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Abstract

We prove that the 2n− 1 lower bound on the competitive ratio of the Per-
mutation algorithm for online metric matching with n servers holds even if
the number m of distinct servers is as low as 4, and even on the line, a simple
space where lower competitive ratios are often possible. The same technique
yields a (2m − 3) − 2m(m−2)(m−3)

2n+m(m−2)
lower bound on the competitive ratio of

Permutation in the special case of n/m servers at each of m evenly-spaced
points on the line, improving for all m > 4 a recent m+ 1 lower bound and
disproving its conjectured optimality.
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1. Introduction

In online metric matching [1, 2] n points of a metric space are designated
as servers. Then n additional points are designated one by one as requests,
and each must be immediately matched to a yet-unmatched server at a cost
equal to their distance. An online matching algorithm is c-competitive if,
under any placement of servers and requests, it incurs a total cost of at most
c times the minimum total cost attainable offline, i.e. if all requests were
known beforehand; and its competitive ratio is the infimum of all such c [3].

Competitiveness for online metric matching is often expressed as a func-
tion of the number of servers n. No deterministic algorithm can be better
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than (2n−1)-competitive, at least on some metric spaces. This competitive-
ness is achieved on every metric space by the simple algorithmPermutation
matching the i-th request to a server that, together with the i − 1 servers
matched to all previous requests, would yield a minimum-cost matching of
the first i requests [1, 2]. Better results can be achieved on specific metric
spaces, or resorting to randomization.

A different parameter of interest is the number m of distinct servers. m
significantly smaller than n captures scenarios with a limited number of so-
lutions available for a large number of tasks: for example, matching apparel
produced in a small set of colours/sizes to a global clientele, or parking cars in
a few high-capacity garages—in this sense online metric matching with a lim-
ited number of distinct servers is sometimes called the online transportation
problem [4].

[4] conjectured the existence of a deterministic algorithm that is (2m−1)-
competitive on all metric spaces, implying that m is the “right” parameter
to study the problem. In fact, this conjecture was proved correct within a
factor 4 by a (8m − 5)-competitive algorithm [5]. However, the algorithm
and its analysis are quite complex, even after some recent simplifications [6];
and while [4] stated that the competitive ratio of the much simpler Permu-
tation algorithm cannot be bounded by any function of m, no proof has
ever appeared in the literature.

This article fills the gap by showing a (tight) 2n− 1 lower bound on the
competitive ratio of Permutation that holds for all m ≥ 4; and in fact
holds even on the line, a simple metric space on which the competitive ratio
achievable by deterministic algorithms is polylogarithmic rather than linear
in n [7, 8]. Our technique also yields a (2m− 3)− 2m(m−2)(m−3)

2n+m(m−2)
lower bound

for the competitiveness of Permutation in the special case of n/m servers
at each of m evenly-spaced points on the line, that has received some recent
attention [9, 10, 11, 12]; in particular, our result improves for all m > 4 the
m+1 lower bound of [12], disproving its conjectured optimality and providing
an even stronger counterexample to the incorrect m upper bound of [9].

2. The competitive ratio of Permutation is 2n − 1 for all m ≥ 4

Our main result is that, even when the number of distinct servers m is as
low as 4, the competitive ratio of Permutation remains 2n− 1, as high as
when m is unconstrained [1, 2]. The bound holds even on the line, improving
previous lower bounds (m [2] andm+1 [12], or n [2] and n+1 [12] as a function
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of n), and showing it is a worst-case metric space for the competitiveness of
Permutation.

Theorem 1. The competitive ratio of Permutation is 2n−1 for all m ≥ 4.

Proof. Recall that the competitive ratio of Permutation is at most 2n− 1
on every metric space, regardless of the number of distinct servers [1, 2]; we
prove that this bound is tight for all m ≥ 4.

Consider the line metric, and let us begin with the case m = 4. Place
one server at −1 and one server at 1; for some δ > 0, and any n ≥ 4 place
⌈n/2⌉ − 1 servers at −1 − 2δ and ⌊n/2⌋ − 1 servers at 1 + 2δ. For some
positive ϵ < δ/4(n− 1), the requests r1, r2, . . . , rn are sequentially placed as
follows:

r1 = 0− ϵ

r2 = −1− δ + 2ϵ

r3 = 1 + δ − 4ϵ

r4 = −1− δ + 6ϵ

...

rn = (−1)n(−1− δ + 2(n− 1)ϵ).

Permutation matches r1 to the server placed at −1, r2 to the server
placed at 1, r3 to a server placed at −1 − 2δ, and the remaining requests
alternating between servers placed at the two outermost server sites (see
Figure 1). The cost to match r1 is 1 − ϵ, and all subsequent requests are
matched at a cost greater than (δ − 2nϵ) + 2 + 2δ.

An offline algorithm can match the ℓ-th leftmost request to the ℓ-th left-
most server, for a total cost less than (1 + ϵ) + (n − 1)(δ + 2nϵ). Thus, the
ratio between the cost incurred by Permutation and that incurred by an
optimal offline algorithm on this input is greater than

(1− ϵ) + (n− 1)((δ − 2nϵ) + 2 + 2δ)

(1 + ϵ) + (n− 1)(δ + 2nϵ)
,

which for all sufficiently small δ and ϵ is arbitrarily close to 1 + (n − 1)2 =
2n− 1.

The construction above uses m = 4 distinct servers, but can immediately
be extended to any larger value of m by shifting any number of servers a
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−1−2δ −1 0 1 1+2δ

Figure 1: Permutation on a hard input with n = 16. Servers are represented by squares,
requests by black circles.

sufficiently small distance such that neither Permutation nor any optimal
offline algorithm changes its request-server pairings, and such that the cost
incurred by each algorithm changes by an arbitrarily small amount.

3. How does Permutation fare for m < 4?

The 2n − 1 lower bound of [1, 2] immediately yields a 2m − 1 lower
bound on the competitive ratio of any deterministic algorithm. In fact, for
Permutation this lower bound holds even on the line for m < 4, even
for n = m. This is trivial for m = 1. For m = 2, consider two servers
at −1 and 1, and place a first request at ϵ for some ϵ ∈ ]0, 1[ and a second
at 1; Permutation matches them at a total cost of (1 − ϵ) + 2 = 3 − ϵ,
instead of the offline optimal of (1 + ϵ) + 0, yielding a competitive ratio of
3 = 2m−1 as ϵ → 0. For m = 3, consider 3 servers at −1, 1, (1+2δ), and the
sequence of requests ϵ, (1+ δ− 2ϵ),−1, for some δ ∈ ]0, 1] and some ϵ ∈ ]0, δ];
Permutationmatches them at a total cost of (1−ϵ)+(δ−2ϵ+2)+(2+2δ) =
5+3δ− 3ϵ, instead of the offline optimal of (1− ϵ)+ (δ+2ϵ)+ 0 = 1+ δ+ ϵ,
yielding a competitive ratio of 5 = 2m− 1 as δ → 0. We conjecture that this
2m− 1 lower bound is in fact tight for all n:

Conjecture 1. The competitive ratio of Permutation is 2m − 1 for all
m < 4.

The upper bound that would prove the conjecture is trivial form = 1, and
easy to obtain form = 2 as a corollary of Theorem 2.4 in [1], which shows that
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a variant of Permutation is (2t−1)-competitive for online metric matching
if the requests arrive in t batches. This variant computes an optimal partial
matching after each new batch of requests arrives, and the difference between
the sets of servers used in the last two optimal partial matchings is the set of
servers matched (optimally) to the new batch. Then, given a generic request
sequence r1, . . . , rn serviced by Permutation let ri be the earliest request
before which all remaining unmatched servers coincide, and consider the 2
batches r1, . . . , ri−1 and ri, . . . , rn. If the batched variant of Permutation
breaks all ties as Permutation does, both service the first batch identically,
matching each request to the closest server; and they also service the second
batch identically, since all servers then remaining coincide. Thus they are
both 3-competitive.

The 2m−1 upper bound on the competitive ratio of Permutation holds
when m = 3 too, if n = m [1, 2]; proving it holds if n > m would then prove
the conjecture.

4. The Special Case of Even Spacing on the Line

The proof technique used in Section 2 can be readily adapted to address
the special case of n servers placed in groups of n/m at m evenly-spaced
points on the line, yielding a lower bound stronger than the m + 1 lower
bound of [12] for m ≥ 5 and n/m as low as 5.

Theorem 2. The competitive ratio of Permutation on the line with m ≥ 4
evenly-spaced distinct servers, each coinciding with n/m− 1 additional ones,

is at least (2m− 3)− 2m(m−2)(m−3)
2n+m(m−2)

.

Proof. Begin by placing the 4 outermost servers at (−1−2δ), −1, 1, (1+2δ)
as in Theorem 1. Then place m− 4 additional servers so as to partition the
[−1, 1] interval into m− 3 subintervals of length 2/(m− 3). If δ = 1/(m− 3)
all m servers are now evenly spaced. Finally, place n/m−1 additional servers
at each of the m points.

Now let u = 2(n/m + 1), i.e. u/2 − 1 = n/m. Place u/2 − 2 requests
at −1, u/2 − 2 at 1, and u/2 − 1 at each point coinciding with a server
between −1 and 1. These requests are obviously matched at 0 cost by both
Permutation and an optimal offline algorithm, and recreate exactly the
same scenario of the proof of Theorem 1, except that there are now u rather
than n unmatched servers: u/2 − 1 at each of 1 − 2δ and 1 + 2δ, and 1 at
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each of −1 and 1. The same request sequence and analysis of Theorem 1,
simply replacing n with u in all formulas, then yield a lower bound on the
competitive ratio equal to

(1− ϵ) + (u− 1)((δ − 2uϵ) + 2 + 2δ)

(1 + ϵ) + (u− 1)(δ + 2uϵ)
,

which for all sufficiently small ϵ (note that the equispacing constraint does
not allow us to push δ to 0) is arbitrarily close to

1 + (u− 1)(2 + 3δ)

1 + (u− 1)δ
=

2 + 3δ

δ
− 2 + 2δ

δ(1 + (u− 1)δ)

= (2m− 3)− 2m(m− 2)(m− 3)

2n+m(m− 2)
.
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