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We consider the problem of computing some basic quantities such
as defaultable bond prices and survival probabilities in a credit risk
model according to the intensity based approach. We let the default
intensities depend on an external factor process that we assume is
not observable. We use stochastic filtering to successively update
its distribution on the basis of the observed default history. On
one hand this allows us to capture aspects of default contagion
(information-induced contagion). On the other hand it allows us
to evaluate the above quantities also in our incomplete information
context. We consider in particular affine credit risk models and
show that in such models the nonlinear filter can be computed via
a recursive procedure. This then leads to an explicit expression
for the filter that depends on a finite number of sufficient statistics
of the observed interarrival times for the defaults provided one
chooses an initial distribution for the factor process that is of the
Gamma type.
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1. Introduction

We consider the problem of evaluating some basic quantities such as
defaultable bond prices and survival probabilities in a credit risky environ-
ment under incomplete information on the underlying model. We use the
reduced-form or intensity-based approach to credit risk with default times
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modeled as the jump times of a doubly stochastic Poisson process. In this
model class default intensities are driven by a common factor process X;;
this is a convenient way for generating dependence between default events
of different firms. Typically it is assumed that X; is not directly observable,
and this will also be the main setting here. In that case the distribution
of X; can be updated on the basis of the observed default history and this
leads to what may be termed as information-induced contagion (see e.g.
(8D

In the next section 2 we discuss our underlying model and describe
three examples of basic quantities in a credit risky environment (prices of
defaultable bonds with and without recovery and survival probabilities)
that we first evaluate under the assumption of full knowledge also of the
factor process with the main purpose of motivating the filtering problem
that arises in the evaluation of these same quantities when only the defaults
are observable, but not the values of X;. In section 3 we discuss the filtering
problem and present its general solution. Although in explicit form, this
general solution will in most cases be difficult to compute and so the interest
arises to consider particular classes of models, for which the solution can
actually be computed. One such class corresponds to the case when X; is
a finite-state Markov chain and this is discussed in [4] in a more general
context. In this paper we shall concentrate on the so-called affine case
and this is the subject of section 4, where we show that the filter can
be computed via a recursive algorithm. The actual computation of this
recursive algorithm is discussed in the last section 5, where we also show
that for a suitable choice of the initial distribution of the factor process the
filter can be computed as an explicit function of a finite number of sufficient
statistics of the observed default interarrival times.

In this paper we assume that the information available to an agent
comes only from observing the default history. More general information
structures can be envisaged such as in the case when agents can observe
also prices of defaultable bonds. This generalization is considered in [4],
but not for the affine case.

2. The model and some basic examples

Consider a market with m firms that may default and denote by 7; the
default time of firm j € {1, --- ,m}. The default state of the portfolio can be
summarized by the default indicator process

1) Yi= i1, Yimizo with Yij = Loz

Given a filtered probability space (Q2,%,G:, P), all processes will be
Gi—adapted and 7, is an G;—stopping time. Our intensity-based default
model implies that there are no common defaults among the firms, so that
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we may introduce the ordered default times0 = Ty < T; < --- < Ty,. One
may then also consider what can be called the default-identity process &,
that denotes the identity of the firm defaulting at T,,. The default obser-
vation history H; C G; can then be given the following two equivalent
representations

) Hy =0l{Ys; s <ty =0{(Tu, én); Tu <t}

The factor process X; € R may be any Markov process (a specific such
process will be considered below, see (6)). We assume that default times are
conditionally independent, doubly stochastic random times (see [7], Sec-
tion 9.6); the default intensity of firm j at time t is given by A;(X;) for some
function A;: R — (0, o). Formally, this means that default times are inde-
pendent given FX = o(X;: t > 0) with conditional survival probabilities
given by

t
p(Tj>t|¢;<):exp(—foAj(xs)ds).

2.1 The affine case
We shall say that we are in the affine case if X; satisfies a diffusion

equation
(©)] dXe = u(Xp)dt + o(Xe)dw;
with

X)) = aXo+p
@)

Uz(Xt) = VXt +0

Furthermore, assuming for sake of generality that also the short rate is
driven by the factor process, i.e. 1y = r(Xy),

)\]‘(Xt) = A]' X; , /\j >0
©)

rXy) =rXy , r>0

In particular, for the process X; we shall consider a Cox-Ingersoll-Ross
(CIR)-type model, i.e.

(6) dX; = (a — bXy) dt + o X, dw,

with a,b,6 > 0 and a > & so that X; > 0 a.s. which, by (5), will then also
imply that 1;(X;) > 0,7(X;) > 0 a.s. For this affine case in what follows
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we shall be able to derive explicit expressions both in the case of full as
well as of partial information. To this effect we recall here the following
proposition, which in its general form can e.g. be found in [6], section 6.2.2
by making the following identifications: t =T —t,A =B, u = A, P(T —t) =
B(t,T),—a(T — t) = A(t, T). The particular case for § = 0 can also be found
in [7], section 9.5.2. The derivation is based on the Kolmogorov equation
for functionals of Markov processes.

Proposition 1. Let X; satisfy (6) and define

T
7) E(t,x) := E;» {eﬁx’ exp [—f )_LXsds]}
t

for a generic B > 0 and A > 0. In the present affine case this function F(t,x)
admits the representation

(8) F(t,x) = exp [A(t,T) — B(t, T)x]

where, for given T, the functions A(-, T), B(-, T) satisfy the following first order
ordinary differential equations in t € [0, T]

Bi(t,T) = bB(t,T) + 10*B3(t, T) -1, B(T,T)=p
©)
At(t/ T) = B(tl T) ’ A(T/ T) =0

and they have as solutions

B, T) = Bly + b+ e T (y —b)] + 24T — 1)
T Ba2(@ T — 1)+ y — b+ e’ T (y + b)

(10)

(T-Hy+b)
2ye 2
Ba2(e T —1) +y —b+eT-H(y + b)

A, T) = i—z log

with y := Vb2 + 202A.

2.2 Examples

Of the following three examples the first two concern pricing under full
information and so the underlying probability measure P has tobe seen as a
pricing (martingale) measure. The third one concerns survival probabilities
and there P represents then the historical/real world probability measure.
The basic quantities in these three examples may be considered as building
blocks for more important credit risky products.
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2.21 Example 1. Defaultable zero-coupon bond on firm j with matu-
rity T and zero recovery
Using standard results for pricing defaultable claims in models with
doubly-stochastic default times (see e.g. [7], section 9.4.3) the price at time
t < T of a zero recovery bond on firm j can be expressed as

(1) pitT) = E(e k941 - v, 1 61)

= (1-Y)Ex, (e—f,TR/(Xs)dS) =TT (X, Yy)
where
(12) Rj(Xy) := r(Xy) + Aj(Xe)

It is thus a function IT}(X;, Y;), parametrized by ¢, T that for simplicity we
drop from the notation, of the current values of the factor and the default
indicator processes.

From the previous section 2.1 it is easily seen that in the affine case the

function IT}(X;, Y;) takes the following exponentially affine form
(13) I (X;, Yo) = (1= Yy ) exp[al(t, T) = pi(t, T) o]

where, for X; satisfying the CIR model (6), the coefficients in (13) are given
by the formulae in (10) with /(t, T) given by the expression for B(t,T)
there and a/(t, T) by that for A(t, T). Furthermore, for the present case the
coefficients in the right hand side of (10) have to be chosen as follows (we
may consider ¢, T as fixed): a,b,0 come from (6), p = 0,A = Aitry =
Vb2 + 202,
2.2.2 Example 2. Recovery payment
Denote by Z]le[z,-gr] the recovery payment at the time 7; of default of

the j—th firm, where Z/ is an - adapted process. It is well-known that
the value in t of the recovery payment is given by

(1Y, )E (e_ K r(Xs)dSZZ;]lhigT} | Qt)
(14)
T . ,
= (1= YiEx ([ ZIAj(Xo)em b R digs) = T (X, o),
see again [7] for a proof.

From these building blocks the price of many credit derivatives is ob-
tained in a straightforward manner. For instance, the price of a zero-coupon
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bond with recovery is simply given by the sum of the price without re-
covery and the value of the recovery payment, and also spreads of credit

default swaps are easily computed. In the affine case also Hé (X, Y;) can be
given a more explicit form that is partly of the exponentially affine type.
We do not discuss this in detail here referring the reader to [7], section 9.5.3
or directly to the original paper [3].
2.2.3 Example 3. Survival probabilities

As already mentioned, in this example the underlying probability P is
the historical/real world probability measure. We want in fact to compute
the probability, given our information, that firm j does not default prior to
agiventime T. A similar argument as in the derivation of (11) immediately
gives

T .
(15) P(t;>T|G)=(1-Y)Ex {exp [— f /\j(Xs)ds]} = T1(X, Yr)
t

Notice that the expression of I‘Ié(Xt, Y;) is completely analogous to that of
H]1 (Xt,Yy) in (11) so that in the affine case it can be given an expression of
the exponentially affine form like Hi(Xt, Y;) in (13).

3. Incomplete information (the filtering problem)

In the examples of the previous section we have seen that, under full
information also of the factor process X;, the values of the basic quantities
of interest can be expresses as an explicit function I'T(X;, Y¢) of the current
values of the factor and the default indicator processes. If agents do not
have access to the full information represented by the filtration G;, but only
to that corresponding to H;, i.e. the information represented by the default
history then, based on iterated conditional expectations, it appears natural
to consider as corresponding values for the basic quantities the following

(16) IT(Ye) = E{TI(X, Yi) | Hi}

where the expectation is under the measure P that is a pricing (martingale)
measure in the case of the first two examples and the historical measure
in the third. For the third example there is no problem with the definition
(16), but in the case of the pricing examples one has to make sure that
(16) leads to arbitrage-free prices. To this effect we can state the following
simple lemma

Lemma 2. Assume the short rate is Hy,—adapted, in particular determinis-

tic. Then, taking as numeraire the money-market account B; := exp [ fot rsds],

ormula (16) leads to arbitrage-free prices in the sense that BII(Y,) is a
f g p :
(P, Hy)—martingale.
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Proof : Let s < t; then
(252 ) (2522 )

By
- 22 1 7¢) < £ 252 16 4

- [ 7] = 20

where we have used the fact that P is a pricing (martingale) measure for
the numeraire 8; in the sense that Bt‘lH(Xt,Yt) is a P—martingale in the
full filtration G;. n

3.1 The filtering problem

We have seen that the problem of computing values of risk-sensitive
products under incomplete information about the factor process amounts
to that of computing conditional expectations as in (16). Since Y; € H;, in
what follows we shall for simplicity drop the dependence on Y; so that the
right hand side of (16) becomes of the form E{f(X;) | H;} where f(-) is a
generic (bounded) function of the factor process. Denoting by m;(dx) the
conditional distribution of X; given H;, (16) leads then to the problem of
computing

(17) () = ELf(X0) | H) = f Fm ()

which is a nonlinear filtering problem of a diffusion process, given point
process observations.
3.2 General solution of the filtering problem
Let us first introduce the global default intensity
(18) AXe, Ye) 1= ) (1= e ) A4(Xe)
j=1

which is the sum of the default intensities of the still surviving firms. Note
that, for T, <t < Tp41, A(X;, Y;) is the intensity of 1.

In deriving our filtering results we distinguish the cases between default
times and at a default time.

3.2.1 Filter between defaults

Let T, be the generic n—th default time and let t € [T}, T)41). It follows
from the general filtering equations (Kushner-Sratonovich equations) for
point process observations by the so-called innovations method (see [5],
[2]) that for 7t;(f) as defined in (17) one has

(19) m(f) = mr, () + f [rs(LS) = ms(Af) + 1s(A) 1s(f)] ds

n
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where [ is the generator that corresponds to the diffusion process X;.
Furthermore, noticing that for ¢t € [T}, T\,+1) one has Y; = Yr,, whenever
t € [T, T,+1) we shall consider A as a function of x alone, i.e.

(20) A(x) = A(x, Yr,)
with A(x,y) as in (18).

Proposition 3. Assume the conditions for the uniqueness of the solution of (19)
as described e.g. in Appendix 2 of [2] hold. The solution to (19) is then for
t € [Ty, Ty+1) and an integrable (bounded) f given by

_olf)
ey = m
where g;(f), the unnormalized conditional expectation of f, can be obtained
as
@) o) = [ (T2 7 @)
with
23) YT D) = {0, X e ha 700}

and A(Xy) according to (20).

Remark 4. This proposition shows that, between defaults, the filter evolves
deterministically and its evolution is determined by the Markovian semigroup

Yi(Ty, x)(f) in (23).

Proof : Although the proof can be obtained from that of Proposition 3.4 in
[2], we present here a direct derivation.
By Ito’s formula we have

it Xy e A9 _ (T, X )
= 1 e B AL p)s, X0 = A(X) fls, X)] ds

[ ek A0 5 R (s, X duw,

Assuming the conditions for applying Fubini’s theorem are satisfied, let us
take on the left and right hand sides the expectation conditional on X7, = x



October 16,2006 12:40 Proceedings Trim Size: 9in x 6in Ritsumeikanl ru

thus obtaining

Er, o { £, Xpe™ b 100} - (7,2

= Jp B e RO [0, X0 - KX £5,X0] ds)

Using the definition of {; in (23) this last relation can be rewritten as

t
lPt(an X)(f) - IPT,, (an x)(f) = f [ws(Tn/ x) ('Ef) - lljs(Tn/ x) ()_\f)] ds

n

Integrating with respect to 7t (dx), taking into account (22) and applying
once more Fubini, one arrives at

f
o) — on.(f) = f [o(LF) - 0:(A )] ds

n

From here one obtains then immediately

(f) . .
dmy(f) = d(gtt({) = (Lf)dt — m(Af) dt + m(f) me(A) dt
from which the result follows by the assumed uniqueness of the solution
of (19). ]

3.2.2 Filter at a default
Consider now a generic defaulttime T,. Again from the general filtering
equations of the innovations approach ([5],[2]) one has

nr; (Ag, f)
T, (Ag,) ’

where we implicitly use that mr-(As,) > 0 a.s. The expression mr-(f)
denotes here the left hand limit of nr,(f) in T,,, which exists by (19).

Concluding this section 3.2 one sees that the crucial point to obtain a
solution of the filtering equations is the possibility of explicitly computing
the semigroup 1 in (23) and in the next Section 4 we shall address this
issue in the case of an affine model.

(24) nr,(f) =

4. Filtering in affine models

As mentioned at the end of the previous section, in this section we shall
derive an explicit representation of the semigroup 1 in (23) for affine mod-
els and this will then lead to an explicit solution of the filtering problem.
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Recall that for an affine model we have postulated an affine dynamics for
X; that we take here as given by the CIR model (6). Furthermore, as in (5),
we shall assume A(X;) = A;X;, which by (18) and (20) then implies that
also A(X;, Y) = A(Y;) - X;; for the short rate we assume that it is constant,
ie. r(X;) = r. Finally, we shall assume f(¢,x) to be exponentially affine,
analogously to F(t, x) in (8), namely of the form

(25) f(t/ X) = exp [Ol(t, T) - ﬁ(t/ T)x]

and its specific form depends on the specific problem at hand (see the
examples in section 2.2). Notice next that with f(, x) of the form (25) the
semigroup ; becomes

YT D) = B oD 71 X}
(26)
= D Ey | {e—/s(t,T)x, b X ds}

where we have simply written A for A(Y;) since Y; = Yr,. The crucial
quantity becomes therefore the second factor in the rightmost expression
in (26). We have now the following proposition, the proof of which follows
immediately from Proposition 1

Proposition 5. Under the assumptions of this section one has

-t
@7)  En{e % e < exp [T, 56) ~ BTt K]y

where A(Ty, t; B) and B(Ty, t; B) are given by

(=Tu)y+t)
2ye 2
Bo2(e?®T) —1) +y — b+ ert-T)(y + b)

2a
A(Ty, t;8) = = log(
(28)
+ b + )’(t_Tn) — b + 21 V(t_Tn) —_ 1
B(T,, ) = ply ey — bl + 21 )
o e n —_— —_— e n
por(@ T — 1) +y —b+ Ty 1 1)

with y := Vb2 + 2021

4.1 Filter between defaults

Combining Propositions 3 and 5 and noticing that the constant 1 can
be expressed as the function f(t,x) in (25) for a(t,T) = p(t, T) = 0, one
immediately obtains
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Proposition 6. The filter mi;(f) is, for t € [T}, Tp11), given by

f e—B(Tnlt;ﬁ(t’T))ann (dx)

@) mlf) = nTwit, T) [ eBTut0try (dx)
where
(30) N(Ty;t, T) = e“Dexp [A(T,, t; B(t, T)) — A(Ty, ;0)]

Remark 7. It follows from (28) that B(T,,t;B) is, for t > T,, nonnegative
whenever B > P(t) where

AT —1)  y=b+e Ty +b)
y+b+ert=Ti(y —b)’ o2(ert=T) — 1)

(31)  B(t) = — min

Thus B(t) is strictly positive for t > T, and it is equal to zero for t = T,. From
the examples in section 2.2 it follows that the value of B(t,T) to be used for
the parameter 5 in the numerator of the right hand side in (29) (as well as in
(34) below) is strictly positive, while in the denominator of the same formulae it
is equal to zero. Consequently the corresponding value of B(Ty,t; B) is always
nonnegative. In (34) below we shall also need the derivative of B(T,, t; B) with
respect to B, evaluated at p = B(Ty41,T) and at g = 0. Since Tpq > Ty, and thus
B(Tps1) < 0, not only B = B(Tps1, T), but also B = 0 are interior points of the
domain of positivity for B(T,, t; B) and in this domain it is easily seen from (28)
that B(T, t; B) is differentiable with respect to B. Recall now also that X; as given
by (6) for a > %2 has its a-priori support in the positive half line and this implies
that also all conditional distributions Tt,(dx) have their support in the positive half
line. It follows that the two integrals in the right hand side of (29) are well defined
and finite.

From the above Remark 7 we have that, for all values of interest for f,
B(T,, t; B) is strictly positive. Given that X; > 0 anyway, this leads us to
define the moment generating function of the conditional distribution m;(dx)
of Xt by

(32) (@) =m (e?%) ¢ >0
From Proposition 6 one then obtains immediately

Corollary 8. Fort € [T,, T;+1) and f(t, x) as in (25) we have that the filter value
1(f) is given by

_ . XT, (B(Tn/ t; ﬁ(tr T))
(33) Tct(f) - T](Tn/ t/ T) XT, (B(Tn/ t, 0))

where 1(-) is as in (30), xt,(-) as in (32) and B(T, t; p) is given by (28).
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4.2 Filter at a default time

Based on the general formula (24) for the filter at a generic default time
T, we can now show the following (since for the case between defaults we
considered the interval [T, T\,+1), here we take T, to denote the generic
default time)

Proposition 9. Assuming the conditions are fulfilled to differentiate under the
integral sign, at the generic default time T, we have

35 [T T, (B(T, T B ))]|ﬁ=ﬁ(Tn+1,T)
2 [eATTe) o, (B(Ty, Tosa; )], peo

where A(Ty, Tyi1; B) and B(Ty, Tpi1; B) are given by (28), B(Ty+1, T) corresponds
to the exponentially affine representation of f(t,x) in (25) and xr,(:) is as defined
in (32).

(34) T(Tn+1 (f) = ea(T»Hl,T) .

Proof : Starting from (24) for the default time T,,; and noticing that nr- )
is the limit, for ¢t T Ty,41, of the filter m;(f) when ¢t € [Ty, Ty41), using
Proposition 3 with f(t,x) as in (25) and with the semigroup (-) as in
(26) combined with Proposition 5, we obtain the following sequence of
equalities, where we use differentiation under the integral sign in two
instances

r (f) — nT;H Ménﬂ .XTn+1 f(TV’*l’XTnH )}
n+l - 1{)\( -XT
n+

cn+l n+1l

= T
—B(T}y41,T)-X 1 [ Xy du
EH(T"H'T)fETn,X{XTnﬂe Pt T, 4 o~ I, X 71, (dX)

-1 Tn+1
[ ETn,x{XT”He Ay X“d“}}mn (dx)

= T,
A [+l x4
f 8%’ ETn,x{EﬁXTVHl e an " u}} r,, (dx)

1B=—B(Ty+1.T)

_3 (Fnet
f % ETV,,.\'{EBXT”H e B an Xu du}lﬁ OT(TV, (dx)

= ea(Tnﬂ/T)

55 {exp[ AT, Tust:f)=B(Tu TustiB) X Y y_pr oy 710 (@)

n+1.T)

— ea(Tll+l/T) f
I e[ AT Tt ~B(T Tusif) 3]} g or ()

5[ Py, BT Tt yogir,
3 [T ety (B(T, TostiB) ] oo

a’(TnH,T)

=€

Notice that, by the considerations in Remark 7 all the above quantities are
well defined. B
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Remark 10. Notice that in the filter update at Ty, only the information about
the timing Ty41 of the (n + 1)—st default is being used and not also that of the
defaulting firm &,41; in fact, the factor Ag,,,, which contains this information,
drops out due to the normalization. This happens however only because of our
affine form of the dependence of the default intensity on the factor process and the
fact that the latter is taken to be scalar. In any case, the information about &,1 is
not lost as it becomes part of Yr,,,.

From Corollary 8 and Proposition 9 it now follows that the crucial
quantity for computing the filter in the affine case is the moment generating
function x;(¢) in (32), which we need to compute only for the values of
t corresponding to the default times and for any ¢ > 0. Notice also that
Xt(¢) is nothing but the filter m;(f) for f(t,x) when this latter function
has the exponentially affine form in (25) with a(t,T) = 0 and (¢, T) = ¢.
Combining these remarks with the results of Proposition 9 one obtains
immediately

Corollary 11. Under the assumptions of Proposition 9 one has

2 [ATTe o (B(T,, Tt ﬁ))]lﬁ= .

% [eATwTwsif) xr (B(Ty, Ts1; ﬁ))]w:o

(35) X, (P) =

On the basis of the previous results we can now write down an algo-
rithm to compute recursively the filter in the affine case, which we do in
the next subsection.

4.3 Filter algorithm
i) Startat Ty = 0 with a given xo(¢).

ii) At the generic T,,+1 compute (see Corollary 11)
% [eA(Tn,Tywl?ﬁ)XT,l (B(an T11+1; 'B))Lﬁ:(l)

% [eATTwstif) xr (B(Ty, Tys1; )] 18=0

XTnH (Qb) =

iii) For t € [T}, Ty+1) and with f(t,x) = expla(t, T) — B(t, T)x] the filter is
then given by (see Corollary 8)
XT, (B(Ty, t; ﬁ(t/ 7))
x1,(B(Ty, £;0))
where 1(T,;;t, T) is given in (30) and B(T}, t; f) in (28).

m(f) = n(Tu; £, T)

iv) For t = T, the filter is (see Proposition 9 and Corollary 11)

71, (f) = T xr, L (BT, T))
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Step ii) above is a recursive formula to compute the moment generating
function xr, that then leads to an explicit filter solution according to Steps
iii) and iv). Although recursive in nature, this Step ii) may become increas-
ingly difficult to compute since the analytic expression for xr,(¢) might
become more and more involved with every step. A natural question then
arises to see whether, with a suitable choice of the initial x(¢), the recur-
sions remain at a level that allows for feasible computations. This will be
the subject of the next Section 5, where we also show that, although a pri-
ori the filter is not finite-dimensional in the traditional sense, for a suitable
choice of the initial distribution it can be parametrized by a finite number
of sufficient statistics.

Remark 12. We conclude this section by pointing out that our filter results may
have a wider scope than only what we have described here by showing that the filter
can be computed by computing the conditional moment generating function and
that this can be done recursively according to (35). In fact, since this conditional
moment generating function is related to the Laplace transform of the conditional
(filter) distribution, one can, at least in theory, invert this conditional moment
generating function thereby recovering the filter distribution itself. This would
then allow to compute conditional expectations not only of exponentially affine
functions of the factor process but also of any integrable function thereof.

5. Finite dimensional computation of the filter

In this section we exhibit a choice for x((¢) that allows Step ii) in the
filter algorithm of the previous subsection 4.3 to remain computable at
every step.

For this purpose recall that the recursions in Step ii) correspond to the
recursive formula (35), where the coefficients A(Ty, Tn+1; ), B(Ty, Tn+1; B)
are given in (28). Introduce the shorthand notations

Rn+1 =Y +b+ EY(T"H_TH)(‘)/ — b)
Swea =22 (e/Twm=T) — 1)
(36) Un+1 = 02 (6)’(T»1+1—Tn) _ 1)

Vi1 =y —b+e’T=T(y 4 b)

Tp+1=Tn) (y+b)
2

(
Wy =2ye

that, since y = Vb2 +202 A, are all positive quantities. The coefficients
A(Ty, Tys1; B) and B(T, T4q; B) from (28) can then be given the following
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representation

A(Ty, Tps1;B) = i_g log (ﬁ u,z\]lnfvm)
(37)

. - ﬁRn+l+Su+1
B(Tw, Tuv1; ) = grnavis

Choosing as distribution for the initial value X of the factor process a spe-
cific Gamma-type distribution, we shall now prove the following theorem
that gives an explicit computable representation for x:(¢) at the various
default times t = T,,.

Theorem 13. Let
1
1+¢

which according to (32) corresponds to the moment generating function of a
Gamma distribution for Xy with parameters (%, 1). Then

(38) m(cz»:( ) =(1+¢) 3, ¢>0

(39) X1, () = Culep Hy + Ki) ™ 'pu()
where H,, and K,, satisfy the recursions

H, =R,Hy1+U,K,-1 , Ho=1
(40)
Ky = SuHp-1 + VuKy , Ko=1

the coefficient c,, is given by

_u_, -1

(@) o = [k
and pn(P) is a polynomial of degree n — 1 given by
(42)

1 for n=0 and n=1

(-2 - n+ 1) Hy(pU, + V) Pu(9)
pu(P) = R _

+un(¢Hn + Kn)pn(‘P) + ((PHn + Kn)(cz)un + Vn)%pn(cp)
for n>2
with
— w2 PR, + S,

(43) pn((P) = ((Pun + Vi) Pn-1 (m) , nx=2
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Proof : The statement is clearly true for n = 0. We show it first forn = 1
and then inductively for all n > 2.

i) the casen =1 : by (35),(36), (37) and the recursions in (40) we have

2
9 W o2 BR1+S1
)]
1B=¢

XTy (¢) = I
2 Wy o2 BRy+S;
B\ pu+vy ) ATol gy vy
Ip=0
(44)
2a _2a
2 {( Wy )02 (FH1+K1) 02}
ap Y\ U +Vy Uy +V, _2a
_ b=o _ (PH1+K1) &
= 2 o = %
2 Wy \oZ [ BHy+Ky \ 02 K
9 Y\ BU1+Vq BU1+Vq 1
Ip=0

which indeed corresponds to (39) with (41) and (42).

ii) the general case n > 2 : assume (39) holds for n — 1. Then, always by
(35), (36), (37) and (40) we obtain

2a
i { () o))

2a
o f( wa \B [ BRa¥Su
P {( BUn+Vn )0 /\Tn—l(ﬁun*'vn )}W’U

xr,(Q) =

(45)

2a _2a _
() (B ().

2 2
@( 1 )ﬁ(ﬁHrH-Kn)’ﬁ”’” (ﬁRn+Sn)
26 \\BUn+vn BUn+Vy Pr=1\ g, 5, ‘
B=0

Q

Y

Taking into account that, by (43),

R, + S,
Pn-1 ( ﬁ

(46) BU, + V,,

) = (BUs + V) ""Pu(p)
the numerator in the rightmost expression of (45) becomes
(47)

1B+ V) BH, + K2 5B

2a

= (BH, + Ky) ™= "{Un(BH, + Ko )pr(B)

+ (=2 = n+ 1) Hu(BUy + Va)pu(B) + (BUs + Vi) (BH + Kn) 57(B)]

IB=¢

= (¢ Hy + K) 2 7"pul(e)
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where we have used the definition of p,(¢) in (42). Returning to (45)
and recalling that the denominator in the rightmost expression of
(45) is the same as the numerator except for putting = 0, one finally
obtains

Hn Kn 7‘%4‘ n _2a_y
48)  xr,(¢) = © i 1 Put9) = u(¢ Hy + Ki) ™ " pu()

Kn - Pn (0)

Remark 14. It follows from Theorem 13 that, for a choice of the initial distribution
corresponding to xo(¢) in (38), the sequence xt,(¢) and therefore (see Steps iii)
and iv) in Section 4.3) the entire filter is parameterized by a same finite number
of sufficient statistics, namely the pairs (H,, K,) and the polynomial functions
pu(P), all of which can be computed recursively on the basis of the functions
Ry, Sn, Uy, Vi of the interarrival times of the defaults.
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