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Differential polynomials : A = C[[ug]][ui][[e]] ug = ofue
deg(uf) =k, deg(e)=-1

Local functionals : A= A/(Imoy @ C)
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Coordinate (Miura) tranformations :
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Coordinate (Miura) tranformations : u® = u(ut,e) € Al

Action on Poisson bracket : Kgﬁ = (L*)% o K" o Ll

ou® o’
kYo B _
=3 Gt W= 0o g

s>0

Theorem (Getzler '02)
There exist a Miura transformation bringing any Poisson bracket to the

standard form

KM =nh"0,, n*" constant, symmetric and nondegenerate
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Hamiltonian system : e {u®, h}xk, h(ut;e) e AL

hoa € A0 a=1,...,N, d>0

{hai,hs itk =0

Integrable hierarchy :
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ou® —
Hamiltonian system : % = {u” h}k, h(ut;e) e AL

Integrable hierarchy : Emd e A a=1,....,.N, d>0

{hai,hs itk =0

Example (KdV) : N =1, K =0,
— uw €2
hkav = / (6 + 24uum> dx
ou g2

a = Ulg + Euzx:r
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Hamiltonian system :

Integrable hierarchy :

Example (KdV) :

ho=J (%

= (%
(

u
u

ou®

o = kb, h(ule) € Al
hoa € A0 a=1,...,N, d>0
{hai, hp, itk =0

N=1  K=0,

hxay = / <u63 + ;zuum> dx

ou g2

B = W T {5l

2
+ iuum) dx

2 4
+ 53 (uu?g + uQUxx) + f@uumm> dzx
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Tau structure : hap € A9 p > —1 such that :
° Ea,p = fhmpdx,
° {fvﬁl,O}K = axf
@ Ny -1 are N independent Casimirs of {, } k,

° {ha,pfhﬁfiq}K = {hﬁ,q—ljﬁa,p}K-
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Tau structure : hap € A9 p > —1 such that :
° Ea,p = fhmpdx,
° {fvﬁl,O}K = axf
@ Ny -1 are N independent Casimirs of {, } k,

° {ha,pfhﬁfiq}K = {hﬁ,q—ljﬁa,p}K-

Tau functions : Let 0:Q0p:8.4(u€) = {hap—1,hpq} K.
Then for any solution u*(z,t,¢) there exists F(t,¢)

* *. 2. _ _9*F
(Qapip.q (W@, 65 6):8)) g = ota oty

Normal coordinates :  u® = n™'h,, _1(ul;e)

Kﬁo‘ﬁ =0, + O(e), 7 const. sym. nondeg.
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Normal Miura transf. : (a Miura that preserves the tau structure)

Let u™ already be normal coordinates
and let F(u*;e) € A2 .
U = u® 4+ 00 {F, huo} i
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Normal Miura transf. :

(a Miura that preserves the tau structure)
Let u™ already be normal coordinates
and let F(u*;e) € A2 .

u® = u® + o {F, Eu,o}K

Then Eﬁ,q =hg g+ 0 {F, hgqgr1}tK s again
a tau structure
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Normal Miura transf. :

Effect on tau functions :

(a Miura that preserves the tau structure)
Let u™ already be normal coordinates
and let F(u*;e) € A2 .

U = u® 4+ 00 {F, huo} i

Then Eﬁ,q =hg g+ 0 {F, hgqgr1}tK s again
a tau structure

F(tse) = F(tise) + Flui(z, t56)5 )]0
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Canonical quantization wrt standard Poisson bracket

Quantum diff. polynomials : A, := A[[h]], degh = -2

Quantum local functionals : A, := A, /Im0x

Fourier coordinates : U =Yg plettT

0.0} = 10k s0
Quantum bracket : [, ] ;Ag] X A([Jj] N A([Iiﬂ'*l]

(b, )] = ihkn®95y1 50
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Canonical quantization wrt standard Poisson bracket

Quantum diff. polynomials : A, := A[[h]], degh = -2

Quantum local functionals : A, := A, /Im0x

Fourier coordinates : U =Yg plettT

0.0} = 10k s0
Quantum bracket : [, ] ;Ag] X A([Jj] N A([Iiﬂ'*l]

(b, )] = ihkn®95y1 50

-~ (_i)nflhn anf n n
fal= > ‘ - o (~)Zk=1 7k [ TT kP | x
et n! ausl ... Oug) P
T1srn 20
$10eer5m >0
2n—14> (sp+7rg) _ N R
X(sp+rE 2n 1+Z(;k+7k) I aitritLsesntrntl o g
X > G A a5
j=1 Ouyy ... Oupy
Li Li odiedr Li = R
i_gy(2)... l*dk(z)f i ij(2), i_gq(z):= Z z".

k>0
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Moduli space of curves

A = closed stable Riemann surfaces of genus g, /
gn with n distinct marked points z1,...,x

C stable : smooth but for possible nodal singularities, with Aut(C) finite

56 88

My, is compact of dimension
39 — 3 + n [Deligne,Mumford, '69]
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@ @ Tautological bundles :
@@ O Li—Mgn, i=1,...,n

¢1261(Li> GHQ( gna@)

Hodge bundle :
H— Mg,
)\k:Ck(H)v k=1,...,9

Double ramification cycle :
DR(/(al ..... an) = {(C X1, .. .,l‘n) c ﬂg,n | E|f, (f) = Zazxz} (- Mgm
dim DRy (a1,...,an) =29 —3+mn, a; € Z

DRg(ah ceey an) =PD (p* [mg,(al,‘..,an)(]Pd; 0, OO)]Vir> € H2g( g,ns Q)
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Double ramification cycle

Hain's formula :

Mg D M, ={C € Myy| all nodes of C are separating}

g

1 g
H* (M) > DRy(ay, . .. g, = 5 | =3 S Y a3
JA{1,....,n} h=0

.
api=Y aj, O = ;o =

jeJ h J-k
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T" stable graph i=1
w weighting mod r
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Up + Ypr
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Double ramification cycle

Pixton’s formula :

n

1 1 2,
Pgr(al,...,an) = Z MW&* [Heaiwz

T" stable graph i=1
w weighting mod r

1 — e~ w)w(h ) (Prt+ipp)
n + Y

I1

e=(h,h/)EE(T)

L‘
Stable graphs : M =1 ¢ —> © e‘ =T
@ z & 3

3
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Double ramification cycle

Pixton’s formula :

n

1 1 2,
Pgr(al,...,an) = Z MW&* [Heaiwz

T" stable graph i=1
w weighting mod r

n - e—w(hyw(h) (Yn-+6p)
Up + Ypr

=(h,h/)EE(T)

0
Stable graphs : % , —> © e‘
@

Weightings mod r : w: H(T) —> {0, ...,7— 1}, such that
w(h;) = a; mod 7, w(h) +w(h') =0 mod r
Z w(h) =0 mod r

h at fixed
vertex
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Double ramification cycle

Pixton's formula :  DRy(a1,...,an) =279 Pj(a1,... )29 ‘r:O
1 1 s
Pr = S — a;
g (a1> 3 a’n) Z Aut(F) hl(F) €F [H €
T" stable graph i=1

w weighting mod r
H 1— e—w(h)w(h')(wh-‘rﬂ’n’)
Yn + U

=(h,h/)EE(T)

0
Stable graphs : % , —> © e‘
@

Weightings mod r : w: H(T) —> {0, ...,7— 1}, such that
w(h;) = a; mod 7, w(h) +w(h') =0 mod r
Z w(h) =0 mod r

h at fixed
vertex
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et,...,en (homogeneous) basis of V,
cgm : VO = H*(M,y,,C)  (graded) linear maps such that :
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(i) coz(er ® ea ® €g) = 1ag,
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Cgn is Sy (graded) equivariant,
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where m: My 1 — Mgn

. . _
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V' (graded) C-vector space, 7 (graded) symm. nondeg. bilinear form
et,...,en (homogeneous) basis of V,
cgm : VO = H*(M,y,,C)  (graded) linear maps such that :

(i)

(i) coz(er ® ea ® €g) = 1ag,
(iii)

Cgn is Sy (graded) equivariant,

T Cgn(€a; @ ... ® €q,) = Cgn(a; ... ® eq, D e1)

where m: My 1 — Mgn

. . _
(iv) 0%Cgi+gonitns(€ay @ ... ® ean1+n2) =
174
Cgrn(€ar ® -+ ® €qp, ® €)M Cgymy (1 @ € 1y ® - @ €ay 1))
where o : Mg, ni41 X Mgy nat1 = Mgy tgoni4no

* — 1224
) 1 n ) n
(v) 0% cgrin(€a; ® ... @ eq,) = Cgni2(€a; ®...Qeq, ®e, R ey)n
where 0 : My pp0 = Mgiin
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V' (graded) C-vector space, 7 (graded) symm. nondeg. bilinear form
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V' (graded) C-vector space, 7 (graded) symm. nondeg. bilinear form
et,...,en (homogeneous) basis of V, N comm. assoc. ring

cgm 2 VO = H* (Mg, C)@N (graded) linear maps such that :

(i)

(i) cos(e1 ®eq ®eg) = Nags,
(iii)

Cgn is Sy (graded) equivariant,

T Cgn(€a; @ ... ® €q,) = Cgn(a; ... ® eq, D e1)

where m: My 1 — Mgn

. . _
(iv) 0%Cgi+gonitns(€ay @ ... ® ean1+n2) =
174
Cgrn(€ar ® -+ ® €qp, ® €)M Cgymy (1 @ € 1y ® - @ €ay 1))
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Cohomological field theories

V' (graded) C-vector space, 7 (graded) symm. nondeg. bilinear form
et,...,en (homogeneous) basis of V, N comm. assoc. ring

n: VO — H*(Mgn, C)®N (graded) linear maps

Potential :
F(t;e): ZSQQF ), where
920
1 n
A= X8 (M) T
n>0 e >0 gi=1
2g—2+4n>0

n

(s () - T (€)= / Com(@rear) [T 02

g,n i=1
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Examples of cohomological field theories

@ Trivial CohFT: V =C,n=1, ¢4 =1,
@ Hodge CohFT : V =C, n=1, ¢y = A(s) := Z§:1 s\
@ GW theory : X smooth projective variety,
V =H*X,C), n=PD, N=C[HX,Z)]
Con(®Fia;) = Peev™(QF€q,)q”
where p : M (X, 8) = My,
ev: Mgn(X,8) — X"
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Examples of cohomological field theories

@ Trivial CohFT: V =C,n=1, ¢4 =1,
@ Hodge CohFT : V =C, n=1, ¢y = A(s) := Z§:1 s\
@ GW theory : X smooth projective variety,
V =H*X,C), n=PD, N=C[HX,Z)]
Con(®Fia;) = Peev™(QF€q,)q”
where p : M (X, 8) = My,
ev: Mgn(X,8) — X"

o Witten's r-spin classes : V = C" 1, n®8 = Oa+B8,r

r—spin

o (€ay ® ... ®eq,) = (—1)rIp, (o, .. an)
where ch’%(al, o) € HY(S (a1, .0y an))

p:Synlar, ... an) — Mg,
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Integrable hierarchies from CohFTs

CohFT

needs
semisimplicity quantum Double Ramification

hierarchy

lh—)()

(classical) Double Ramification

Dubrovin-Zhang hierarchy hierarchy
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Integrable hierarchies from CohFTs

CohFT
|

needs

semisimplicity quantum Double Ramification

I
|
|
l hierarchy
|
| lh—)O
|
Dubrovin-Zhang hierarchy I\/Tiura (classical) [;ic:el:::ihsamlflcatlon

transformation
(Buryak’s conj.)
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Integrable hierarchies from CohFTs

needs

semisimplicity quantum Double Ramification

|
|
|
[ hierarchy
|
I lh—)(}
|
Dubrovin-Zhang hierarchy I\/Tiura (classical) [ﬁic:el:::ihsamlflcatlon

transformation
(Buryak’s conj.)

DZ hierarchy : the central object is F'(t%;¢), which is interpreted as the (log
of the) tau function of the topological (u“(x,0;¢) = xd{') solution to the
system of PDEs. Hamiltonians and Poisson structure can be reconstructed
from it.
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Dubrovin-Zhang hierarchy of a semisimple CohFT

OPF(t5,th,...
F(ty. b5, i0) = Y Fyti 11, )%, Quppg(thth,..58) = 7&;5 <)
9>0 i
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Dubrovin-Zhang hierarchy of a semisimple CohFT

. 52 g
F(t5,t],..58) = D Fylts £, )e%,  Qappg(th £, e) = Srtiei)
9>0 n
710] 0
Genus 0 h, (”*):Qg]pﬂm(to*” 0,0,...)
—_— (KDZ)aB _ naﬂa
v*(x, th,t5,. . .) solution to 2 o 5 = {v* hﬁq}Dz
with initial datum v *(z,th =0) = 26
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Dubrovin-Zhang hierarchy of a semisimple CohFT

O2F(t: 1%,
F(ty. b5, i0) = Y Fyti 11, )%, Quppg(thth,..58) = 7&35 <)
9>0 :

U 0
Genus 0 Py (v ):QL]eruo(to*U 0,0,...)
—_— (KDZ)aB _ naﬂa
v*(x, th,t5,. . .) solution to 2 o 5 = {ov® hﬁq}Dz
with initial datum v *(z,th =0) = 26

Proposition (Eguchi-Getzler-Xiong, DZ, Buryak-Posthuma-Shadrin)
Genus g1 p (g ¢1,..) =

Fy(Po(v8y---503g-2)s -+ +s P3g_a(v5, .-, 035_2),0, .. )|z=0
2 * *
w(vie) = v+ 3 5 aQQW not a Miura transf. !

{ B (0*) s Tt (w3 e)

DZ DZ
K;%— Kw
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Dubrovin-Zhang hierarchy of a semisimple CohFT

" O2F(t: 1%,
F(ty. b5, i0) = Y Fyti 11, )%, Quppg(thth,..58) = 72&015 <)
P

920
-] 0 " "
Genus 0 : hop(07) = QL,]erl;l,O(tO =0%,0,0,...)
(K%)= 0o,

: o —[0
v*(z, 1§, 7, . . .) solution to % = {v®, hg}q}pz
q

with initial datum v®(z,t5 = 0) = 26¢

Proposition (Eguchi-Getzler-Xiong, DZ, Buryak-Posthuma-Shadrin)
Genus g1 p (g ¢1,..) =

FQ(PJ(US’ ) 'U§g_2), ) Pékg—Q(v87 cee a'U>3kg—2)a 0’ o ')|1’:0
2 * *
w(vie) = v+ 3 5 aQQW not a Miura transf. !
—[0] —DZ Sy
T (V) Ry (wiie)  RRE(wiie) i= A (wise) 4+ 50,y £20 Sppaltsie)
- P
KDPZy KD?Z F(t%; ) tau function for w*(z,0;¢) = xd¢
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g01-00n s 3 polynomial in aq,...,a, of degree 2¢ :

a,d;a ..., 0y,
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Double ramification hierarchy

g;Qa1,-.-,0n _ d n
Pa,d;al,...,an - / )‘977/}1 Cgn+1 (eOé ® ®i:1604i)
DRy(— 3" aj,a1,....an
g01-00n s 3 polynomial in aq,...,a, of degree 2¢ :

a,d;a ..., 0y,
G301 50500 2 : PIibLbn b abr
a,d;aq,...,0n a,d;ay .. 1 Y0

> bi=2g
2\g
(—e®) : ; .
- E N E g;A1,.--,an o1 o IT Y a
Ja,d ‘= n! Pa,d;al,...,an Pqy -- 'par? € '
g>0,n>0 " a1,..,an€Z
2g—1+n>0
_e2\g ~
_ 2 : (—¢*) § : Pobiba 01 an
- n! a,d;ay .0 by T Py,
g>0,n>0 TS bi=2g
2g—14n>0

where uf = 8" E ple®
a€”Z



Double ramification hierarchy
0®000000

Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k




Double ramification hierarchy
0®000000

Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k
Local functionals : A := A/Imo, & C




Double ramification hierarchy
0®000000

Quantum double ramification hierarchy

Diff. polynomials : A := C[[ug]][u}][[e]],
Local functionals : A := A/Imo, & C

dege = —1, degup =k

Standard bracket :  {-,-} : Al x AUl — Ali+i-1]
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(i) Gap € Al
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Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k
Local functionals : A := A/Imo, & C

Standard bracket :  {-,-} : Al x AUl — Ali+i-1]

(0§, P} = k0P g0
Theorem (Buryak, R. "15)
(i) gayp € AL,
(1) {Gap: .4} =0,
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Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k
Local functionals : A := A/Imo, & C

Standard bracket :  {-,-} : Al x AUl — Aliti-1
(0§, P} = k0P g0
Theorem (Buryak, R. "15)
(i) gap € A,
(i) {Gapr9s,qt =0
(iii) 02(D —1)gapt1 = {Gap, 11}, D=+ souls

s Jug’
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Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k
Local functionals : A := A/Imo, & C

Standard bracket :  {-,-} : Al x AUl — Aliti-1
(0§, P} = k0P g0
Theorem (Buryak, R. "15)
(i) gap € A,
(i) {Gapr9s,qt =0
(iii) 02(D —1)gapt1 = {Gap, 11}, D=+ souls

s Jug’
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Quantum double ramification hierarchy

Diff. polynomials : A := C[[uj]][ul][[e]], dege =—1, deguj==k
Local functionals : A := A/Imo, & C

Standard bracket :  {-,-} : Al x AUl — Aliti-1
(0§, P} = k0P g0
Theorem (Buryak, R. "15)
(i) gap € A,
(i) {Gapr9s,qt =0
(iii) 02(D —1)gapt1 = {Gap, 11}, D=+ souls

s Jug’
. 0 _
(IV) aw gg,fﬁ_'—l = {ga,pv gﬁ,O} }

P Jga +1 {hOé,p = ga
W) h — . — Q,p = tau struct.
( ) «a,p dul {ha,p—17 h67q} = {hﬂ,qfh h()é,p}
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Quantum double ramification hierarchy

9;2.17~~A,an (S) —
[C 2103160 PRIPRLe 27)

/ A (3) wilcg,n—i-l (ea ® ®?:1€ai)
DRg(=3"a;,a1,...,an)
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Quantum double ramification hierarchy

g;ai,...,an (S) — A (3) wilcg,n+1 (ea X ®?:16a7;)

a,d;any..,0m

/[)Rg(— > ai,at,...,an)

301,...an - -
o dir ., (8) is @ polynomial in ay, ..

., ay, of max degree 2g :
g;a1,---,0n — ~g;b17“'1bn bl bn
PG ()= Y RSk ()bl

a,d;aq,...,a
> bi=2k<2g
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Quantum double ramification hierarchy

9;317-“7(% (S) —
&,A5001 5...,0n,

/ A (3) wilcg,n—i-l (ea ® ®?:1€ai)
DRg(=3"a;,a1,...,an)

Pagjg;o’é'l'ffan (s) is a polynomial in ay,...,a, of max degree 2g :
J5215---5An — ~g§b17~-~abn b1 b
Pa,d;al,...,an (S) - E Pa,d;al,...,an (5) ap” ... a,”
> bi=2k<2g
1Y 2
G R (lh) Pg;al,“.,a" 13 a1 an iCEZai
od - | a,d;aq,...,0 . pa1 . 'pan €
n! )&y 9eeey Zh
920,n>0 ai,...,an€Z
2g—14n>0
iH)g _ )
= E (lh) § P.g?blymabn € ’U,al uan
n! a,d;al,...,an Zh bl e bn
920,n>0 S b;<2g
2g—1+n>0

where u® = E pleit
a€’Z
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Quantum double ramification hierarchy

Quantum diff. polynomials : A, := A[[h]], degh= -2

Quantum local functionals : A, := A;/Imoyx & C

Quantum bracket : [,] ;Ag] x A([Jj] - _A([;‘H—l]

5 1] = ihknP 8 j0
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Quantum diff. polynomials : A, := A[[h]], degh= -2

Quantum local functionals : A, := A;/Imoyx & C
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5. ] = ihknP 0450
Theorem (Buryak, R. '15)
(i) Gap e ASY,
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Quantum double ramification hierarchy

Quantum diff. polynomials : A, := A[[h]], degh= -2

Quantum local functionals : A, := A;/Imoyx & C

Quantum bracket : [,] ;Ag] x A([Jj] - .A,[;ﬂ_l]

5. ] = ihknP 0450
Theorem (Buryak, R. '15)

(i) Gap e AFY,
(i) [GapsGpql =0,
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Quantum double ramification hierarchy

Quantum diff. polynomials : A, := A[[h]], degh=—
Quantum local functionals : A, := A;/Imoyx & C

Quantum bracket : [,] ;Ag] x A([Jj] - .A,[;ﬂ_l]

5. ] = ihknP 0450
Theorem (Buryak, R. '15)
(i) Gap e ASY,
(ii) [Gap,Gpql =0,
(iii) 0(D—=1)Gapt1 =} [Gap,Gr1], D :i=eZ+2R5+3us sau&,
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Quantum double ramification hierarchy

Quantum diff. polynomials : A, := A[[h]], degh=—

Quantum local functionals : A, := A;/Imoyx & C

Quantum bracket : [,] ;Ag] x A([Jj] - .A,[;ﬂ_l]

5. ] = ihknP 0450
Theorem (Buryak, R. '15)

(i) Gap e A,
(i) [Gap,G5 o =0 -
(III) ( )Goc,erl = % [Ga,paGl,l] , D:= 68€—|—2h
8Ga -
(iv) 0o =55 = % [Gap,Gpo]

Zs>0 s 8u“’
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Quantum double ramification hierarchy

Quantum diff. polynomials : A, := A[[h]], degh=—

Quantum local functionals : A, := A;/Imoyx & C

Quantum bracket : [,] ;Ag] x A([Jj] - .A,[;ﬂ_l]

(o, p]] = kP60
Theorem (Buryak, R. '15)

(i) Gape A=Y,

(i) [Gap, Gﬁ o =0 -
(i) o(D—1)Gapt1 = 3 [Gap, G|, Di=ef+2h5+3 50 udz2s,

8G’a -
(iv) 8p =2t = 3 [Gap, Gpo) ,
(5G F — é
v) H, optl gy T T — tau struct.
( ) “ T {[Hoz7p1’H67q] = [Hﬁ,q—l’Ha,p]
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Classical double ramification hierarchy

Historically this came first, invented in [Buryak '14].
Classical limit : ~ #[F, é“h:o = {-,-} Poisson bracket in std form
Gap(uise, M)],_g =t Gaplui;e) € Al
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Classical double ramification hierarchy

Historically this came first, invented in [Buryak '14].
Classical limit : ~ #[F, é“h:o = {-,-} Poisson bracket in std form
Gap(uise, M)],_g =t Gaplui;e) € Al

Conjecture (DR/DZ equivalence, Buryak "14)

There exists a Miura transformation w® — u® such that

7DZ * - *
ha,p(w*; 5) = ga,p(u*; 5) {'a '}DZ = {'7 }
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Double ramification tau structure

5Ga hap =7
DR tau structure :  hgyp = % = { {pr,f%g o =1{hs q—l?ﬁa p}

u® = n*h, _1 normal coordinates
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Double ramification tau structure

. 69(1 E P :g 5
DR tau structure :  hg ap -+ 5ulp - { {ijﬂ,%g q} = {hﬁ q—bﬁap}

u® = n*h, _1 normal coordinates

DR tau function :  tau function associated to u“(x,0;¢) = xd{ :
FPR(tx e Z€2QFDR v), where
g>0
1 n DR n
= ¥ LS (flae) T
n>0 di,esdn>0 \i=1 g =1

2g—2q-n>0
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

(Tay (eay) - - - Tdm(eam))?R =0

when Yt d; >3g—34+m or Yt di <29—2.

Remark : the first selection rule holds for F'(t};¢) too, but not the second !
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

(Tay (eay) - - - Tdm(eam))?R =0

when Yt d; >3g—34+m or Yt di <29—2.

Remark : the first selection rule holds for F'(t%;¢) too, but not the second !
Idea : We know that normal Miura transformations of the form
T = w® 4 O, {F Ty} P
generated by F(w?,¢) € Al72], changes tau functions by
F(t5;e) = F(tise) + F(wi(x,t3€);¢) g

Can we find F(w?;¢) so that F/(t*;¢) satisfies the selection rule ?
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

(Tay (eay) - - - Tdm(eam))I;R =0

when Y " d; >39g—34+m or Y ' di <29—2.

Remark : the first selection rule holds for F'(t%;¢) too, but not the second!
Theorem (BDGR '16)

3 F(wkse) € A7 such that Fred .= F + F(wi;e)|,_, satisfies the
above selction rules.

Conjecture (Strong DR/DZ conjecture)

The DR and DZ hierarchies are equivalent via the normal Miura

transformation generated by the unique F(w};¢) found above
( . Fred _ FDR).
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Strong DR/DZ equivalence

Theorem (B '14, BR '14, BG'15, BDGR '16)

The strong DR/DZ equivalence conjecture holds for the trivial CohFT, the
full Hodge class, Witten's 3-, 4- and 5-spin classes and the GW theory of
P!

Remark : for degree reasons, if the conjecture is true for the ADE
Fan-Jarvis-Ruan-Witten CohFTs, the normal Miura transformation is trivial.
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Quantization of important integrable hierarchies

@ KdV:

3 2 .
— [ 5 ih
Gi = / (E + 5 Wae — ﬂ“) de

Generating series for e =0 : y* Gil._g= ——F—
d;1 = y2S(Vidy)

where S(z) := 5
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Quantization of important integrable hierarchies

@ KdV:

3 2 .
— [ 5 ih
Gi = / (E + 5 Wae — ﬂ“) de

A

Generating series for e =0 : Z y* Gil._o = ; ys(ﬁy‘%)“ -2
a>—1 28(Vixy)
where S(z) := ‘ﬁ_ze 2

o LW :
el h . —2 g | Byl
Gf/ vy 2gg1| 29| —Z—u—zh £29 QHQ 1 da
( ; 20 ; 2(29)! ¢

(matches operator ¢1(O/Z)e in QH*((C?)!")) [Okounkov-Pandharipande])
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Quantization of important integrable hierarchies

@ KdV:

3 2 .
— u € ih
a=f (z gt~ ﬂ“) e
. . 1
Generating series for e =0 : E y* Gil._g= ——F—
d>—1 2S(Vix Y)

where §(z) ;= £2=

eys(%yaz)u . y72

m\n

O, — 29 p 1 29| ih ; 29—-2 g Bay|
Gl/(—l-z 'uugg—ﬂu—thE I 2(29)!uu2g dx
g>1 g>1
(matches operator c¢1(O/Z)e in QH*(((CQ)["])) [Okounkov-Pandharipande])
@ Toda:

G1,1:/<

+qu” f—u +zhz 29-2 ng' Uyl 1>d .

ey g0y
B 2" =" w
+ Z 29 29 ulu%q +q (e —’_26 u? — 2) 3 (e0x)u
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Generalized DR hierarchies

Proposition (BDGR '16)

The cassical DR construction and properties work more in general for the
even part of partial CohFTs

Examples :

@ Invariant part of a CohFT wrt a finite symmetry group I :
CohFT| I | CohFT"
. . T Ag (222 G,
Fan-Jarvis-Ruan-Witten theory : By | Z/2Z 2
Dy, |Z/3Z Gy
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Generalized DR hierarchies

Proposition (BDGR '16)

The cassical DR construction and properties work more in general for the
even part of partial CohFTs

Examples :

@ Invariant part of a CohFT wrt a finite symmetry group I :
CohFT| I | CohFT"
. . T Ag (222 G,
Fan-Jarvis-Ruan-Witten theory : By | Z/2Z 2
Dy, |Z/3Z Gy

@ Even part of GW theory :
1
ng _/<2(u1)2u4+2(u2)3+u1u2u3
Quintic threefold : oo . o5
+ ch(du2 —2) g%ed + 3(uglE)Q) dx
d=1
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DRH for smooth varieties with ¢1(X) <0

Proposition

Let X be a smooth variety with dim X > 0 and non-positive first Chern
class. Let 1,01,...,0y be a homogeneous basis for H€*"(X,Q) (hence
with deg0; > 2). Then

2
e x(X)
Jap = Gup+ 5a,1ﬂ7(ul)p Uy,

where x(X) is the Euler characteristic of X and u' is the variable
associated with the class 1.

Examples : all Calabi-Yau manifolds, surfaces of general type, Enriques
surfaces, degree D hypersurfaces in CPY with D > N > 1, etc.
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DRH for smooth varieties with ¢1(X) <0

Examples :
0 ¢(X)<3—-dmX = gy, =/ (fX %—? _52%(%15)2) dz, e.g.
K3 surfaces (c1(X) =0, x(X) =24, dim H® = 24) :

93
911 = / ( ar 52(%15)2> dx
! 3l

@ smooth hypersurfaces of degree D in PV with
a(X)=(N+1-D)H <0, e.g quintic (c1(X) =0, x(X) = —200,
dim H® = 4).

o Enriques surface X = £3 (2¢1(X) =0, x(X) =12, dim H®" = 12) :

_ 0, (ul)?
91,1—/< X?)!—52( 2) )dl‘

o Enriques CY3 X = {L2F (c1(X) = 0, x(X) =0, dim H® = 24) :

= _ =0
911 = 911
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Classification of hierarchies of DR type

The recursion relation

Gaar1 = (D —1)710; 1G4, G1 1]
Ga,fl = nauuu

. : : G
(maybe together with string equation 9 gﬂ“ = (y,q or the more general
8%‘2%“ = 0, }[Gaa, Gpo]) can be used to look for all G1 1 that produce

commuting hierarchies.
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Classification of hierarchies of DR type

The recursion relation

Gaar1 = (D —1)710; 1G4, G1 1]
Ga,fl = nauuu

: : . 9G
(maybe together with string equation gﬂ“ = (y,q or the more general
8%‘2%“ = 0, }[Gaa, Gpo]) can be used to look for all G1 1 that produce

commuting hierarchies.

Fact :

In dim V =1 at low genus (g < 7) we find a family of G1 1 with one new
parameter at each genus (even at & = 0). These parameters correspond to
the most general CohFT (a product of any number of Hodge classes

A(s) =Y st\).
Fact : In dimV = 2 and & = 0 we start finding partial CohFTs.
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Computing Gromov-Witten invariants by degeneration

The degeneration formula for (relative) GW invariants can be used together
with the DR hierarchy to compute GW invariants. In the simple case of
P! x P! it looks something like :

€F[P

1, , F, —& =0 e
1xpl(t(l’1)’t(w’l)vsfz w)’sfzw ‘“);s,h) _ [e (]P>1><]P1,DOO)(6P1>O Y, g,h
a 1 (%) a 9 . h
ez SdGa,d (pzoyngvapgovaprgoyga )eF(]PlXPI,DO)(p;O’p‘;O;E’h)]
pi=0
where o = (1,w), (w,w) and p§ = 1), Py = tw1)

Changing the caps on the left/right with more general objects (for instance
blowups) one gets other surfaces (see [Cooper-Pandharipande,
Block-Goettsche]).

But we can compute any descandants (recursion) and insert \-classes!



Applications
000000e

Double ramification bibliography

A. Buryak, Double ramification cycles and integrable hierarchies, Communications in Mathematical Physics 336
(2015), no. 3, 1085-1107.

A. Buryak, J. Guéré, Towards a description of the double ramification hierarchy for Witten's r-spin class, to appear
in the Journal de Mathématiques Pures et Appliquées, arXiv :1507.05882.

A. Buryak, B. Dubrovin, J. Guéé, P. Rossi, Tau-structure for the Double Ramification Hierarchies, preprint
arXiv :1602.05423.

A. Buryak, P. Rossi, Recursion relations for Double Ramification Hierarchies, Communications in Mathematical
Physics (2015), DOI : 10.1007/s00220-015-2535-1, arXiv :1411.6797.

A. Buryak, P. Rossi, Double ramification cycles and quantum integrable systems, Letters in Mathematical Physics
(2015), DOI : 10.1007/s11005-015-0814-6, arXiv :1503.03687.

See also :
A. Buryak, S. Shadrin, L. Spitz, D. Zvonkine, Integrals of 1)-classes over double ramification cycles, American
Journal of Mathematies 137 (2015), no. 3, 699-737.

B. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius manifolds and Gromov-Witten
invariants, a new 2005 version of arXiv :math/0108160, 295 pp.

O. Fabert, P. Rossi, String, dilaton and divisor equation in Symplectic Field Theory, International Mathematics
Research Notices, rnq251, 21 pages, DOI :10.1093/imrn/rnq251, 2010, arXiv :1001.3094.

P. Rossi, Integrable systems and holomorphic curves, Proceedings of the Gkova Geometry-Topology Conference
2009, 34-57, Int. Press, Somerville, MA, 2010.

P. Rossi, Nijenhuis operator in contact homology and descendant recursion in symplectic field theory, Proceedings of
the Gékova Geometry-Topology Conference 2014, 156-191, Gékova Geometry/Topology Conference (GGT), Gdkova,
2015.

P. Rossi, Gromov-Witten invariants of target curves via Symplectic Field Theory, Journal of Geometry and
Physics 58 (2008), no. 8, 931-941.

P. Rossi, Gromov-Witten theory of orbicurves, the space of tri-polynomials and Symplectic Field Theory of Seifert
fibrations, Mathematische Annalen (2010) 348 :265-287, DOI :10.1007/s00208-009-0471-0, arXiv :0808.2626



	Integrable systems
	Cohomological field theories
	Double ramification hierarchy
	Applications

