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Abstract

We consider the portfolio optimization problem for the criterion of maximization of ex-
pected terminal log-utility. The underlying market model is a regime-switching diffusion
model where the regime is determined by an unobservable factor process forming a finite
state Markov process. The main novelty is due to the fact that prices are observed and the
portfolio is rebalanced only at random times corresponding to a Cox process where the in-
tensity is driven by the unobserved Markovian factor process as well. This leads to a more
realistic modeling for many practical situations, like in markets with liquidity restrictions; on
the other hand it considerably complicates the problem to the point that traditional method-
ologies cannot be directly applied. The approach presented here is specific to the log-utility.
For power utilities a different approach is presented in the companion paper [11].
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1 Introduction

Among the optimization problems in finance, portfolio optimization is one of the first and most
important problems. A classical formulation for this problem is the maximization of expected
utility from terminal wealth and here we shall consider the case of a log-utility. What is novel
in our paper is the market model, where we assume that the dynamics of the prices, in which
one invests, are of the usual diffusion type having however the following two peculiarities:

e the coefficients in the dynamics depend on an unobservable finite-state Markovian factor
process 6; (regime-switching model);

e the prices S} of the risky assets, or equivalently their log-values, are observed only at doubly
stochastic random times 7y, 7, - - -, for which the associated counting process forms a Cox
process (see e.g. [4], [15]) with an intensity n(6;) that depends on the same unobservable
factor process 6.

Such models are relevant in financial applications for various reasons: regime switching models,
which are relevant also in various other applied areas, have been extensively used in the financial
literature, because they account for various stylized facts, such as e.g. the volatility clustering. On
the other hand, random discrete time observations are more realistic in comparison to diffusion-
type models since, especially on small time scales, prices do not vary continuously, but rather
change and are observed only at random times in reaction to trading or the arrival of significant
new information and it is reasonable to assume that the intensity of the price changes depends
on the same factors that specify the regime for the price evolution (see e.g. [10], [7]).

The partial observation setup, due to the non direct observability of the Markovian factors
and their consequent updating on the basis of the actual observations, allows for a continuous
updating of the underlying model and there is a huge literature on hidden Markov factor/regime-
switching models (for a monograph see e.g. [9]). Concerning hidden Markov factors in portfolio
optimization we limit ourselves to mention only some of the most recent ones that also summarize
previous work in the area, more precisely [3], [20], [25] as well as the recent monograph [2] and,
for the case when also defaultable securities are included, [5].

Due to the fact that the prices of the assets in which one invests are only observed at the
random times 75, we shall restrict our investment strategies to be rebalanced only at those
same time points. Although slightly less general from a theoretical point of view, restricting
trading to discrete, in particular random times, is quite realistic in finance, where in practice
one cannot rebalance a portfolio continuously: think of the case with transaction costs or with
liquidity restrictions (in this latter context see e.g. [12], [13], [18], [22], [23], [24] where the authors
consider illiquid markets, partly also with regime switching models as in this paper, but under
complete information).

Our problem belongs thus to the class of stochastic control problems under incomplete in-
formation with the objective given by the maximization of expected log-utility, but it has the
peculiarity that the observations are given by a Cox process with intensity depending on the un-
observed factor process. Log-optimal investment problems have by now been studied extremely
well in the literature and it is generally known that the log-optimal portfolio is myopic, i.e. it
depends only on the local dynamics of the tradable assets. A recent rather complete account can
be found in [14], where the asset prices are supposed to be general semimartingales, but there



is complete information on the underlying market model and the asset price observations take
place continuously in time. The conclusions of [14] cannot be extended directly to the setup of
this paper (see more in the next paragraph) and one of the objectives here is to show that, also
in our context, one can obtain similar results. Maximization of expected log-and power-utility
of terminal wealth has in particular been studied also in [6], but for a simpler model than the
present one, where the prices follow a pure jump process, the coefficients in the model are de-
terministically given, and only the jump intensity is unobserved. It is shown in [6] that, in the
partial information case, the approach used for log-utility cannot be carried over straightfor-
wardly to the power utility case, even if there are close analogies, and so for the latter case a
different approach is presented. This happens also in our situation and, in fact, for the same
model as in the present paper, we treat the power utility case in the companion paper [11] by a
different approach.

The standard approach to incomplete observation stochastic control problems is to transform
them into the so-called ”separated problem”, where the unobservable quantities are replaced by
their conditional distributions. This requires to

e solve the associated filtering problem;

e formulate the separated problem so that its solution is indeed a solution of the original in-
complete observation problem.

The filtering part of our problem has been studied in [7] (see also [8]), where it was found that
(see Abstract in [7]) "the given problem does not fit into the standard diffusion or simple point
process filtering framework and requires more technical tools”. Indeed, for a given function f(6)

defined on the state space E = {e1, e, ...,en} of our hidden Markov process {6;}, the filtering
equation is given as in (3.6) according to [7]. However, since our observations take place only
along a sequence of random times 7y, 7, 72, ... up to a given time horizon 7', useful information
arrives in a discrete way, namely via i = m;(1,,(6;)) evaluated at the indicator functions 1, (-),
i=1,..., N along the sequence 1y, 71, T2, .... The corresponding dynamics are:

7T~Zrk+1 = M"(Tk41 — Ty Xy — X r)

with the discounted log prices X, , as it is seen in (3.13), where M = (M',..., M") is a function
taking its values on the N —1- dimensional simplex (2.2) and defined by (3.10)-(3.11). This follows
from the filtering results. Thus we obtain the Markov process {7y, ﬂTk,XTk, }22 1, with respect to
the filtration Gy defined in (2.11), forming the state variable process of our reduced control
problem with full information. Further, our portfolio strategies k% on the interval [, 7xy1) are
determined by X;, XTk and the G, measurable random variable hy as is seen in (2.16). Note that
once we choose a strategy hy at a time instant 74, then the portfolio strategy on [rg, 7k41) is
determined by the dynamics of the securities prices. Therefore we take as the set of admissible
strategies the totality of the sequences of G, measurable random variables taking their values
in the m dimensional simplex H,, defined in (2.14), where m is the number of risky assets.
Then, our original criterion defined by (4.4) and (4.5) can be reformulated by a function C' of
(T, Try,, i) as is shown in (4.7) in Lemma 4.1. This part of our results has a crucial meaning
since, even if we choose our strategy hj only at the time instants 7, the portfolio proportion hy
depends on the evolution of the securities prices that, on each time interval (7, 7x+1) between
the observation points 7, and 741 is unobservable and our original criterion depends on them
as well as on the unobservable state process 6;.



Next, we note that the sum appearing in the right hand side of (4.7) is infinite since, although
the number of observation times 75 up to 7T is finite a.s., it depends on w. Therefore, the myopic
strategy maximizing each C (Tks Try,, h) on H,y, cannot be shown directly to be the optimal one.
We thus proceeded to obtain

e an approximation result leading to a ”value iteration-type” algorithm;

e a general dynamic programming principle.

At this point one might observe that our problem setup is analogous to a discrete time, infinite
horizon problem with discounting because, in fact, the trading times are discrete in nature and
may be infinite in number as we mentioned above. Furthermore, as we shall show below, the
operator that is implicit in the dynamic programming principle is a contraction operator. We
want however to point out that our results are obtained by an approach that is specific to our
problem as described above and they cannot just be obtained on the basis of the apparent
analogy with the discrete time infinite horizon problem with discounting. On the other hand,
concerning the optimal strategy we show that also in our setup it turns out to be of the myopic

type.

Our results for the control part of the problem concern both the value function and the
optimal control/strategy. Many studies in stochastic control concern only the value function
and those deriving also the optimal control obtain it generally on the basis of the value function
for which the latter has to be sufficiently regular. Since, as we show also for our setup, the
optimal strategy can be derived directly on the basis of the local dynamics of the asset prices,
the value function is derived here for its own interest (one may in fact want to know what is the
best that one can achieve with a given problem formulation).

The paper is structured as follows. In Section 2 we give a more precise definition of the
model and the investment strategy and specify the objective function. In Section 3 we recall the
relevant filtering results from the literature and, on the basis of these results, we introduce an
operator that is important for the control results. The control part is then studied in section 4
with the main result stated in Theorem 4.1. In view of proving this theorem, Section 4 contains
various preliminary results with the more technical proofs deferred to the Appendix.

2 Market model and objective

2.1 Introductory remarks

As mentioned in the general Introduction, we consider here the problem of maximization of
expected log-utility from terminal wealth, when the dynamics of the prices of the risky assets
in which one invests are of the usual diffusion type but with the coefficients in the dynamics
depending on an unobservable finite-state Markovian factor process (regime-switching model).
In addition it is assumed that the risky asset prices S}, or equivalently their logarithmic values
X! := log S}, are observed only at random times 79,71, -+ for which the associated counting
process forms a Cox process with an intensity n(6;) that also depends on the unobservable factor
process 6;.



2.2 The market model and preliminary notations

Let 6; be the hidden finite state Markovian factor process. With @ denoting its transition
intensity matrix (QQ—matrix) its dynamics are given by

A0, = Q*0,dt + dM,, 0 = €, (2.1)

where M; is a jump-martingale on a given filtered probability = space
(Q, F,F, P). If N is the number of possible values of ;, we may without loss of generality
take as its state space the set E = {ey,...,en}, where e; is a unit vector for each i =1,..., N
(see [9]).
The evolution of #; may also be characterized by the process 7 given by the state probability
vector that takes values in the set
N
Syi={reRY|> a'=10<7"<1i=12... N} (2.2)
i=1
namely the set of all probability measures on E and we have 7, = P(¢ = ¢;). Denoting by M(E)

the set of all finite nonnegative measures on F, it follows that Sy C M(F). In our study it will
be convenient to consider on M(FE) the Hilbert metric dg(m, 7) defined (see [1] [16] [17]) by

_ m(A) m(A)
dg(m, ) := log sup — sup —). 2.3
1(m ) (7‘r(A)>0,ACE T(A) z(A)>0,ACE W(A)) (23)

Notice that, while dy is only a pseudo-metric on M(E), it is a metric on Sy ([1]).

In our market we consider m risky assets, for which the price processes S* = (Slf)tzo,i =
1,...,m are supposed to satisfy

dS} = Si{r'(0)dt + > o’(0,)dB]}, (2.4)
J
for given coefficients r*(#) and aj-(&) and with Bg (j =1,---,m) independent (F;, P)—Wiener
processes. Letting X} = log S¢, by Itd’s formula we have, in vector notation,

X = Xo+ /Ot r(0s) —d(oc™(6s))ds + /ot o(0s)dBs, (2.5)

where by d(co*(6)) we denote the column vector ((oa*)!1(6),...,

is also a locally non-risky asset (bond) with price SY satisfying

$(oo*)™™(0)). As usual there

dSsp = roSYdt (2.6)

where r¢ stands for the short rate of interest. We shall also make use of discounted asset prices,

namely '
(2

- S - -
Sy = ng with X} := log S} (2.7)
t
for which, by Ito’s formula
dS} = SH{(r'(6:) — ro)dt + Y o(6,)dB]}, (2.8)

J



dX! = {r'(6;) — ro — d(oo*(6;))" Yt + i o'(6)dB]. (2.9)
j=1

As already mentioned, the asset prices and thus also their logarithms are observed only at

random times 7g, 71, 72, . . .. The observations are thus given by the sequence (Tk,XTk)keN that
forms a multivariate marked point process with counting measure
p(dt, dr) = zk: 1{7k<oo}5{7_k7)~(%}(t,:c)dtd:z:. (2.10)

The corresponding counting process Ay = fo me (dt, dx) is supposed to be a Cox process with
intensity n(6;), i.e. Ay — fo s)ds is an (F;, P)— martingale. We consider two sub-filtrations
related to (Tk,XTk)keN namely

Gy := FoVo{u((0,s] x B) : s <t,B € B(R™)},
(2.11)
G, :=FoV 0'{7'0, TO,Tl,XTl,TQ,XTQ, - ,Tk,XTk}.
where, again for simplicity, G, stands for G, .

In our development below we shall often make use of the following notations. For the condi-
tional (on F?) mean and variance of X; — X,, we set

mi(t) = [ [r(6s) — rol — d(o0™(65))]ds,
adlt) = ' oo*(6)ds

Tk

(2.12)

and, for z € R™, we set
p'?'k:,t(z> ~ N(z;mz<t)v Uz(t» (2.13)

namely the joint conditional (on F?%) m-dimensional normal density function with mean vector

mY(t) and covariance matrix of(t). In (2.13) the symbol ~ stands for ”distributed according

7

to”.

2.3 Investment strategies, portfolios, objective

As mentioned in the Introduction, since observations take place at random time points 7, we
shall consider investment strategies that are rebalanced only at those same time points 7.

Let N be the number of assets of type i held in the portfolio at time t, N} =", Liryrein) (t)Nj.
The wealth process is defined by
m
Vii=> NS
=0

hi = ‘t/tst,

and set, for simplicity of notation, hf€ = hik. The set of admissible investment ratios is given by

Consider then the investment ratios

H,, = {(h! )b + R4 A <1,0<h'i=1,2,...,m}, (2.14)



i.e. no shortselling is allowed and notice that H,, is b(_)unded_and closed. Put h = (ht,---  h™).
Analogously to [19] define next a function v : R™ x H,, — H,, by

h' exp(z?)

(2, h) == — . di=1,,...,m. (2.15)
14 32 hi(exp(1) — 1)
i=1
Noticing that IV, is constant on |1y, Tx+1), for i = 1,...,m, and t € [1, Tk+1) let
t B Zz ONZ 1 Zz ONl 1
_ NiSL Si/Sy  hpSi/Si, hyS2 /SPS;/Sz,
T ST NiSLS[/SL T ST hiSi/SE z;”oh@ 59 /SOS%/S o1
_ hj, exp(Xj— X1 ) _ hj, exp(X}—X1 ) (2.16)
hg+i§ hy exp(Xi—Xi ) 1+i§1 B (exp(Xi—Xi, )—1)
= ’71()215 - X‘I‘kv hk)
The set of admissible strategies A is defined by
A= {{h}2 0|k € Hp, Gy measurable for all k > 0}. (2.17)
Furthermore, for n > 0, we let
":={h e Alhpyi = hs,,,— forall i >1}. (2.18)
Notice that, by the definition of A", for all k> 1, h € A™ we have
?1+k‘ h”z7'n+k—
n—i—kSﬂZ' Ttk o n+k 1S7Z'n+k
Zz 0 TL+k‘S7Z'n+k ZZ 0 n+k Tn+k
<~ Nn+k = NnJrk:fl'
Therefore, for k> 1
Nn+k = Nna
and
AcAlc- A" Cc A" C A (2.19)
Remark 2.1. Notice that, for a given finite sequence of investment ratios hg, hy, - - hn such

that hy is an Gy—measurable, H,,—valued random variable for k < n, there ezists h(™ e A"
such that h,gn) = hg, k = 0,--- ,n. Indeed, if Ny is constant on [r,,T), then for hy we have
hy = v(Xy — Xy hn), Yt > 7. Therefore, by setting hgn) = hgy, £ =0,--- ,n, and hgﬁ:k =
Pry s k=1,2,---, since the vector process Sy and the vector function (-, hy) are continuous,
weseethath( )k_h k=1,2,---

Tn+k—)



Finally, considering only self-financing portfolios, for their value process we have the dynam-
ics
vy * .
A [ro + hi{r(0:) — rol}|dt + h;o(6;)dB;. (2.20)
t
Problem: Given a finite planning horizon 7' > 0, our problem of maximization of expected
terminal log-utility consists in determining

sup E|log Vr|mo = 0,7, = 7]
heA

as well as an optimal maximizing strategy h e A.

3 Filtering

As mentioned in the Introduction, the standard approach to stochastic control problems under
incomplete information is to first transform them into a so-called separated problem, where the
unobservable part of the state is replaced by its conditional (filter) distribution. This implies
that we first have to study this conditional distribution and its (Markovian) dynamics, i.e. we
have to study the associated filtering problem.

The filtering problem for our specific case, where the observations are given by a Cox process
with intensity expressed as a function of the unobserved state, has been studied in [7] (see also
[8]). In the first subsection 3.1 we therefore summarize the main results from [7] in view of their
use in our control problem in section 4. Related to the filter, in subsection 3.2 we shall then
introduce a contraction operator that will play a major role in obtaining the results in section
4, in particular for the approximation result in the main Theorem 4.1.

3.1 General Filtering Equation

Recalling the definition of p?(2) in (2.13) and putting

&7 (7, £) = n(6:) exp(— / : n(0,)ds), (3.1)
for a given function f(8) we let
Ul fit,2) = BLF OO 4@ — X0)6! (D)o {r,} v Gi) (3.2
Glfit)i= [ nlfita)de = E[F6)6" ()10 (0} v G (33)
m(f) = Elf(6)1G (3.4)

with ensuing obvious meanings of 7, (¢ (f;t,z)) and mr, (Yr(f;t)) where we consider 1, (f;t, )
and ¢y (f;t) as functions of 0, . The process m(f) is called the filter process for f(6;).

We have the following lemma (see Lemma 4.1 in [7]), where by P(G) we denote the predictable
o -algebra on  x [0, 00) with respect to G and set P(G) = P(G) ® B(R™).



Lemma 3.1. The compensator of the random measure p(dt,dz) in (2.10) with respect to P(G)
is given by the following nonnegative random measure

1y, (wk_(la t, (L’))
ST (1, 5))ds

v(dt,dr) =Y 1 () dtdz. (3.5)
k

The main filtering result is the following (see Theorem 4.1 in [7]).
Theorem 3.1. For any bounded function f(0), the differential of the filter m(f) is given by
dri(f) = m(Lf)dt
T T T o= B ) R T N
where L is the generator of the Markov process 0y (namely L = Q).

Corollary 3.1. We have

Ty, (Yr(f;t, @)
T (f) = 73 (3.7)
k+1 Tr, (¢k<17 t, -T)) t:Tk+1@:X7'k+1
Recall that in our setting #; is an N-state Markov chain with state space E = {eq,...,en},

where e; is a unit vector for each ¢ = 1,..., N. One may then write f(6;) = Zf\il fei)1e, (61).
Fori=1,...,N let i = m(1,(0;)) and

ri(t, z) = E[exp(/o —n(95)ds)p87t(2)|90 =ej,0, = ¢, (3.8)

pji(t) = P(Gt = 6i|00 = ej) (39)
and, noticing that m € Sy, define the function M : [0,00) x R™ x Sy — Sy by

>, nled)rji(ta)pyi (t)m!

M (t,z,7) = S ety (O (3.10)
M(t,z,m) = (M(t,z,7), M*(t,z,7),..., MN(t,z,T)). (3.11)
For ACFE
N .
M(t,z,m)(A) =Y M'(t,2,m)1{,cay (3.12)
i=1
The following corollary will be useful
Corollary 3.2. For the generic i-th state one has
7T7i.k+1 = Mi(Tk+1 - Tk, XTHI — er Tre) (3.13)

and the process {1, WTk,XTk}zozl 1s a Markov process with respect to Gy.



Proof. The representation (3.13) and the fact that {7, 7, X}k} is a Grp—adapted discrete
stochastic processes on [0, 00) x Sy X R™ follow immediately from Corollary 3.1 and the preceding
definitions. For the Markov property we calculate

P(Tk+1<tX1 < T1yeey X <a:m\gk)

Tk+1
= E[P(tp41 <t XTk+1 < L1y, X"’k+1 < T |Gk \/]—"9)|Qk]
= kaP X3, <mty X < am|Gr V FO)n(0s) exp(— [7 n(6,)du)ds|Gy)

= ka [oo Pros(z — X )n(0s) exp(— f n(6y,)du)dsdz|Gy)
= f:k S i Z n(ei)rji(s — i, 2 — X )pji(s — )l dsdz,

and for any bounded measurable function g on [0,00) x Sy x R™ it then follows that

E[g(Tha1, Tryrs Xriyr)1Gk]
= EBlg(Ths1s M (Tt — T Xy — Xrps Tr)s Xt ) |G
= E[E[g(Tk+1, M (g1 — i, X'T,M - er,ﬂrk)aer+1)|g(k) v ]'-Hﬂgk]
= E[[ Elg(t, M(t - 7o, X — Xy 7)), Xi)n(6r) exp(— fftk n(05)ds)|Gr. v FPdt|Gy]

= ka meg t,M(t—Tk,l‘—Xq—k,’/TTk),l') Zij n(ei)rji(t—m,x—X}k)pﬂ(t Tk)ﬂde.TUdt

where the last equation depends only on {7y, FTk,XTk} thus implying the Markov property. [J

3.2 A contraction operator

In this subsection we define a contraction operator (see Definition 3.1 below) that will be relevant
for deriving the results on the value function. In view of its definition and in order to derive its
properties, we need first to introduce some additional notions.

We start by defining an operator on M(FE) as follows
K'(t,x)m =Y nle)rji(t, x)pi(t), (3.14)
J
K(t,x)m = (K'(t,z)m, K(t, )7, ..., KN (t,2)n). (3.15)
For t € [0,00), z € R™, K'(t,x) is a positive linear operator on M(E). For A C E set

N
K(t,x)m(A) =Y K'(t,z)ml,e ;. (3.16)
i=1
By the definition of M'(t,z,7) and K'(t,x)w, setting x(t,z,7) := Y, K'(t,x)m, for t €
[0,00), z € R™, m € M(FE) we have

1

Mi(t,x, ) = wam)

K'(t,z)r . (3.17)

10



By the definition of the Hilbert metric dg(-,-), for ¢t € [0,00), x € R™, 7,7 € M(F) we then
have

dg(M(t,x,7),M(t,x,7)) = log(sup %giggﬁg sup %giggﬁg)
LS K(tz)m(A) L K(t,2)7(A)
_ r(t,x,m) rw(t,x,7)
= loglowp T R TP ek Kor ) (319)

K(t,x)w(A
) U Reiyaa))
t

Applying [1], Lemma 3.4 in [16] and Theorem 1.1 in [17] , for the positive linear operator K on
M(E) it then follows that

Ay (M(t,z,7), M(t,2,7)) = dp (K (t,2)7, K(t,2)7) < dp (7, 7) (3.19)

for t € [0,00), z € R™, m, 7 € Sy. By Lemma 3.4 in [16] , for Vm, 7 € Sy we also have

2
|m — 7|y < @dH(ﬂ',ﬁ'), (3.20)

where || - ||7v is the total variation on Sy.

We finally introduce a metric on [0,00) x Sy x H,, by

|t =t + dp(m,7) + > |n' = R (3.21)
i=1

for (t, m, h),(t, @, h) € [0,00) x Sy x H,, and considering the state space
Y :=1[0,00) x Sn, (3.22)
let Cy(X) be the set of bounded continuous functions g : ¥ — R with norm
gl := max [ g(=) | (3.23)
Definition 3.1. Let the operator J : Cy(X) — Cy(X) be given as follows
Jg(r,m)
= fTT Jom g(t, M(t — 7, 2,7)) Zij n(e;)rji(t —7,2)pji(t — 7)ml dzdt (3.24)
= Elg(n, ) lr <rylro = 7,707, = 7,
where M is defined in (3.10)-(3.11).

First we have

Lemma 3.2. .J is a contraction operator on Cy(X) with contraction constant ¢ :=1—e "1 < 1,
where i := maxn(f) = max; n(e;).

11



Proof. For Vg € Cy(%)
| Jg(t’ﬂ-) ‘ = ‘ E[g(Tlaﬂ-l)]'{T1<T}‘TO - t77rT0 = W] |
lgllP(m1 < Tl = t)

lgllE[(1 — exp(— [, n
9l (1 — exp(—=n(T — t)))

I IA

IN

and so
|79l < cllgll (3.25)

with ¢ as specified in the statement. O

Let Cp1ip(X) be the set of bounded and Lipschitz continuous functions g : ¥ — R and set
for g € belip(E),l

NMg) == Allgll + 9l (3.26)
where,
lg(T, ) — 9(7,7)]
9llip = sup 3.27
[ ]lp 7,7€[0,T] m,7€SN ’T_T‘"i_dH( ) ( )

Note that Cj;,(X) is a Banach space with the norm N*(g), for each A > 0.
Take a sufficiently large constant A such that

2 1
C, = (C+ max(ﬁ, @)X) < 1. (328)

Proposition 3.1. The operator J in Definition 3.1 is a contraction operator

I+ Coiip(X) = Coiip(X)

with contraction constant c'.

Proof. Let us first prove that Jg(¢, ) is Lipschitz continuous with respect to t. By assumption,
for all g € Cy15p(2),
|g(7-¢ 77) - 9(7_-7 7T)| < [g]lip|7- - 7_-|7 (329)

l9(r,m) = g(7, T)| < [gluipdi (7, 7). (3.30)

We change variables from ¢ to ¢t + 7,

T—1 )
Jg(r,m) = /0 /m gt +71,M(t,z,m)) Z n(e;)rji(t, 2)p;i(t)n’ dzdt. (3.31)

!We are grateful for an anonymous suggestion of this useful norm
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We then have
[ Jg(7,m) = Jg(7, )|
= | J Jam gt 4 7 M(t,2,m) Xy nlea)rsi(t, 2)pji (0 dzdt]
T fondg(t+ 7 M(t 2,7)) — g(t + 7, M(t, 2, m))}
Zl] n(e;)rji(t, 2)p;i(t)ml dzdi| (3.32)
nllglllm = 7| + [gluip|T — 7 ’f " Jam 2 i ned)ri(t, 2)pji(t)midzdt|
= allglllT = 7 + [glip|T — 7IP(11 < Tl = 7,707, = )

IN

< (allgll + clglup)lm — 7.
Next, let us prove that Jg(t, ) is Lipschitz continuous with respect to .
’Jg(Ta 7T) - Jg(Ta 7?)’
< o T Janfo(t, Mt 2,m)) — g(t, M(t2,7)} 34 nlen)ryilt, 2)pji (8)n) dzdt|
+ ]f me (t, M(t,z,7)) Zij n(e;)r;i(t, Z)pji(t)(ﬂ'j —ﬁj)dzdt|

‘ (3.33)
< |f " Jom 9liipda (M (t, z,7), M (t, z, 7)) > i nle)rsi(t, 2)pji(t) w7 dzdt|
+ ||gH10 dp(m,m)P(11 < T|m0 = 7)
< (roasllgll + clglip)du (m, 7).
Therefore,
Jg(r,m) — Jg(T, 7
oy = sp )= Jotr )
7,7€[0,T] ®,7ESN ’T - 7—| + H(ﬂ-a 7T)
< sup ’Jg(T,?T)—Jg(%7ﬁ)|+‘Jg(f',ﬂ)—Jg(i',ﬁ')’
~ 77€[0,T] m7ESN |7 = 7|+ du(m,7) (3.34)
(@llgll + clglup)lm — 7| + (g23llgll + clglip)dr (m, 7)
< sup - -
7,7€[0,T] 7, 7SN |7 — 7|+ du(m,7)
< max(7, gog)llgll + clglip-
Finally, we obtain
NMJg) = MlJgll + [Tglp
< Mgl + max(n, gag)llgll + c[glip (3.35)
< Mgl + clgluip
< INAg).
O
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4 The Control Problem /Log-utility

Recall from (2.20) that the value process of a self financing portfolio satisfies

A%
7; = [7‘0 —+ hI{T(Qt) — Tol}]dt + h:O’(et)dBt (41)

We have by Ito’s formula
log Vo = logvg + fOT hio(6;)dBy

T (4.2)
+ o lro+ hi{r(0) — rol} — Shioo™(0;)hy]dt.

Put
fO,h) :=ro+h*{r@) —rel} — %h*aa*(@)h (4.3)

and notice that this function f(-) is bounded under our assumptions. The expected log-utility
of terminal wealth then becomes

T
Ellog Vi|ro = 0, 7r, = 7] = log vg + E[/ FOu h)dt|mo = 0,75, = 7] (4.4)
0

and, as mentioned in section 2.3, we want to consider the problem of maximization of expected
terminal log-utility, namely

sup Eflog Vr|my = 0,7, = 7). (4.5)

heA
The results that we shall derive for the control part of the problem, and that we synthesize in
Theorem 4.1, concern both the optimal control that we shall show to be also here of the myopic
type, as well as the optimal value function, for which we shall derive an approximation result
(value iteration) as well as a Dynamic Programming principle. In subsection 4.1 we shall present
preliminary results, mainly in view of the optimal strategy, while in subsection 4.2 we shall
introduce the value function W (-) in the standard way and show some first properties related
to W(+). Using only the standard value function W (-) it turns out to be very difficult to obtain
the results that we are after and so in the further subsection 4.3 we introduce an auxiliary value
function W (-) that not only will be instrumental in obtaining our results, but is also the value
function that enters explicitly into the approximation result in Theorem 4.1 below (it is in fact
the value function that can be computed by value iteration).

4.1 Preliminary results in view of the optimal strategy
Definition 4.1. Let C’(T,W, h) be defined by
Crmh) = B[f[" f(8s,hs)ds|ro = 7,707, = 7]
= fTT me Z flei,v(z, h))rji(t — 7, 2)p;i(t — )7l dxdt, (4.6)
i.j

where y(x, h) = [y*(z', h),--- ,y™(z™, h)].
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Lemma 4.1.

(i) For the function defined by (4.3), we have the following equation

/ F(Os, hs)ds|ro = t, 7, = 7] = E[Y _ C(7h, oy, i) L ey 170 = £, 707y = ).

k

(ii) C is a bounded and continuous function on [0,T] x Sy X Hy,.

For the proof see the Appendix.

Corollary 4.1.

(i) There exists a Borel function h(r,m) such that SUPpeq,, C(r,m h) = C(r, 7, h

(i) The function )
C(t,m) = sup C(t,m, h).
he€Hm

is Lipschitz continuous with respect to t,m in the metric introduced in (3.21).

(4.7)

(4.8)

Proof. H,, is compact and C(7, 7, h) is a bounded continuous function on [0, T] x Sy x H,y,; there
exists then a Borel function h(7,7) such that (4.8) holds. Furthermore, C(t, 7, h) is uniformly

Lipschitz continuous with respect to ¢, 7.

4.2 Value function and first properties

We start with the following basic definition

O]

Definition 4.2. For given initial data (19 = t, 7, = ), where we now start at a generic time

t, consider the following value function for h € A
Wi(t,m h.) := ft (0s, hs)ds|To = t, mry = 7]

= [ C(Tlm Ty hk)l{Tk<T}‘7—0 =1, Ty = 7T]7
k=0

and define

W(t,m) = ]slléBW(t,ﬂ,h.)

T
= sup E| f(0s, hs)ds|ro = t, mr) = 7]
¢

heA
o0
= Sup E[ C(Tkaﬂ'm, hk)l{’rk<T}|7—0 =1, Tpy = 77]7
heA T

15
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Wn(t,m) = sup W(t,m, h.)
heA™

T
= sup E[ f(es, hs)ds|7_0 =1, Try = W]

Sup (4.11)
o0
= sup B[y C(7h,Tr, i) Lir <r}lT0 = t, Try = 7,
heA™ 1T,

where A™ was defined in (2.18).
Lemma 4.2. For all n >0 and h € A", we have the following equation
n—1
W(t,m h.) = E[Z CA'(Tk,Ter,hk)l{Tk<T}
k=0 (4.12)
+ f f(0s,v(Xs — X, b Ndslir, <ry|T0 = t, Try = 7.

For the proof see the Appendix.

Corollary 4.2. Forn >0, t € [0,T], m € Sy we have the following equation

n—1
Wn"(t,m) = sup F] (ks Trp s hie) Lig <
heAn kzo o <y (4.13)

+ anf (0, X XTn,h ))dSl{Tn<T}|TO =t, m =T

4.3 An auxiliary value function

Recall the function C(¢,7) defined in Corollary 4.1 as well as the operator J from Definition 3.1.
By Proposition 3.1 we have that J is a contraction operator on the Banach space Cj,j;, with its
norm N?(-). Therefore, lim,, o0 > o J*C exists and so we introduce the

Definition 4.3. Define the auziliary value function W (t, ) as
o
W= Z JkC
k=0

The following lemma then holds

Lemma 4.3. We have W € Ch1ip and it satisfies

W(t,m) = C(t,m) + JW(t, 7). (4.14)

Proof. Due always to the fact that (see Proposition 3.1) J is a contraction operator on the
Banach space Cp i, with its norm N A(4), in addition to the existence of lim,, s Yreod kC we
also have

(I-J)"Cc= i JkC

k=0
from which the result follows. O
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In view of deriving a recursion related to W (t,z) (value iteration), we start with the

Definition 4.4. Define, for h € H,,,

T
WO(t, 7, h) = E[/ fls,v(Xs — X¢, h))ds|mo = t, mry = ). (4.15)
¢
Furthermore, let
WO(t,7) := max WO(t,n,h), (4.16)
heH’I’L
and, forn >1 B B
Wn(t,m) = C(t,m)+JW" (¢, )
n-t _ 4.17
= > _JFC(t,7m) + J"WO(t, 7). (4.17)
k=0

Remark 4.1. The function WO(t,m h) in (4.15) is bounded and continuous with respect to
t,m, h. This follows by an analogous proof as in Lemma 4.1(ii).

We first state and prove the following lemma (later we need a relation from the proof)
Lemma 4.4.

(i) We have the equation

n—1

W™(t,7) = E[Z C(Tk,WTk)l{Tk<T} + WO(Tn,ﬂ'Tn)l{Tn<T}‘TO =t, m, = 7| (4.18)
k=0

(ii) For any e >0, we set ne := (log(1 — ) +loge —log NX(W1! — W0))/log ¢, where ¢ is the
contraction constant defined in (3.28). For all n > n,

NAW —W") <. (4.19)
Proof. We prove (7). For n>1
{1 <T} D {m <T}. (4.20)
Therefore,
Lr, <1l ra<ry = Ym<1)- (4.21)

For all g € Cy([0,T] x Sn) and n > 0, we have

E[g(Tn?T‘—Tn)l{Tn<T}‘TO =t, 7, = 7
(4.22)
= E[E[Q(Tnv 7"-‘I'n)l{Tn<T}|gn*1]1{7'n,1<T}’7—0 =1, = 7[-]'

because 1, <y Ell(;, «11|Gn—1] = E[l{7, <11|Gn—1]. Then, since (see (3.24))

E[g(Tnv 7""rn)l{ﬂ—n<T} |gn71]

T .
— an_l me gt, M(t — 1n—1,2,7r,_,)) Zn(ei)rﬁ(t — Tn—1,2)pji(t — Tn_l)ﬂ'ﬁnildzdt
ij

= Jg(Tn—laﬂ'Tnfﬂv ( )
4.23
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we have (see always (3.24))

E[g(Tn’ TrTn)l{Tn<T}|TU =t,mr = 71-] = E[Jg(Tn—lﬁ TrTnfl)l{Tn_1<T}‘T0 =t,mr = 77] (4 24)
= J"g(t,m). '
We thus obtain
n—1
wrt,m) = Y JRC(t,w) + J"WO(t,7)
k=0 (4.25)
= E[ Z;é C(Tk77er)1{Tk<T} + WO(TM TrTn)]‘{Tn<T}|T0 =1, Ty = 7T].
Next, we prove (i7). For any n,
NAW —W") = N lim W*™* — W™ = lim NYW"™* - W)
k—o0 k—o0
k—1 0o
A n—+i+1 n—+i A n+1 n AY)
< £§§:N (W — Wt < NN ) ;;d (4.26)
& / n
< NAWL =W () = NA(W1 —Ww.
i=0
O]

We close this subsection with three crucial lemmas. The first one, Lemma 4.5, establishes
the relationship between the actual and the auxiliary value functions. It is preliminary to the
following two lemmas 4.6 and 4.7 that are the main ingredients for the approximation result
in Theorem 4.1. Furthermore, Lemma 4.5 and its proof are also relevant in order to obtain the
optimal strategy (point iii) in Theorem 4.1).

Lemma 4.5. For all n > 0, we have the equality
W™(t,7) = W"(t, 7). (4.27)

Proof. By Corollary 4.2, for all n > 0

n—1
Wn(t,m) = sup E| (They Try s P ) L g7
( ) heAn Z k { r<T} (428)

+ ffr,l,: f 957’7(X5 - XT”’hn))d81{Tn<T}’TO — t77-‘-7_0 — 7'(']_

Since H,, is compact and W%(r, 7, h) is a bounded continuous function on [0,T] x Sy x Hyp,
there exists a Borel function w(7,7) such that sup,cg WO(r, 7 h) = WO(r, m,w(r, 7)) . Fur-
thermore, by Corollary 4.1(i) there exists a Borel function h(r, 7) such that SUPpeq,, C(r,m, h) =
C(r,m, h(r,)) holds. For n > 0, we define the strategy

hy = iL(Tk,ﬂ'Tk), 0<k<n-1
i = (). k=n (4.20)

hy = v(Xr, — Xp hn), k>0
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By definition of {Bk}keN, we have {Bk}keN € A". Using Lemma 4.4(i) and Lemma 4.2, for
n>0,te(0,T],T €SN

n—1
V_Vn(ta 7'[') = [ O(Tk77er)hk)1{Tk<T}
- (4.30)
+ an f X XTn, h ))dSl{Tn<T}|T0 =1, MTry = 7'&']
< W”(t,ﬂ').

Using again Lemma 4.2, (4.15) and Lemma 4.4(i), for alln > 0,h € A", t € [0,T], 7 € Sn

1
W(taﬂ-vh') [ O(Tk77TTk7hk)1{Tk<T}

3
I

?
o

+ f f sy Y X X.rn,h ))dSl{Tn<T}‘T0 =1, T = 7T]
n—1

Z Tkhﬂ-Tk)hk' 1{Tk<T} + W (Tn77TTn7 )1{Tn<T}|7-0 = t77T7'0 = 7'(']
k=0

n—1

< E[ C(Tk7 WTk)l{Tk<T} =+ V_VO(TTH 7'[-7'71)1{7—n<T}|7—0 =1,m7 = 77]
=0

k—
= W"(t, ).
(4.31)
Therefore, we have
W"(t,m) = sup W(t,m, h.) < W"(t,7), (4.32)
heA™
and so we obtain for all n >0
W™ (t,7) = W"(t, 7). (4.33)
O
Lemma 4.6. Forn >0, we have the estimate
Wh(t,m) < Wt m) < W(t,7) < W(t, 7). (4.34)
For the proof see the Appendix.
Lemma 4.7. The following estimate holds
W(t, ) < W(t, ) (4.35)

fort € [0,T],Vm € Sn.

For the proof see the Appendix.
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4.4 Main result

Based on the previous subsections we obtain now the main result of this section

Theorem 4.1.

(i) Approximation theorem :
For any € > 0,n > n,, B
NAW —W™) <, (4.36)

where ne is the constant defined in Lemma 4.4(ii) and, modulo the additive term log vy,
the function W = W (t, ) is the optimal value function (see (4.4), (4.9), (4.10)), N* is
the norm introduced in (3.26), and W™ are computed recursively according to (4.16) and

(4.17).
(i) Dynamic programming principle : for any n >0

W(t, 7T) = sup E[Z O(Tk77er7hk)1{rk<T}

+W(Tn+17 7TTn+1)]‘{Tn+1<T}’TO = t: Trg = ﬂ-]'

(11i) Optimal value and optimal strategy for the Log Utility Mazimization Problem : for the
uttlity maximization under the initial conditions Vo = vo, 70 = 0,17, = ™ we have

T
sup Ellog Vr|my = 0,7, = 7] = log vy + sup E[/ f(O, he)dt|To = 0,707, = 7]
heA heA 0

= logvg + C(0,7) + 3521 E[C(7h, Trps ) L <1y 70 = 0, 70y = 7],

(4.38)

with hy, defined in Corollary 4.1, namely SUDpeq,, C’(T,W, h) = é’(T,Tr, il(T,ﬂ')) and hy =

(7, 77, ) and

]Aﬁ = PYZ(Xt - XTM hk‘)a T <t < Tk+1 (439)

Proof. Let us first prove (7). By Lemma 4.6 and Lemma 4.7,

W(t,m) =W(t,m). (4.40)
Therefore, applying Lemma 4.4(ii) one obtains

NAW - W) < e. (4.41)
Next, let us prove (i7). By (4.40), Lemma 4.3, (4.24) and by Corollary 4.1

W(t,m) = W(tr) =Y JC+ Wt
k=0

n
= E[Z C(Tkv T‘-Tk:)]'{’rk<T} + W(Tn-i-l’ 7rTn+1)1{Tn+1<T}|TO =1,m7 = 77]
k=0
n

= ek’ 2 C s o) ey + W (Tt T 1)Ly 70 = £y = 7).
k=0

(4.42)
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Finally, (ii7) is an immediate consequence of (4.4), Lemma 4.1 and Lemma 4.5 and its proof. [

5 Appendix

Proof of Lemma 4.1.
Proof of statement (i). It follows from the two lemmas shown below.

Lemma 5.1. We have the following representation,

E[f (04, v(Xe — Xrp, b)) 1<y 11 1Gk]
[ 0t7 ht ‘gt ]- ThsT, + . (51)
kz>0 . k+1] [1{t§Tk+1}|gk:|
Proof. 1t suffices to prove that for any G;—adapted process Z;
[f(etv ( XTk7 hk))]-{t<7k }|gk]
E[E[f(0r, ht)|Gi| Z:] = L, — Zy). (5.2)
kz>0 I k+1] [1{t§7'k+1}|gk]
First notice that any G,—adapted process Z; has the representation (see [4])
Z I]Tk Tk+1 ( ) +Zs 1]’roo,oo[( ) (53)

k>0

with the process Zi(t) being G, ® B(R; )-measurable. Furthermore, under our assumptions, for
all t > 0, lim, i<ty =0 and thus

Zy = Z 1]7'k77k+1} (t)Zk(t) (54)

k>0

Note, finally, that E[l;, <<z, ,}|9k] = Lz, 00) () E[Lf1<r,,,}1Gk]]. We then have

EE[f(61, )G Zi) = E[f(0r.70) Y Lry 1) (8) Zi(8)]

k>0
= ZE etvht 1{t<Tk+1}’gk:]1{Tk<t}Z]€( )]
k>0
_ ZE[E[f(%ht)l{tgmﬂ}\gk}
k>0 E[l{tSTk+1}’gk]
E[f(eta ht)]‘{t<7'k }|gk:]
= FE L r 1 = Zt),
[Z koTh1] E[l{tg‘rkﬂ}‘gk} t]

By, v () Z1(1)|Gr]]

k>0

and thus we obtain (5.2) since
f (0, he) erk,f,m) F0n,v(Xe — Xop i),
k=0
which follows from (2.16). O
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Lemma 5.2. We have the following equation

ft f(0s, hs)ds|To = t, sy = 7| = E[Z O(Tk,WTk,hk)l{Tk<T}|Tg =,y = 7| (5.5)
k>0

with C(t, 7, h) defined by (4.6) in Definition 4.1.
Proof. For simplicity, in the following formula we shall use the notation
E4[ = E[ |10 = t, 77 = 7]

Using (5.1) we have similarly as above

E Os,7(Xs — Xr, h)) iscr . 1|G
Etw/ E Qsah |gs ds Etﬂ/ Zl]Tk,Tk+1 [f( 7( : k)) lo< k+1}| k]ds]

k>0 E[l{sémﬂ}wk]
= Et 7T Z/ 1]7—k, (95, W(XS - XTka hk‘))l{8<7’k+1}|gk]ds]
k>0
— [® n(0y)du o >
= Etﬂ Z/ 1]7—k, ka (6) f(esaV(XS - XTkvhk))|gk]d5]
k>0
— [* n(6y)du iyl o
= By / o0 (LBl "™ (813K = K hi)) (G V 0 {07, }]1Gids]
k>0
) (5.6)
Since (6, X;) is a time homogeneous Markov process,
E[e_ ka n(GU)duf(957’Y(Xs — XTk’ hm)’gk V 0{97% H (5 7)
= E[ei fot "(eu)d“f(et,y(f(t - x, h))‘go = 0, Xo = ZE]|t=8*7‘k79:9k,1=)2-rk7h=hk
We now have, recalling the definition of rj;(t, z) in (3.8),
EleJom©)ds) £, (X, — 2, h))[0p = 0, X = 2
= Ble RO B (0, 1(X, -, h)|FE v { Ko = 2}]/60 = 0, Xy = ]
= Bl fon®%) [0 £(8,,7(2,1))ph ,(2)dz100 = 8, KXo = 2]
== E m 1 —=e; =e; el’ z’ h
IS 2 Loumerdo=epp (€3 7(2: 1) (5.8)

Ele” I ”(es)dsp&t(z)wt = i, 00 = ¢j]dz|0p = 0, X = ]
= Elfgn 2 Yormes 00=e,1 (€0, (2, h))rji(t, 2)dz]00 = 0, Xo = ]
ij

= Jam 22 flei (2, B))rsi(t, 2)pji(8) 1 {p—c, 1 d2-
ij
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We finally have
T T
o / F(6e, ho)ds] = BT / Elf (0., h4)(G)ds]

Bty / Vo) ($)ELEle” 7 "0 (0, 7(Xy — Xy 1)) Gi V {07, }1(Gelds]

= Emzl{m<T}/ / Zf ei (2, i) )ji(s = Ths 2)pji(s — k)], dzds]

k>0

= Et’ﬂ[z C(Tk, Ty hk)l{Tk<T}]'

k>0
(5.9)
0
Proof of statement (ii) of Lemma 4.1.
We start by proving that C (t, 7, h) is Lipschitz continuous with respect to ¢.
Ct,mh) = [ fom Z Fle (@, h))rji(s — t,2)pji(s — t)midads
. (5.10)
- f me Zf(el7 (l’ h))rjl(s x)p]l( )ﬁ]dl‘ds
’-7
Thus
C(t,m,h) = CEmh) = | [7] Jam Zf (i, v(, 1)rji(s, ©)pji(s)m! dads|
(5.11)
< Al =,
where || f[| := sup.cp nem,, [If(e,h)||. Next, let us prove that C(t,,h) is Lipschitz continuous
with respect to 7 (in the metric introduced in (3.21)).
C(t,m,h) = Ctm ) = | f) " fam > fleisy(x, h))rji(s, @)pji(s) (n? — 77)dwds|
Z?]
_ _ 12
< ATl = 7 = AT S, [w(er) - 7] (512
< ATl = 7llrv < NAIT gazdn(m,7),

where we have used (3.20).

Next, let us prove that C(t,7,h) is continuous with respect to h (always in the metric
introduced in (3.21)). The function f(e;, h) is bounded and continuous with respect to h for all
i. Furthermore, (z, h) is continuous with respect to h for all x € R™. Applying the dominated
convergence theorem, for h,, C H,, s.t. lim h, = h € H,,

nh_{]go é(t’ T hy) = foTit me Z nh_{{)lo fles, v(w, hn))rji(s, x)pji(8>ﬂjd$d8
= fT tme Zf(eza (l’ h’))rjl(s -T)pﬂ( )W]d.'EdS (513)
i,j

= C(t,mh).
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C (t, 7, h) is thus continuous with respect to each of the variables ¢, 7, h. However, continuity in
t,m is independent of the other variable. Hence, C'(¢, 7, h) is a continuous function on [0,7] x

SN X Hm

Proof of Lemma 4.2

Fix n > 0. Recall the definition of hi given in section 2.3. Since S; is continuous and V;

satisfies the self-financing condition, we obtain

L NLSL NS, NS
™ V'rn_ V'rn Z;ZO N’;’LS;L'

Using (2.16), (2.18), for all k > 1,h € A"t € [Ty4k, T], one furthermore has

hi - Vi()?t - X7n+k’ hn+k) = 7i<Xt - XTn’ hn)'
Therefore, using lemma 4.1(i) for h € A"

n—1 T/\Tk+1

W(t, 7, h.) = E[Z/ F0s,v(Xs — Xy, hy))ds1 g, <1y
k=0"Tk
oo TATk41 _ B
+ Z/ f(0s,v(Xs — X hk))d81{Tk<T}|TO =t, Tr,
k=n"Tk
n—1

k=0

Proof of Lemma 4.6

By the definition of A", for n > 0, A" C A" C A, hence,

sup W(t,m, h.) < sup W(t,m h.) <sup W(t,x,h.).
he An heAn+1 heA

By the definition of W™ (¢, 7) and W (¢, )
Wn(t,m) < W't m) < W(t, 7).
Using Lemma 4.5, for n,m >0

W™(t, ) < W (t, 1) < W(t, 7).

Letting m — oo

Wn(t,m) < W(t,nm) < W(t, ).
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Z Tk7ﬂ-’7’k7hk 1{Tk<T} =+ / f s (X XTnah ))d‘Sl{‘r <T}|TO =1, Trg = 7[']

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)



Proof of Lemma 4.7

For h € A, W (t,m, h) defined by (4.8) satisfies

?
L

W(t,m,h.) = E| C(Tk,ﬂTk,hk)1{7k<T}’T0 t, Ty = 7]

e
Il
o

E[Z O(Tk,WTk,hk)l{Tk<T}\Tg =t, My = 7|
k=n

n—1

= ED_ C(rh,mr, i)l {mp<ry +/ FOs,v(Xs = Xr) hn))ds1r, <1y
- f F(Os,v(Xs — X,y Ndslyr, <rylT0 = t, 77 = 7]
+ E[W(70, Tr,,, b )1, <1y |70 = ¢, 707y = 7).
< WOt m) + B[ F(05,9(Xs = Koy ha))dsLr, crylmo = £ 77, = 7|
+ E[W (7o, Trys B )17, <y |70 = T, 77y = 7]
< Wn(t,m) +2||fI|ITP(1m < T|1o = t).

£
I
o

(5.19)

because of the representation of W"(t,7) in Corollary 4.2 (equation (4.13)) and Lemma 4.5.
Thus, by letting n — oo, we obtain

W(t,m, h.) < Wi(t, ) (5.20)
forall he A .
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