
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Integrable systems Cohomological �eld theories Double rami�cation hierarchy Applications

Double rami�cation hierarchies
and their applications

Paolo Rossi

Institut de Mathématiques de Bourgogne



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Integrable systems Cohomological �eld theories Double rami�cation hierarchy Applications

Integrable systems

Evolutionary PDEs : uα = uα(x, t), x ∈ S1, α = 1, . . . , N

∂uα

∂t
= F (u, ux, uxx, . . .)

a vector �eld on the �space� of uα(x)

Di�erential polynomials : A = C[[u∗0]][u∗∗][[ε]], uαk = ∂kxu
α

deg(uαk ) = k, deg(ε) = −1

Local functionals : Λ = A/(Im∂x ⊕ C)

A ∋ f(u∗∗; ε) 7→ f =
∫
fdx ∈ Λ

Poisson structure : {f, g}K =
∑
s≥0

∂f

∂uµs
∂sx

(
Kµν δg

δuν

)
Kµν =

∑
j≥1

Kµν
j ∂jx, Kµν

j ∈ A[−j+1]
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Integrable systems

Coordinate (Miura) tranformations : ũα = ũα(u∗∗, ε) ∈ A[0]

det

(
∂ũ∗|ε=0

∂u∗

)
̸= 0

Action on Poisson bracket : Kαβ
ũ = (L∗)αµ ◦Kµν

u ◦ Lβ
ν

(L∗)αµ =
∑
s≥0

∂ũα

∂uµs
∂sx, Lβ

ν =
∑
s≥0

(−∂x)s ◦
∂ũβ

∂uνs

Theorem (Getzler '02)

There exist a Miura transformation bringing any Poisson bracket to the
standard form

Kµν = ηµν∂x, ηµν constant, symmetric and nondegenerate
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∂ũ∗|ε=0

∂u∗

)
̸= 0

Action on Poisson bracket : Kαβ
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Integrable systems

Hamiltonian system :
∂uα

∂t
= {uα, h}K , h(u∗∗; ε) ∈ Λ[0]

Integrable hierarchy : hα,d ∈ Λ[0], α = 1, . . . , N, d ≥ 0

{hα,i, hβ,j}K = 0

Example (KdV) : N = 1, K = ∂x

hKdV =

∫ (
u3

6
+
ε2

24
uuxx

)
dx

∂u

∂t
= uux +

ε2

12
uxxx

h0 =
∫ (

u2

2

)
dx

h1 =
∫ (

u3

6 + ε2

24uuxx

)
dx

h2 =
∫ (

u4

24 + ε2

24

(
uu2x + u2uxx

)
+ ε4

480uuxxxx

)
dx

. . .
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Integrable systems

Tau structure : hα,p ∈ A[0], p ≥ −1 such that :

hα,p =
∫
hα,pdx,

{f, h1,0}K = ∂xf

hα,−1 are N independent Casimirs of {·, ·}K ,

{hα,p−1, hβ,q}K = {hβ,q−1, hα,p}K .

Tau functions : Let ∂xΩα,p;β,q(u
∗
∗; ε) := {hα,p−1, hβ,q}K .

Then for any solution u∗(x, t, ε) there exists F (t∗∗, ε)

(Ωα,p;β,q(u
∗
∗(x, t

∗
∗; ε); ε))|x=0 =

∂2F

∂tαp ∂t
β
q

Normal coordinates : ũα = ηαµhµ,−1(u
∗
∗; ε)

Kαβ
ũ = ηαβ∂x +O(ε), η const. sym. nondeg.
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∗
∗; ε)

Kαβ
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∗
∗; ε)

Kαβ
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Integrable systems

Normal Miura transf. : (a Miura that preserves the tau structure)

Let uα already be normal coordinates

and let F(u∗∗; ε) ∈ A[−2] :

ũα = uα + ηαµ∂x{F , hµ,0}K

Then h̃β,q = hβ,q + ∂x{F , hβ,q+1}K is again
a tau structure

E�ect on tau functions : F̃ (t∗∗; ε) = F (t∗∗; ε) + F(u∗∗(x, t
∗
∗; ε); ε)|x=0
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Canonical quantization wrt standard Poisson bracket

Quantum di�. polynomials : Aq := A[[~]], deg ~ = −2

Quantum local functionals : Λq := Aq/Im∂x

Fourier coordinates : uα =
∑

k∈Z p
α
k e

ikx

{pαk , p
β
j } = ηαβikδk+j,0

Quantum bracket : [·, ·] : A[i]
q × Λ

[j]
q → A[i+j−1]

q

[pαk , p
β
j ] = i~kηαβδk+j,0

[f, g] =
∑
n≥1

r1,...,rn≥0
s1,...,sn≥0

(−i)n−1~n

n!

∂nf

∂u
α1
s1

. . . ∂u
αn
sn

(−1)
∑n

k=1 rk

 n∏
k=1

η
αkβk

×

×
2n−1+

∑
(sk+rk)∑

j=1

(−1)
2n−1+

∑
(sk+rk)−j
2 C

s1+r1+1,...,sn+rn+1
j ∂

j
x

∂ng

∂u
β1
r1
. . . ∂u

βn
rn

.

Li−d1
(z) . . .Li−dk

(z) = C
d1,...,dk
j Li−j(z), Li−d(z) :=

∑
k≥0

k
d
z
k
.
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Moduli space of curves

Mg,n =

{
closed stable Riemann surfaces of genus g,
with n distinct marked points x1, . . . , xn

}/
∼

C stable : smooth but for possible nodal singularities, with Aut(C) �nite

Mg,n is compact of dimension
3g − 3 + n [Deligne,Mumford, '69]
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⟨ϕ1, . . . , ϕg⟩

Tautological bundles :

Li → Mg,n, i = 1, . . . , n

ψi = c1(Li) ∈ H2(Mg,n,Q)

Hodge bundle :

H → Mg,n

λk = ck(H), k = 1, . . . , g

Double rami�cation cycle :

DRg(a1, . . . , an) = {(C;x1, . . . , xn) ∈ Mg,n | ∃f, (f) =
∑
aixi} ⊂ Mg,n

dimDRg(a1, . . . , an) = 2g − 3 + n, ai ∈ Z

DRg(a1, . . . , an) = PD
(
p∗
[
Mg,(a1,...,an)(P1; 0,∞)

]vir) ∈ H2g(Mg,n,Q)
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Double rami�cation cycle

Hain's formula :

Mg,n ⊃ Mct
g,n = {C ∈ Mg,n| all nodes of C are separating}

H2g(Mct
g,n) ∋ DRg(a1, . . . , an)|Mct

g,n
=

1

g!

−1

4

∑
J⊂{1,...,n}

g∑
h=0

a2Jδ
J
h

g

aJ :=
∑
j∈J

aj , δJh =


 , δ

{i}
0 = −ψi
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a2Jδ
J
h

g

aJ :=
∑
j∈J

aj , δJh =


 , δ

{i}
0 = −ψi
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Double rami�cation cycle

Pixton's formula :

P rg (a1, . . . , an) :=
∑

Γ stable graph
w weighting mod r

1

Aut(Γ)

1

h1(Γ)
ξΓ∗

[
n∏
i=1

ea
2
iψi

∏
e=(h,h′)∈E(Γ)

1− e−w(h)w(h′)(ψh+ψh′ )

ψh + ψh′



Stable graphs : MΓ = = Γ

Weightings mod r : w : H(Γ) → {0, . . . , r − 1}, such that

w(hi) = ai mod r, w(h) + w(h′) = 0 mod r∑
h at �xed
vertex

w(h) = 0 mod r
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Double rami�cation cycle
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Cohomological �eld theories

V (graded) C-vector space, η (graded) symm. nondeg. bilinear form

e1, . . . , eN (homogeneous) basis of V ,

N comm. assoc. ring

cg,n : V ⊗n → H∗(Mg,n,C)

⊗N

(graded) linear maps
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Cohomological �eld theories

V (graded) C-vector space, η (graded) symm. nondeg. bilinear form

e1, . . . , eN (homogeneous) basis of V ,

N comm. assoc. ring

cg,n : V ⊗n → H∗(Mg,n,C)

⊗N

(graded) linear maps such that :

(i) cg,n is Sn (graded) equivariant,

(ii) c0,3(e1 ⊗ eα ⊗ eβ) = ηαβ ,

(iii) π∗cg,n(eα1 ⊗ . . .⊗ eαn) = cg,n(eα1 ⊗ . . .⊗ eαn ⊗ e1)
where π : Mg,n+1 → Mg,n

(iv) σ∗cg1+g2,n1+n2(eα1 ⊗ . . .⊗ eαn1+n2 ) =
cg1,n1(eα1 ⊗ . . .⊗ eαn1 ⊗ eµ)η

µνcg2,n2(eν ⊗ eαn1+1 ⊗ . . .⊗ eαn1+n2 )

where σ : Mg1,n1+1 ×Mg2,n2+1 → Mg1+g2,n1+n2

(v) σ∗cg+1,n(eα1 ⊗ . . .⊗ eαn) = cg,n+2(eα1 ⊗ . . .⊗ eαn ⊗ eµ ⊗ eν)η
µν

where σ : Mg,n+2 → Mg+1,n
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Cohomological �eld theories

V (graded) C-vector space, η (graded) symm. nondeg. bilinear form

e1, . . . , eN (homogeneous) basis of V , N comm. assoc. ring

cg,n : V ⊗n → H∗(Mg,n,C)⊗N (graded) linear maps

Potential :

F (t∗∗; ε) :=
∑
g≥0

ε2gFg(t
∗
∗), where

Fg(t
∗
∗) :=

∑
n≥0

2g−2+n>0

1

n!

∑
d1,...,dn≥0

⟨
n∏

i=1

τdi(eαi)

⟩
g

n∏
i=1

tαidi ,

⟨τd1(eα1) . . . τdn(eαn)⟩g :=

∫
Mg,n

cg,n(⊗n
i=1eαi)

n∏
i=1

ψdi
i .
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Examples of cohomological �eld theories

Trivial CohFT : V = C, η = 1, cg,n = 1,

Hodge CohFT : V = C, η = 1, cg,n = Λ(s) :=
∑g

j=1 s
jλj

GW theory : X smooth projective variety,

V = H∗(X,C), η = PD, N = C[H2(X,Z)]

cg,n(⊗n
i=1eαi) = p∗ev

∗(⊗n
i=1eαi)q

β

where p : Mg,n(X,β) → Mg,n

ev : Mg,n(X,β) → Xn

Witten's r-spin classes : V = Cr−1, ηαβ = δα+β,r

cr−spin
g,n (eα1 ⊗ . . .⊗ eαn) = (−1)dr1−gp∗c

vir
g,n(α1, . . . , αn)

where cvirg,n(α1, . . . , αn) ∈ H∗(Sr
g,n(α1, . . . , αn))

p : Sr
g,n(α1, . . . , αn) → Mg,n
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∗(⊗n
i=1eαi)q

β

where p : Mg,n(X,β) → Mg,n

ev : Mg,n(X,β) → Xn

Witten's r-spin classes : V = Cr−1, ηαβ = δα+β,r

cr−spin
g,n (eα1 ⊗ . . .⊗ eαn) = (−1)dr1−gp∗c

vir
g,n(α1, . . . , αn)

where cvirg,n(α1, . . . , αn) ∈ H∗(Sr
g,n(α1, . . . , αn))

p : Sr
g,n(α1, . . . , αn) → Mg,n
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quantum Double Rami�cation
hierarchy

~→0

��

Dubrovin-Zhang hierarchy
oo

Miura
transformation
(Buryak's conj.)

// (classical) Double Rami�cation
hierarchy

DZ hierarchy : the central object is F (t∗∗; ε), which is interpreted as the (log
of the) tau function of the topological (uα(x, 0; ε) = xδα1 ) solution to the
system of PDEs. Hamiltonians and Poisson structure can be reconstructed
from it.
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Dubrovin-Zhang hierarchy of a semisimple CohFT

F (t∗0, t
∗
1, . . . ; ε) =

∑
g≥0

Fg(t
∗
0, t

∗
1, . . .)ε

2g, Ωα,p;β,q(t
∗
0, t

∗
1, . . . ; ε) =

∂2F (t∗0 ,t
∗
1 ,...;ε)

∂tαp ∂t
β
q

Genus 0 :

{
h
[0]

α,p(v
∗) = Ω

[0]
α,p+1;1,0(t

∗
0 = v∗, 0, 0, . . .)

(KDZ
v )αβ = ηαβ∂x

vα(x, t∗0, t
∗
1, . . .) solution to ∂vα

∂tβq
= {vα, h[0]β,q}DZ

with initial datum vα(x, t∗∗ = 0) = xδα1

Genus g :
Proposition (Eguchi-Getzler-Xiong, DZ, Buryak-Posthuma-Shadrin)

Fg(t
∗
0, t

∗
1, . . .) =

Fg(P
∗
0 (v

∗
0 , . . . , v

∗
3g−2), . . . , P

∗
3g−2(v

∗
0 , . . . , v

∗
3g−2), 0, . . .)|x=0

wα(v∗∗ ; ε) = vα +
∑
g≥1 ε

2g ∂
2Fg(v

∗
0 ,...,v

∗
3g−2)

∂tα0 ∂x
not a Miura transf. !{

h
[0]

α,p(v
∗) 7→ h

DZ

α,p(w
∗
∗; ε)

KDZ
v 7→ KDZ

w

hDZ
α,p(w

∗
∗; ε) := h

[0]
α,p(w∗

∗; ε) +
∑
g≥1 ε

2g ∂
2Fg(w

∗
∗ ;ε)

∂tαp+1∂x

F (t∗∗; ε) tau function for wα(x, 0; ε) = xδα1
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Double rami�cation hierarchy

P g;a1,...,an
α,d;α1,...,αn

=

∫
DRg(−

∑
ai,a1,...,an)

λgψ
d
1cg,n+1 (eα ⊗⊗n

i=1eαi)

P g;a1,...,an
α,d;α1,...,αn

is a polynomial in a1, . . . , an of degree 2g :

P g;a1,...,an
α,d;α1,...,αn

=
∑

∑
bi=2g

P̃ g;b1,...,bn
α,d;α1,...,αn

ab11 . . . abnn

gα,d :=
∑

g≥0,n≥0
2g−1+n>0

(−ε2)g

n!

∑
a1,...,an∈Z

P g;a1,...,an
α,d;α1,...,αn

pα1
a1 . . . p

αn
an eix

∑
ai

=
∑

g≥0,n≥0
2g−1+n>0

(−ε2)g

n!

∑
∑

bi=2g

P̃ g;b1,...,bn
α,d;α1,...,αn

uα1
b1
. . . uαnbn

where uαb = ∂bx

(∑
a∈Z

pαae
ibx

)
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Quantum double rami�cation hierarchy

Di�. polynomials : A := C[[u∗0]][u∗∗][[ε]], deg ε = −1, deg u∗k = k

Local functionals : Λ := A/Im∂x ⊕ C

Standard bracket : {·, ·} : A[i] × Λ[j] → A[i+j−1]

{pαk , p
β
j } = ikηαβδk+j,0

Theorem (Buryak, R. '15)

(i) gα,p ∈ A[0],

(ii) {gα,p, gβ,q} = 0,

(iii) ∂x(D − 1)gα,p+1 =
{
Gα,p, g1,1

}
, D := ε ∂

∂ε +
∑

s≥0 u
α
s

∂
∂uαs

,

(iv) ∂x
∂gα,p+1

∂uβ
=
{
gα,p, gβ,0

}
,

(v) hα,p :=
δgα,p+1

δu1 =⇒
{
hα,p = gα,p
{hα,p−1, hβ,q} = {hβ,q−1, hα,p}

tau struct.
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Quantum di�. polynomials : Aq := A[[~]], deg ~ = −2

Quantum local functionals : Λq := Aq/Im∂x ⊕ C

Quantum bracket : [·, ·] : A[i]
q × Λ

[j]
q → A[i+j−1]

q

[pαk , p
β
j ] = i~kηαβδk+j,0

Theorem (Buryak, R. '15)

(i) Gα,p ∈ A[≤0]
q ,

(ii) [Gα,p, Gβ,q] = 0,

(iii) ∂x(D−1)Gα,p+1 =
1
~
[
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= 1

~
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Gα,p, Gβ,0

]
,

(v) Hα,p :=
δGα,p+1

δu1 =⇒
{
Hα,p = Gα,p

[Hα,p−1, Hβ,q] = [Hβ,q−1, Hα,p]
tau struct.
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Quantum double rami�cation hierarchy

Quantum di�. polynomials : Aq := A[[~]], deg ~ = −2

Quantum local functionals : Λq := Aq/Im∂x ⊕ C

Quantum bracket : [·, ·] : A[i]
q × Λ

[j]
q → A[i+j−1]

q

[pαk , p
β
j ] = i~kηαβδk+j,0

Theorem (Buryak, R. '15)

(i) Gα,p ∈ A[≤0]
q ,

(ii) [Gα,p, Gβ,q] = 0,

(iii) ∂x(D−1)Gα,p+1 =
1
~
[
Gα,p, G1,1

]
, D := ε ∂

∂ε+2~ ∂
∂~+

∑
s≥0 u

α
s

∂
∂uαs

,

(iv) ∂x
∂Gα,p+1

∂uβ
= 1

~
[
Gα,p, Gβ,0

]
,

(v) Hα,p :=
δGα,p+1

δu1 =⇒
{
Hα,p = Gα,p

[Hα,p−1, Hβ,q] = [Hβ,q−1, Hα,p]
tau struct.
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Classical double rami�cation hierarchy

Historically this came �rst, invented in [Buryak '14].

Classical limit : 1
~ [F,G]

∣∣
~=0

= {·, ·} Poisson bracket in std form

Gα,p(u
∗
∗; ε, ~)|~=0 =: gα,p(u

∗
∗; ε) ∈ A[0]

Conjecture (DR/DZ equivalence, Buryak '14)

There exists a Miura transformation wα 7→ uα such that

h
DZ
α,p(w

∗
∗; ε) 7→ gα,p(u

∗
∗; ε) {·, ·}DZ 7→ {·, ·}
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Double rami�cation tau structure

DR tau structure : hα,p :=
δgα,p
δu1 =⇒

{
hα,p = gα,p
{hα,p−1, hβ,q} = {hβ,q−1, hα,p}

ũα = ηµνhµ,−1 normal coordinates

DR tau function : tau function associated to ũα(x, 0; ε) = xδα1 :

FDR(t∗∗; ε) =:
∑
g≥0

ε2gFDR
g (t∗∗), where

FDR
g (t∗∗) =:

∑
n≥0

2g−2+n>0

1

n!

∑
d1,...,dn≥0

⟨
n∏
i=1

τdi(eαi)

⟩DR

g

n∏
i=1

tαi

di
.
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

⟨τd1(eα1) . . . τdm(eαm)⟩
DR
g = 0

when
∑m

i=1 di > 3g − 3 +m or
∑m

i=1 di ≤ 2g − 2.

Remark : the �rst selection rule holds for F (t∗∗; ε) too, but not the second !
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

⟨τd1(eα1) . . . τdm(eαm)⟩
DR
g = 0

when
∑m

i=1 di > 3g − 3 +m or
∑m

i=1 di ≤ 2g − 2.

Remark : the �rst selection rule holds for F (t∗∗; ε) too, but not the second !

Idea : We know that normal Miura transformations of the form

ũα = wα + ηαµ∂x{F , h
DZ
µ,0}DZ

generated by F(w∗
∗, ε) ∈ A[−2], changes tau functions by

F̃ (t∗∗; ε) = F (t∗∗; ε) + F(w∗
∗(x, t

∗
∗; ε); ε)|x=0

Can we �nd F(w∗
∗; ε) so that F̃ (t∗∗; ε) satis�es the selection rule ?
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Strong DR/DZ equivalence

Proposition (Buryak-Dubrovin-Guéré-R. '16)

⟨τd1(eα1) . . . τdm(eαm)⟩
DR
g = 0

when
∑m

i=1 di > 3g − 3 +m or
∑m

i=1 di ≤ 2g − 2.

Remark : the �rst selection rule holds for F (t∗∗; ε) too, but not the second !

Theorem (BDGR '16)

∃! F(w∗
∗; ε) ∈ A[−2] such that F red := F + F(w∗

∗; ε)|x=0 satis�es the
above selction rules.

Conjecture (Strong DR/DZ conjecture)

The DR and DZ hierarchies are equivalent via the normal Miura
transformation generated by the unique F(w∗

∗; ε) found above
( ⇐⇒ F red = FDR).
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Strong DR/DZ equivalence

Theorem (B '14, BR '14, BG'15, BDGR '16)

The strong DR/DZ equivalence conjecture holds for the trivial CohFT, the
full Hodge class, Witten's 3-, 4- and 5-spin classes and the GW theory of
P1.

Remark : for degree reasons, if the conjecture is true for the ADE
Fan-Jarvis-Ruan-Witten CohFTs, the normal Miura transformation is trivial.
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Quantization of important integrable hierarchies

KdV :

G1 =

∫ (
u3

6
+

ε2

24
uuxx −

i~
24

u

)
dx

Generating series for ε = 0 :
∑
d≥−1

yd Gd|ε=0 =
1

y2S(
√
iλy)

e
yS

(
λ√
i
y∂x

)
u − y−2

where S(z) := e
z
2 −e−

z
2

z

ILW :

G1 =

∫ u3

6
+
∑
g≥1

ε2gµg−1 |B2g|
2(2g)!

uu2g −
i~
24

u− i~
∑
g≥1

ε2g−2µg
|B2g|
2(2g)!

uu2g

 dx

(matches operator c1(O/I)• in QH∗((C2)[n])) [Okounkov-Pandharipande])

Toda :

G1,1 =

∫  (u1)2uω

2
+
∑
g≥1

ε2g
B2g

(2g)!
u1u1

2g + q

(
e

ε∂x
2 + e−

ε∂x
2

2
uω − 2

)
eS(ε∂x)uω

+quω − i~
12

u1 + i~
∑
g≥1

ε2g−2 B2g

(2g)!
uω2gu

1

 dx.
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Generalized DR hierarchies

Proposition (BDGR '16)

The cassical DR construction and properties work more in general for the
even part of partial CohFTs

Examples :

Invariant part of a CohFT wrt a �nite symmetry group Γ :

Fan-Jarvis-Ruan-Witten theory :

CohFT Γ CohFTΓ

A2n−1 Z/2Z Cn

E6 Z/2Z F4

D4 Z/3Z G2

Even part of GW theory :

Quintic threefold :

g1,1 =

∫ (
1

2
(u1)2u4 +

5

6
(u2)3 + u1u2u3

+
∞∑
d=1

cd(du
2 − 2) qdedu

2

+
25ε2

3
(u1x)

2

)
dx
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DRH for smooth varieties with c1(X) ≤ 0

Proposition

Let X be a smooth variety with dimX > 0 and non-positive �rst Chern
class. Let 1, θ1, . . . , θM be a homogeneous basis for Heven(X,Q) (hence
with deg θi ≥ 2). Then

gα,p = g[0]α,p + δα,1
ε2

24

χ(X)

p!
(u1)p u1xx,

where χ(X) is the Euler characteristic of X and u1 is the variable
associated with the class 1.

Examples : all Calabi-Yau manifolds, surfaces of general type, Enriques

surfaces, degree D hypersurfaces in CPN with D > N > 1, etc.
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DRH for smooth varieties with c1(X) ≤ 0

Examples :

c1(X) < 3− dimX =⇒ g1,1 =
∫ (∫

X
θ3

3! − ε2 χ(X)
24 (u1x)

2
)
dx, e.g.

K3 surfaces (c1(X) = 0, χ(X) = 24, dimHev = 24) :

g1,1 =

∫ (∫
X

θ3

3!
− ε2(u1x)

2

)
dx

smooth hypersurfaces of degree D in PN with
c1(X) = (N + 1−D)H ≤ 0, e.g quintic (c1(X) = 0, χ(X) = −200,
dimHev = 4).
Enriques surface X = K3

σ (2c1(X) = 0, χ(X) = 12, dimHev = 12) :

g1,1 =

∫ (∫
X

θ3

3!
− ε2

(u1x)
2

2

)
dx

Enriques CY3 X = K3×E
(σ,−1) (c1(X) = 0, χ(X) = 0, dimHev = 24) :

g1,1 = g
[0]
1,1
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Classi�cation of hierarchies of DR type

The recursion relation{
Gα,d+1 = (D − 1)−1∂−1

x [Gα,d, G1,1]
Gα,−1 = ηαµu

µ

(maybe together with string equation
∂Gα,d+1

∂u1 = Gα,d or the more general
∂Gα,d+1

∂uβ
= ∂−1

x [Gα,d, Gβ,0]) can be used to look for all G1,1 that produce
commuting hierarchies.

Fact :
In dimV = 1 at low genus (g ≤ 7) we �nd a family of G1,1 with one new
parameter at each genus (even at ~ = 0). These parameters correspond to
the most general CohFT (a product of any number of Hodge classes
Λ(s) =

∑
siλi).

Fact : In dimV = 2 and ~ = 0 we start �nding partial CohFTs.
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Computing Gromov-Witten invariants by degeneration

The degeneration formula for (relative) GW invariants can be used together
with the DR hierarchy to compute GW invariants. In the simple case of
P1 × P1 it looks something like :

eFP1×P1 (t
(1,1),t(ω,1),s

(1,ω)
d ,s

(ω,ω)
d ;ε,~) =

[
e
F(P1×P1,D∞)

(
∂

∂p1>0
, ∂
∂pω>0

;ε,~
)

e

∑
sαdGα,d

(
p1≥0,p

ω
≥0,

∂

∂p1>0
, ∂
∂pω>0

;ε,~
)
e
F(P1×P1,D0)

(p1>0,p
ω
>0;ε,~)

]
p∗∗=0

where α = (1, ω), (ω, ω) and p10 = t(1,1), pω0 = t(ω,1).

Changing the caps on the left/right with more general objects (for instance
blowups) one gets other surfaces (see [Cooper-Pandharipande,
Block-Goettsche]).

But we can compute any descandants (recursion) and insert λ-classes !
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