we define the control
- 0
w(s) = wS)X(o,5(8) + 3-Xs,54(E-201(5)
1

for all s. Clearly, the control pair (w,a) belongs to A(t).
Setting 77(s) = Yw.a) [T, x]1(s) and ¥(s) = Y(w.a)[£,x]1(s) forall s, standard
estimates yield that

|7(s) = y(s)| < M(1 + |x|)eN"DTEe |§; — ;] = C4lt; — T,
and
|I(E,x,w,a|'§) _I(ny1w1a15)| < C5|El - fl' + w(C4|El - fi|JC1)1

where C; = Ci(|x|) is the same as in (6.3), the parameters M, L¢, are the same
as in assumption [H Jrip, Cs = NTL¢, C4 + NMc,, and, for any v > 0, w(-,7) is
the modulus of continuity of ¢ in B(0,7). Hence

0 < Vy(t,x) - Vy(t,x) < Cslt —t| + w(C4lt - E],C1) + &,

which, by the arbitrariness of &, proves the continuity of Vy, (-, x) for any x. If
is locally Lipschitz continuous, the same estimate implies that Vi, (-, x) is locally
Lipschitz continuous in t. Furthermore, Vi, (-, x) turns out to be globally Lips-
chitz continuous in t whenever ¢ is Lipschitz continuous and the functions fj, ¥;
are globally Lipschitz continuous in x, uniformly with respect to the controls, i.e.,
Lg in [H ]Lip does not depend on R, and moreover, all the f;, ¥; are bounded. &
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Theorem 6.2 (A HJ equation for the Best Value). For any continuous function
W, the map

Wy (t,x) = V(T —t1,...,T —ty,x)  (t,x) € [0, TIN xRN

is the unique viscosity solution of (3.1), (3.2), (3.3).

Proof. Because of hypothesis [ # ]rip, the uniqueness of the solution is a con-
sequence of Theorem 3.4. By standard results on exit-time value functions (see
[12], [2]), Wy, turns out to be a viscosity solution of the equation

(6.4) weld/oh s 3 ot 1:21 [aitl Hilx, Dxu)} =0

in 10, TTN x R™. Moreover, it is a viscosity supersolution of (6.4) on 9y ( 10, TV x
R™) (see the definition of 3,( 10, TT x R™) in Section 3). Finally, in view of the
continuity result established in Theorem 6.1, Wy, satisfies the boundary condition

Wy (0,x) = p(x)

for all x € R™. Since

N

+ Hi(x, wi
weiny a/atN}z[ptl i(X, p)Jwi

- max{ptl +H1(X1p))---ipl’1\] +HN(X)p)}1

forall pt,, ..., piy € R, p € R™, and x € R", this concludes the proof. O

As a Corollary of Theorem 5.1 (and the definition of the Best Value) we obtain a
further representation formula for the solution of (1.1)—(1.2).

Theorem 6.3. Let us assume hypotheses [H 1Lip, [H lcczis, and for any con-
tinuous map P let Uy = Uy (t,X) be the unique solution of (1.1)—~(1.2). Then

Up(t,x) =Wy(t,x) Y (t,x)e[0,TIN xR".

7. REGULARITY OF THE SOLUTION AND SEMIGROUP PROPERTIES

Theorem 7.1 (Regularity). Let us assume hypotheses | H vip, [H lcczis. If the
Sfunction p is locally Lipschitz continuous, the solution Uy of (1.1)—(1.2) is locally
Lipschitz continuous. Moreover, if the function  is globally Lipschitz continuous and

the vector fields f;(-,a) are globally Lipschitz continuous, uniformly with respect to
the controls a, and bounded, then the solution Uy, turns out to be globally Lipschitz
COnLInuous.
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Theorem 7.2 (Semigroup Property). Let us assume hypotheses [H Lip,
[(H lcczus. Then for every continuous map W and every pair (t, t) € [0, TV x
[0, TIN such thatt + t € [0, TIN one has

(7.1) Uu, e, (t,x) = Uy (t +£,%)

forall x € RN,

V(}, """ N(T —t,,...,T — tn, x), the result is a corollary of Theorem 5.4. O

Second proof of Theorem 7.1. On the basis of Theorem 3.2 and Proposition
3.5 the solution is unique and coincides with the solution Wy, of the auxiliary
Hamilton-Jacobi equation (3.1). Hence the regularity of Uy is simply a direct
consequence of Theorem 6.1. O

Proof of Theorem 7.2. By the additivity property (2.7), for every permutation
(i1,...,in) of (1,...,N) one has

[X]WefTHl'efO'Hj — [x]wefO'HjefTHl'

foralli,j=1,...,N,i=+ j 71,0 €[0,T]. Therefore, by (2.6), one has

_ [X]We*(tNJrfN)HN . e*(tﬁfl)H]
— [x](pe*tNHNe*fNHN .. e*tlHle*lel

— [X](I/e_tNHN . e_tlHle_fNHN . e—lel

= WlpeszHN .ce-tiH) (t,x)

which proves (7.1). O

8. MULTI-TIME FRONT PROPAGATION

Let us assume Hypotheses [H Lip and [H lcczup. In Section 5 we have proved
that under these hypotheses a unique solution exists for the multi-time problem
(1.1)—(1.2). In order to keep track of the dependence on the Hamiltonians let us
use UM _instead of Uy—to denote this solution. In the case of a single
Hamiltonian it is well-known that, as soon as the Hamiltonian is positively 1-
homogeneous in p, the propagations of the zero level and sub-level depend only on
the zero and sub-zero levels of the initial datum (i.e., these propagations coincide
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for two initial data whose zero level and sub-level are equal). It is then natural to
wonder if a similar property—which we call the Front Propagation Property holds
true for multi-time systems as well. To begin with, let us state rigorously this
property. For a given map ¢ : R™ — R we shall use {¢(-) < 0} and {¢p(-) = 0},
respectively, to denote the sets {x € R" : ¢(x) < 0} and {x € R": ¢p(x) = 0}.

Definition 8.1. We say that the Hamiltonians Hy, ..., Hy verify the Front
Propagation Property (FPP) if for every pair of continuous functions ¢, (¢ such
that

{w() <0} ={@(-) <0},
{w() =0} ={@() =0},

one has

for all multi-times (¢1,...,ty) € [0, TIN.

Theorem 8.2 (Front propagation for multi-time systems). Lez us assume that
each Hamiltonian H; is positively 1-homogeneous.® Then (FPP) is verified for all
(ti,...,tn) € [0, TIV.

Remark. Notice that under our structural hypothesis on the Hamiltonians
Hj, the 1-homogeneity hypothesis (in p) is equivalent to the fact that all ¢; are
equal to zero. Moreover, the 1-homogeneity hypothesis implies that (FPP) holds
if and only if for every real number 7 the property (FPP)" holds as well, where
(FPP)" is obtained by (FPP) by replacing zero with 7 (so that, in particular, (FPP)°
coincides with (FPP)).

Proof of Theorem 8.2. Let t = (ty,...,tn) € [0, TV and let @, ¢ be con-
tinuous maps such that

{w() <0} ={P() <0},
{p() =0} ={P()=0}.

If (t1,...,tn) = (0,...,0), then there is nothing to prove. If (ti,...,tn) *
(0,...,0), let us set

j=infli=1,....,N:tn =0 Vh > i}

201.e., Hi(x,Ap) = AH;(x,p) forall (x,p,A) € R" x R™ X [0, +oo[. Sometimes this property
is referred to as the geometric property.
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and let us proceed inductively on j. Let us recall that, by Theorem 5.1,

Ut(l/Hl """ BN (ot x) = [xlwe L emtviy,

a single equation for which the property is known to be true (see e.g.[6], [10]).
Now assume that the thesis holds true for a j > 1 and let us prove that it is valid
for j + 1 as well. Indeed, the inductive hypothesis implies that

{x eR™: [x](pe - e"6M) <0}
= {x € R": [x](ge "1 ... e "lil}) < 0}
and
x e R™: [x](ye WM. .. e i) = 0}

= {x € R": [x](@pe il ... e tillj) = 0},

Since (FPP) holds for a single equation, we deduce

= {x e R": [x](pe "H! ... e tiHie tinHin < o}

= {x € R" : [x](pe ... e tilli)ye-tinHin < 0}

and
"Mty ) = 03
= {x e R": [x](pe ... e il e tinHin = 0}
={x eR": [x]((f/e’t‘Hl .. .e*thj)e*tjﬂHm =0}
= (U (1, by, ) = 0}
so the thesis is verified for j + 1 as well, which concludes the proof. O

9. AN OPEN QUESTION

The main achievement of this paper is the replacement of the Zero Poisson Bracket
condition [BT lzpg with the Constant Control Zero Lie Bracket condition
[H lcczie, which allows to deal with nonsmooth Hamiltonians.

However, it must be noticed that both these conditions imply (under different
regularity conditions) existence of a solution to the multi-time problem (1.1)-
(1.2) for every initial datum . Then a natural question is: if neither [BT Izpp
nor [H lcczup are verified, can a solution exist for some particular choice of the
initial datum y?



Nonsmooth Multi-time Hamilton-Jacobi Systems 1607

We conclude this paper with an example showing that such a case can actu-
ally occur. Moreover, the example suggests that, at least for linear systems, some
intrinsic condition must be satisfied by the function  in order that a solution u
such that (0, x) = @ (x) may exist.

Example. Let us consider the multi-time system

ou
3t +Hi(x,Dxu) =0,

(9.1) ou + Hy(x,Dyu) =0,
oty

u(0,0,x) = Y(x),
where
Hi(x,p) =p2(1+ (x1)%), Hax,p) = p1.

Notice that one can write

Hi(x,p) =p- filx), Hl(x,p)=p- fr(x)

where

_ S I
A =1+ 00Dz A0 = 5=

In particular, one has

Lfi, 2lx = —3(X1)zaixz.
which implies
{Hi,H2} (x,p) = p - [f1, 21x = =3p2(x1)*.

Therefore the commutativity condition [H Jcozrs (which in this case is equiva-
lent to the Zero Poisson Bracket condition (ZPB)) is not verified for this system.
Actually it is easy to verify that there is no solution for ¢ := 11, where 1, de-
notes the projection on the second coordinate, that is, T (x) = x2.21 Yet, for
every differentiable map ¢ = ¢ (x1,x3) depending only on x; and on x3 it is
straightforward to check that the map

u(ty, ta, x) = Y(x — tz,x3)
is a classical solution of (9.1).

2lIndeed by applying the theory of characteristics, if u were a solution, one would obtain

u(ty, ta,x) = m(xe t2l26-11/1) where we have used the notation xe%9 to denote the solution
of the Cauchy problem X = g(x) at time $. In particular, one would have

0 =1m2(0,0,0) = ™y 0 ((0,0,0)e~ /1o~ 122001 01202) = —t, (1),
which is false for every pair t1, t; € R\ {0}.
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Remark. In the previous example we have seen that a solution exists provided

oy
6xz_0

It is not difficult to check that the maps ¢ satisfying this relation are in fact the
only ones for which a solution exists.

Notice the intrinsic character of the above condition, for it can be written as
the Hamilton-Jacobi equation

K(x,Dy(x)) =0,

where K(x,p) = p - g(x) and g(x) = 0/0x;.

Hence it appears plausible that in the general case some sufficient condition
can be found on ¢ in order that a solution to the multi-time problem (1.1)—(1.2)
does exist.

APPENDIX A. PROOF OF LEMMA 2.4
Let us use uy (s, x) to denote the solution to (2.3).

Step 1 Let us begin by assuming that s(-) is C! with s’"(0) > 0 Vo €
1o, 01[. Hence the inverse function of s(+) is C! as well and its derivative is
strictly positive. Let us denote the inverse function of s(-) by o = o (+). Let us
show that v (0, x) = uy (s(0), x) is a viscosity subsolution of (2.4) in ]y, o1[ X
R". Let @ € C([0p,01] x R™) and let (7,%) € 1oy, 01[ x R™ be a local
maximum point of v (0, x) — @ (0, x). Hence setting

§=5(0), @(s,x)=@(o(s),x),

one has that (8, X) is a local maximum point of u(s,x) — @(s,x). Then

~

oPp
os

(5,X) + H(5,%X,Dx®(5,x)) < 0.

Since s’(6) > 0 and (0@ /0s)(5,%x)s'(6) = (Op/o0)(F,%), multiplying the
above expression by s"(0) one obtains that

2%((7,5() +H(s(0),%X,Dx@(0,%x))s" (0) <0,

which proves that v is a viscosity subsolution of (2.4) at (07, X). The proof that v
is a viscosity supersolution of (2.4) in Jog, o[ x R™ is akin, so we omit it. Hence
U is a viscosity solution of (2.4).

Since s(+) is a C! diffeomorphism, by applying the previous arguments in the
opposite direction we obtain that v is a viscosity solution of (2.4) if and only if
U is a viscosity solution of (2.3). In particular, (2.4) admits a unique solution as
soon as this holds true for (2.3).
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Step 2 Let s : [09,01] — [So,S1] be an absolutely continuous, strictly in-
creasing, surjective map such that s (o) > 0 for a.e. 0 € ]0y, 01[. Let us denote
by w the function defined as

(o) = s'"(o) o €loy,01],
@9 =70 o eR\ [0y, 01].

Hence w € L'(R) and supp(w) = {0 € R: w(0o) # 0} C [09, 01]. Moreover,

let us set
el (=D o] <1,
plo) =

0 lo| =1,
and let us consider the sequence of mollifiers {py}n € CF(R) defined by
1

pn(0) = Cnp(no), whereC = ———.
J[Rp(r)dr

Then the maps

wy(0) =w* py(o) = J{R w(o —7)pp(r)dr

belong to CZ (R) for all n and verify
limJ [wn(o) —w(o)| do = 0.
n JRr

Observe that for all n one has wy, (o) > 0 for every o € ]oy, 01[. Hence for any

n the map
o

sSn(o) = so + wn(r)dr
(o]

is C! from [0y, 01] to s, ([09,01]), s;,(0) > 0 ¥V 0 € ]og, 01[. Moreover, the
sn(+)’s converge uniformly to s(-) on [0p,01]. For any n let us introduce the
function vy, : [09, 071] X R"™ — R given by

Vn(0,x) = uy(sn(o),x).

Owing to Step 1, for any n the function v, is the (unique) viscosity solution of

Z—Z(o,x) + H(sp(0),x,Dxv(0,x))wn(c) =0, v(0p,x) =P(x).

By the continuity of uy and the properties of the w,,’s and s,,’s it is now easy to
deduce that the vy,’s converge uniformly to v on any compact subset of [0, 071 ] X
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R™ and the H (s, (+),x, p)wx,(+)’s converge to H(s(+),x, p)w(-) in
L'([s0, 511, C(K)) for any compact subset K ¢ R"xR".22 Thus the stability result
in [11], implies that v is a viscosity solution of (2.4), according to Definition 2.2.
In order to prove the uniqueness of the solution to (2.4), let us assume that
w € C([oy,01] X R™) solves (2.4). Let us denote by 0 = o (s) the inverse
function of s = s(0) and let us set v(s,x) = w(o(s),x). Let us recall that o (-)
turns out to be absolutely continuous and strictly increasing with o’ (s) > 0 for
a.e. S € [So,51]. Therefore by applying the previous arguments in the opposite
direction we obtain that v is a viscosity solution to (2.3). Since problem (2.3)
has a unique solution, v(s,x) = uy(s,x) V (s,x) € [So,s1] X R™. Hence
w(o,x) =v(s(0),x) =uy(s(o),x) =v(o,x) V (0,x) € [0p,01] x R™.

APPENDIX B. PROOFS OF THEOREMS 3.3 AND COROLLARY 3.4

These proofs, which we give in detail for the sake of self-consistency, are slight
modifications of standard arguments usually exploited in the proof of comparison
theorems for single equations (see e.g. Theorem 3.12, III in [4]). We point out
that such arguments exploit the natural order on R and the special role played by
the time derivative in the equation. In our case, the time variable is vector valued,
but still the corresponding derivatives appear in the equation in a way which allows
us to exploit the partial order of RN,

Proof of Theorem 3.3. Assume by contradiction there are 0 < 6 < NT and
(t,%) € D¢ such that

(B.1) u (£, %) —ur(t,x) =96, |%|<C|T-t|;-26.

Let us choose M > sup{lui(t,x) — ux(s,»)| : (t,x,s,¥) € D } (= 6) and
h € CY(R) such that b’ < 0, h(¥) =0 forr < =6, h(v) = —3M for r = 0.
Choose positive parameters &, 17, f and define

N
Ix =y 12+ D [t; — sil?
i=1
2¢
+h((x|+ BHY2 = CIT - th) + h((Iy| + BHY2 = CIT = s1y).

O(t,s,x,¥) =u(t,x) —ux(s,y) — - nlt + sl

Let (£,5,%,7) € TD_C2 be such that

22That is,
l1mJ H(sp(r),x(r),p(r))wn(r) —H(s(r),x(r),p(r)wr)|dr =0

for all pairs of continuous functions (x, p) : [so,51] = K
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We claim that min{|t |1, |5} = 0 or (£,5,%,7) lies in .’DZC, for [3_and n small
enough. Indeed, if, by contradiction, it happens that |X| = C|T — t|; or |y] =
C|T — 5|1, by the definition of h we get

®(t,5,x,7) <M —3M = —2M.

On the other hand, by (B.1) it follows that, for any f < d and n < 5/4\tl,

wz)m§¢zquﬂizx)=5—2mﬂ1+yuuﬂ+3%”2—ar—fh)z
Dc

\SRe)

which proves the claim.
From the inequality d(t,t,x,x) +P(5,5,v,y) <2d0(t,5,%,¥), we have

N
X =y + D It — 5il?
i-1
£

<ui(t,%) —u1(5,9) + uz(t,x) —us(5,5).

Hence | X — y|%+ le\il |t; — §i|?> < 2Me and by the continuity of u1, u; it follows
that
N
X =312+ > |t - 5l
i=1
&

< w;(g)

for some modulus w;. ) )
Furthermore, neither |t |1 = 0 nor |5|; = O for a suitable €. Indeed, if |t |; =
0, since 11 (0, x) < u,(0,x),

®(0,5,x,y) <ui(0,x) —u1(s,y) + uz(0,x) —us(s,y) < w2 (v2Me),

where w3 is the modulus of continuity of u, in D¢, which contradicts (B.2) as
soon as € is small enough. The proof that [5]; > 0 is analogous. Hence if we
define the test functions

N
Ix =312+ > [t — 5
$(t,x) = ;1 +nlt +51,
— h((Ix| + B2 = CIT - t]),
N

I —y12+ D |t — sil?
i=1

2¢&

—nlt +sh

+ h((ly]+BHY? = CIT = s1h),

Y(Syy) = -
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so that 11 — ¢ has a maximum at (f,X) and u, — y has a minimum at (5, y) and
use the definition of viscosity sub- and supersolution for (3.1), (3.2), we get that
there is some i = 1, ..., N such that

2n < C(W'(Y) + h' (X)) + Hi (5/, X;y + h’W)W)

(22X )X
_Hl<x’ £ h(X)(|5c|+32>1/2)’

where X = (|x| + )2 - C|IT —tlyand Y = (|¥| + B*)V/2 - C|T - 5|,. Now
standard calculations together with the hypotheses on the H;’s yield that

/ / - - X -2
2n<=CMh'(Y)+h' (X)) + w(lx - y]) + w — +x =yl h' (Y)]

’ y ’ X
ve ‘h MG TP ORI e
Since h' = —|h’|, letting € tend to 0 leads to a contradiction, which completes
the proof. O

Proof of Corollary 3.4. As a first step, one easily shows that the comparison
result stated in Theorem 3.3 holds also in the set

De(x0) = {(t1,.nn by, x) ¢ (tr,... tn) € [0, TNV {(0,...,0)3,
% = xo| < CIT ~ I}

for any x, provided the hypotheses on the Hamiltonians H; introduced there
hold for all x, v € B(x(,CT) and u1(0,x) < u,(0,x) for all x € B(x(,CT).

As a second step, assume that T < K. Let both u;, u, be viscosity solutions
of (3.1), (3.2), (1.2) in [0, TIN x R™. Fixed x¢ € R™, one defines

r:%}'i’r“)')m and  C=K(1+ |xol +7) > 0.

It is now easy to check that for such a choice of C the Hamiltonians H; satisfy
all the hypotheses of Theorem 3.3 in B(xo,CT). Hence by Step 1 and consid-
ering U1, Uy, as viscosity sub- and supersolutions of (3.1), and of (3.1), (3.2)
respectively, it follows that u;(t,x) < u,(t,x) for all (t,x) € Dc(xp). Since
10, T[N x R™ = | xo Dc(xp), the thesis is proved by interchanging the role of u;
and u,.

At this point the proof of the general case T > K is obtained by iterating the
previous argument on a suitable finite number of N' dimensional time intervals of
fixed length smaller than 1/K. O
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