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Abstract

First, we briefly recall the main definitions of the theory of Information
Bases and Translations. These mathematical structures are the basis to
construct the cartesian closed category InfBas, which is equivalent to the
category ScDom of Scott Domains.

Then, we will show that all the definitions and the proof of all the
properties that one needs in order to show that InfBas is indeed a cartesian
closed category can be formalized within Martin-Lof’s Intuitionistic Type
Theory.
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1 Introduction

This paper is intended to be a continuation of [8] where the category InfBas
of the Information Bases has been introduced and proved to be equivalent to
the category ScDom of Scott Domains. For this reason, here we only recall the
main definitions and properties of information bases while for their philosophical
motivations the reader is invited to look directly at that paper.

The work in [8] stopped after the proof that the category InfBas is equiv-
alent to the category ScDom of the (set based) Scott domains, besides being
equivalent to the category NeighSys of the Neighbourhood Systems and InfSys
of the Information Systems [9, 10]. Thus InfBas enjoys any categorical property
which holds for the category ScDom and in particular it is a cartesian closed
category. From a mathematical point of view this is a complete description of
InfBas and one can be content with it, but the real reason of interest in work-
ing with InfBas instead that with ScDom stands on the fact that information
bases can be completely formalized within a constructive framework. Indeed,
Scott domains are a foundation of denotational semantics and adopting a fully
constructive approach is more adequate since in this way all the results can be
provided in terms of effective presentations. Of course, other approaches can be
exploited for a constructive presentation of ScDom, and some of them are also
closer to the original presentation by Dana Scott in [9, 10], but InfBas has an in-
dependent interest since it is a subcategory of the category of formal topologies
(see [6]).

In this paper we will show how it is possible to build the category InfBas in
a constructive framework by adopting Martin-Lo6f’s intuitionistic type theory as
ground theory for sets. This means, for instance, that we will carefully distin-
guish between sets, that is, inductive types, and collections since quantification
is meaningful only over elements of a set (see [4]).

We will see that, in general, the main problem in the construction of InfBas
is in finding the correct definitions and that most of the proofs are simple checks
to be performed by using intuitionistic logic; this is the reason why we will only
give a quick sketch of the proof for most of the theorems.

The notation that we use for type theory is mainly inspired by the one
proposed in [5]. In the next section we will recall some basic facts and construc-
tions in type theory; the reader who already knows Martin-Lof’s type theory
can probably jump directly to section 3 and came back here when he meets
some notation that he cannot recognize.



2 Preliminaries

In this section we recall some known facts on type theory, and introduce few
new ones together with some new definitions that we will need in the following.

Given a set A, the set List(A) of the lists whose elements are in A can be
formed (see [5], page 75). Its (canonical) elements are the empty list nil4 and,
provided a € A and | € List(A), the list a @ [. The set List(A) can be used to
implement within type theory the collection of the finite subsets of the type A;
hence in the following sections we will write also P,,(A) to mean List(A) when we
will want to stress on considering a list on A as a finite subset of A. To identify
the collection of the finite subsets of A with the set of the lists whose elements
are in A is not really correct because the equality relation on the collection
of the finite subsets of A is extensional whereas that one on the set List(A) is
not; moreover, only some of the set-theoretic operations on finite subsets can be
defined by using lists. Indeed, it is well known that to deal in a constructive way
with finite sets is not straighforward and that all of the proposed approaches
have some drawback (see [3] and [12]). Anyhow the approach we suggested
above is sufficient for the purposes of this paper.

Supposing U is a universe which contains the (code for the) set A, a € A
and [ € List(A), the membership proposition® ael, whose recursive definition is

xenil = 1
rveael = (z="a) vV xel
can be solved in type theory by putting:
ael = Lyec(l, L, (z: A)(y : List(A))(z : U) (z =2 a) V 2)

where (z : A) t denotes the term obtained by abstracting the variable x of type
A from the term ¢.

By means of this proposition, we can easily define the order-relation | C m
of inclusion between the lists [ and m by putting:

ICm= (V€ A) zel - zem

Thus, I C m holds if and only if any element of [ is also an element of m and
hence
I 2m=(ICm&mCl)

is an equivalence relation whose intended meaning is that the “finite subsets” [
and m are extensionally equal.

By V-elimination, if zel and [ C m then xem holds. Moreover, the following
lemma is immediate by V-elimination.

IWe are going to distinguish among many membership relations. We will use the standard
symbol € to mean the membership relation between an element and a set or a collection, the
symbol € to mean the membership relation between an element and a subset, which is not a
set but a propositional function (see [7]) so that aeU means U(a), and also the symbol €, that
we are introducing now, to mean the membership relation between an element and a list of
elements which stands for a finite subset.



Lemma 2.1 Let a € A and l € List(A). Then, if ael then a enily C[.

From now on, when we will refer to lists like subsets, we will write @ for the
empty list nil4 and {a1,...,a,} for the list ay ®...e0a, enily; hence {a} C I will
be used for a e nily C [.

Given two lists [,m € List(A) we can define the operation @ which appends
them one after the other. Its recursive definition is

[

and it is solved in type theory by putting

m
ae

(Il @m)

1 @m = Lyec(l,m, (x: A)(y : List(A))(z : List(A)) x e 2)

Supposing I, m € List(A), it is straightforward to prove by induction on the
construction of [ that both I C (I @ m) and m C (I @ m) hold. Moreover, a proof
by induction on the construction of ! shows that, for any = € A, ze(l @ m) if
and only if (zel) or (xzem) and hence, supposing n € List(A4), if | © n and m C n,
then (I @ m) C n. Finally, also I @ m = m @ [ holds and thus [ @ m can be
thought of as the union of the two “subsets” | and m. Thus, from now on, when
the lists | and m will be used to denote two finite subsets we will write [ Um
to mean [@m. It is worth noting that intersection between “subsets” cannot be
defined in type theory unless the equality proposition =4 is decidable, which is
a necessary condition to be able to define a map ¢ from A x List(A) into the
two-elements type Boole which codes the proposition el prop [z : A, : List(A)],
that is, such that xel holds if and only if ¢(z,1) =goole true holds (cfr. [11]).

Supposing f € A — List(B) and | € List(A), it is possible to define the
operation of list-indexed append by the recursive equation

{ @zenilAf(z) niIB
@zeaolf(x) f(a) Q @Iﬁlf('r)

which is solved in type theory by putting
Qe f(x) = Lyec(l, nilg, (z : A)(y : List(A))(z : List(B)) f(x) @ z).

If we suppose that (Vz € A) xzel — f(x) C m holds then it is possible to prove
by induction on the construction of [ that also @, f(z) C m holds. This is the
reason way we generalize the previous notation also to the list-indexed append
and write | |, f(z) to mean Q. f(z).

Supposing -4 is a binary operation on the set A and A, is a distinguished
element of A, the operation ® on List(A) recursively defined by

(e

can be defined in type theory, by putting, for any [ € List(A):

O() = Lrec(l, A, (x : A)(y : List(A))(z : A) 2 -4 2)

Ag
a-4 ()



Suppose now that f : B — A is a function from the set B into A and [ € List(B),
then we will write ®f(l) to mean the result of the application of the operation
© to the list apply(f,l) € List(A) obtained by applying the function f to any
element in [. The recursive definition of apply(f,1) is

{apply(f,niIB) = nily
apply(f,bel) = f(b)eapply(f,i)

which, supposing [ € List(B), is solved in type theory by putting
apply(f, 1) = Lrec(l, nila, (z : B)(y : List(B))(z : List(A4)) f(z) e 2)

Supposing [ € List(A4), P(x) prop [z : A] and R(x) prop [x : List(A4)], we will
use the following short-hands:

(Vzel) P(r) = (Vx€ A)zel — P(x)
(Fzel) P(x) = @z € A) zel & P(x)
(VyE1D) R(y) = (vyelist(d) yCl — R(y)
(GyED R(y) = (Fyelist(4) yCl& R(y)

It is immediate to verify that the quantifiers so defined satisfy the usual
intuitionistic rules of introduction and elimination for quantifiers (cfr. [7]).

Moreover, supposing A set, B(z) set [z : A] and ¢ € X(A4, B), and recalling
that split({a, b), d) = d(a, b) prescribes the computational behaviour of the elim-
ination constant split for the type X (A, B) of the disjoint union of the family of
sets (B(x))zea (see [5], page 80), we can set

split(c, (z : A)(y : B(x)) x)
split(c, (z : A)(y : B(x)) y)

in order to define respectively the first and the second projection for the elements
of the set (A, B) .

Finally, given a propositional function F'(x,y) prop [,y : S], we will need to
consider the propositional function

fst(c)
snd(c)

C(n,Fyz,y) = (321,...,2n €5) Fx,21) & ... & F(zn,y)

obtained by composition of the proposition F' a certain number n of times. We
can define it by induction on n if we work in a universe U which contains the
propositional function F', provided we can solve the following equation

{C(O’Faxvy) = (x:Sy)
Cn+1,F,z,y) = (3z€8)C(n,F,z,2) & F(z,y)

To this aim we can solve first the equation

{ C'(0, F, z) = My (z=%y)
C'n+1,F,z) = M. (3z€85)Ap(C'(n,F,z),2) & F(z,y)



by putting

C'(n,F,x) = Rpat(n,

My (z=2y),
(u:Nat)(v:S—U) Ay. (3z € S) Ap(v,2) & F(z,y))

and then set
C(na Fx, y) = Ap(Cl(n, F, x)a y)

We recall here also some properties of the type Succ(A), where A is any
type, and of the type S + T of the disjoint sum of the two types S and T that
we will need in sections 6.2 and 6.3 (see [5], pages 103 and 87).

Let us suppose that A is any type; then the type Succ(A) is the type obtained
by adding a new element to a copy of the type A. Its introduction rules are

ac A
succ(a) € Succ(A)

1Succ(A) S SUCC(A)

and the elimination rule is

ce€Succ(A) de C(lsucc(a)) e(w) € C(succ(x)) [z : A]
Rsuce(a)(c, d,e) € C(c)

These rules allow to prove that any element of Succ(A) is equal to lgycc(a) or
to succ(a) for some a € A, that is,

(Ve € Succ(A)) (e ="M 1g,ay) V (3a € A) ¢ =2 succ(a)

and that
(Va € A) ~(Isuce(a) —Succ(4) succ(a))
The introduction rules for S + T are

se S teT
i(s)e S+T jt)yeS+T

and the elimination rule is

ceSH+T dx) €Cli(x)) [z:5] ely) € CLW)) ly:T]
D(e,d,e) € C(c)

In a way completely analogous to the previous case, these rules allow to prove
that any element of S + T is equal to i(s) for some element s € S or to j(t) for
some t € T, that is,

(Vee S+T)(3seS) c="TTis) v(EteT)c="FTj@)

and that
(Vs e S)(Vt € T) —(i(s) =T j(t))



3 Information base and Translation

Information bases play the same role to present Scott domains than neighbour-
hood systems and information systems [9, 10] and it is even possible to show
how to reconstruct the latter as suitable information bases [8]. Moreover, the
definition of information base has an independent intuitive motivation, that has
been inspired by the point-free approach to topology in [6] and that is discussed
in detail in the appendix of [8].

An information base is a set S of tokens of information provided with an
order relation a <lg b among tokens of information, whose intended meaning
is that the information a is more precise than the information b, and a binary
operation -g of composition between tokens of information which respects such
an order relation, that is, a <lg b and ¢ <g d yield a -g ¢ <g b -5 d. Moreover, a
positivity predicate Posg(a) is defined on elements of S, meaning that the token
of information a is consistent; the positivity predicate will play in section 4.3
a main role in obtaining constructive proofs of the properties of the category
of the information bases and it will be essential in section 5 where we will give
a constructive presentation of a generic (set-based) Scott domain. Here is the
formal definition.

Definition 3.1 (Information Base) An information base S is a structure
<Sa °Ss AS) POSSa <]S>

where S is a set, -g is a binary operation between elements of S called combi-
nation, Ag is a distinguished element of S called unit, Posg is a property on
elements of S called positivity predicate, and <g is a binary relation between
elements of S called cover relation, which satisfy the following conditions for all
a,b,ce S:

properness 0sslAs
Poss(A
P b P b

(monotonicity) OSS(L;)OSS(b;L s (positivity) OSS(Z)Q_S) Z =

(unit) a<s Ag
b b

(reflezivity) a<sa (transitivity) = =
a <lg c

b b b
(-left) CRel o LSS gy TS OSsC

a-gc<lgb c-ga<gb a<gb-gc

In the following we are going to use some immediate consequences of the
previous conditions. We will list them here.

1. a=gb=(a<sb & b<g a) is an equivalence relation.

2. (stability) If a <g c and b <1g d then a5 b g ¢ g d.



3. The equivalence relation =g respects the structure of the information base,
that is,

o if a =g b then Posg(a) if and only if Posg(b);
e if a =g band c =g d then a <g c if and only if b <g d;

eifa=gbandc=gdthena-sc=gb-gd.
4. Ag-sa=sa=ga-gAg
5. a <g bif and only if a -g Ag <g b if and only if Ag -5 a <1g b.
6. If Ag <g a then b <g a-gb.

7. The structure (S/—,Ag,-s) is a commutative idempotent monoid; note
however that in general the quotient S,__ is not a set (see [3]).

Information bases can be used to construct domains in a similar way to
what can be done by using information or neighbourhood systems. In fact, an
element of a domain, which is a partial information on an abstract topic, can be
identified with the subset of all the tokens of information that inherit to it. In
the case of information bases, due to the topological interpretation of the cover
relation and the positivity predicate, we call formal point any such a subset of
tokens of information. From now on we will write Pt(S) to mean the collection
of all formal points of & equipped with the inclusion ordering (for details see
[8]). Note that Pt(S) is a collection of subsets of S and hence it is never a set.
Of course, two formal points coincide when they are extensionally equal, that
is, when they contain the same tokens of information (see [7] for a complete
description of the treatment of subsets and their equality within Martin-Lof’s
intuitionistic type theory).

Definition 3.2 (Formal point) LetS be an information base. Then, a formal
point « of S is a subset of S which satisfies the following conditions for all
a,beS:

a<gb

aco
9y =— =57
(i:3) bea

o bea

(i.1) Agea  (i.2) &
acx

(@) Posg(a)

a-bea

In section 5 we will show a formalization inside type theory of the main result
in [8], that is, the fact that any Scott domain with a constructive presentation is
(isomorphic to) the collection of the points of a suitable information base. The
reader who is curious to see the role of <1 and Pos in this construction can jump
immediately there and came back here later to continue with the presentation
of the category InfBas.

Not only Scott domains can be completely re-constructed by using informa-
tion bases, but also their morphisms, that is, approximable functions [10]. Here
we use translations. A translation F' between the information bases S and 7 is



a propositional function xFy prop [z : S,y : T| which links a token of informa-
tion a of S with all the tokens b in 7 inherited to a partial information which
is the translation of a partial information in a. The formal conditions are the
following.

Definition 3.3 (Translation) Let S and 7 be information bases. Then a
propositional function F between S and T is called o translation if, for all
a,ce S and b,de T:

. . aFb aFd
(Z]) (IFAT (22) W
. aFb b<ard , , Posg(a) aFb
(i-5) aFd (44) —Posr )
a<gc cFb ..., Posg(a) — aFb
(%) aFb (i) aFb

As usual, we will write F € Hom(S,7) to mean that F is a translation
between S and 7.

In the following we will often use the fact that, for any translation F', if aF'b
and cF'd then a - cFb - d because aFb yields a - cF'b and cFd yields a - cFd by
(i) together with --left and hence a - ¢F'b - d by (i.2).

Two translations F, G € Hom(S, T') have to be considered equal if the propo-
sitional functions F' and G hold for the same elements of S and T, that is, if F
and G are extensionally equal. Thus we put

F=G=WMz:5My:T)zFy < zGy

Of course, when a morphism will be defined, it will be necessary to check
that its definition respects equality among morphisms, that is, that it does not
depend on the particular representatives.

Given two translations F' € Hom(S,7) and G € Hom(7,U) their composi-
tion is defined by putting, for any s € S and u € U:

$(G* F)u=Posg(s) — (3t € T) sFt & tGu

It is immediate to verify that composition of translations is well-defined and
associative.

The identical translation ldg of the information base S is simply the covering
relation <g; in fact, it is immediate to see that the conditions on the cover
relation comprise all of the requirements for <ig to be a translation. Moreover
conditions (i.3) and (ii) in the definition 3.3 of translation allow to show that
Idg is indeed the unit of the operation of composition between translations.

Thus we have shown that Information Bases and Translations? form a cate-
gory, which we call InfBas. As we already observed, this category is equivalent
to the category ScDom of Scott domains (for a detailed proof see [8]). The key
point in the proof is to show that the map Pt is a functor between InfBas and

2More pedantely, we should use equivalence classes of translations.



ScDom. In fact, a translation F' : S — 7 can be easily lifted to an approximable
function from Pt(S) into Pt(T") by mapping any point « into the union of all
the tokens of information which are the translation of some element a of «.
Formally,

Pt(F)(«) = U{Fa asal

where Fa = {b: aFb}.
We will also use the fact that, given any approximable function f from Pt(S)
into Pt(7), the propositional function

sFst = Posg(s) — tef(1s) [s: S,t: T

where s = {u € S| s <g u} is a point of S whenever s is positive, is a translation
between S and T such that f = Pt(Fy).

4 InfBas is a cartesian closed category

Since ScDom and InfBas are equivalent categories and ScDom is a cartesian
closed category than also InfBas is cartesian closed. Anyhow the proof of such
a categorical equivalence can not be completely formalized within type theory,
mainly because Scott domains cannot be formalized therein. Thus, we have no
constructive proof that InfBas is indeed a cartesian closed category.

In this section we will show how a terminal object, a cartesian product and an
exponential object of two information bases can be defined within type theory.

4.1 Terminal information bases

We first define a terminal object and a cartesian products in InfBas and than
we will construct an exponential object.

Theorem 4.1 (Terminal objects in InfBas) Any information base T such
that for any t € T
(*) Posp(t) uff Ap <r t

is a terminal object in InfBas, that is, for any information base S, the relation
sRt = Posg(s) — Posr(t)
is the unique translation between S and T .

Proof. The proof that R is a translation is straightforward. To verify its
uniqueness, suppose F € Hom(S,7) and sRt, i.e. Posg(s) — Posr(t) or equiv-
alently Posg(s) — Ar <r t; then, by assuming Posg(s) we obtain Ar <r t,
but sFAr holds and hence sF't follows by the conditions (i.3) and (iii) in the
definition of translation; on the other hand supposing sF't and assuming Posg(s)
we immediately obtain Posr(t).
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The easiest way to construct a terminal object 1 for the category InfBas
within type theory is to use the one element set T, whose only element is *, and
to declare * positive. We thus arrive at the following definitions:

1 = (x:T)(y:T) *
A]l = k
Posg = (z:T)az="uz
<4p = (- Ty:Ta="y

Now the conditions properness, monotonicity, positivity, reflexivity and tran-
sitivity in the definition 3.1, which state that 1 is an information base, are easily
verified by means of simple proofs within type theory. Moreover the condition
(%) in theorem 4.1 holds and hence 1 is a terminal object.

Note that the collection of the points of any terminal object has exactly one
element. In fact, let us suppose that 7 is a terminal information base, that «
and 3 are two elements of Pt(T") and that aca; then Pos(a) holds and hence
A7 <t a, since 7 is a terminal information base; thus, ac since Aref because
0 is a point.

Finally, it is worth noting that there is a bijective correspondence between
the translations from a terminal object to any information base and the points
of such an information base. In fact, supposing 7 is a terminal information
base, S is any information base and F' is any translation between 7 and S, we
can associate to F' the point

QFE{bE S| ATFb}

of §. On the other hand, supposing « is any point of S, we can associate it the
translation
aFyb = Posr(a) — ber

and the correspondence is obviously bijective since
beap, it ApFub iff Posp(Ar) — bea iff ber
and
aF, b iff Posp(a) — beayp iff Posr(a) — ApFb iff Posy(a) — aFb iff aFb
where the third step is a consequence of the fact that if Posr(a) holds then
A1 =7 a.
4.2 Cartesian Product of information bases

To define the cartesian product of information bases we will follow a hint from
standard topology: a base for the product topology of two topological spaces is
the cartesian product of the bases of the two topologies.

11



Proposition 4.2 (Cartesian product of information bases) LetS and T
be two information bases. Then

SxT= <S x T, sx1, AsxT,Possxr, <]S><T>a

where for any c¢,d € S x T':

c-sxrd = (fst(c) -g fst(d),snd(c) -1 snd(d))
Asxr = (As,Ar)
Possxr(c) = Posg(fst(c)) & Posr(snd(c))
c<dd = Posgxr(c) — (fst(e) g fst(d) & snd(c) <t snd(d))

is an information base.

Proof. All the verifications are straightforward proofs in type theory which
use the rules for the type theoretic cartesian product ([5], page 81). It can
be useful to observe that to prove the validity of --left and --right one has to
use the fact that, for any a,b € S x T, fst(a ‘sx1 b) =s fst(a) -5 fst(b) and
snd(a -sx1 b) =7 snd(a) -7 snd(b).

Now, supposing S and 7 are two information bases, it is possible to show
that S x 7 is their cartesian product.

Theorem 4.3 Let S and T be two information bases. Then the propositional
functions Mg between S x T and S and g between S X T and T defined by
putting, for anyce S xT,se€ S andteT:

Possxr(c) — (fst(c) <g s)
Possxr(c) — (snd(c) <r t)

cllg s
CHTt

are translations. Moreover, if W is an information base, F € Hom(W,S) and
G € Hom(W, T), then the propositional function (F,G) between W and S x T
defined by putting, for any c € S xT and w € W:

w (F,G) ¢ = Posy (w) — (w F fst(c) & w G snd(c))

is a translation and, for any translation H € Hom(W,S x T), the following
equations hold

g x(F,G) = F
HT*<F,G> = G
(g« H/p«H) = H.

Proof. It is easy to see that Ilg, Il and (F, G) are translations. To prove the
validity of the first equation note that if w F s then w (F,G) (s, Ar), since
w G Ar holds, and hence w IIg x (F, G) s, since (s, Ar) Ilg s.

A formal proof in type theory of the other inclusion is the following: suppose
that w IIg * (F, G) s, that is, Posy (w) — (3c € S x T) w (F,G) ¢ & ¢ Ig s,
and assume Posy (w); then (3¢ € S x T) w (F,G) ¢ & ¢ IIg s. Now from

12



w (F,G) ¢, that is, Posw(w) — w F fst(c) & w G snd(c), by using again
the assumption Posy (w), we deduce both w F fst(c) and w G snd(c), which,
by using for the third time the assumption Posy (w), show that Posg(fst(c))
and Posr(snd(c)), that is, Posgxr(c), which allows to conclude fst(c) <g s from
Posgxr(c) — fst(c) <ig s, thatis, ¢ IIg s. Thus w F s follows from w F fst(c) and
fst(c) <g s and hence the result is obtained by 3-elimination and the condition
(#41) in the definition 3.3 of translation. The proof of validity of the second
equation is completely similar.

To prove the validity of the third equation suppose w (Ilg * H, I x H) ¢
and assume Posy (w). Then it is straightforward to prove that there exists
d € S xT such that w H d & d Ig fst(c); but, by assuming Posgxr(d),
d Mg fst(c) implies fst(d) <g fst(c) which shows d <gxr (fst(c), Ar), by dis-
charging the assumption Posgy7(d), since snd(d) <7 Az holds; thus w H d
allows to deduce w H (fst(c), Ar) and J-elimination can be applied. In a sim-
ilar way one can prove that also w H (Ag,snd(c)) holds and hence w H ¢
follows by conditions (¢.2) and (#i7) of the definition 3.3 of translation, since
(fst(c), A7) -sx1 (As,snd(c)) <gxr ¢ holds; the other inclusion is trivial.

In the following, supposing F € Hom(S,W) and G € Hom(7, Z), we will
write F' x G to mean the translation (F «IIg, G *IIr) from S x 7 to W x Z.
Even if the collection of points of an information base is never a set, since its
elements are subsets, and hence we cannot define over it standard set operations
like cartesian product, we can still show that there is a bijective correspondence
between Pt(S x T') and couple made by elements in Pt(S) and Pt(T). In fact,
let v be a point of & x 7; then we obtain a point of S and a point of 7 by
setting
o, = {aeS$|(aAr)e)
6, = DeT| (Asber)

Moreover, supposing « is a point of S and (3 is a point of 7 we obtain a point
of § x T by setting

Yo, = {(a,b) € S X T'| accx and bef}

Finally, the correspondence is clearly bijective; in fact, it is easy to see that
(a,b)eYa,,p, if and only if (a, b)ey; moreover, ace,, , and bef,, , if and only if
aca and be because (a, Ar) -sx1 (Ag,b) =sx1 (a,b).

4.3 Exponential of two information bases

The basic idea in constructing the exponential object of two information bases
is to explain, by using only finite tokens of information, how a translation is
defined. From a constructive point of view, this is not straightforward since a
translation is just a propositional function, and we know it only intensionally.
But, from a classical point of view, we can see it also extensionally, that is,
like the collection of all the couples which satisfy such a propositional function.
Hence a finite information on a translation is just a finite set of couples. The
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natural operation between two such finite sets of tokens of information is union,
which collects the information on the translation contained in the two finite sets.
Clearly the unit for this operation is the empty-set which adds no information.
If we want to remain within type theory, two problems arise in following this
approach. First, the collection of finite subsets of a set is not a set because
we cannot generate it by means of an inductive definition but some additional
equations are needed (see for instance [1]). Moreover, a translation has to satisfy
the positivity condition (ii7) of definition 3.3 of translation and hence any notion
of function space has to take into account this fact. We solve these two problems
by constructing the function space of two information bases S and 7 by using,
instead of finite subsets, lists of couples whose first element is a positive element
of S and second element is an element of 7. Thus we arrive at the following
proposition where we use the set theoretic abbreviations that we introduced in
section 2.

Proposition 4.4 (Exponential of information bases) Let S and T be in-
formation bases. Then the structure

S=T= <'PM(E(S, Posg) x T), U, d, Posg—r, 4S:>T>,
where for any I,m € P, (X(S, Posg) x T'):

Poss—r(l) = (Vy E 1) Poss(Oxa fst(fst(x))¥) — POST(Oxg.snd(z)¥)

and
I Qg1 m = Posg=r(l) —
(Vm C m)(ﬂy C l) ®)\z.fst(fst(m)) r <s ®/\x.fst(fst(z))y &
®)\$.5nd(z)y <r ®/\z.snd(m)x)

s an information base.

The formal proof of this proposition is long and it is convenient to begin
with some abbreviations and some lemmas. In the following we will abbreviate
the set X(5, Posg) x T by Posg x T and, whenever it will be possible, we will
indicate one of its elements by (s,t) instead that by ((s,7),t), where 7 is the
proof that s is a positive element of S. Moreover, the set P, (X(S, Posg) x T')
will be abbreviated by S = T and, for any = € Posg x T', the element fst(fst(z))
of S will be abbreviated by xg and the element snd(x) of T' by zp and hence
the functions ©xg fst(fst(z)) and Oxz.snd(z) Will be abbreviated by ©s and O
respectively. Thus, we will write Posg—7 (1) as

(Vy C 1) Poss(®sy) — Posp(Gry)
and [ <g—7 m as
Posgor(l) > (Vx Em)(Fy Cl) Osz <s Osy & Ory <r Orz

which look a bit more readable.
Let us now show that S = 7 is indeed an information base.
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Lemma 4.5 Letl,m € S = T. Then, if | T m then
©gm s Ogl and Orm <r Orl

Proof. The proof is by induction on the length of the list [ and it is obtained
by using --left on the information bases S and 7.

Corollary 4.6 Letl € S=T. Then, if | C & then Poss—r(l).

Proof. Suppose y C [ and assume [ C &. Then y C @. Hence, by the previous
lemma, @72 <y Ory, but Posp(®7r2) holds since ®r@ = Ap, and hence by
monotonicity in T we obtain Posr(®ry) and thus the result follows immediately
by logic.

Lemma 4.7 Letl,m € S =T. Then, if m C 1 then | Qg7 m.

Proof. Let us suppose that x C m; then the assumption m C [ implies that
x £ [ and hence we have found the “subset” of [ we where looking for since
obviously ®gx <g ®gx and Orx <r OrT.

We introduce now the new relation
l<atm= Possr(l) = (Vzem)(Fy C 1) 25 <5 Osy & Ory <7 21

We will prove that <! is equivalent to the relation <lg—r. We need to introduce
<! in order to show the validity of the --right condition for <ig—r.

It is obvious that if [ <lg—7 m then ! <! m. In fact, supposing zem, by
lemma 2.1, we obtain {z} C m and hence the result is an immediate consequence
of | dg—1 m.

To prove the other implication we need to use one of the strongest property
of constructive type theory, namely, the (extended) axiom of choice.

Lemma 4.8 Let ,m € S = T. Then, | <' m if and only if there exists a
function f from E(Posg x T, (x : Posg x T') xem) into (S = T) such that, for
all z € X(Posg x T, (x : Posg x T') xem),

(fx) ED) & (5 <5 Osf(2)) & (Orf(x) <7 27)

Proof. After all the definitions are eliminated, the result is an immediate
consequence of the application of the (extended) axiom of choice which asserts
that

(Ve : A) B(z) — ((Fy : C) D(z,y))

holds if and only if

(3f : ©(A, B) — O)(Vz : ©(4, B)) D(fst(z), f(2))

15



holds. Its proof in constructive type theory is a slight modification of the stan-
dard proof of the axiom of choice in [4]. In fact, supposing

h:(Vx:A) B(x) — ((Jy: C) D(x,y))
the choice function that we are looking for is

f=2Xz:3(A4, B). h(fst(z))(snd(2))

We can now finish the proof of the equivalence between the two relations <1!
and <g—7.

Lemma 4.9 Letl,m € S = T. Then, if | <! m then | <lg—1 m.

Proof. After lemma 4.8, given any z = m we can use the choice function f to
construct the “subset” | |, ., f(z) of [ which satisfies the required conditions.

We can now verify that S = 7 is an information base. Most of the necessary
check are straightforward. Here we only show the non-obvious cases.

e (Monotonicity) We have to show that if Posg—r(l) and [ <g—1 m then
Poss—r(m). Thus, let us suppose that z € S = T, z C m and Posg(®5z),
then there exists y C [ such that ®gz <g Ogy and Ory < Orz since
I <g=1 m; hence Posg(®sy) holds by monotonicity in S; but Posg—r(l)
implies Posg(®sy) — Posr(®ry), since y C I, and so, by monotonicity in
T, Posr(GOr2).

o (--right) We have to show that if | <g—7 m and | <gs—7 n hold then
I <g—7 m Un. The assumptions yield that { <! m and [ <! n. Suppose
now that xem LI n, then xem or xen and in both cases we can obtain the
“subset” of [ required to state [ <! mUn by using the suitable assumption.
But then | <ig—.7 m U n follows by lemma 4.9.

It is worth noting that, in order to prove the validity of the --right condition
for the exponential information base, we needed to consider the relation <!
instead of <lg—p. In fact, if zem LUn we can prove that xem or xzen but if we
know that y C m Ln we are not able to construct two “subsets” y; and y2 such
that y1 ©E m, yo» C n and y = y; Ll y2, unless the equality relation on Posg x T
is decidable.

After the previous results we can propose simple and intuitive explanations
of the definitions we used for the positivity predicate and the cover relation for
the exponential information base. Let us give first a definition.

Definition 4.10 Let R be a translation between the information bases S and
T andl be a token of information in S = T. Then we say that the translation
R contains [ if and only if (Vxel) xgRxr.
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We can prove the following theorems.

Lemma 4.11 Let R be a translation between S and T andl € S = T. Then,
R contains l if and only if Yy C 1) OsyROT Y.

Proof. Let us assume that R contains [ and that y C [. Then, for any zey,
xgRxr and hence ®gyR Or y. On the other hand, for any zel, {z} C [ and
hence (Vy C 1) GgyR Ory yields zg =5 ©g{z}R O {z} =1 z7.

Theorem 4.12 For anyl € S = T, Posg—r (1) holds if and only if there exists
a translation R between S and T which contains .

Proof. Let us suppose that Posg_.7(l) and define
sRit = Posg(s) — (Y Cl) s s Osy & Ory st

Then, it is immediate to see that R; is a translation. In fact, most of the cases
that one has to check are straightforward; we will show here the only one which
requires [ to be a positive element of S = 7, namely (i.4).

o If Posg(s) and sR;t then Posp(t). In fact, let us suppose Posg—r(l).
Then (Vy C [) Posg(®sy) — Posr(®ry), and hence, supposing, y C [,
s g Ggy and Ory <r t, and Posg(s) we obtain first Posg(®sy), by
monotonicity in S, and hence Posy(®ry), by positivity of I, and finally
Posr(t), by monotonicity in 7.

Moreover lemma 4.11 immediately yields that R; contains [ because, for any
yCl, OsyR, Or y.

The other implication, that is, if there exists a translation R which contains
[ then [ is positive, is immediate since supposing y C [ we obtain ®syR ®r y by
lemma 4.11 and hence Posg(®gy) yields Posy(®ry) by condition (i.4) for the
translation R.

It is interesting to note that the translation R; that we defined in the proof
of the previous theorem is the minimal translation which contains [, that is, for
any translation R which contains [, if sR;t then sRt. In fact, we can prove the
following lemma.

Lemma 4.13 Let [ be a positive element in S = T and define Ry like in the
proof of the previous theorem. Then Ry is contained in any translation which
contains [.

Proof. Let R be any translation which contains [ and suppose sR;t. Then,
there exists y C [ such that s g ©gy and ©ry <r t; then ©gyR Or y by
lemma 4.11 and hence sRt by conditions (i.3) and (ii) for the translation R.

We can exibhit an alternative characterization for the cover relation too.

Theorem 4.14 For anyl,m € S =T, <g=1 m if and only if any translation
which contains | contains m too.
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Proof. Let us assume that | <\s—7 m and that R is a translation between S
and 7 which contains [. Then [ is positive by the previous theorem 4.12. Then,
for any z T m, there exists y C [ such that ®syR O y, by lemma 4.11, and
Ogr g Ogy and Oy <r Oz, by definition of the cover relation in S = 7.
Then ©®sxR O x by conditions (i.3) and (ii) for the translation R and hence R
contains m by lemma 4.11.

On the other hand, if all translations contain m whenever they contain [
than we can prove that I <t* m holds, and hence | <lg—r m follows by lemma
4.9. In fact, let us suppose that zem and assume that Posg—r(l). Then a
translation R; can be defined as in the proof of theorem 4.12 and it contains
l; hence, by the assumption, it also contains m, so that xgR;xr which yields
Posg(zs) — (Fy C 1) s <g Osy & Ory <r xr. But Posg(xg) holds because
x is an element in Posg x T

Thus, our definitions of the positivity predicate and the cover relation are
just a fully constructive way to express the more perspicous conditions that
in the previous theorems 4.12 and 4.14 we proved to be equivalent to them.
The reason we could not use these conditions directly in the definitions of the
positivity predicate and the cover relation is that they cannot be expressed in a
constructive way since they would require an existential quantification (in the
case of the positivity predicate) or an universal quantification (in the case of the
cover relation) over the collection of all the translations and such quantifications
are meaningless since only quantification over the elements of a set can be given
a constructive meaning.

The following theorem completely characterizes S = 7 as the categorical
exponential object of the information bases S and 7.

Theorem 4.15 Let G € Hom(W x S,T) and H € Hom(W,S = T); then
there exist a unique translation A(G) € Hom(W,S = T) and a translation
Ap € Hom((S = T) x S,T) such that the following equations hold:

Apx (A(G) xIldg) = G
A(Ap*(H xIdg)) = H

Proof. For any we W andl € S =T, put
w A(G) | = Posy (w) — (Veel) (w,cs) G er
and, foranyle S=T,se Sandt e T, put
(I,8) Ap t = (Vy € Poss=1yxs((l,5))) I ds=1 {((s,snd(y)), 1)}

It is easy to check that A(G) and Ap are indeed translations.

A Dbit more complex is to show that the two equations hold. We will first
prove that, for any G € Hom(W x S,T), Ap * (A(G) x Ids) = G. Let us
suppose that (w,s) € W x S and ¢t € T and assume that Posyy xs((w, s)); then,
if (w,s) Ap % (A(G) x Idg) t then there exists (I,u) € (S = T) x S such that
(w,s) A(G) x Idg (I,u), that is, w A(G) I and s <g u, and (I,u) Ap t. Then
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Poss—r () and Posg(u) and hence (I,u) Ap t yields I <g=r1 {((u,7),t)}, where
7 is the proof that u is a positive element of S. Thus there exists y C [ such
that v <g ®gy, and hence both s <ig ®gy, because s <g u, and Oy <r t
hold. Now, observe that w A(G) | means that (Vcel) (w,cs) G er and hence
(w,©sy) G GOr y which yields (w,s) G t since (w,s) <wxs (w,®sy) and
Ory < t.

To prove the other inclusion let us suppose that (w,s) G t holds; then we
immediately obtain that w A(G) {((s,7),t}, where 7 is the proof that s is
positive. But we also have that s <g s, i.e. s ldg s, and ({((s,7),t)},s) Ap t
since (Vy € Pos(s—1)xs(({((s,m),1)},5)). {((s,7),1)} <s=7 {((5,5nd(y)),?)}-

Let us suppose now that H € Hom(W, S = T'). Then A(Ap*(H xIdg)) = H.
In fact, supposing w € W, 1 € S = T and Posy (w), w A(Ap * (H x Idg)) !
yields (Veel) (w,cs) Ap x (H x Idg) er and hence there exist m € S = T and
u € S such that w H m, c¢s <g u and (m,u) Ap cr. But, (m,u) Ap cr yields
m st {((u,7),cr}, where 7 is the proof that u is a positive element of S
obtained by monotonicity from cg <lg u since cg is a positive element of S
because cel and | € Posg x T'. Moreover c¢g <g u yields {((u,7),cr} <g= {c},
and hence m <g=r {c}. Thus, for all cel, w H {c} and hence w H .

On the other hand, if w H [, then for any cel, w H {c} since | <g=1 {c}
holds. Then (w,cs) H x Idg ({c},cs). Moreover, ({c},cs) Ap cr and hence
(w,es) Ap* (H x Idg) er, that is we proved that w A(Ap x (H x Idg)) .

After the categorical characterization of the exponential object it can be
useful to see more directly the relation between the information base S = T
and the translations between & and 7. In fact, a full information in & = 7T
is not a token but a point. And indeed we can prove that there is a bijective
correspondence between points of S = 7 and translations between S and 7.
We need first a technical lemma.

Lemma 4.16 Let S and T be two information bases, | be an element in S = T
and ® be a point of S = T. Then le® if and only if (Vael) {x}ed.

Proof. Let us suppose that xel; then {z} C [ and hence | <g—r {2}, by lemma
4.7, and thus le® yields {z}ec®.

On the other hand, if (Vxel) {x}e® then le® can be proved by induction on
the length of | by using condition (i.2) in the definition of point.

Theorem 4.17 LetS and T be two information bases. Then there is a bijective
correspondence between the collection of the points of S = 7 and the collection
of the translations between S and T .

Proof. Let ® be a point of S = 7 and put
sRet = Posg(s) — {(s,t)}e®

Then it is straightforward to prove that Rg is a translation between S and 7.
Suppose now that R is a translation between S and 7 and put

o ={l € S=T| R contains [}
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Then, &g is a point of S = 7.
Moreover, the correspondence is bijective. In fact, Re, = R, because

sRe,t iff Posg(s) — {(s,t)}e®r by definition of Rg,
iff Posg(s) — sRt by definition of &
iff sRt by condition (iii) on R

and ®r, = ®, because

le®r, iff Rg contains ! by definition of ®p,
iff (Vael) xgRoxr by definition of “contains”
iff  (Vael) Poss(zs) — {(zs,27)}e® by definition of Re
iff  (Vael) {(xg,27)}ed since Posg(xg) holds
becausel € S =T
iff e by lemma 4.16

5 The generic information base

In this section we want to show how to construct, within intuitionistic type
theory, the information base which corresponds to a generic set-based Scott
domain. We will not propose here a new construction but we simply show how
to formalize the one in [8].

A Scott domain D = (D, <), where D is a collection and < a order relation
over D, is called set-based if the sub-collection of its compact elements can
be indexed by means of a set, that we will call Kp. From now on, in order
to keep the notation clearer, we will confuse the set of indexes Kp with the
sub-collection of the compact elements of D. We can use Kp to define the
information base that we are looking for. The hint to find the correct definition
comes from the topological intuition. To this aim, let us recall the definition of
Scott topology on a CPO.

Definition 5.1 In any CPO D, a sub-collection O is called (Scott) open if it
is upward closed, that is, if t € O and x < y then y € O, and smooth, that is,
for each directed subset U, if U € O then (Ju e U) u € O.

It is well known (see for instance [2]) that Scott opens form a topology on
D, which is usually called the Scott topology.

If D is not only a CPO but a Scott domain, then it is completely determined
by its Scott topology. In fact, given a base B for the Scott topology on D, z < y
if and only if (VO € B) (x € O) — (y € O). This remark suggests that we
need a base, in the usual topological sense, in order to find the information base
that we are looking for. A base for the Scott topology on D is usually obtained
by considering all the sub-collections Ta = {x € D| a < z} for « € Kp and
possibly by adding the empty set. Here, this must be refined a little to avoid any
definition or proof based on the distinction between the cases Ta N b =1(a V b)
and Ta N 16 = 0, that is, between {a,b} bounded or not. Then, the idea is to
move from elements to finite subsets of Kp and consider, for any U € P, (Kp),
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the sub-collection of its upper bounds Oy = {x € D| U < z}, where U < z is an
abbreviation for a < x for any acU. It is easy to check that {Oy| U € P,(Kp)}
is a base for the Scott topology on D.

So, apart from foundational matters, the information base is now disclosed;
the foundational problem is that {Oy| U € P,(Kp)} is not a set, but a set-
indexed family of sub-collections of D and hence it cannot be used to define an
information base. The standard way out in formal topology is to build up an
information base Sp by pulling the structure of the base {Oy| U € P,(Kp)}
back to the index set P, (Kp). In detail, we provide P, (Kp) with an operation
of combination -5, such that OU'SDV = Oy N Oy, that is, we put

U-s,V=UUV.

Then, the unit element of Sp is @ € P,(Kp), which can also be seen by
observing that Og = D and hence Oy N Oy = Oy for any U.
We say that U is positive when Oy is inhabited; so we put

Poss, (U) = (Fa € Kp) (U < a)

and in this way Posg,, is a subset of P, (Kp). Note that U is positive if and
only if \/ U = \/{a € Kp| acU} exists.

Finally, we want U to be covered by W when Oy C Oy, which is clearly
equivalent to: if \/ U exists, then W < \/ U. Thus we put

U <sp W = Poss, (U) = W < \/U
It is obvious now that
SD = (PW(KD)’ 'Spaga POSSD’ <]$D>

is an information base.

Moreover, Sp is the information base that we were looking for. In fact,
the domains D and Pt(Sp) are isomorphic. The easiest way to find out an
isomorphism, is to specialize to the base {Oy| U € P, (Kp)} the fact that a
domain is completely determined by a base for its Scott topology. In fact in
this way we obtain that z < y if and ouly if (VOy)(z € Oy — y € Oy), which
can equivalently be expressed in our framework as (VU € P, (Kp)) (U <z —
U <vy), that is, {U € P,(Kp)| U <z} C{U € P,(Kp)| U < y}. It is easy to
check that, for any = € D, the subset® {U € P, (Kp)| U < x} is a point of Sp.
Hence putting

fix—{UeP,(Kp)| U<z}

defines a map from D into Pt(Sp), which is monotonic and one-one; to conclude
we must only show that f is onto and hence an isomorphism since any bijective

3The fact that {U € Pw(Kp)| U < 2} is a subset, that is, a propositional function over
Pu(Kp), is not so immediate. Given « € D, consider the subset | g (z) = {a € Kp| a < z}
of Kp; then U < z means that (Jac |k (z)) (U < a) which is a propositional function with
U free.
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monotonic function respects all suprema. To this aim, observe that if a is a
point of Sp then, for any W € P,(Kp), Wea if and only if (VaeW) {a}ea,
that is, « is determined by the singletons it contains; hence the element of
D whose image under f is o must be \/{a € Kp| {a}ea}, which exists since
{a € Kp| {a}ea} is directed. So we have proved:

Theorem 5.2 Any set-based Scott domain D is isomorphic to the points of a
suitable information base Sp.

6 Some properties of the category InfBas

In this section we will present some useful categorical constructions which are
possible in InfBas.

6.1 The initial object

Since InfBas is a category equivalent to ScDom there is no initial object, but
we can modify InfBas in a very simple way in order to have them. Indeed, it
is sufficient to drop the condition that, for any information base S, Posg(Ag)
holds and we will be able to prove the following theorem.

Theorem 6.1 Let £ = (F, g, Ag,Posg, <g) be any information base with no
positive element. Then, for any information base S, the total relation, which
holds for any e € E and s € S, is the unique translation between £ and S.

Proof. It is obvious that the total relation is a translation. Moreover, if F' is
any translation between £ and S, then, since —Posg(e) holds for any e € E,
Posg(e) — eF's holds by logic and thus eF's follows by the last condition on a
translation.

We can easily build a structure | which is like an information base except
for the fact that —=Pos (e) holds for any e € L. For instance we can use the one
element set T, whose only element is *, and declare it not positive. We thus
arrive at the following definitions:

o= (z:T)(y:T) =

A = x
Pos; = (z:T)(xz="1)
<, 0= (@:T)y:Ma="y

It is obvious that the collection of points of any initial information base is
empty because of the (ii) condition on points.

6.2 The separated sum

No co-product can be defined in InfBas, but still we can constructively define
two kinds of sum of information bases, that is, the separated and the coalesced
sum. We will show the former in this section and the latter in the next one.
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Let S and 7 be two information bases. Then, from a topological point of
view the information base S @ 7 of the separated sum of S and 7 is just the
disjoint union of S and 7. Hence we obtain a base for such a topological space
by putting together the elements in the base S and those in the base T" and by
adding a new element to mean the whole topological space. But we have to add
also another element in order the operation -ggq7, which means the intersection
between two elements of the disjoint union, be always defined, namely, also
when an element in S is considered together with an element in 7. Thus, the
new base can be defined by using the disjoint sum S + 7T of S and T and by
adding two new elements by using the type constructor Succ (see section 2);
thus the set that we are looking for is Succ(Succ(S + T))).

Let us use the following short-hands, for any s € S and t € T":

Asegr = succ(lsucc(s+1))

J—SGBT = 1Succ(Succ(S-{-T))
(s)s = succ(succ(i(s)))
(t)r = succ(succ(j(t)))

Note that if (s1)s =%®T (s3)s then s; =% sy and if (t;)r =97 (t3)7 then
t1 =" ts.
The composition operation -gqr works according to the following table

‘seT | lser (s2)s (t2a)r  Aser
Lser | lsgr  Lser lser Lser
(s1)s | Llsgr (s1-s2)s Llser  (s1)s
(t1)r | lsgr  Llser (ti-t2)r  (t)r
Aser | lser (s2)s (ta)r  Asger

and it is not difficult to formalize it within intuitionistic type theory. Note that
o If ¢ .gor d =9 Aggr then ¢ =597 Aggr and d =°9T Aggr.
o If ¢ .sor d =97 (s)g then
(c =T Agqr & d =T (s)s) V (c =5eT (s)s & d =0T Aser) V
((3s1, 82 € 8) ¢ =597 (51)g & d =597 (s3)5 & 5 =2 51 -5 59)
o If c-507 d ="%T (t)r then

(e =T Aggr & d=59T (t)r) V (¢ ="9T (t)r & d =T Aggr) V
(Ft1,ta €T) ¢ =T (t1)p & d =T (t3)7 & t =T t; -7 to)

A token of information in S @ 7 is positive when it is positive in S or in 7,
and hence, given any element ¢ € S @& T we put

POSS@T(C) = (C =5eT AS@T) V
((3s € 9) Poss(s) & ¢ =%9T (s)g) Vv
(3t € T) Posr(t) & ¢ =T (t)r)
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Note that to assume Posggr(Lsgr) means that

(Lser =T Aggr) V
((3s € S) Poss(s) & Lgar ="%T (s)s) V
(3t € T) Posy(t) & Lser =97 (t)1)

holds. Hence we get —Possgr(Lsgr) because, as we observed in the end of
section 2, all the disjoints lead to a contradiction.

It is worth noting also that Posggr((s)s) yields Posg(s) and Posggr((t)r)
yields Posr(t).

Finally, supposing ¢ and d are two elements in S @ T, ¢ is covered by d in
S@T if, whenever ¢ and d are obtained from two elements ¢’ and d’ of the same
information base, ¢’ is covered in such an information base by d’. Thus we put

c<dggrd = POSS@T(C) —
(¢ =59T Aggr — d =T Ager) A
((381 S S) ¢ =59T (81)5 — (d =5eT AS@T\/
((382 S S) d =5°%T (82)5 & s1 g 82))) A\
((Htl S T) ¢ =59T (tl)T — (d =5&T AS@T\/
((3152 S T) d =58T (tg)T & t1 Qr tg)))

Observe that if (s1)s <sgr (s2)s then s1 g s2 and if (t1)r <sgr (t2)r then
t1 <t to.
Then we arrive to the following result.

Theorem 6.2 Let S and T be two information bases and put
SoT =(SaT, ser, Aser, Posser, lser)
Then S & T is an information base.

Proof. Many checks are required, but most of them are immediate; here we
will show only the cases which are not straightforward.

e (Monotonicity) If Posggr(c) and ¢ <ggr d then Posggr(d). In fact,
supposing Possgr(c), ¢ <sgr d yields

(1) ¢=%%T Aggr — d="%T Agaer
(2) (3s1€8) c=%9T (51)5 —

(d =587 AS@T \Y ((382 S S) d =5eT (82)5 & 51 g 82))
(3) (3151 € T) ¢ =59T (tl)T —

(d =%9T Aggr V ((Fte € T) d =597 (to)r & t1 <t t2))

Now, observe that there are three possibility for ¢ to be positive:

— ¢ =%9T Aggr. In this case (1) yields d =97 Aggr and hence d is
positive.
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— ((3s1 € S) Posg(s1) & ¢ =%¥T (s1)g). In this case (2) yields that
(d =5eT AS@T V ((352 € S) d =5eT (SQ)S & S1 g SQ)), if d =5eT
Aggr then it is trivially positive otherwise, by monotonicity in S we
obtain Posg(s2) and thus also in this case d is positive.

— ((3t1 € T) Posr(t1) & ¢ =T (t1)1). Completely analogous to the
previous one.

o (--left) f a <gqr cthen a-gurb <sgr c. First note that, by monotonicity,
if Posggr(a -ser b) then Posggr(a). Hence a <Qggr ¢ yields

— a =% Aggr — ¢ =T Aggr
— (351 €8) a=5%T (s1)5 —

(C =58T AS@T V (382 S S) ¢ =58T (82)5 & s1 <g 82)
— (3151 S T) a =597 (tl)T —

(¢ =5%T Aggr V (Fty € T) ¢ =597 (to)1 & t1 <7 o)

Now the result follows by a case analysis on the shape of a -gg71 b.

o (--right) If a <ggr b and a <ggr ¢ then a <ggr b-sgr ¢. Let us assume
Poss@r(a). Then we obtain the result by a case analysis on the possible
shape for a.

— a =% Aggr. Then, from a <ggr b, we obtain that b =597 Agar
and, from a <lggr ¢, we obtain that ¢ =97 Aggr. Hence the result
is immediate by definition of -gg 7.

—a =%%9T (5)g for some s € S. Then, from a <iser b, we obtain
that b =97 Aggr or b ="9T (s;) and s <Ig s1; in a similar way, by
a <ser ¢, we obtain that ¢ =5%T Agar or ¢ =597 (s5) and s <5 sa.
Now the result is straightforward by logic and --right in S.

— a =%9T ()7 for some t € T. Completely analogous to the previous
one.

The separated sum of information bases is not a categorical co-product since
it is not possible to define the needed translations. Anyhow, it is possible to
prove the following theorem.

Theorem 6.3 Let S and T be two information bases. Then the propositional
functions defined by putting, for any s € S, t €T andw e S®T

SLsepw = Posg(s) — (s)s <gar w
tRsepw = POST(t) — (t)T <seT W
are translations between S and S T and T and S & T respectively. Moreover,
supposing Z is any information base, F' € Hom(S, Z) and G € Hom(7T, Z), the
propositional function defined by putting, for any w € SO T and z € Z,
w{F,G}z = Possgr(w)—

Ay <z zV

(3s € S) w="9T (s)g & sFz) Vv

(Bt eT)w="%T ()7 & tGz)
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is a translation and the following equations hold

{F,G}*Lgep = F
{F,G}*Rsep = G
{H % Lsep, H *Rsep} = H for any translation H € Hom(S & 7T, Z) such

that AsgrHz if and only if Az <z z

6.3 The coalesced sum

The second kind of sum that we can define in InfBas is the coalesced sum. Also
in this case we will not obtain a categorical co-product. The main difference
with respect to the previous kind of sum is that, supposing & and 7 are two
information bases, the base for the coalesced sum SW7 is obtained by identifying
the two unit elements Ag of S and Ar of 7. Thus, most of the definitions are
like in the previous section, that is, the basic opens are the elements of the
set Succ(Succ(S+T)), and Agyr, Lsur, the operation -syr and the positivity
predicate Posgyr are defined exactly as the corresponding objects of S & 7.

The real novelty is the definition of the cover relation. In fact, let us suppose
that c and d are two elements in SUT’; then, ¢ is covered by d in SUT if, whenever
c and d are obtained from two elements ¢’ and d’ of the same information base,
¢’ is covered in such an information base by d’, but we have also that Agyr is
covered by (s)s for any element s € S which covers Ag and by (t)r for any
element ¢ € T which covers Ap. Thus we put

c<sur d = Posgyr(c) —
(C _SurT AS@JT N
(d _SurT AS@JT\/
((3s € §) d =997 (s)g & Ag < 5)V
((Ht S T) d =sur (t)T & AT <7 t)) N
((3s1 ESS% Poss(s1) & ¢ =T (s1)g —
(d =5Y AsurV
((38 S S) d =5YT (S)S & Ag g S)\/
((Ht S T) d =5YT (t)T & Ar <t t)\/
((3s2€85)d =T (s2)s & $1 <g $2))) A
((ﬂtl S T) POST(tl) & ¢ =5eT (tl)T —
(d =5UT AgyrV
((3s € §) d =997 (s)g & Ag < 5)V
((Ht S T) d =sur (t)T & AT <r t)\/
((ﬂtg c T) d =S&T (tg)T & t1 Qr tg)))

Then, we arrive at the following result.
Theorem 6.4 Let S and T be two information bases and put
SUT = (SUT, sur, Asur, Possur, <Isur)

Then SUT is an information base.
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Moreover the following theorem holds.

Theorem 6.5 Let S and T be two information bases. Then the propositional
functions defined by putting, for any s € S, t€T andw e SUT

POSS(S) — (S)S <surT W
Posr(t) — (t)r <swr w

Sl—coalw
tRcoalw

are translations between S and SWT and T and SUT respectively. Moreover,
supposing Z is any information base, F' € Hom(S, Z) and G € Hom(7T, Z), the
propositional function defined by putting, for any w € SWT and z € Z,

w(F,G)z = Posgyr(w) —
Az <QzzV
(3s € 8) w=""T (s)s & sFz) Vv
(Bt eT) w=""T (t)r & tGz)

is a translation and the following equations hold

<F;G>*I—coal = FZﬁAstéATGZ
(F,GY*Repat = Giff Ar Gz=Ag F z
(H * Leoal, H * Reoat) = H for any translation H € Hom(SU T, Z)

6.4 Fixed-point property

One of the most interesting property of the category ScDom is the possibility to
deal with fixed-points therein. In fact, supposing f is an approximable function
from the Scott domain D into itself, there exists an element d € D such that
f(d) = d. Moreover, such a fixed-point can be found in a uniform way, that is,
there exists a function fix from D = D into D such that, when applied to any
function f, gives the smallest, with respect to the order in D, of its fixed points,
that is, f(fix(f)) = fix(f) and, for any z € D, f(z) = z yields fix(f) < z. The
technique to define the map fix is well known: provided the bottom element in
D is denoted by L p, put

fix(f)= \/ f"(Lp)

n€ENat

In fact, the set-indexed collection {f™(Lp)| n € Nat} is directed and hence its
supremum exists in D and it obviously satisfies the required conditions.

The main problem in looking for a constructive counterpart of this definition
is the presence of the limit process, but this limit process is so much uniform
that a solution can be found. Let us analyze it. Suppose S and 7 are two
information bases and suppose that f is any approximable function from Pt(S)
into Pt(7); as we noticed in the end of section 3, we can define a translation F
from S in 7 such that f = Pt(Fy) by putting

s Fy t = Posg(s) — (tef(1s))
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where 7s = {u € S| s <g u} is the point of S which contains all the elements
of S which cover s. If we would apply directly this technique to the case of
the previous function fix we would obtain the following propositional function
between § = S and S:

I Fix s = Posg= s (1) — sefix(l)

The problem is that the point I of § = S is not an approximable function
from Pt(S) into itself and hence we cannot apply the function fix to it. But we
already showed in section 4.3 how a translation, and hence also an approximable
function, is associated with any point of & = S: the approximable function
f1i: Pt(S) — Pt(S) associated with the point 1/ of S = S is

fr(a) = J{u € S| sRyu}

SeEQx

where, according to the notation that we used in the proof of theorem 4.17,
Ry, defined by setting s1Rys2 if and only if Posg(s1) — {(s1,s2)}e 11, is the
translation associated with the point 1.

If we consider now the case fy; is applied to the bottom element of Pt(S),
that is, the case @« = {Ag}, we obtain

le({AS}) = {u (S S| AsRTlu}

and hence
fii{As}) = {u € S| AgRu}
Thus
U #({As}) = {u € S| (3n € Nat) AsRyju}
neNat
since AgR1;Ag holds. We can simplify a bit the last equivalence if we note that

the translation Ry, coincides with the translation R; that we introduced in the
proof of theorem 4.12. In this way we obtain that

[ Fix s = Posg=.s(l) — (3n € Nat) AgR}'s

which has a clear independent meaning. In fact, it states that, given any partial
information [ concerning a translation, in order to find a fixed point of such a
translation we have to collect all the tokens of information into which the whole
space, that is, Ag, is mapped at some moment.

It is now obvious the following theorem.

Theorem 6.6 Let S be an information base and put, for anyl € S = S and
se s,
I Fix s = Posg=g(l) — (3n € Nat) AgR}'s

Then Fix is a translation between S = S and S.
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Proof. The proof is just a check. We will show the only not-obvious case.
Suppose l1,lo € S = S and s € S, then if | <g—g l2 and [y Fix s then
[y Fix s. In fact, if [ <g=g l2 then R;, is contained in R;, since, by theorem
4.14, l1 <g=g ls yields that any translation containing /1 also contains [ and
hence R;, contains [y since it contains /;; but, by lemma 4.13, R;, is the minimal
translation which contains Is.

Fix is the translation that we are looking for. In fact, for any translation
F € Hom(S,S), we can define the following translation between a terminal
information base T and the information base S = S, by putting, for any t € T
andl € S =9,

t 1p | = Post(t) — (Veel) 1 F co

where ¢; = fst(fst(c)) and ¢z = snd(c).

It is interesting to note that the translation 1p can be used to “determine”
the translation F' “inside” the information base S = S. In fact, we can first
define a point of § = S by setting

@FE{ZES$S|AT1FZ}

and then, as we did in the proof of theorem 4.17, such a point can be associated
to the translation Rg,., defined by putting

s1 Ro, sz iff Posg(s1) — {(s1,52)}e®Pr

Now we can see that Ry, and F' coincides. In fact, supposing s1,s2 € S, we

have
s1 Ro, sz iff Posg(s1) — {(s1,82)}ePr

iff POSS(Sl) — AT 1F {(81, 82)}
iff Posg(s1) — s1 F s2
iff S1 F S92

Now, we can prove the following theorem.

Theorem 6.7 (fixed-point) Let S be an information base. Then, for any
translation F between S and S,

FxFixxlp =Fix*x1p

Proof. Let us first observe that, if t € T, s € S and PosT(¢), then ¢ Fix* 1p s
means that there exists [ € S = S such that ¢t 1z [, that is, [ is contained in
F, and (3n € Nat) Ag R} s; but the former yields that R; is contained in F
and hence the second yields (3n € Nat) Ag F™ s, that is, Ag F s1...8, F s.
Therefore, we can consider the list I* = {(Ag, 1), ..., (sn, s)}: it satisfies both
t 17 I* and (3In € Nat) Ag R}% s. Hence, supposing Post(t), t Fix* 1 s holds
if and only if (In € Nat) AgF™s.
Now the result is almost immediate. In fact, let us suppose PosT (t); then

t FxFixx1p s if and only if there exists u € S such that
t Fixx1lp vwand u F s
if and only if there exists u € S such that
(In € Nat) AgF"uand u F' s
if and only if (3k € Nat) AgF*s
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where in the last step it can be necessary to use the fact Ag F Ag.
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