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Abstract Traditional arbitrage pricing theory is based on martingale measures. Re-
cent studies show that there are situations when there does not exist an equivalent
martingale measure and so the question arises: what can one do with pricing and
hedging in this situation? We mention here two approaches to this effect that have
appeared in the literature, namely the “Fernholz-Karatzas” approach and Platen’s
”Benchmark approach” and discuss their relationships both in models where all rel-
evant quantities are fully observable as well as in models where this is not the case
and, furthermore, not all observables are also investment instruments.

1 Introduction

Traditional arbitrage pricing theory is based on martingale measures, whereby the
density process as well as the prices expressed in units of a same numeraire are mar-
tingales. Recent studies such as [1],[2] show that some form of arbitrage may exist
in real markets and then processes, which in traditional theory are martingales, turn
out to be strictly local martingales. Without necessarily passing through absence
of arbitrage, also the authors of [5] describe instances in which classical martingale
processes are strict local martingales. Typically such a process is the density process
and then no equivalent martingale measure exists. In such a situation the question
arises: what can one do with pricing and hedging?

This issue has already been dealt with in the literature and, after recalling the ba-
sic features of two of these approaches, our first purpose in the paper is to show that,
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although based on different viewpoints, they lead to the same values for the prices in
the case when all relevant quantities are fully observable. The second purpose is to
extend the two approaches to situations when some of the underlying quantities of
the market model are not fully observable and, furthermore, not all observables are
also investment instruments and to compare the two approaches also in this latter
case.

The first approach is based on work mainly done by E.R.Fernholz and I.Karatzas
together with co-workers and of which an overview is given in [2]. We shall refer
to it as “Fernholz-Karatzas (FK) approach”. The basic idea here is taken from a
classical approach in incomplete markets whereby the price of a derivative asset is
defined as the smallest superreplicating initial capital. By utilizing the exponential
(local) martingale given by the density process Z(·), it is shown that this price can
be obtained by utilizing Z(·)

B(·) as “deflator” (B(t) is the money market account/local
riskless asset). In this context it is also shown that, even without existence of a mar-
tingale measure, the market can be completed and a hedging strategy is explicitly
exhibited.

The second approach is based on work done by E.Platen and coworkers and a
comprehensive account can be found in the book [5]. Platen calls it the “Benchmark
approach” and we shall refer to it under this same name with the acronym (PB).
Here the methodology is based on utility indifference pricing thereby showing that
the resulting price is independent of the chosen utility function as well as of the
initial wealth and it does not require the claim to be replicable. By showing, in this
paper, the equivalence of the two approaches in the case of complete observation we
also show that, although by (PB) the claim does not have a priori to be replicable,
it is so a posteriori and a replicating strategy is given by the one constructed in the
(FK) approach.

Since the (FK) approach relies on completing the market, while (PB) is of the
utility indifference pricing type that is typically designed for incomplete markets, it
appears to be rather intuitive that (FK) has to be restricted to those situations where
all observables are also investment instruments. In fact we show that, while in the
complete observation case the two approaches are equivalent, there are some differ-
ences in the case of incomplete observation if not all observables are also investment
instruments.

We consider a classical diffusion type model, although extensions to discontin-
uous market models may be envisaged. A major role in both approaches is plaid
by the growth optimal portfolio (GOP) and we briefly summarize some of its basic
features. We also discuss the relationship between the (GOP) strategy and growth
rate under complete and incomplete observation. We always assume however that
the value of the GOP is observable (possibly via a proxy).

We start in section 2 by describing the model and deriving the GOP. Section 3
is a brief account on how some form of classical arbitrage may arise implying that
then an equivalent martingale measure does not exist. It is based on [2], further in-
stances may be found in [5]. In section 4 we summarize the basic features of the
two approaches, adding some detail to the proofs of the main results and show-
ing their equivalence under full observation of all relevant quantities. In section 5
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we first describe the incomplete observation model that is based on [7] and where,
furthermore, not all observables are also investment instruments and discuss some
consequences for the GOP and utility maximization. Then we describe extensions
of the two approaches to this model and discuss a possible equivalence.

2 The Model

We consider a market M with a locally riskless asset and a certain number n of risky
assets with prices B(t) and Si(t) respectively that, on a given filtered probability
space (Ω ,F ,Ft ,P), satisfy the following diffusion-type model

dB(t) = B(t)r(t)dt, B(0) = 1,

dSi(t) = Si(t)
(

bi(t)dt +∑
n
j=1 σi j(t)dw j(t)

)
, Si(0) = si > 0, i = 1, . . . ,n.

(1)

We assume the number of driving Wiener processes w j(t) to be equal to the number
of risky assets and that the diffusion matrix σ(t) = {σi j(t)}i, j=1,··· ,n is non singular
for each t ∈ [0,T ] with T < ∞. Furthermore, the coefficients in (1) are progressively
measurable and satisfy

∫ T

0
|r(t)|dt +

n

∑
i=1

∫ T

0

(
|bi(t)|+

n

∑
j=1

(σi j(t))2

)
dt < ∞ a.s. for any T ∈ (0,∞). (2)

While for most of the results below the filtration {Ft} can be fully general, for some
of them we shall, without much loss of generality, assume that Ft = F w

t .
From (1) we obtain for the risky assets’ log prices

d logSi(t) = γi(t)dt +
n

∑
j=1

σi j(t)dw j(t), i = 1, . . . ,n (3)

with
γi(t) := bi(t)−

1
2

aii(t), a(t) = σσ
′(t), i = 1, . . . ,n. (4)

Under controlled growth of a(t) as e.g.

lim
T→∞

(
log logT

T 2

∫ T

0
aii(t)dt

)
= 0, a.s. i = 1, · · · ,n (5)

one has

lim
T→∞

1
T

(
logSi(T )−

∫ T

0
γi(t)dt

)
= 0 (6)

which justifies the definition of γi(t) as growth rate of the i− th asset.
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A portfolio strategy (investment rates) is a progressively measurable process
π(t) = (π1(t), · · · ,πn(t)) with values in⋃

k∈N

{
(π1, · · · ,πn) ∈ R | π1 + · · ·+πn ≤ 1, π

2
1 + · · ·+π

2
n ≤ k2} .

The ratio 1−∑
n
i=1 πi(t) is invested in the risk-free asset.

Let V v,π(t) be the value at t of a self financing portfolio with V v,π(0) = v. From
the self financing condition one then has

dV v,π (t)
V v,π (t) = (1−∑

n
i=1 πi(t))

dB(t)
B(t) +∑

n
i=1 πi(t)

dSi(t)
Si(t)

= (1−∑
n
i=1 πi(t))r(t)dt +∑

n
i=1 πi(t)

(
bi(t)dt +∑

n
j=1 σi j(t)dw j(t)

) (7)

.
Putting σπ j(t) := ∑

n
i=1 πi(t)σi j(t), we have, analogously to (3) and (4),

d logV v,π(t) = γπ(t)dt +
n

∑
j=1

σπ j(t)dw j(t), i = 1, · · · ,n (8)

with the portfolio growth rate

γπ(t) = r(t)+
n

∑
j=1

σπ j(t)θ j(t)−
1
2

(
n

∑
j=1

σπ j(t)

)2

(9)

where, in vector notation,

θ(t) := (σ(t))−1 (b(t)− r(t)1) (10)

is the “market price of risk”. Under a controlled growth of a(t) analogous to (5),
also here one has

lim
T→∞

1
T

(
logV v,π(T )−

∫ T

0
γπ(t)dt

)
= 0, (11)

justifying again the name “growth rate” and notice that V v,π = vV 1,π := vV π . This
latter scaling property of V allows us to derive most of the results for the simpler
V π , they will then hold automatically also for V v,π for any v > 0.

Definition 1 Given an initial wealth v, the set of admissible strategies is H (v) :=⋃
T>0 H (v;T ) where

H (v;T ) := {π(·) | P{V v,π(t)≥ 0,∀ 0 ≤ t ≤ T}= 1}. (12)

A major role is plaid by the so-called growth optimal portfolio (GOP) that
maximizes the growth rate among the admissible portfolios (it maximizes also the
expected log-utility).
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In vector form we have for the growth rate for a generic portfolio π

γπ(t) = r(t)+π
′(t)σ(t)θ(t)− 1

2
π
′(t)σσ

′(t)π(t)

which is a concave function of π so that, denoting by ρ(t) the GOP strategy that
maximizes this growth rate, one has

ρ(t) = (σ ′(t))−1
θ(t) (13)

From (8) and (9) we have for any admissible π

dV π(t)
V π(t)

= r(t)dt +π
′
(t)σ(t)(θ(t)dt +dw(t)) (14)

which implies for π = ρ

dV ρ(t)
V ρ(t)

=
(
r(t)+ ||θ(t)||2

)
dt +θ

′(t)dw(t) (15)

and so

V ρ(t) = exp
[∫ t

0
r(s)ds+

1
2

∫ t

0
||θ(s)||2ds+

∫ t

0
θ
′(s)dw(s)

]
(16)

Furthermore, the growth rate of the GOP is

γρ(t) = r(t)+
1
2
||θ(t)||2 (17)

3 Relative Arbitrage and Absence of Martingale Measures

Traditional arbitrage pricing theory is based on equivalent martingale measures. In
particular, defining

Z(t) := exp
{
−
∫ t

0
θ
′
(s)dw(s)− 1

2

∫ t

0
‖θ(s)‖2 ds

}
, 0 ≤ t < ∞ (18)

with θ(t) as in (10), the following holds: if E{Z(T )}= 1 for any given T ∈ (0,∞),
then Z(t) is a mean one martingale and, defining a measure Q ∼ P with dQ

dP |FT
=

Z(T ), one has that ŵ(t) = w(t)+
∫ t

0 θ(s)ds is a Wiener process on (Ω ,F ,Ft ,Q)
and S̄i(t) := B−1(t)Si(t) are (Ft ,Q)−martingales.

There are however situations, and below we shall mention some instances, where
E{Z(T )} < 1 for some T ∈ (0,∞) and then there does not exist an equivalent mar-
tingale measure and the traditional pricing approach breaks down. In view of men-
tioning examples where E{Z(T )}< 1 let us give the following definition (see [2])
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Definition 2 Given two portfolio strategies π(·) and ρ(·), we say that π(·) repre-
sents an arbitrage opportunity relative to ρ(·) on [0,T ] for T > 0 if, with V π(0) =
V ρ(0), one has

P(V π(T )≥V ρ(T )) = 1 and P(V π(T ) > V ρ(T )) > 0.

One can then show the following proposition (see again [2])

Proposition 1 If model (1) satisfies ξ ′(σσ ′)(t)ξ ≤ K‖ξ‖2, ∀ξ ∈ Rn, ∀t ∈ [0,∞)
with K > 0 and for a T > 0 there exists an arbitrage relative to a given portfolio
ρ(·), then Z(t) is a strictly local martingale and E{Z(T )}< 1.

As a corollary one can show (see always [2])

Corollary 2 Under the assumptions of Proposition 1 and assuming Ft = F w
t , there

does not exist an equivalent martingale measure.

In [2] it is shown how one can construct relative arbitrage also on arbitrary time
horizons, which leads to one kind of examples where there does not exist an equiv-
alent martingale measure. Other kinds of examples can be found in [5].

Since in the situations corresponding to the above examples the traditional pric-
ing approach based on equivalent martingale measures breaks down, one may won-
der what can be done in such situations for what concerns pricing and the rest of the
paper is devoted to this issue.

4 Pricing Under Absence of an Equivalent Martingale Measure
(the Case of Complete Observation)

We summarize here two approaches and show that, although based on different
viewpoints, they lead to the same prices.

4.1 The “Fernholz-Karatzas Approach”

This subsection in based on [2]. The main idea here is taken from a classical ap-
proach in incomplete markets, whereby a reasonable way to assign a price to a
derivative asset is to put it equal to the smallest initial amount needed to superrepli-
cate a given claim with a self financing portfolio.

The methodology is based on showing that, even without existence of a martin-
gale measure, the market can be completed and here the proof is constructive by
exhibiting a hedging strategy.

One has the following theorem (see [2],[3])

Theorem 3 Consider a given a maturity T and a claim Y ∈ F (T ) such that

E
{

Y Z(T )
B(T )

}
∈ (0,∞) with Z(t) as in (18). For t ∈ [0,T ], let
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Ht(v;T ) := {π(·) | P{V v,π(s)≥ 0,∀ t ≤ s ≤ T}= 1;V v,π(t) = v ∈F (t)}

namely the set of admissible strategies starting from a capital v at time t and put

U Y (t) := essin f {v > 0 | ∃π ∈Ht(v;T ) s.t.V v,π(T )≥ Y} (19)

which represents the minimal hedging price at time t. Let, furthermore,

Y (t) :=
B(t)
Z(t)

E
{

Y
Z(T )
B(T )

|F (t)
}

(20)

with the expectation under the physical measure P. If F (t) = F w(t), then

Y (t) = U Y (t). (21)

Remark 4 On the basis of this theorem we shall now take Y (t) as price of the
claim at time t. Notice that in formula (20) the process Z(t)

B(t) acts as a “deflator”.
Notice furthermore that, if Z(t) is a true martingale and S is the set of martingale
measures then, since U Y (t) is the minimal superhedging price,

Y (t) = U Y (t) = sup
Q∈S

EQ
{

B(t)
B(T )

Y |Ft

}
namely the here defined price coincides with the standard superhedging price.

Proof. (of Thm. 3) We proceed along several steps, whereby we shall also need the
fact that, as will be shown in Section 4.3 below, V ρ(t) = B(t)

Z(t) .

i) Notice first that from (14) and (15) we have for V̂ v,π(s) := V v,π (s)
V ρ (s) = Z(s)

B(s)V
v,π(s),

with s ∈ [t,T ] and any v > 0, that (in vector form)

dV̂ v,π(s) = V̂ v,π(s)(π ′(s)σ(s)−θ
′(s))dw(s) (22)

so that V̂ v,π is a non-negative local martingale and therefore a supermartingale
with V̂ v,π(t) = v (recall that V ρ(s) is the GOP with V ρ(t) = 1). Since, as will be
shown in iii) below, the set in the definition of U Y (t) is not empty, then there
exists π ∈Ht(v;T ) such that V v,π(T )≥ Y and so

Y (t) = B(t)
Z(t)E

{
Y Z(T )

B(T ) |F (t)
}
≤ B(t)

Z(t)E
{

V v,π(T )Z(T )
B(T ) |F (t)

}
≤ B(t)

Z(t)V
v,π(t)Z(t)

B(t) = v.

which implies Y (t)≤U Y (t).
To complete the proof, in the next steps we show that Y (t)≥U Y (t) and we do it
by explicitly constructing a hedging strategy.

ii) Under the assumptions of the theorem we can define the (P,F (t))−martingale
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M(s) := E
{

Y
Z(T )
B(T )

|F (s)
}

(23)

which, given that F (t) = F w(t), admits the following “martingale representa-
tion” for s ∈ [t,T ],

M(s) = M(t)+
∫ s

t
ψ
′(u)dw(u) = Y (t)

Z(t)
B(t)

+
∫ s

t
ψ
′(u)dw(u) (24)

for a progressively measurable, a.s. square integrable process ψ(t) and where the
last equality follows from the definition of Y (t) in (20)

iii) If we choose v such that

v = V̂ v,π(t) = M(t) = E
{

Y
Z(T )
B(T )

|F (t)
}

and π such that
dV̂ v,π(s) = dM(s) for s ∈ [t,T ] (25)

then V̂ v,π(s) = M(s) for all s ∈ [t,T ] and we have

V v,π(s) = V ρ(s)M(s) =
B(s)
Z(s)

E
{

Y
Z(T )
B(T )

|F (s)
}

(26)

This implies that  v = V v,π(t) = Y (t)

V v,π(T ) = Y

i.e. the strategy π satisfying (25) is an admissible hedging strategy and this also
implies that the set in the definition of U Y (t) is not empty and so Y (t)≥U Y (t).

iv) It remains to explicitly exhibit an admissible strategy π satisfying (25). It suf-
fices to equalize the coefficients of dw(t) in (22) and (24) namely, recalling that
V̂ v,π(s) :=V v,π (s)

V ρ (s) =Z(s)
B(s)V

v,π(s) = M(s), to impose the following

Z(s)
B(s)

V v,π(s)
(
π
′(s)σ(s)−θ

′(s)
)

= ψ
′(s)

which leads to

π(s) = σ
−1(s)

(
ψ(s)
M(s)

+θ(s)
)

(27)

for s ∈ [t,T ] with t ∈ [0,T ].
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4.2 The “Benchmark Approach” of Platen

This subsection is based on [5]. Here the methodology builds on utility indifference
pricing thereby showing that the resulting price is independent of the chosen utility
function and of the initial wealth and it does not require the claim to be replicable.

To simplify the presentation, in what follows we shall denote with a “bar” the
values expressed in units of the locally riskless asset, for example

V̄ v,π(t) = B−1(t)V v,π(t)

We start with the following

Definition 3 An asset or portfolio value expressed in units of the GOP is called
benchmarked. A price or portfolio process is fair if its benchmarked value is a
(Ft ,P)−martingale.

This definition corresponds to the property of a discounted self financing portfo-
lio value process to be a martingale under any martingale measure, provided there
exists one. Notice also that it is reasonable to restrict oneself to fair portfolios be-
cause they are martingales and a martingale is the smallest among the supermartin-
gales that reach a same value at a future (stopping) time.

Utility indifference pricing is based on expected utility maximization, which we
recall next. Given a utility function U(·) and an initial capital v > 0, the utility
maximization problem consists in determining an admissible strategy π̃ such that

E
{

U(V̄ v,π̃(T ))
}
≥ E {U(V̄ v,π(T ))} ∀π ∈H (v;T ) (28)

Here we want the strategies also to generate a fair portfolio process.
A rather straightforward extension of the so-called “martingale approach” to util-

ity maximization (see e.g. [8]), coupled with fairness of the corresponding portfolio
process, leads to the following

Lemma 5 Given a utility function U(·) and an initial wealth v > 0, the fair dis-
counted terminal portfolio value solving (28) is given by

V̄ v,π̃(T ) = U̇−1
(

λ

V̄ v,ρ(T )

)
(29)

where U̇ denotes the derivative of U, V̄ v,ρ(T ) is the discounted terminal value of the
GOP and the (Lagrange) parameter λ is determined from the “budget equation”

E
{

V v,π̃(T )
V v,ρ(T )

}
=

V v,π̃(0)
V v,ρ(0)

=
v
v

= 1 (30)

The strategy π̃ is any admissible strategy leading to the terminal portfolio value in
(29).
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Remark 6 In the standard martingale approach, where the existence of martingale
measure is given, the budget equation results from the martingality of the discounted
value process of a self financing portfolio. Not assuming here the existence of a
martingale measure, we impose the condition of fairness instead.

Proof. (Sketch of the proof).
The budget equation (30) is a consequence of the requirement of fairness. Given

the budget constraint, by the Lagrange multiplier method the problem becomes that
of maximizing

E
{

U(V̄ v,π(T ))−λ
V v,π(T )
V v,ρ(T )

}
(31)

The “martingale approach” now consists in maximizing

U(V̄ )−λ
V

V v,ρ(T )
= U(V̄ )−λ

V̄
V̄ v,ρ(T )

(32)

with respect to V̄ that leads, for each “scenario” ω ∈Ω , to the optimal terminal value
V̄ v,π̃(T ) given by (29). The strategy π̃ is then determined as the hedging strategy for
the “claim” V̄ v,π̃(T ).

We come next to the actual utility indifference pricing. Given U(·) and the cor-
responding π̃ , it is well known that the utility indifference price P(t) at time t of a
given claim Y is such that, defining

pv,π̃
ε,P(t) := E

{
U
[
(V (t)− εP(t))

V̄ v,π̃(T )
V (t)

+ εȲ
]
|F (t)

}
where V (t) is the investor’s wealth at time t starting from v and following the strat-
egy π̃ , one has

lim
ε→0

pv,π̃
ε,P(t)− pv,π̃

0,P(t)

ε
= 0 a.s

Using a Taylor expansion of pv,π̃
ε,P(t) around pv,π̃

0,P(t), it is easily seen that this leads to
the following (see [5])

Proposition 7 Given U(·) and the corresponding π̃ , the utility indifference price is

P(t) =
E
{

U̇
(
V̄ v,π̃(T )

)
Ȳ |F (t)

}
E
{

U̇(V̄ v,π̃(T )) V̄ v,π̃ (T )
V (t) |F (t)

} . (33)

where, again, U̇ denotes the derivative of U.

We can now show the following (see [5], [3])

Theorem 8 The utility indifference price is given by

P(t) = V ρ(t)E
{

Y
V ρ(T )

|F (t)
}

(34)
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where V ρ(t) = V 1,ρ(t) is the portfolio value corresponding to the GOP strategy ρ .

Proof. Substituting (29) into (33) results in the following chain of equalities, where
we use the fairness property of the benchmarked portfolio values

P(t) =
E
{

Y
V v,ρ (T ) |F (t)

}
E
{

V v,π̃ (T )
V v,ρ (T )

1
V (t) |F (t)

} =
V v,π̃ (t)E

{
Y

V v,ρ (T ) |F (t)
}

V v,π̃ (t)
V v,ρ (t)

= V v,ρ(t)E
{

Y
V v,ρ (T ) |F (t)

}
= vV ρ(t)E

{
Y

vV ρ (T ) |F (t)
}

= V ρ(t)E
{

Y
V ρ (T ) |F (t)

}
whereby the Lagrange parameter as well as the initial wealth v have canceled out.

Remark 9 Formula (34) corresponds to a standard arbitrage pricing formula,
whereby one takes as numeraire the GOP and the resulting martingale measure
is the physical measure P. It is thus an instance of the so-called “real world pric-
ing”. In line with Definition 3 the price P(t) is a fair price. We stress once again
that the pricing formula (34) is independent of the utility function U(·) and of the
initial wealth v > 0 and does not require the existence of a martingale measure nor
the claim to be a priori replicable. The claim will though turn out to be replicable
a posteriori via the equivalence of the pricing approach of this subsection 4.2 with
that of the previous subsection 4.1 that will be discussed next.

4.3 Equivalence of the Two Pricing Approaches

Recall that, according to the pricing approach in subsection 4.1, the (superhedging)
price Y (t) at time t ∈ [0,T ] of a given claim Y with maturity T is given by (see (20))

Y (t) :=
B(t)
Z(t)

E
{

Y
Z(T )
B(T )

|F (t)
}

and it corresponds to that of the standard martingale approach if Z(t) is a true mar-
tingale. On the other hand, the (utility indifference) price P(t) according to the ap-
proach in subsection 4.2 is given by (see (34))

P(t) = V ρ(t)E
{

Y
V ρ(T )

|F (t)
}

We now show that the two pricing approaches lead to the same result by proving

Proposition 10 One has
Y (t) = P(t)
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Proof. It suffices to show that

V ρ(t) =
B(t)
Z(t)

which is equivalent to showing that the discounted GOP value is the inverse of the
“density process” Z(t) a fact that is generally known under standard assumptions.
We show it here formally within our context. Recalling (16), namely

V ρ(t) = exp
[∫ t

0
r(s)ds+

1
2

∫ t

0
||θ(s)||2ds+

∫ t

0
θ
′(s)dw(s)

]
and noticing that from (18) one has

Z(t)
B(t)

=
exp
[
−
∫ t

0 θ
′
(s)dw(s)− 1

2
∫ t

0 ‖θ(s)‖2 ds
]

exp
[∫ t

0 r(s)ds
]

= exp
[
−
∫ t

0 θ
′
(s)dw(s)− 1

2
∫ t

0 ‖θ(s)‖2 ds−
∫ t

0 r(s)ds
}

,

the result follows immediately.

Remark 11 Notice that none of the two approaches, that in subsection 4.1 and that
in 4.2, requires the existence of an equivalent martingale measure. From the first
approach it is easily seen that, if Z(t) is a martingale and therefore there exists an
equivalent martingale measure, then the usual arbitrage (martingale-based) price
coincides with that in subsection 4.1 and, by the equivalence just shown, also with
that in subsection 4.2. The pricing formula in subsection 4.2 and, by the equiva-
lence, also that in subsection 4.1, corresponds to that of a standard pricing ap-
proach by taking as numeraire the GOP, for which the physical measure is a mar-
tingale measure (this also justifies the fact that none of the two approaches required
the existence of a martingale measure different from the physical measure P). The
approach in subsection 4.2 does not require the claim to be a priori replicable. The
constructive approach of subsection 4.1, which is based on a replication argument
and exhibits explicitly a replication strategy, implies, via the equivalence, that also
in the approach of subsection 4.2 the claim is in fact replicable. We finally want to
point out that the equivalence of the two approaches is implicit in some parts of [5],
for example in section 11.5 where it is emphasized that “for a nonreplicable payoff
the real world pricing formula provides the minimal nonnegative price process” or
also in later sections like 12.2 where Fig. 12.2.4 is intended to “visualize the fact
that fair prices are the minimal prices that replicate a contingent claim” and for
this the authors refer to Corollary 10.4.2 (always in [5]).
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5 Pricing Under Absence of an Equivalent Martingale Measure
(the Case of Incomplete Observation)

We now extend the results, summarized in the previous section 4 for the case of
complete observation on the market model, to a market model with incomplete ob-
servation. We first describe the model that we are considering.

5.1 The Model

The model is taken from [7]. Consider the model (1) with one riskless asset and
n risky assets and assume that the observable quantities are the n + 1 prices of the
primary assets, the empirical covariances of the risky assets’ log-prices with that of
the GOP (we assume that the values of the GOP or of a proxy thereof are observable)
in addition to the short rate of interest r(t). To simplify the notation, in what follows
we shall consider all the prices expressed in units of the riskless asset (discounted
values) and, whenever ambiguity may arise, denote their values with a bar. Let

C(t) = (C1(t), · · · ,C2n(t))

be the vector of observable (discounted) quantities (excluding the short rate). It is
natural to assume that the underlying filtration F (t) measures C(t). Assume then
that there are also a certain number of unobservable quantities, denote them by

A(t) = (A1(t), · · · ,Am(t))

that we may think of as representing latent factors that affect the primary assets’
price dynamics. We restrict the volatility matrix σ(t) to depend only on the ob-
servable quantities and to stress this fact we shall write σ(t) = σ(t,C(t)) assuming
furthermore that it is invertible for all t ≤ T < ∞. Recalling the market price of risk
in (10), here we then write it as

θ(t,A(t)) = (σ(t,C(t)))−1 (b(t,A(t))− r(t)1) (35)

to stress the dependence also on A(t) (it depends also on C(t) not only through
σ(t,C(t)) but in general also through b(·) that is F (t)−measurable).

In line with the above definitions we rewrite the dynamics of the discounted
values of the risky assets as (see (1))

dS̄i(t) = S̄i(t)

[
n

∑
j=1

σi j(t,C(t))(θ j(t,A(t))dt +dw j(t))

]
, S̄i(0) = si > 0 (36)

and the discounted value process V̄ v,π(t) = vV̄ 1,π(t) = vV̄ π(t) of a self financing
portfolio (that invests only in the risky assets) becomes (see (14))
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dV̄ π(t)
V̄ π(t)

= π
′
(t)σ(t,C(t)) [θ(t,A(t))dt +dw(t)] (37)

Finally, corresponding to (15)

dV̄ ρ(t)
V̄ ρ(t)

= ‖θ(t,A(t))‖2 +θ
′(t,A(t))dw(t) (38)

Having assumed that also the empirical log-covariances are observable, we need
a model for these quantities as well, and we shall represent them as noisy perturba-
tions of the corresponding unobservable theoretical covariances.

Letting ∆ denote the discrete time observation step and t` := `∆ the grid points
of the observations, for the i−th log-covariance we have

zi(t) =
[
ln(S̄i), ln(V̄ ρ)

]
∆ ,t

= ∑
[ t

∆ ]
l=1

(
ln(S̄i(tl))− ln(S̄i(tl−1))

)
(ln(V̄ ρ(tl))− ln(V̄ ρ(tl−1)))

(39)

where [a] denotes the largest integer less than or equal to a. Putting

D(t) = (D1(t), · · · ,D2n+m(t))
′
= (C1(t), · · · ,C2n(t),A1(t), · · · ,Am(t))

′
(40)

and

Bi(t,D(t)) :=
n

∑
j=1

σi j(t,C(t))θ j(t,A(t)) (41)

the i−th theoretical covariance is then[
ln(S̄i), ln(V̄ ρ)

]
t =
〈
ln(S̄i), ln(V̄ ρ)

〉
t =

∫ t

0
Bi(s,D(s))ds (42)

Since the theoretical covariances are the limit in probability of the empirical covari-
ances, we may postulate for the latter the following model

dzi(t) = Bi(t,D(t))dt +dηi(t) (43)

where ηi(t) are n independent Wiener processes, independent of the w j(t), and they
represent the discrepancy between theoretical and empirical covariances.

5.2 Corresponding Complete Observation Model

Since the unobservable factors are inputs to the model, also solutions of problems
for the model will depend on them. On the other hand prices and strategies should
only depend on the available information that results from the observations. In the
following two subsections we shall show that, for our pricing problem, we can
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equivalently consider a complete observation problem corresponding to the origi-
nal one under incomplete observation and in this equivalent problem all inputs are
given by quantities that are all observable either directly or indirectly. In this subsec-
tion we now derive this equivalent complete observation problem, sometimes also
referred to as “separated problem”.

Put, with some abuse of notation

C(t) =
(
S̄1(t), · · · , S̄n(t),z1(t), · · · ,zn(t)

)′ (44)

that now represents the totality of the observable quantities and consider the 2n−dimensional
Wiener process

W (t) = (w1(t), · · · ,wn(t),η1(t), · · · ,ηn(t))
′ (45)

Recalling (40) and (41) and putting

B(t,D(t)) = (B1(t,D(t)), · · · ,Bn(t,D(t)))′

we obtain the following dynamics for the global 2n−dimensional vector C(t)

dC(t) =
(

diag(S̄(t))B(t,D(t))
B(t,D(t))

)
dt +

(
diag(S̄(t))σ(t,C(t)) 0
0 I

)
dW (t)

:= F(t,D(t))dt +G(t,C(t))dW (t)

(46)

thereby implicitly defining the (vector) drift F(t,D) and (matrix) volatility G(t,C).
The information filtration is the one generated by the k := 2n components of C(t)

and to stress the “dimension” k of the observations we write

F k(t) := σ {C(s), s ≤ t} (47)

As it is typically done in partial observation problems, we consider now instead of
the unobservable quantities A(t) their conditional distribution (the so-called filter
distribution)

p
(

A(t) |F k(t)
)

= p(A(t) | σ{C(s), s ≤ t}) (48)

We make the following

Assumption 12 The filter for A(t) given F k(t) is finite-dimensional, namely the
filter distribution p

(
A(t) |F k(t)

)
is parametrized by a finite number of parameters

ξ (t) = (ξ1(t), · · · ,ξq(t))
′

More precisely, p
(
A(t) |F k(t)

)
= p(A(t);ξ1(t), · · · ,ξq(t))

Remark 13 Well known finite dimensional filters are the Kalman-Bucy filter and
the Wonham filter for the case when the unobserved quantities form a finite-state
Markov chain. More generally, the Extended Kalman filter is a finite-dimensional
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filter that is applicable, modulo an approximation, to a variety of situations. In all
the above cases the filter parameters form a Markov process driven by the innova-
tions (for the definition of “innovations” see Remark 15 below). This, together with
(46) motivates and also justifies the following additional assumption.

Assumption 14 By analogy to (40) put

D̃(t) = (C1(t), · · · ,C2n(t),ξ1(t), · · · ,ξq(t))
′ (49)

that represents the extended (2n + q)−dimensional vector of “observables”. We
assume that the parameters ξ (t) of the finite-dimensional filter satisfy

dξ (t) = H(t, D̃(t))dt +K(t, D̃(t))dC(t) (50)

We now apply Theorem 7.12 in [4] (see also Proposition 2.3 in [6]) according
to which the k = 2n−dimensional process C(t) satisfies, instead of (46) where the
factor D(t) in the drift is not fully observable, the following dynamics

dC(t) = F̃(t, D̃(t))dt +G(t,C(t))dW̃ (t) (51)

with

F̃(t, D̃(t)) = E
{

F(t,D(t)) |F k(t)
}

=
∫

F(t,C(t),A)d p(A |F k(t)) =
∫

F(t,C(t),A)d p(A;ξ1, · · · ,ξq)
(52)

and where W̃ (t) is a k−dimensional F k− Wiener process (with independent com-
ponents) satisfying

dW̃ (t) = (G(t,C(t))−1 [dC(t)− F̃(t, D̃(t))dt
]

(53)

Remark 15 Due to the representation in (53), the process W̃ (t) is also called “in-
novations process” and notice that by this same (53), combined with (50), the dy-
namics of the finite-dimensional filter parameters ξ (t) can be expressed in terms of
these innovations (see also the last part of Remark 13). Furthermore, from (51) and
(53) and recalling the definition of F k(t) in (47), one has that F k(t) = F W̃ (t),
namely the observation filtration is equivalently generated by the innovations W̃ (t).

Remark 16 In what follows we shall use the symbol w̃(t) to denote the n−dimensional
subvector of the k = 2n dimensional vector W̃ (t), which is formed by the first n com-
ponents and which (see (51) and the definition of G(t,C) in (46)) satisfies

dw̃(t) = (σ(t,C(t))−1
[(

diag
(
S̄(t)

))−1 dS̄(t)− B̃(t, D̃(t))dt
]

(54)

where, by analogy to F̃(t, D̃(t)) in (52),
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B̃(t, D̃(t)) = E
{

B(t,D(t)) |F k(t)
}

=
∫

B(t,C(t),A)d p(A |F k(t)) =
∫

B(t,C(t),A)d p(A;ξ1, · · · ,ξq)
(55)

Combining (51) with (50), it is easily seen that, for appropriate coefficients α(·)
and β (·) one obtains for the extended (2n + q)−dimensional observation vector
dynamics of the form

dD̃i(t) = αi(t, D̃(t))dt +
2n

∑
j=1

βi j(t, D̃(t))dW̃j(t) (56)

We shall next derive particularized dynamics, in terms of the innovations, for the
(discounted) prices and the GOP.

5.2.1 Price Dynamics

The (discounted) prices of the risky assets form (see (49) and (44)) the first n com-
ponents of D̃(t) and their dynamics are affected only by the first n components of
W̃ (t), the vector of which we had denoted by w̃(t). Recalling then (41) and (46) as
well as (51), one obtains for the discounted asset prices

dS̄i(t) = S̄i(t)

[
n

∑
j=1

σi j(t,C(t))
(
θ̃ j(t, D̃(t))dt +dw̃ j(t)

)]
, S̄i(0) = si > 0 (57)

where

θ̃ j(t, D̃(t)) = E
{

θ j(t,A(t)) |F k(t)
}

=
∫

θ j(t,A)d p(A;ξ1, · · · ,ξq) (58)

(Recall from the comment after (35) that θ(t,A(t)) hides a possible dependence also
on C(t)). Notice that joining (56) to (57), one obtains a Markovian system and in
(57) all the coefficients depend on observable quantities.

5.2.2 GOP Dynamics

Given its importance in our analysis, we now want to obtain also for the GOP dy-
namics analogous to (57). For this purpose notice first that, with price dynamics (57)
instead of (36), the dynamics (37) for the discounted portfolio values become (we
use V̄ π,k to stress the information level/observation dimension k)

dV̄ π,k(t)
V̄ π,k(t)

= π
′
(t)σ(t,C(t))

[
θ̃(t, D̃(t))dt +dw̃(t)

]
(59)
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where π(t) has now to be adapted to F k(t). This leads to the following adaptation
of the definition of the set of admissible strategies, namely (see Definition 1)

Definition 4 Given an initial wealth v, the set of admissible strategies under partial
observation of level k is H k(v) :=

⋃
T>0 H k(v;T ) where

H k(v;T ) := {π(·) ∈F k(·) | P
{

V v,π,k(t)≥ 0,∀ 0 ≤ t ≤ T
}

= 1}. (60)

By analogy with the case of complete observations (see (9) and notice that now we
use discounted values), the growth rate of a portfolio π is here

γ
k
π(t) = π

′
(t)σ(t,C(t))θ̃(t, D̃(t))− 1

2
π
′
(t)σ(t,C(t))σ

′
(t,C(t))π(t) (61)

and it leads to the following GOP strategy

ρ
k(t) =

(
σ

′
(t,C(t))

)−1
θ̃(t, D̃(t)) (62)

Substituting the expression for ρk(t) into (59) we immediately obtain the

Proposition 17 The discounted value of the GOP (with unit initial wealth) satisfies

dV̄ ρ,k(t)
V̄ ρ,k(t)

= ‖θ̃(t, D̃(t))‖2dt + θ̃
′(t, D̃(t))dw̃(t) (63)

and the growth rate of the GOP is given by

γ
k
ρ(t) =

1
2
‖θ̃(t, D̃(t))‖2 (64)

5.2.3 GOP Strategy and Growth Rate Under Complete and Incomplete
Observation

Comparing the expressions for the GOP strategy and growth rate under complete
observations (see (13) and (17)) with those under incomplete observations in (62)
and (64) (notice that the growth rate under incomplete observation was derived for
discounted values so that in (64) the additive term r(t)∈F k(t) is missing) we obtain

Corollary 18 We have

i) ρk(t) = E
{

ρ(t) |F k(t)
}

ii) γk
ρ(t)≤ E

{
γρ(t) |F k(t)

}
Proof. i) is immediate considering the definition of θ̃(t, D̃) in (58), while for ii) we
use Jensen’s inequality and the fact that, under full observation, we have simply
written θi(t) for what under incomplete observations is θ(t,A(t)). We thus obtain



Pricing without martingale measures Under Complete and Incomplete Observation 19

(for the definition of θ̃i(t, D̃(t)) see (58))

E
{

γk
ρ(t)

}
= 1

2 ∑
n
i=1 E

{(
θ̃i(t, D̃(t))

)2
}

= 1
2 ∑

n
i=1 E

{(
E
{

θi(t,A(t)) |F k(t)
})2
}

≤ 1
2 ∑

n
i=1 E

{
E
{

θ 2
i (t,A(t)) |F k(t)

}}
= E

{
E
{ 1

2 ∑
n
i=1 θ 2

i (t,A(t)) |F k(t)
}}

= E
{

E
{

γρ(t) |F k(t)
}}

= E
{

γρ(t)
}

5.2.4 Expected Utility Maximization Under Complete and Incomplete
Observation

Here we furthermore point out that, whenever one has to solve a problem for a
partial observation model where the strategies have to be adapted to the filtration
representing the available information, then the original problem can equivalently
be solved by solving it for the corresponding complete observation model. As an
example, which will be relevant for Platen’s benchmark approach, we show that
expected utility for the original incomplete observation problem is equivalent to the
same problem for the corresponding complete observation model.

The original problem can, for an arbitrary initial capital v > 0, be formulated
as (see Definition 4 for the class of admissible strategies and (37) for the portfolio
dynamics) 

max
π∈H k(v;T )

E {U (V̄ v,π(T ))}

dV̄ v,π(t)

V̄ v,π(t) = π
′
(t)σ(t,C(t)) [θ(t,A(t))dt +dw(t)]

For the corresponding complete observation model the problem becomes (see (59)
for the portfolio dynamics)

max
π∈H k(v;T )

E
{

U
(

V̄ v,π,k(T )
)}

dV̄ v,π,k(t)
V̄ v,π,k(t) = π

′
(t)σ(t,C(t))

[
θ̃(t, D̃(t))dt +dw̃(t)

]
We show the following

Lemma 19

max
π∈H k(v;T )

E {U (V̄ v,π(T ))}= max
π∈H k(v;T )

E
{

U
(

V̄ v,π,k(T )
)}

Proof. From (53) and (46) we obtain

dW̃ (t) = (G(t,C(t))−1 [F(t,D(t))− F̃(t, D̃(t))
]

dt +dW (t)
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Since V v,π(t) and V̄ v,π,k(t) are driven by w(t) and w̃(t) respectively, recalling the
definitions of F(·),G(·) and F̃(·) in (46) and (52) as well as the fact that the first n
components of C(t) are (see (44)) the discounted prices S̄i(t), we have

dw̃(t) = (σ(t,C(t)))−1 (diag(S̄(t))
)−1
{

diag(S̄(t))σ(t,C(t))θ(t,A(t))

− E
{

diag(S̄(t))σ(t,C(t))θ(t,A(t)) |F k(t)
]}

dt +dw(t)

=
[
θ(t,A(t))−E

{
θ(t,A(t)) |F k(t)

}]
dt +dw(t)

=
[
θ(t,A(t))− θ̃(t, D̃(t))

]
dt +dw(t)

It follows that for any π ∈H k(v;T )

E {U (V̄ v,π(T ))}

= E
{

U
(

exp
[
v+

∫ T
0 π

′
(t)σ(t,C(t))

[
θ(t,A(t))dt +dw(t)− 1

2 σ
′
(t,C(t))π(t)dt

]])}
= E

{
U
(

exp
[
v+

∫ T
0 π

′
(t)σ(t,C(t))

[
θ̃(t, D̃(t))dt +dw̃(t)− 1

2 σ
′
(t,C(t))π(t)dt

]])}
= E

{
U
(
V̄ v,π,k(T )

)}

5.3 Pricing according to the “Fernholz-Karatzas Approach”

As we had seen in the complete observation case, in this approach the price corre-
sponds to the minimal superreplicating initial capital and thus involves implicitly
hedging strategies that are F k−adapted. In line with subsection 5.2.4 we then use
the same methodology as in subsection 4.1 for the complete observation case, but
applied here to the complete observation model that corresponds to the original in-
complete observation model and was derived in the previous subsection 5.2.

When trying to carry over Theorem 3 to the present situation we face the problem
that, although in addition to the primary assets also the empirical log-covariances are
observable, the investment instruments are only the primary assets. We present now
two possible variants of extensions of Theorem 3.

5.3.1 First Variant

In this variant we completely ignore the empirical covariances and consider S̄(t) as
the only observables, namely C(t) is the n−dimensional vector given by C(t) = S̄(t)
and satisfying the subsystem of (46) consisting of the first n rows. The filtration F k
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remains as defined in (47) and the filter has the same form as in (48) and we also
keep Assumption 12. Furthermore, analogously to (49) we now put

D̃(t) =
(
S̄1(t), · · · , S̄n(t),ξ1(t), · · · ,ξq(t)

)′
. (65)

It is also easily seen that in the given situation F k(t) = F w̃(t) with w̃(t) as in (54).
Replacing then θ(t) in (22) by θ̃(t, D̃(t)) from (58), and using, instead of Z(t) in
(18), the process

Zk(t) := exp
{
−
∫ t

0
θ̃
′
(s, D̃(s))dw̃(s)− 1

2

∫ t

0

∥∥θ̃(s, D̃(s))
∥∥2 ds

}
, 0 ≤ t < ∞ (66)

as “Radon-Nikodym process”, it can be easily verified that the following extension
of Theorem 3 holds

Theorem 20 Consider a given a maturity T and a claim Y k ∈ F k(T ) such that

E
{

Y k Zk(T )
B(T )

}
∈ (0,∞) with Zk(t) as in (66). For t ∈ [0,T ] and s ∈ [t,T ] denote by

V v,π,k(s) the value in s ≥ t of a portfolio starting from V v,π,k(t) = v with π(·) ∈
F k(·). Let

H k
t (v;T ) :=

{
π(·) ∈F k(·) | P

{
V v,π,k(s)≥ 0,∀ t ≤ s ≤ T

}
= 1;V v,π,k(t) = v ∈F k(t)

}
namely the set of admissible strategies starting from a capital v at time t and put

U Y k
(t) := essin f

{
v > 0 | ∃π ∈H k

t (v;T ) s.t.V v,π,k(T )≥ Y k
}

(67)

which represents the minimal hedging price at time t. Let, furthermore,

Y k(t) :=
B(t)
Zk(t)

E
{

Y k Zk(T )
B(T )

|F k(t)
}

(68)

with Zk(t) as in (66) and with the expectation under the physical measure P. If
F k(t) = F w̃(t), where w̃(t) is the n−dimensional Wiener process according to
Remark 16 , then

Y k(t) = U Y k
(t). (69)

Proof. The proof follows step by step that of Theorem 3 (with the appropriate adap-
tation of symbols) whereby M(s) in (23) is replaced by (recall that F k(t) = F w̃(t))

M(s) := E
{

Y k Zk(T )
B(T )

|F k(s)
}

= Y k(t)
Zk(t)
B(t)

+
∫ s

t
ψ
′(u)dw̃(u) (70)

and π(s) turns out to be

π(s) = σ
−1(s,C(s))

(
ψ(s)
M(s)

+ θ̃(s, D̃(s))
)

(71)
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for s ∈ [t,T ] with t ∈ [0,T ].

5.3.2 Second Variant

This is a more theoretical variant, where one imagines the possibility of investing
also in the log-covariances (in general in all quantities that are supposed to be ob-
servable). In this case C(t) and D̃(t) remain as in section 5.2 where C(t) satisfies
(46) with W (t) as in (45) (recall also that this implies that the diag(S̄(t))σ(t,C(t))
of the first variant now becomes G(t,C(t))). Furthermore (see Remark 15), this time
F k(t) = F W̃ (t) with W̃ (t) as in (53). The extension of Theorem 3 for the present
variant now reads exactly as Theorem 20. In the proof of the Theorem for this sec-
ond variant the changes with respect to the first variant concern, besides C(t), the
process θ̃(t, D̃(t)) that now has to be of dimension k = 2n. The other changes con-
cern Zk(t) in (66) that now becomes

Zk(t) := exp
{
−
∫ t

0
θ̃
′
(s, D̃(s))dW̃ (s)− 1

2

∫ t

0

∥∥θ̃(s, D̃(s))
∥∥2 ds

}
, 0 ≤ t < ∞ (72)

with W̃ (t) as in (53). Furthermore, M(t) here becomes

M(s) := E
{

Y k Zk(T )
B(T )

|F k(s)
}

= Y k(t)
Zk(t)
B(t)

+
∫ s

t
ψ
′(u)dW̃ (u) (73)

with ψ(t) a 2n−dimensional process and the hedging strategy is

π(t) :=
(
G−1(t,C(t))

)′ [ψ(t)
M(t)

+ θ̃(t, D̃(t))
]

(74)

5.4 Pricing According Platen’s “Benchmark Approach”

As we had seen in the complete observation case, Platen’s approach is of the type
of utility indifference pricing. In line with subsection 5.2.4 we then use the same
methodology as in subsection 4.2 for the complete observation case, but applied
here to the complete observation model that corresponds to the original incomplete
observation model and was derived in subsection 5.2. Contrary to what happened
for the Fernholz-Karatzas approach in subsection 5.3, where we had to consider two
somewhat restricted variants, here it can be seen that we can follow the exact same
steps as in the proof of Theorem 8 for the complete observation case (with the ap-
propriate adaptation of symbols). We thus conclude that the following formula holds
for the price Pk(t) under incomplete observation with information level/observation
dimension k

Pk(t) = V ρ,k(t)E
{

Y k

V ρ,k(T )
|F k(t)

}
(75)
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where the discounted version of V ρ,k(t) satisfies (63).

5.5 Comments on the Equivalence of the Two Approaches in the
Case of Incomplete Observations

In section 4.3 we have shown that, in case of complete observations, the Fernholz-
Karatzas (F.-K.) and Platen’s benchmark (PB) approach lead to the same derivative
prices. In the case of incomplete observations the formulas that we have derived
in subsections 5.3 and 5.4 correspond to those in subsections 4.1 and 4.2 respec-
tively and so the equivalence should also hold for incomplete observations. How-
ever, while PB can be applied also if not all observables can be used as investment
instruments (in the case of this paper the empirical covariances), FK had to be re-
stricted to situations where all observables are also investment instruments. This
corresponds to intuition if one considers that FK relies on completing the market,
while PB is of the utility indifference pricing type that is typically designed for in-
complete markets. This difference did not come up in the complete observation case
because there all investment instruments are automatically observable.
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