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Abstract

We consider the problem of maximization of expected terminal power utility (risk sensitive
criterion). The underlying market model is a regime-switching diffusion model where the
regime is determined by an unobservable factor process forming a finite state Markov process.
The main novelty is due to the fact that prices are observed and the portfolio is rebalanced
only at random times corresponding to a Cox process where the intensity is driven by the
unobserved Markovian factor process as well. This leads to a more realistic modeling for
many practical situations, like in markets with liquidity restrictions; on the other hand it
considerably complicates the problem to the point that traditional methodologies cannot be
directly applied. The approach presented here is specific to the power-utility. For log-utilities
a different approach is presented in the companion paper [8].
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1 Introduction

In this paper we consider a classical portfolio optimization problem, namely the maximization
of expected utility from terminal wealth. As criterion we take a variant of expected power utility
maximization (the log utility function is studied in the companion paper [8]). More precisely we
consider a risk-sensitive type criterion of the form

1
—E{V}
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where we restrict ourselves to the case of u < 0 (concave utility). While the problem as such is
a classical one, the novelty in this paper is given by a more realistic underlying market model,
which implies that standard approaches such as Dynamic Programming and convex duality
cannot be applied directly and a novel approach is required. Our market model is first of all of
the regime-switching type where the factor process that specifies the regime may not be fully
observable. This is still a relatively classical situation, for which one may use techniques from
stochastic control under incomplete information. In fact, various papers have appeared in such
a context and here we just mention some of the most recent ones that also summarize previous
work in the area, more precisely [2], [16], [20]. The main novelty of our model is however given
by the fact that the prices S¢, or equivalently their logarithmic values X} := log S}, of the risky
assets in which one invests are supposed to be observable only at discrete random points in
time 79, 71,72, -+, where the associated counting process is a Cox process (see e.g. [3], [11])
with intensity that depends on the same factor process that specifies the regime for the price
evolution model. Such models are in fact relevant in financial applications since (see e.g. [7], [4],
[17], [18]), especially on small time scales, prices do not vary continuously, but rather change
and are observed only at discrete random points in time that correspond to the time instants
when significant new information is absorbed by the market and/or market makers update their
quotes. This setting leads to a stochastic control problem with incomplete information and
observations given by a Cox process.

A classical approach to incomplete observation control problems is to first transform the
problem into a so-called separated problem, where the unobservable part of the state is replaced
by its conditional distribution. This requires to solve first the associated filtering problem, which
already is non-standard and has been solved recently in [4] (see also [5]). Our major contribution
here is on the control part of the separated problem that is approached in a non classical way.
In particular we shall restrict the investment strategies to be rebalanced only at the random
times 7 where prices change. Although slightly less general from a theoretical point of view,
restricting trading to discrete, in particular random times, is quite realistic in finance, where in
practice one cannot rebalance a portfolio continuously: think of the case with transaction costs
or with liquidity restrictions (in this latter context see e.g. [9], [10], [14], [17], [18], [19] where
the authors consider illiquid markets, partly also with regime switching models as in this paper,
but under complete information).

In the companion paper [8] we study the case of a log utility, for the solution of which one
cannot simply carry over the approach that we develop here for the power-utility case, even if
there are close analogies between the two approaches. In other words, for our nonclassical setup
the approach that one has to use may depend on the specific case.

In section 2 we give a more precise definition of the model and of the investment strategy and,
after recalling some of the main filtering results from [4], we also specify the objective function



and the purpose of the study. Section 3 is intended to prepare for the main result of the paper
stated in section 4. More precisely, subsection 3.1 consists mainly in estimation results and in
establishing continuity properties, while subsections 3.2 and 3.3 contain results that will be used
to obtain an approximation, of the type of “value iteration”, of the optimal value function and a
Dynamic Programming principle that is specific to the given problem setting. These results serve
also the purpose of obtaining a methodology to determine an optimal strategy. An Appendix
contains auxiliary technical results.

2 Market model, basic tools and objective

2.1 Introductory remarks

As mentioned in the general Introduction, we consider here the problem of maximization of
expected power-utility from terminal wealth, when the dynamics of the prices of the risky assets
in which one invests are of the usual diffusion type but with the coefficients in the dynamics
depending on an unobservable finite-state Markovian factor process (regime-switching model).
In addition it is assumed that the risky asset prices S}, or equivalently their logarithmic values
X! := log S}, are observed only at random times 7p,71,--- for which the associated counting
process forms a Cox process with an intensity n(6;) that also depends on the unobservable factor
process 6;.

2.2 The market model

Let 6; be the hidden finite state Markovian factor process. With ) denoting its transition
intensity matrix (QQ—matrix) its dynamics are given by

df; = Q*0idt + dMy, Oy = &, (21)

where M; is a jump-martingale on a given filtered probability space
(Q,F,F, P). If N is the number of possible values of ;, we may without loss of generality
take as its state space the set E = {ey,...,en}, where ¢; is a unit vector for each i =1,..., N
(see [6]).
The evolution of 8; may also be characterized by the process m; given by the state probability
vector that takes values in the set
N
Syi={reRY|> a'=10<7"<1i=12. .. N} (2.2)

=1

namely the set of all probability measures on E and we have 7 = P(¢ = ¢;). Denoting by M(E)
the set of all finite nonnegative measures on F, it follows that Sy C M(FE). In our study it will
be convenient to consider on M(FE) the Hilbert metric dg(m, 7) defined (see [1] [12] [13]) by

)

_ (A) m(A)
dy(m,7) := log sup — sup —). 2.3
H( ) (ﬁ'(A)>O,ACE (A) w(A)>0,ACE W(A)) ( )
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Notice that, while dg is only a pseudo-metric on M(E), it is a metric on Sy ([1]). Furthermore,
see Lemma 3.4 in [12] , for Vrr, ™ € Sy we also have

2
-7 < ——d 24
Im=7llry < oo du (7). (2.4)

where || - |7V is the total variation on Sy.

In our market we consider m risky assets, for which the price processes S? = (S%);>0,7 =
,...,m are supposed to satisfy

s} = Si{r'(6y)dt + > o'(0,)dB7}, (2.5)
J
for given coefficients r*(#) and aj-(@) and with Bg (j =1,---,m) independent (F;, P)—Wiener
processes. Letting X; := log S, by Ito’s formula we have

X = Xo —i—/o r(0s) — d(oo™(0s))ds —i—/o o(0s)dBs, (2.6)

where by  d(oo*(#)) we  denote the diagonal matrix  d(oco*(0)) =
(3(00*)11(0),...,3(co*)™™(0)). As usual there is also a locally non-risky asset (bond) with
price SY satisfying

dsp = roSYdt (2.7)
where r¢ stands for the short rate of interest.
As already mentioned, the asset prices and thus also their logarithms are observed only

at random times 79,71, 72,... and we shall put X, = (X,%,...,X,:”) with X,i = XL, (i =

Tk
1,---,m; k € N). The observations are thus given by the sequence (7, Xi)ren that forms a
multivariate marked point process with counting measure

wu(dt,dx) = Z 1{7'k<00}6{7'k7Xk}(t7 x)dtdz. (2.8)
k

The corresponding counting process A = fo me (dt, dx) is supposed to be a Cox process with

intensity n(6;), i.e. Ay — fo s)ds is an (F;, P)— martingale. We consider two sub-filtrations
related to (7, Xk)ren namely

Gr:==FoVo{u((0,s] x B) : s <t,B € B(R™)},
(2.9)
Gy, :=FoV 0-{7-07X077—1a X1, 72, X2, .. ’Tk’Xk}'

In our development below we shall often make use of the following notations. Let
mo(0) = ro, oo(f) :==0
m;(0) = ri(0) — (oo*)"(0) fori=1,....,m (2.10)

0i(0) :=/(o0*)¥(0) fori=1,...,m



and put m(0) := {m1(0),--- ,mmu(0)}. For the conditional (on F%) mean and variance of X, —
X ={X! -~ Xf}izlym,m with £ < s <T we then have

S S
mgs = / m(6,)du 028 = / o0 (0y)du (2.11)
t t
and, for z e R™ and t < s < T, we set
pls(2) ~ N(zmi,0f,) (2.12)

namely the joint conditional (on F?) m-dimensional normal density function of X, — X; with

mean vector m? , and covariance matrix 02 s- Notice that, although here and in the companion

t,s
paper [8] we use the same symbol p?(z), the corresponding quantities are different in the two
papers due to a different mean value which is a consequence of the fact that here we base
ourselves on the process X; = log S; while in [8] it is X; = log S;.

2.3 Investment strategies and portfolios

As mentioned in the Introduction, since observations take place at random time points 73, we
shall consider investment strategies that are rebalanced only at those same time points 7.

Let N/ be the number of assets of type 4 held in the portfolio at time ¢, Nf = 37, 1, .y (t)NJ, .
The wealth process is defined by

Vii=> NS
=0

Consider then the investment ratios
,_ Nis|
t ‘/t ’

i=1,,m

and set h}; = hik. The set of admissible investment ratios is given by
Hpy o= {(R ..., h™");h 4+ 2+ .+ <1,0<hi=1,2,...,m}, (2.13)

i.e. shortselling is not allowed and notice that H,, is bounded and closed. Put h = (ht, - h™).
Analogously to [15] define next a function v : R™ x H,, — H,, by

ht exp(2?)

1+ f’jlm(exp(zi) _1)

(2, h) = i=1,,...,m. (2.14)

Putting X} := log S} with S} := % (discounted asset prices) and noticing that Ny is constant
t

on [7g, Tk+1), fori=1,...,m, and t € [1g, Tk+1), let
pio— NSt NS
t i NS} izo ViS¢
_ NiSiSi/SL _ WiSi/SL _ hisY/s9si/si
- m 7 Q1 Q1 T T m 7 Qi T m 7 7 7
=0 NkSkSt/Sk Zi:o hkst/sk Zi:o hkslg/sgst/sk 2 15
_ hew®-XD  _ hew(Ki-%) (2.15)

m ~ . ~ . - m . ~ . ~ .
h(,;le hi exp(Xi—X}) 1+§j1 hi (exp(X{—X})—1)
1= 1=

= Xy — Xy, hy).



The set of admissible strategies A is defined by
A= {{h}20lhi € Hpn, Gp m’ble for all k > 0}. (2.16)
Furthermore, for n > 0, we let
A" = {h € Alhpti = hr,,,— forall i > 1}. (2.17)
Notice that, by the definition of A", for all k> 1, h € A™ we have

hil-i—k‘ =1

Tn4+k—

Nn+kSn+k Nn+k71‘s’n+k

= ™ - - = - -
N? 7 m N? 7

<~ Nn+k = Nn—l—k—l'
Therefore, for k> 1

Nn+k = Nna
and
AcAtc. A" Cc AT C A (2.18)
Remark 2.1. Notice that, for a given finite sequence of investment ratios hg, hi,--- , hy such

that hy, is an G,—measurable, H,,—valued random variable for k < n, there exists h™) ¢ A"
such that h,(cn) = hg, kK = 0,--- ,n. Indeed, if Ny is constant on [1,,T), then for h; we have

hy = ’y(Xt — Xn,hn), YVt > 1,. Therefore, by setting hén) = hy, £ = 0,---,n, and R - —

n+k
By 4k, k=1,2,--, since the vector process Sy and the vector function (-, hy) are continuous,
we see that hfﬁgk =h, yp- k=1,2,---.

Finally, considering only self-financing portfolios, for their value process we have the dynam-
ics
d‘/;f * *
A = [ro+ hi{r(6:) — rol}]dt + hio(6;)dBs. (2.19)

2.4 Filtering

As mentioned in the Introduction, the usual approach to stochastic control problems under
incomplete information is to first transform them into a so-called separated problem, where the
unobservable part of the state is replaced by its conditional (filter) distribution. This implies
that we first have to study this conditional distribution and its (Markovian) dynamics, i.e. we
have to study the associated filtering problem.

The filtering problem for our specific case, where the observations are given by a Cox process
with intensity expressed as a function of the unobserved state, has been studied in [4] (see also
[5]). Here we briefly summarize the main results from [4] in view of their use in our control
problem.

Recalling the definition of p?(2) in (2.12) and putting

t

¢9(Tk,t) = n(&t)exp(—/ n(0s)ds), (2.20)

Tk



for a given function f(6) we let

belfit,2) = E[FB0)00, (1 — Xi)¢ (s )]0 {0r,} v Gl (2.21)
B(fit) == / ulfst, 2)dz = E[f(0))6° (mi Dlor {65, } V Gl (2.22)
m(f) = Bl (0)|61] (2.23)

with ensuing obvious meanings of 7, (Vx(f;t,v)) and 77, (Yr(f;t)) where we consider vy (f;t, %)
and ¢y (f;t) as functions of 0;,. The process m(f) is called the filter process for f(6;).

We have (see Lemma 4.1 in [4])

Lemma 2.1. The compensator of the random measure p(dt,dy) in (2.8) on the o -algebra
P(G) = P(G) @ B(R™) with P(G) the predictable o -algebra on Q x [0,00), is given by the

following nonnegative random measure

1y, (wkfla t, y))
S (P (1, 5))ds

v(dt,dy) = L 7.y(t) dtdy. (2.24)
k

The main filtering result is the following (see Theorem 4.1 in [4]).

Theorem 2.1. For any bounded function f(0), the differential of the optimal filter m(f) is
given by

dm(f) = m(Lf)dt

o (e 3t1) (2.25)
+ f Zk 1(Tk,‘rk+1} (t)[ﬁTZE¢ZEl;t7§;) —m—()(p —v)(dt, dy),
where L is the generator of the Markov process 0y (namely L = Q).
Corollary 2.1. We have
T, (wk(fv t, x))
7T7—k:+1 (f) = 71—7: (¢k(1, t, $)) |t=7k+1,x:Xk+1 . (226)
Recall that in our setting ; is an N-state Markov chain with state space E = {e1,...,en},

where e; is a unit vector for each ¢ = 1,..., N. One may then write f(6;) = f(e;)1e,(0:).
Fori=1,...,N let 7 = m(1,(0:)) and

t
ri(t, z) == E[exp(/o —n(@s)ds)pgi(z)wo =ej,0; = e, (2.27)

pji(t) := P(0; = ;|0 = ;) (2.28)
and, noticing that m; € Sy, define the function M : [0,00) x R™ x Sy — Sy by

>, n(es)ryi(te)pgi(t)nd
>, nled)rji(tm)psi (w2

Mi(t,x,m) = (2.29)

M(t,z,w) = (M(t,z,7), M*(t,z,7),..., MN(t, x,m)). (2.30)



For ACFE
N

M(t,z,m)(A) =Y  M'(t,2,m)1{,ecay (2.31)
=1

The following corollary, for the proof of which we refer to the companion paper [8] (see also
[4]), describes the dynamics of the filter process.

Corollary 2.2. For the generic i-th state one has
Wii+1 = Mi(TkJrl — gy Xig1 — X, Tx) (2.32)

and the process {7, T, Xp}52, is a Markov process with respect to Gy,.

Finally from results in [1], [12] and [13] it follows (see again the companion paper [8]) that

dg(M(t,z,7), M (t,x, 7)) < dg(m, 7). (2.33)

2.5 Objective and purpose of the study

Given a finite planning horizon T' > 0, our problem of maximization of expected terminal power
utility consists in determining

1
sup — log E[VF |19 = 0, w9 = 7]
heA K
© (2.34)

13
= logvg + supheAilogE[v—oTu\To =0, mp =7,

for u < 0 as well as an optimal maximizing strategy he A

Notice that, in order to study the optimization problem (2.34), it suffices to analyze the
criterion function

1 %3
W(t,m, h.) := —log E[—5|10 = t, mo = 7]. (2.35)
1 Vi
The optimal value function will then be defined as
W (t,m) := sup W(t,,h.). (2.36)

heA

The main result of this paper, stated and proved in Theorem 4.1 in section 4, consists
basically of two parts:

e An approximation theorem stating that a sequence W"(t, ) of value functions, obtained
by a value-iteration type algorithm (see (3.27) below), approximates arbitrarily closely the
optimal value function W (¢, x). This then leads also to the optimal strategy.

e A Dynamic Programming type relation for the optimal value function.



To prepare for the proof of the main result, in the next section 3 we shall introduce some
relevant notions and quantities and prove various preliminary results. More specifically, in sub-
section 3.1 we shall, in addition to giving some basic definitions, prove various estimates together
with continuity properties. In subsection 3.2 we then derive some approximation results that are
preliminary to the main approximation result in Theorem 4.1 and in subsection 3.3 we add some
limiting results that will allow us to complete the main approximation result and to prepare also
for the second result, namely the Dynamic Programming relation.

3 Preliminary analysis

As already mentioned, in this section we shall introduce relevant notions and quantities and
prove various preliminary results, divided into three subsections.

In the sequel we shall for simplicity use mostly the shorthand notation
EY™[| = E[ |70 = t,mo = 7]

and also use the following notations
M 1= Maxo<i<m Maxi<j<n M;(e;),
m = ming<j<,, Mmini<j<y m;i(e;) A0 implying that m <0,
0 := maxo<i<m Maxi<;j<n 0i(e;),
I(t) == E[]1 — exp(p|X¢ — Xol)[], (3.1)
c:= B[l <myl,

n := minn(f) = min; n(e;),

3

= maxn(f) = max; n(e;).

3.1 Basic estimates

We start from the following representation of the criterion function.

Lemma 3.1. For t € [0,T],7 € Sy

W(t,m,h.)
) o > (3.2)
= ﬁlogE ’ [exp(ﬂzD(hk—leT/\m - XTk—l)l{Tk_1<T})]7
k=1
where,
D(h,x) := log(z R exp(z?)). (3.3)
=0



Proof. Since Z h =1,

=0
m

D(h,0) =log(d h') =0 (3.4)
=0

for h € Hy,,. For k>0, T € [, Tkr1]

— = R ap— = _ = hz — H

- i i i (3.5)
= (Z hy, exp(Xp — X))"
i=0
= exp(uD(hg, X7 — X))
For k>1, T <7y
|Z VH
T;\L L % =1, (3.6)
VT/\Tk VT
and
exp(uD (b, Xrpn, — Xran,)) = exp(uD (b, Xr — X7)) = 1. (3.7)
Therefore, we obtain
= Vi
e (Ve V] = BT ]
k=1 TATK_1
= Etm[exp(”ZD(hk’—bXT/\Tk - XT/\Tk71))] (38)
k=1
= Etﬂr[eXp(M Z D<hk*17 XT/\Tk - XTk—l)l{Tk,1<T})]‘
k=1
O

The representation of W (¢, 7, h ) in Lemma 3.1 leads us to define a function that will play a
crucial role in the sequel, namely

Definition 3.1. Let the function WO(t, 7, h) be defined as

WO(t,m, h) = ;log E'"lexp(uD(h, X1 — X3))]. (3.9)

For the function WY(¢, 7, h) in the above Definition 3.1 we now obtain estimation and con-
tinuity results as stated in the following proposition.

Proposition 3.1. Fort € [0,T], h € H,,, we have the estimate:

exp((pm -+ “7)(T — 1)) < BV [exp(uD(h, Xp — X,))] < expl(pm + 17

(T —1t)), (3.10)

10



from which it immediately follows that

=2 =2

(m+ %)(T—t) < WOt h) < (m+%)(T—t). (3.11)

Furthermore, WO(t, m, h) is a continuous function on [0, T]| xSy x H,, and the following estimates
hold:

~\2
| exp(utl (0, m, 1)) = exp(uiV (1,7 )| < expl(m+ LENT — 0) (), (312)
=\2
| exp(uW(t, 7, h)) — exp(uWO(E,m, h))| < exp((pum + (“;’ Dy — )i — 1) for i <t, (3.13)
where di was defined in (2.3).
Proof. See the Appendix. O

We shall now introduce basic quantities that we shall use systematically throughout. The
first one concerns useful function spaces, namely

Definition 3.2. By G we denote the function space

5.2 =2

G:=1{g € C0,T) x8n) | (m+5)T—t) <glt,m) < (m+ )T -1}k (314)

Furthermore, we let Gi C G be the subspace

5)2
G = {0.€ G [explug(t, ) ~ explug(t, 7)) < g W) explun + 50T - 1)}
(3.15)
and Go C G be the subspace of functions g € G satisfying, for t < t,
5)2
[exp(ug(t. 7)) — exp(ug(F.m)| < kit~ Dexp((um + LI\ 1)), (316

where k(t) is some nonnegative function on R such that k(0) = 0 and continuous at 0.

The second one concerns a crucial auxiliary quantity that will play a major role in the proofs
to follow, namely

Definition 3.3. For each g € G let £ : [0,T] x Sy x Hy, — R be the function defined by

~

1
E(t,m hyg) = . log E"™ [exp(uD (h, Xoar — Xi¢) + plir, <ryg(m1,m1))]. (3.17)

We can now state and prove the following estimation result

Proposition 3.2. For each g € G, we have the three estimates (c is as in (3.1))

11



cexp((um + )T — 1) < B lexp (uD(h, Xr, = X0) + pg(r1,m1) )17y <1)]

N (3.18)
< cexp((pm + Y25)(T — 1)),

(ii)

(1= ¢) exp((pm + “O2)(T — 1)) < Et”i[jxp(uD(h Xp — Xt)) Lir>7)] (319)
< (1 —c)exp((um + %)(T —t))
and
(iii)
52 . °

(m+ )T = 1) < €t hig) < (m+ )T 1), (3.20)

Furthermore, for all g € G, the function exp(pé(t,w,h;g)) is continuous with respect to h and
for each g € G we have

|exp(ué(t, m, hs g) — exp(pé(t, 7, h; 9))]

, i ? (3.21)
< togzda(m, T) exp((um + 5= )(T — 1)) (1 4 ¢),
while for each g € Gy we have
| exp(ué(t, 7, b ) — exp(ué (£, 7, bs g))|
_ _ 3.22
< oxp((pm + BT - )ECD 1) filt D) kD).
Proof. See the Appendix O

3.2 Basic approximation results

This section is intended to prepare for one of the two main results in Theorem 4.1 below, namely
the approximation of the optimal value function, which involves a kind of “value iteration”. We
start by giving two definitions.

Definition 3.4. Defining the operator J, on C([0,T] x Sn) by

Jug(t,m) == sup Et,m, hig) (3.23)
heHn,
let, for g € G,
JBg(t,ﬂ) =g(t,m) (3.24)
and, forn > 1,
Jig(t,m) = JM(JL‘_lg(t,W)). (3.25)

12



Definition 3.5. Put

_ - 1
WO(t,7) ;== sup WO(t,m, h) = sup — log E[etPhXr=X0)] (3.26)
h€Hy, heHm H

and let (“value iteration”)
I 770
Wh(t,m) == J, W7 (¢, 7). (3.27)
Then, we have the following proposition as a direct consequence of Proposition 3.1.

Proposition 3.3. For WO(t, ) defined above we have that WO(t, ) € G1 NGy by setting k(t) =

I(t).
Proof. By (3.11) in Proposition 3.1 we see that W°(¢t,7) € G and, by (3.12) and (3.13) in
Proposition 3.1 we also see that it belongs to G N Gy with k(t) = I(¢). O

We have now

Lemma 3.2. For g € GiNGa one has that J,,g(t, m) is continuous with respect tot, ™ and J,g € G.

Proof. For a,b>~ >0,|la—b| <e,e >0, one has

loga —logb = log(a/b) =log(1l+ (a —b)/b) < €/
logb —loga =log(b/a) =log(1+ (b—a)/a) < e€/v (3.28)
= |loga —logh| < ¢/,

where we have used the inequality log(1 4+ ) <  for = > 0. We set a = exp(ué(t,m, h; g)),
b = exp(ué(t, @, h;g)) and use Proposition 3.2(iii), setting v = exp({um + %ﬁ}(T —t)). From
(3.21) in Proposition 3.2 it then follows that

E(t, 7, hyg) — E(t, 7, hi )|
< L adi(r, ) exp((ulm — m) + Me=DO (7 )1 4 o) (3.29)
< Ldydn(m, ) exp((u(m — m) + EEDETY (1 4 0),

On the other hand, by analogous reasoning, from (3.22) in Proposition 3.2 it follows that

E(t.m, hig) — €Em hig)l < L exp((u(m — m) + M=) (T — 1)

x (2 (g) (e2t=0) — 1) +1(t — 1) + ck(t — 1))
B . (3.30)
< prep((p(m —m) + HEIEE)T)

(2 (g) (2D — 1) 4+ 1(t — T) + ck(t — 1)),

namely & (t,m, h;g) is continuous with respect to (¢, 7), uniformly with respect to h, and hence
Jug(t, ) is continuous. Further, because of Proposition 3.2 (iii) we see that J,g € G.
O]
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Corollary 3.1. Under the assumptions of Lemma 3.2, J);g € G for n > 0. Furthermore, there
exists a Borel function h\"™ (t,7) such that

sup &(t,m, h; J" 1 9) = £t m, k™ (t, 7 m);Jyg9), n=>0. (3.31)
h€Hm,

Proof. Similar arguments to the proof of Lemma 3.2 apply to see that Jj}g € G. Moreover, since

H,, is compact and £(t, 7, h; g) is a bounded continuous function on [0, T] x Sy x H,,, there
exists a Borel function h( )(t,w) such that supjcg E(t,m hig) = E(t,m, hO(t,7); g). By the

same reasoning we have (3.31) for general n > 1.
U

In what follows we denote by ||g|| the norm of a function g € C([0,T] x Sy), namely

lgll == sup |g(t,m)]. (3.32)
(t,m)€l0,T]xSn

Lemma 3.3. For each g € G and n > 1, we have the following estimate
17 g(t, ) = Tjg(t,7)]|

o - plu—1)52 1 (3.33)

< frexp({u(m —m) + "1 — exp(ull Jug(t, m) — g(t, 7))

where, recall (3.1), ¢ € (0,1).

Proof. Let us first prove that, for n > 1,

(15)?
2

exp{uJ gt m)} —exp{uJmg(t,m)}| < crelmmt NT=1)|1 — erllIug—dll|. 3.34)
I I

To prove it for n = 1, using Proposition 3.2 (i), we see that

|exp(ué(t, m, b Jug)) — exp(ué(t, m, hs g))|
Etvﬂ'[e”D(thTl —Xt) ’eﬂjug(ﬁaﬂ'l) _ eﬂg(ﬁa

IN

™7 <my]
Ebm[enD(hXoy = Xe)+udug(Ti,m) |1 — e#(g(Tlm)*Jug(Tlm))’1{7_1<T}] (3.35)

IN

|1 — etllJug—dll ’Etm[euD(th—Xt)+uJug(T1ﬂr1)1{ﬁ<T}]

~\2
cetm(T=0+EZ(T=0)1 _ enllJug—gll|,

IN

Then, we have

|euJ§g(tJr) — euJug(tﬂr)| = |etsuPh E(t,mhidug) _ gnsupy, f(t,mh;g)’

|inf), eHE(EmhiTug) _ inf, ené(tmhio)]

supy, |eHEtmhidug) — ené(tmhig)|

IN

cermUT—0+EZ2(T—0) 11 oullug—gll|.

IN

14



Assuming that (3.34) holds for n — 1, we will prove it for n. Using again Proposition 3.2 (i)
a0 Q0] = o i) _ s, i )|
= |inf}, ehe(tmhidiig) infy, eﬁ‘é(tmhﬂﬁ_lg)’
< supy, [eHEmhI0)  cpéltmhiTi o)
(3.36)

g Suph Et7ﬂ-|:e/”/D(h7XT1 _Xt)|elu“‘][¢lg(7-1’7rl) i eu"]l’77 TI7W1)|1{TI<T}]

(no)?

< nelpm g 22 (1—1) |1 — ebllIug—ll|.
Thus, (3.34) has been proved. Now we can complete the proof. Indeed, by using (3.28), we have
[ Tittg(t.m) = Jig(t,m)| = (pludita(t, ™) — pdjig(t, )|

< ‘l‘e—um(T t)——(T t) |€uJ’”r g(t,m) _ ondig(t, 7r)|
= |u

e (3.37)
< %eu(m—m)(T—tH%(T%)]l — etllTug=dll|
= u
< ‘emm )T w2 11 — emllug—gll|

and hence obtain the present lemma by taking supremum with respect to (¢, 7).
O

Corollary 3.2. For g € G1 N Gy we have that {J];g(t,m)} is a Cauchy sequence in G and,
therefore, 3 lim Jjg(t,m) € G.
n—oo

Furthermore, for each g1, g2 € G, we have the estimates:

”Jugl - Ju92”
< Gexp({p(m — m) + LT 171 — exp(ullgr — g2)] (3.38)
< cexp({u(m — m) + “EZTNT) gy — gol.

Proof. By Corollary 3.1, {J}}g(t,m)} C G. Further, by using Lemma 3.3, we can see that
{J}ig(t,m)} is a Cauchy sequence in G. The proof of (3.38) is similar to that of Lemma 3.3. O

Proposition 3.4. We have that {Wn(t,m)} given by (3.27) is a Cauchy sequence in G and
therefore 3 lim W"(t,7) € G.
n—oo

Proof. Thanks to Proposition 3.3, WO(¢, ) belongs to Gy N Go with k(t) = I(t) and we see that
{W™n(t, )} is a Cauchy sequence in G by Corollary 3.2. O

3.3 Limiting results

In this subsection we perform some passages to the limit, which will complete our preliminary
analysis in view of the main result in the next section.

We start by defining some relevant quantities.
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Definition 3.6. We set B B
W(t,m):= lim W"(¢t,m), (3.39)

n—oo

which is justified by the previous Proposition 3.4,

W (t,m) := sup W(t,m,h.), (3.40)
heA

(this definition was already given in (2.36), but we iterate it here for convenience in the present
context), and

W"(t,m) := sup W (t,m, h.), (3.41)
heA™

where W (t,m, h.) is the criterion function defined in (2.35).
The next lemma particularizes the representation result of Lemma 3.1.

Lemma 3.4. For all n >0 and h € A", we have the following equation
W(t,'ﬂ', h) = 1 10g Etﬂ' eXp( Z D hk la)(T/\‘l']C - Xkal)]‘{Tk—1<T}

(3.42)

— 1 10g Etﬂ' eXp( Z D hk 1, XT/\Tk — XTk—l)]‘{Tk71<T}
k=1

+ NWO(Tn, T, hn)l{rﬂ,gT}>]-

Proof. By Lemma 3.1 and the definition of WO(¢, 7, h) it suffices to prove the following equation
forall n >0, k>n+1, he A" For 7. <T < 711

k—1
eXp(:uZ D(hiaXTiH — X7,) + uD(hyg, X7 — XTk)) (3.43)
= exp(puD(hn, X7 — X3,)).
It can be seen as follows.
k—1
eXp(,uZ D(hi7XTi+1 - X’Tl) + /'LD(hkaXT - XTk))
k=1 m j m j k—=1 m i o
ST, - gJ N/ §? 1 N/ S?
S0 1 () SYCE I SITE ST § () GRAELENE) gl AT
= S =Sk i ooV Pl (3.44)
k=1 m j j m i o k—1 m i o
N/, . S7 NS’ \% NZ.S?
_ +1~i+1\pu EPT\p _ i+l T°T \n
g(;)‘/% ) (j:0 v ) g( v ) (; Vi )

= ("P)r = ()" = exp(uD(hn, X1 — X1,),

where we have used (3.5), the definition of A™ and the self financing property of the investment
strategy. O
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Corollary 3.3. We have the following equation
n 1 t,m S
Wnm(t,m) = sup —logE" [exp(uZD(hk,l,XT/\Tk — Xo )z <)
heAr 1 k=1 (3.45)
+ /’LWO(TN77TH7hn)1{Tn§T}>]7
formn >0, t€[0,T], m € Sn.

Proposition 3.5. For each n > 0, we have

W™ (t,7) = W"(t, 7). (3.46)

Furthermore, B
W(t,m)=W(t, ). (3.47)
Proof. See the Appendix. O

The next proposition is in the spirit of a Dynamic Programming principle, namely
Proposition 3.6. We have W = J,W. Namely, W (t,7) satisfies the following equation
W (t, )

1
= sup M log EV [exp(uD(h, X7ar — Xt) + uW (11, 1)l <7y)]-
heHm

(3.48)

Proof. We have, by using (3.38),
W —J W < (W= J W+ [[JW" = LW
< W =W+ G [wr - W

where C = cexp({u(m—m)—i—“(“%)#}T) Hence, by sending n to oo, we see that |[W —J,W|| =
0. O

4 Main Theorem

From the preliminary analysis in Section 3 we obtain now the main result of this paper, namely
an approximation result and a Dynamic Programming-type principle for the power-utility max-
imization problem.

Theorem 4.1.
(i) Approximation theorem

W™ computed according to (3.27) in Definition 3.5 are approximations to the solution of
the original problem in the sense that, for any € > 0,n > n,,

W - <e, (4.1)
where,

— — _1)52
_ log(1 — ¢)|u| + loge — log |1 — exp(u[ J,W° — J3WO[)| — {p(m —m) + Yy

€

log ¢

17



(i) Dynamic programming principle:
forn >0

W(t,m)
1 ; -
— —_ 77r [
- hseufli)"ﬂ IOgE [exp(u kEZID(hk—laXT/\Tk Xkal)l{Tk_1<T} (42)

+uW (Tn, 71'n)l{TngT})]-

(11i) Optimal value and optimal strategy for the Power Utility Mazimization Problem
For the utility mazimization under initial condition Vy = vy, 79 = 0, 19 = ™ we have

1
sup — log E%" V] = log vy

heA K
o0 (4.3)
+% log E0,7r [exp(,u Z D(hk—lv XT/\Tk - XTk—1)1{Tk,1<T})]7
k=1
where the optimal strategy in the k -th period, namely by, is given by
hi = (T, m1,) (4.4)

with h(r,) defined by

1
sup — log E'lexp(uD(h, Xrar — X¢) + pW (1, 1) lir<7))]
heH,, M (4.5)

= Llog EMlexp(uD(h(t, m), Xopr, — Xi) + pW (71, m1) Lz <1y)].
Proof. First, we prove (i). For any n
IV = W) = | Jim T =t [
k-1 k—1
< klingo; HV_VTL—H'+1 _ Wn+z‘|| _ khlilo;; ||J;L+z‘+1W0 _ JEHWOH
< 1 = exp(ul| JEWO — JOWO) exp({p(m — m) + HEZNZYT) i it (4.6)
=0

— _ _ 5-2 . o0 ;
= 11— exp(ul| JEWO — JOWO)| exp({p(m — ) + LEDTYT)en S e
=0

n = = _ _ 5.2
= 1 = exp(ul TV — JOWOI) exp({p(m — m) + LESIZT),

where we have used Lemma 3.3.

Next, we prove (ii). Proceeding analogously to the proof of Lemma 5.5 in the Appendix, for
n,m € N, we take a sequence of functions h”’k(t, ), k=0,1,...,n such that

sup E(t,m, h; J;”rm_k_lWO) = &(t, m, KR (¢, 7); Jﬁ+m_k_1W0)
heH™
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and set R R
hZ’k = hn’k(Tk,ﬂ'k), k=0,1,...,n

and B . o
W = (X, — X B, k> L

Tno'"n

Then, h(m) = {ﬁzk}k € A". Therefore, similarly to the proof of Lemma 5.5, it follows that

wrtm = i log Bt [exp{p > j_q D(R™F Y (m-1, Th-1), XTAr, — X ) re <1} (47)
+NJ/TWO(Tm 7"'n)l{mgT}H'
Since J;”WO < W, we have
wntm < %log Etmlexp{ud p_y D(ﬁ"’k_l(Tk_l, Tk—1), XTAr, — XTk—l)l{Tk_1§T}
+,UW(7_7% 7-‘—’fl)l{'rngT}}]
. i . (4.8)
é SuphE.An ﬁ log E ’ [eXp{,LL Zk:l D(hk—1’ XT/\Tk - XTk—l)]‘{Tk_lgT}
+MW(TH> ﬂ—n)l{TnST}}]'
Therefore, we obtain
W<t7 m) < SUPpe An i log EbT [exp{,u ZZ:l D(hy—1, X1Tam, — Xkal)l{quST} <4 9)
+IU’W(T’VM Wn)]-{TnST} }]7
by letting m — oo. On the other hand, for each h € A", it follows that
Wn—&-m(t, T > iIOg EtT [exp{ ZZ:1 D(hj—1, X1rr, — XTk_1)1{Tk71§T} (4.10)
T WO (7, )1 7, <1y - '
Then, by letting m — oo, we have
W(t7 7T) Z i log Etyﬂ- [exp{lu zrkl:]_ D(hk‘—l7 XT/\Tk - Xkal)]‘{Tk_lgT} (4 11)
+NW(TR7 71—’VL)L[‘rngT}}]'
Hence,
W(t,m) > suppegn ilog Ebexp{p Y iy D(hi—1, Xrnn, — Xoo_ ) 1 1<1} (4.12)

+uW (i, ) L7, <1} )]

and thus we obtain (i7).

Part (i77) is an immediate consequence of the previous results in particular of the proof of
point (i7) of this same theorem. O
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5 Appendix

Proof of Proposition 3.1. The proof is contained in the following two lemmas.

Lemma 5.1. Fort € [0,T), h € H,,, we have the estimate (3.10).

Proof. Since z* is convex, Jensen’s inequality applies and we obtain
mo . L\ M mno . .
B((3 0 exp(Xh - X)))'] < B W exp(u(XE — X))
i=0 i=0

For each ¢ and t € [0, T,

Thus, we have
. . 2
ETlexp(u(Xh — X§))] = E4lexp(u [, mi(0.)ds + & [ 02(85)ds))
5 2
< exp((pm + E25)(T — 1)),

and _\2
(o)

E"exp(u(Xg = X)) = exp(uro(T = 1)) < exp((pm + == =)(T — ).

Therefore, from (5.1) it follows that

m m o 2
B enixt - X9)) < ;hiexp<<um+“‘z)><T—t>>

=12
= exp((um + Y5E)(T - 1)).
To obtain the lower estimate, applying Jensen’s inequality yields

(B[S b exp(Xp — XD < B[ hesp(Xp — X)),
=0 1=0

Since z* is a decreasing function, we have

(i K BV [exp (X — X;')])“ — <i hiEtﬂf[eXp(/T m;(0s)ds + % /T af(ﬁs)ds)])u
i=0 i=0 3 t

Y

m 5)2
(3w esp(tm+ Dy 1)
1=0

= exp((um + “§5)(T ~ 1)).
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Lemma 5.2. WO(t, 7, h) in Definition 3.1 (see (3.9)) is a continuous function on [0, T] x Sy x
H,, and the estimates (3.12), (3.13) hold.

Proof. Let us first prove the continuity of WO(¢, 7, h) with respect to 7. Owing to (2.4) and
recalling pj;(t) that was defined in (2.28), we have

|exp(uWO(t, m, b)) — exp(uWO(t, 7, b))
= |me (WY exp(ro(T —t)) —i—Zh’eXp

X ZE po,r—W)|0o = €;,07— = eilp;i(T — t)(w! — 7)dyds|

— |Zexp(uW (t,ej, b)) (x? —77)| (5.8)
< exp((um + #3- ZIWJ—WJI
< exp((um + BNT — ) |79 — 7|y

5)? _
< exp((um + YZE)(T — 1) 25du(n, 7).

Next, we show the continuity of WP(¢, 7, h) with respect to ¢. First notice that, due to the time
homogeneity of the process (X, 0;),

exp(uWO(t,m,h)) = E" [exp(uD(h, X7 — X}))]

o (5.9)
= E%"[exp(uD(h, X7t — Xo))].
Notice furthermore that
|D(h,z) — D(h,y)| < |z -yl (5.10)
holds because
|VeD(h,z)| < 1. (5.11)

Therefore,
|exp(uWO(t, m, b)) — exp(uWO (¢, 7, )]
= |E%"[exp(uD(h, X7 — Xo)) — exp(uD(h, Xp_z — Xo))]|
= |E®[exp(uD(h, X1— — Xo)) (1 — exp(u(D(h, Xp_; — Xo) — D(h, X7t — Xo))))]

= E%[exp(uD(h, Xr—t — X0))E[|1 — exp(u| X7 — Xr—4])| | X7—4]]
= E%lexp(uD(h, X1 — Xo))U(t — 1)
I

< exp((pm + L)1 — 1)t - B).

)

< E077r[exp(uD(h,XT—t — Xo))|1 — exp(u|X7_f — X7_¢])|]
)
)

(5.12)

21



Finally, we prove the continuity with respect to h. By the definition of D(h,x) and Jensen’s
inequality,

exp(uD(h, 7)) = (3" W exp(a) < YA exp(pa’) < Y explua’).  (5.13)
i=0 i=0 i=0
Therefore, for m > 1
exp(uD(h, X1 - X)) < 3 exp(u(X5 — X7)). (5.14)
i=0

Since X7—X; = {X%—Xti}izl,m,m is, conditionally on F?, Gaussian with mean {ftT m;(0s)ds}i=1,...m

and covariance {ftT(O'O'*)ij(Hs)ds}@j:l,“.,m we have

Elexp(u(Xp — X7))] < oo. (5.15)
Then, applying the dominated convergence theorem, for h; C Hp, s.t.jlirrolo hj=h¢€ Hp,
Jlim WO(t,m, hy) = Jlog B[ lim exp(uD(hy, X1 — X))
= log B [exp(uD(h, X — X0))] (5.16)
= WOt x,h).
O

Proof of Proposition 3.2. Again, the proof is contained in the following two lemmas.

Lemma 5.3. For each g € G, we have the three estimates (3.18), (3.19) and (3.20).
Proof. Let us first set
I} = EV[exp (MD(h, Xo — Xy) + pg(m, Wl)) Lir <1yl

and
Iy = E"[exp (uD(h, X7 — Xt)) Lyl

Recall also that n(6;) is the intensity of the Cox process describing the observations and that the
dynamics of the filter process m; was given in Corollary 2.2 in terms of the function M (t,z, ).

(7) (estimate (3.18)). Since g € G, from the definition of pgT(z) in (2.12) and from (5.2) we
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obtain

L = E“rft Jgm (Y exp(ro(s — t)) —|—Zh’exp (z%))* exp(,ug(s,M(s—t,z,w)))

=1

X pfvs(z) ) exp(— [ n(0,)du)dsdz]
> B [ (hoexp<ro<s—t>>+Zhiexp<zi>)“p?,s<z>dz
i=1
X exp((um + #)(T — s))n(s) exp(— [ n(6,)du)ds]
> BT (R explro(s — £) + S b / exp(2) (2)d2)"
=1
x exp((pm + “T)(T — s))n(0s) exp(— [ n(0y)du)ds]
> BV exp((u +“72>< )
xexp((pm + L5~ )(T—s)) ) exp(— [ n(6y)du)ds]
= exp((pm + “G°)(T - t))Et’“[l{ngT}],

by using Jensen’s inequality. On the other hand, we obtain

I < B fam(hOexp(ro(s — ) + > hiexp(z))"pf ,(2)dz
=1

% exp((pm + L ) )T — s))n(Bs) exp(— [;” n(0,)du)ds]

< Et”r[f (ho exp(uro(s —t)) Z / exp(pz?) ( )dz)
x exp((pum + P35 (T — $))n(0,) exp(— [} n(0)du)ds]

< B[ exp((um + ¥ (s — 1))
x exp((um + (“3)2)(T — ))n(0s) exp(— [ n(0y)du)ds]

= exp((pm + @)(T —1))E" [1{71§T}]’

again by using Jensen’s inequality and (5.2).
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(79) (estimate (3.19)). By using Jensen’s inequality, we have

L = B[fy (hexp(ro(T - 1))

S NV > _ Sn u)ds
—i—;h exp(z ))“pt’T(z)dz/T n(6s) exp( /t (0y)du)ds]

v

B[ (R exp(ro(T — 1))

(6 exp(~ [ n6.)du)ds (5.19)

vV
]
E
—_
NE
=
@
>
=8
El
+
o)
e
|
N
——
=
—
8
3.
>
Y
>
=8
r\m
5
=
G
QL
&,

vV
&
E
)
]
=
El

T OENT — ) [ (0 exp(— [ n(0a)du)ds]
— exp((uﬁl—l— 3 )(T_t))E77r[1{T1>T}]’

from (5.2), since the function z* is decreasing. On the other hand, by using Jensen’s inequality,
we have

L, = Etﬂr[me(hO exp(ro(T — 1))

Y : i 0 - — sn u)ds
+ 3 expl) () /T n(65) exp / (6,)du)ds]

t

< B[R0 exp(pro(T — 1))

3|

o0

explu )il (2)dz [ n0)exp(— [ n(6)du)as]

" T (5.20)
t,m i oty
Bl [Zh exp(u /t mi(es>ds+7 | ot
x [ n(0s) exp(— ft ) du) ds]
< Etﬂexp((um EZENT = 1)) J7° n(65) exp(= [} n(0)du)ds]
= exp((um + @)(T - t))Etm{M}L
because of (5.2).
(7i7) (estimate (3.20)). Since
E(tm hig) = ;log(ll + 1), (5.21)
The estimate (3.20) follows from (z) and (i). O

Lemma 5.4. For all g € G, the function exp(,uf(t,ﬂ',h;g)) is continuous with respect to h.
Furthermore, for each g € Gy the relation (3.21) holds and for each g € Gy the relation (3.22)
holds.
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Proof. Let us first prove the continuity of exp(ué(t, 7, h; g)). From (5.13), we have for m > 1
m . .
exp(uD(h, Xrnr, — Xi) + pg(r1,m1)) <> exp(u(Xiny, — X7) + pg(71,m1)). (5.22)
i=0
Similarly to (5.15), we have for each i
B exp((Xinm — X1) + pg(riym))] < oc. (5.23)

Applying the dominated convergence theorem, for h, C H,,, s.t. lim h, = h € H,,

lim exp(,ué’(t,ﬂ,hn;g))
= B[ lim exp(uD (hn, Xrar, — Xe) + ug(11, 1)1 <1))] (5.24)
= exp(ué(t, 7, h; g)).

We next prove that, for g € Gi, the relation (3.21) holds. For this purpose, recalling Corollary
2.2, we rewrite

exp(pé(t,m, b g))
= Et’ﬂ—[exp (:U’D(hv XT/\T1 - Xt) + Hg(Tlu M(Tl - t) X‘I‘l - Xt) W))l{ngT})]

e 2
= ZEt’ /[exp <MD(ha Xrar — Xt) (5.25)
J

+ pg(m, M(m —t, X7 — Xy, W))l{TlgT}Nﬁj.
Then, recalling the Definition 3.3 of £(-), from (3.20) in Proposition 3.2 and (2.4) it follows that

| exp(pé(t,m, hig)) — exp(ué(t, 7, b g))]
= > B fexp(uD(h, Xrar, — Xi)
;

+ :U‘g(leM(Tl - t,XTl - Xt,W))l{TlgT})](ﬂ'j — 7?3)

+ Y EYifexp(uD(h, X, — X1)){exp (Mg(ﬁ’ M(my —t, Xry — Xy, ”)))
- (5.26)

— exp(pg(r1, M(r — 1, Xr, = X0, 7)) Hin <)

exp((um + L22)(T = 1)) 25 du (w, 7)

IN

+ EY7lexp(uD(h, X1 — Xy))| eXP(,Ug(Tl» M(m —t, X — Xy, 77)))

_ exp(ﬂg(ThM(Tl —t, X7y — Xtﬁ))) Lir<1y)]-
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Furthermore, by the definition the definition of G; (see (3.15) in Definition 3.2), using also (3.10)

!exp@g(n,M(ﬁ —t, X — Xm)))

- eXp(Hg(TlaM(Tl - t7XT1 - Xt,ﬁ')))|

)2 .
< exp((um + E22)(T — 7)) (5.27)
X édH(M(ﬁ —t, Xy, — X, ), M(11 — t, Xy — X4, 7))

< toagdu (m, ) exp((um + @)(T —71)).

Therefore, we obtain

| exp(pé(t, m, h; g)) — exp(ué(t, 7, h; g))|

., (5.28)
< Zydp(m, ) exp((um + 25T — £))(1+¢).

Finally, to prove that for g € G the relation (3.22) holds, we rewrite, using the time homo-

geneity of (X3, 6,),

exp(u&(t, 7, b g))
= E"lexp(uD(h, X7 — X¢))1rs1y + exp(uD(h, X7y — Xi) + pg(r1,m1)) 17 <1y
= E"[exp(uD(h, Xr—t — X0)) 1571}

+ exp(uD(h, Xr — Xo) + pg(m1 + ¢, 1)) 1 (7 <11y

(5.29)

Therefore, recalling that ¢ < t,

| exp(ué(t, m, h; g)) — exp(ué(t, 7, h; g))]

IN

|E®™ [exp(uD(h, X7t — Xo){1{r>7—1y — Lrsr—13 ]

+|EO exp(uD(h, X7, — Xo) + pg(ri +t,m1)) {Lir<r—ty — Lin<r—iy }]l

+|E* {exp(uD(h, Xp_y — Xo) — exp(uD(h, Xp_; — X0))Hr >7—53]]

+|EO [ exp(uD(h, Xr, — Xo)){exp(ug(r1 + t,m1)) — exp(ug(m1 + £ 71) M r, <75
= SJi+J+J3+ s

Now we have

IN

<

We also have, using (3.20),

(5.30)
J1 < exp((pm + @)(T — )P (T —t <1 <T—1)
exp((pm + 55N (T — 0) V[ n(0,) exp(f§ —n(6.)du)ds]
()2 _ (5.31)
exp((um + *55=)(T = 1)) Jp_, nexp(—ns)ds
exp((um + “95)(T — 1)) (2 (en=) — 1),
< expl(n+ PE) = 0) () (2070 - 1), (5.32)
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Further, since |D(h,x) — D(h,y)| < |x — y| holds from (5.10), we obtain

J3 < E%[lexp(uD(h, X7— — Xo)) — exp(uD(h, Xr_; — Xo))|]
= E%[exp(uD(h, X7_¢ — X0))
x [1 = exp(u(D(h, Xp_; — Xo) = D(h, X7 — X0))) ]|
E%[exp(uD(h, X1 — Xo))|1 — exp(p|Xp_f — X7—¢])]
= E*7[exp(uD

IN

(
(
Since (X¢,0;) is a time homogeneous process, we have

E[1 — exp(p|Xp_7 — Xr—¢|)|| X1—]

= B[ —exp(ul f{ 1(6,) — dloo™ (0.))ds + [ o(0:)dB,)| [ Xz—]
= Exy (11— exp(u] f1 7] 7(8;) — d(00™(8,))ds + [} o(65)dBs))|]
= Ex, (11— exp(ul [I " r(8,) — d(oo*(8,))ds + [ o(65)dBs|)]]

= Exp_ [[1 —exp(u]X;_; — Xo)]

= t—1),
where [ is the function defined in (3.1). Hence, we obtain

Jy < E%lexp(uD(h, Xr—¢ — Xo))]l(t — 1)
< exp((um + YZ5) (T — )it — D).
Since g € Ga, we have
Ji < E%Tlexp(uD(h, X+, — Xo))
exp((pm + UGN (T — ¢ = m))k(t = ) Lgr <7
< coxp((um + Y55)(T — )k(t — 1),

by using (3.18) in Proposition 3.2.
Putting all the estimates together, we finally obtain

< exp((um+ ¥ (T - 1) (2

1313

h, X1 — Xo))E[|1 — exp(p| X7 — Xr—¢|)[[ X7—4]].

) (€D 1) 4 1(t — 1) + ck(t — D).

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

Proof of Proposition 3.5. The equality (3.46) is shown in Lemma 5.5 below. This lemma is
followed by Lemma 5.6 that is preliminary to Lemma 5.7, from which then (3.47) follows.

Lemma 5.5. For each n >0, the equality (3.46) holds.
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Proof. By definition we have B

Wot, ) = WOt n). (5.38)
Moreover, WO(t, ) € Gi N G2 because of Proposition 3.3. Therefore, in Corollary 3.1, we set
g(t,m) = WO(t, ) and obtain a Borel function A" (t, 7) satisfying (3.31) for n > 0. Then,

W"(t,m) = JoWO(t,m) = sup g(t,w,h;Jg%WO) = é(t,w,fz(”’l)(t,w);Jg’lV_{/o).
heH,

We also have a Borel function h(t, 7) such that

WO(t, ) = sup WO(t, 7, h) = WO(t, m, h(t, 7).
h

We define a strategy h(™ e A" as follows.

}_.Lg”) — h(nflfk)(nﬁﬂk)’ k= 0,...,77,— 1,
B = h(r ), (5.39)
?L;Cn) = W(va - Xm? _Sln))7 k > n+ 1.

First, to show that W, (t, ) < W, (t, ), we rewrite W™ as follows,

Wn(t, )

= sup é(t,ﬂ,h;Jg_lWo)
heH,
= {(t,m, A D (¢, )y JIWO)
= Llog EMlexp(uD (B (t,m), Xrar, — Xo) + pW" (1, m) 17 <1))] (5.40)
= Llog B [exp(uD (M"Y (t,7), X1 — X)) 1{r, 57

+exp(uD(h" D (t,7), Xy — Xy) + pW" (71, 7)) 7, <1y

_ ilog Et,w[euD(iL(nﬂ)(t,w),XT—Xt)1{Tl>T} + eND(il("’l)(t,W),Xfl—Xt)

LETLT [BND(E("d) (11,71), X7 Ay — X7y )+NW"72(7277T2)1{72 ST}} 1{7 <T}]
\<T}-
Noting that
Bt [euD(fL("*l) (t,m), X7 —Xt)
BT [r DD (11,m), X pry =X )W (r2m2) Ly “n<ry]
1<

_ Etm[e’up(ﬁ(n—ﬂ(t,w),xfl —Xt) pri,m [e,uD(iL(n—z)(n ’m)’XTiXTl)1{7-2>T}]1{7-1<T}] (5.41)

_{_Etﬂl" [euD(iL<n71>(t77r)7XTl _Xt)

Erom [enD (A2 (71,m0) Xy =Xy )W 2 (72,m2) Liry<rlin<ryl;
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we have
Wn(t, )

— i log Etﬂr[C#D(h(n_l)(taﬂ—)aXT/\rl —X4)+uD (R (71,m1), X7 Ary *Xﬂ'l)1{71gT}+ﬂWn_2(7'277r2)1{7—2§T}]

=1 1Og Et’ﬂ'[exp(u ZZ:I ‘D(E(n) (Tk—17 ﬂ-k}—l)v )(T/\T]C - XTk_l)]-{kalgT}

Bz
+MWO (Tm Tn,s B(n) (Tnv 7'(-TL))1{7—H<T})],
(5.42)
inductively. By Corollary 3.3 we then have
Wn(t, )
= %log ETexp(p >kt D (R (i1, Tk—1), XTpr, — XTk_1>1{‘rk,1<T}
"‘MWO(Tnvﬂ'm Bn(Tmﬂn))l{m<T})]
(5.43)

IN

1 n
sup — log Et,ﬂ[exp (,u Z D(hy—1, X17r7, — er_1)1{7-k,1<T}
heAn W k=1

+MV_VO (Tm Tny hn) 1{Tn§T}>]
= W"(t,m).
Next, we shall prove the converse inequality. By applying Lemma 3.4, we have for h € A"

W(t,m, h.)

D(hk’—la AXVT/\T;C - Xkal)]-{Tk_1<T} + MWO(TTL’ Tny hn)l{TnST})]

NE

= log BV [exp(u

£
Il
—

D(hkfla XT/\Tk - XTk_l)l{Tk,1<T} + ,U’WO(TTM Fn)l{TnST}”

NE

< log EXTlexp(u

k=1
n—1
= Llog E"[exp(p Y D(hi—1, Xr = Xp s, <1)
k=1
x exp(uD(hn—1, XTAr, = Xry 1) + WO (T, T ) U, <0y) L <1}
n—1
+ exp(,u Z D(hkfla XT/\Tk - XTk—l)1{Tk_1<T})1{Tn_1>T}]
k=1
n—1
= % log Etm[exp(/ﬁ Z D(hk—lv XTk - XTk—l )1{Tk,1<T})
k=1
XETn_hTrn_l [eXp(IU/D(hn,17 XT/\Tn - XTnfl) + IU’WO(TWM Trn)]‘{TnST})]]‘{TnflsT}
n—1
+ exp(p > D1, Xrpm, = Xop ) iry <)) Lirns>1y)-
k=1

(5.44)
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By the definition of £ and Wlwe have
Emn=tmnt exp(uD(hp—1, Xrar, — Xr, ) + pWO (70, 71'n)l{‘rnST})]
= exp(pé(Tn—1,Tn-1, hn-1; W) (5.45)

> eXP(M sSup é(Tn—ly Tn—1,1; WO)) = eXp(,le (Tn—la 7rn—1))-
heHp,

Therefore, for h € A", we have inductively

W(t, 7, h.)
n—1
< Lliog Eb7 D(hg_1, X7pr, — Xr )1 wt 1
>y 0og [eXP(MZ ( k—1, ATAT Tk_l) {m_1<T} + u (Tnuﬂ'n) {TnST})]
= (5.46)
< log BV exp(uD(h, Xrpr — Xo) + pW™ (11, m1) 17, <1)]
< W"(t,n).
O
Lemma 5.6. For all h € A, we have
: 1 t,m .
Jim - log B° fexp (" D1, Xrnmy = Xo )i,y
k=1
(5.47)
+ MWO(TnaTrnvhn)]-{TnST})]
= W(t,m, h.).
Proof.
Etﬂ' exp( ZD hk 17XT/\Tk — ka_1)1{7'k71§T}
k=1
+ NWO(Tna T, hn)l{rngT}>]
= Etﬂexp( ZD hk 17 e Tk 1)+MW0(Tn77Tnahn))1{Tn§T}] (548)

+ Et7r exp< ZD hk I,XT/\Tk — X‘rkfl)l{m,lST})l{Tn>T}]
k=1

=: Il(n) + Ig(n)

We shall first give an estimate for I7(n). From (3.11) in Proposition 3.1 it follows that for h € H,,

—\2
exp(uV (e, ) < exp((m + L2051 1)), (5.49)
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Therefore, we have

- - (Bo)*
Ii(n) < E""lexp MZD hg—1, X7, — X)) + p(m + 5 T = 70) )17, <1}
k=1
n—1
< BT exp( ZD hiso1, Xr, — XTkil)ET”*I’””*l[exp(uD(hn,l,XTn X )
=1 (5.50)

+ u(er ( 3 )(T - Tn)>1{7n<T}]1{Tn—1§T}]

(uo)”

2 T = 1n1)) s, <1y

n—1
< cE"lexp (u > D(hg—1, Xr, — XT,H) exp((pm +
k=1

by using Proposition 3.2(i) because clearly exp((um + (“2)2)(T —t)) € G. Thus, we obtain
inductively

Ii(n )<cE“reXp< ZD hg—1, rk—er_l))

X E™n-27m2 [exp (Mz)(hn_g,xm_1 — X, )

(5.51)
n—2
< CzEt’ﬂ—[eXp(,u,ZD(hk_hXTk XTk 1))
k=1
=2
% exp((um + YE5) (T = 7m0) ) 1r, ]
< mexp((pm + “95)(T 1)),
and therefore we see that
lim I;(n) =0.
n—oo
On the other hand, since 1y, ~7 = Z;:& Liri<T<r; 1}, We have
Iy(n) = E*7 eXP( ZD he—1, XA, —Xm—l)l{ml<T})1{sz}]
k=1
n
=E" ﬂ-[Zg =0 exp( Z D(hy-1, X7pr, — Xkal)l{Tk—1<T}> ]‘{Tj<T§Tj+1}}
k=1 (5.52)
n—1 Jj+1
= Et’ﬂ.[z €xp (/’l’ Z D(h‘k—lv )(T/\T]C - XTk—l)]‘{Tk71<T}
§=0 k=1

+u Ez=j+2 D(hy—1, XA, — Xkal)l{Tk—l <T}> 1{Tj<T§Tj+1}]‘
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Noting that {7, < T} N{T < 7j11} =0 for all k> j+ 1, we have

eXp(M j{: (he— 17)CTAn,_')Cm,l)lh%_1<T})1&3<T§Tﬂ4}

k=j+2
oo
(5.53)
= eXp(:u‘ Z D(hk’—l?XT/\Tk - Xkal)]‘{Tk_1<T}) 1{Tj<T§Tj+1}
k=j+2
1{7'1 <T<Tj41}
and that
n
11151010 I(n) = nlLrI;oEtJr[exp<Mk D(hg—1, X1nr, _ka_1)1{7k71<T}) 1{7.”2T}]
=1
n—1 o0
= nh—>Holo Et 71' ZO €xXp ()ukz D(h‘k—la XT/\Tk - Xkal)]‘{Tk_1<T}> 1{Tj<T§Tj+1}]
7 =1
0o )
= EuT [Z exp (/‘L Z D(hg_1, X1pm, — XTk71)1{Tk71<T}> 1{Tj<T§Tj+1}]
=0 k=1
oo
= E'tﬂr[exp<u D(hk—hXT/\‘rk — XTk_1)1{Tk,1<T}>]'
k=1
(5.54)

Therefore, we obtain

lim Etﬂ—exp( ZD hk‘ 17XT/\Tk _Xkal)l{Tk_1<T} + /’LWO(Tnaﬂ_nah‘n)l{TnST}>]
e =1 (5.55)

= lim I1(n) + Ix(n) = exp(uW (¢, m, h.)),
having used Lemma 3.1. This completes the proof. O

Lemma 5.7. The equality (3.47) holds.

Proof. By the definition of A", the inclusions A" C A"t C A hold for n > 0 and we have

sup W(t,m,h.) < sup W(t,m h.) <sup W(t, 7, h.). (5.56)
heAn heAn+1 heA

From the definition of W"(¢t,7) and W (¢, w) it follows that

Wn(t,m) < Wt m) < W(t, 7). (5.57)
Therefore, from Lemma 5.5 we have

Wn(t,m) < Wt m) < W(t, m). (5.58)
Thus, from Proposition 3.4 and (3.39), we obtain

W(t,m) < Wi(t, ). (5.59)
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On the other hand, for h € A

Wn(t,m) = W"(t, )

Z i log Et’ﬂ-[exp (/’I/ Z D(hk717 XT/\Tk - Xkal)l{Tk_1<T} (560)
k=1

+ NWO<Tn; T, hn)l{TngT}>]'

Letting n — oo and applying Lemma 5.6,

W(t,m) > Wi(t,m, h.) (5.61)
and hence, we obtain
W(t,m) = Wi(t, ). (5.62)
O
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