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Abstract First we introduce the notion of super-coherent topology which
does not depend on any ordering. Then we show that a topology is super-
coherent if and only if it is the Scott topology over a suitable algebraic
dcpo.

The main ideas of the paper are a by-product of the constructive ap-
proach to domain theory through information bases which we have pro-
posed in a previous work, but the presentation here does not rely on that
foundational framework.
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1 Introduction

The notion of Scott topology is a well established tool in theoretical com-
puter science. The definitions or characterizations given in the literature
(see for instance [1] and [2]) always assume the universe setto be equipped
with a partial ordering. The aim of this short note is to pointout a purely
topological characterization of Scott topologies over algebraic dcpo’s, in-
dependently of any ordering.

We briefly recall in this section the well known basic facts about domain
theory which we are going to use.

Let D = 〈D,≤〉 be a partially ordered set. A subsetU of D is called
directedif U is inhabited and(∀u, v ∈ U)(∃w ∈ U) (u ≤ w & v ≤ w).
A partially ordered setD is calleddirected-complete(briefly dcpo) if every
directed subset has supremum. An elementa of a dcpoD is calledcompact
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if, for any directed subsetU of D, a ≤
∨

U implies that(∃u ∈ U) a ≤ u.
Note that, whenever it exists, the supremum of any finite family of compact
elements is compact. We will writeKD for the set of compact elements
of D and we will reservea, b, c, . . . to denote its elements, while we keep
x, y, z, . . . for generic elements ofD. A dcpoD is calledalgebraic if,
for every x ∈ D, the set↓Kx ≡ {a ∈ KD| a ≤ x} is directed and
x =

∨
↓Kx. In any algebraic dcpoD not only the elements but also their

ordering relation can be recovered from the structure ofKD. In fact, it is
routine to prove that, for anyx, y ∈ D, x ≤ y if and only if ↓Kx ⊆ ↓Ky,
that is(∀a ∈ KD) (a ≤ x → a ≤ y).

Let us now recall the definition of Scott topology on a dcpo. Inany dcpo
D, O ⊆ D is calledScott openif it is hereditary, that is ifx ∈ O andx ≤ y

theny ∈ O, and it splits directed suprema, that is, for each directed subset
U , if

∨
U ∈ O then(∃u ∈ U) u ∈ O. It is easy to check that Scott opens

of any dcpo〈D,≤〉 form a topologyτ≤, which is called theScott topology
onD.

Any algebraic dcpoD is completely determined by its Scott topology
since the order relation can be completely recovered because x ≤ y if and
only if (∀O ∈ τ≤) (x ∈ O → y ∈ O). In fact, from left to right the result
is an obvious consequence of hereditarity. To prove the other implication,
one should note that, for anya ∈ KD, the subset↑a ≡ {x ∈ D| a ≤ x} is
a Scott open and hence the assumption

(∀O ∈ τ≤) (x ∈ O → y ∈ O)

yields
(∀a ∈ KD) (x ∈ ↑a→ y ∈ ↑a),

that is,
(∀a ∈ KD) (a ≤ x→ a ≤ y),

and we already observed that for any algebraic dcpo this is equivalent to
x ≤ y.

An immediate consequence of this observation is that, for any algebraic
dcpoD, the topologyτ≤ is T0, that is, if(∀O ∈ τ≤) (x ∈ O ↔ y ∈ O)
thenx = y.

The family ↑KD ≡ {↑a| a ∈ KD} is a base for the topologyτ≤ be-
cause, for anyx ∈ D there exists a compact elementa such thata ≤ x,
that isx ∈ ↑a, and, supposingx ∈ ↑a andx ∈ ↑b, that isa ∈ ↓Kx and
b ∈ ↓Kx, there exist an elementc ∈ ↓Kx such thata ≤ c and b ≤ c,
that is↑c ⊆ ↑a ∩ ↑b, since↓Kx is directed. Finally, supposingO ⊆ D is
any Scott open,O =

⋃
a∈O
↑a. Moreover such a base has the interesting

property that for any subsetU of KD and for anya ∈ KD, ↑a ⊆
⋃

b∈U
↑b

if and only if (∃b ∈ U) ↑a ⊆ ↑b. This is a very strong compactness prop-
erty: a basic element is covered by a family of basic elementsif and only
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if it is covered byexactlyone of them. The proof is almost immediate: if
↑a ⊆

⋃
b∈U
↑b thena ∈

⋃
b∈U
↑b and hence(∃b ∈ U) a ∈ ↑b which gives

(∃b ∈ U) ↑a ⊆ ↑b; the other implication is straightforward.
Given a topological space(X, τ) and any baseBτ for the topologyτ ,

we can define the setPt(Bτ ) of formal pointsof the topologyτ [3,4]. Its
elements are the non-empty subsetsα of Bτ such that:

∅ 6∈ α
U ∈ α V ∈ α

(∃W ∈ Bτ ) W ∈ α & W ⊆ U ∩ V

U ∈ α U ⊆
⋃

i∈I
Vi

(∃i ∈ I) Vi ∈ α

Thecanonicalmapφ : X → Pt(Bτ ) is defined by putting

φ(x) = {U ∈ Bτ | x ∈ U}

It is straightforward to show that, for any pointx ∈ X, the set

{U ∈ Bτ | x ∈ U}

is indeed a formal point.
Moreover, if the topologyτ is T0 then the mapφ is injective, since

φ(x) = φ(y), i.e.(∀U ∈ Bτ ) (x ∈ U ↔ y ∈ U), yieldsx = y.
If the mapφ is also surjective the topologyτ is saidsobersince in this

case no new formal point is added inPt(Bτ ) which “is” not already a point
in X.

It is possible to show that, for any algebraic dcpo〈D,≤〉, the Scott
topology τ≤ with base↑KD is sober. In this case formal points are the
non-empty subsetsα of ↑KD such that

↑a ∈ α ↑b ∈ α

(∃c ∈ KD) ↑c ∈ α & a ≤ c & b ≤ c

↑a ∈ α b ≤ a

↑b ∈ α

In fact, the first condition on formal points is not necessaryhere since all
the elements of↑KD are not empty. Moreover, for anya, b ∈ KD, ↑a ⊆ ↑b
if and only if b ≤ a and hence the first condition here is just a re-writing
of the second condition on the formal points of a generic topological space
while the third condition is here substituted by a simpler one because of
the strong compactness property of the base↑KD. Observe that, for any
formal pointα, the subsetUα ≡ {a ∈ KD| ↑a ∈ α} is directed, because if
a, b ∈ Uα, that is↑a, ↑b ∈ α, then there existsc ∈ KD such that↑c ∈ α,
that isc ∈ Uα, anda ≤ c andb ≤ c. Hence

∨
↑a∈α

a exists. Now we can
prove that the mapφ : D → Pt(↑KD) is surjective by showing that, for
any formal pointα, α = φ(

∨
Uα). In fact, supposing↑a ∈ φ(

∨
Uα), that

is a ≤
∨

↑b∈α
b, we obtain that(∃b ∈ KD) ↑b ∈ α & a ≤ b, sincea is

compact andUα is directed, and hence(∃b ∈ KD) ↑b ∈ α & ↑b ⊆ ↑a,
which shows that↑a ∈ α, sinceα is a formal point; the other inclusion is
immediate.
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2 Super-coherent topologies

The properties of the Scott topology over an algebraic dcpo suggest the
following definition (cf. the definition of coherent topology in [3]):

Definition 1 (Super-compact open set and super-coherent topology)Let
(X, τ) be a topological space over the setX. Then an open setU is called
super-compactif, for any family of open subsets(Vi)i∈I , if U ⊆

⋃
i∈I

Vi

then(∃i ∈ I) U ⊆ Vi andτ is calledsuper-coherentif it is sober and has
a base of super-compact opens.

We have shown that, for any algebraic dcpoD, the corresponding Scott
topology is super-coherent. The main result of this paper isthat the converse
holds:

Theorem 1Any super-coherent topological space(X, τ) coincides with
the Scott topology of a suitable algebraic dcpo overX.

The idea of the proof is thatτ coincides with the Scott topologyτ⊑τ

induced by the well knownspecialization orderingover X, defined, for
anyx, y ∈ X, by

x ⊑τ y ≡ (∀O ∈ τ) (x ∈ O → y ∈ O)

It is convenient to split the proof into some steps.
It is straightforward to see that⊑τ is a pre-order relation, i.e. it is re-

flexive and transitive. To obtain an order relation, i.e. anti-symmetry, it is
then sufficient thatτ is T0, which holds for any super-coherent topological
space.

Lemma 1 Let (X, τ) be a super-coherent topological space with base of
super-compact opensBτ . Then〈Pt(Bτ ),⊆〉 is an algebraic dcpo.

Proof We first show that〈Pt(Bτ ),⊆〉 is a dcpo, then we will define its
compact elements and finally we will prove that it is algebraic. Suppose
{αi| i ∈ I} is a directed family of formal points, then

⋃
i∈I

αi is a formal
point and it is the supremum of the family.

Now, let us write, for anyU ∈ Bτ , ⇑U for the set{V ∈ Bτ | U ⊆ V }.
Then, the compact elements of〈Pt(Bτ ),⊆〉 are the subsets⇑U for any not-
emptyU ∈ Bτ . Indeed, it is immediate to verify that⇑U is a formal point,
i.e. an element ofPt(Bτ ), and that, for any directed family{αi| i ∈ I}
of formal points, if⇑U ⊆

⋃
i∈I

αi then(∃i ∈ I) ⇑U ⊆ αi. Finally, it is
easy to show that, for any formal pointα, α =

⋃
U∈α
⇑U and that, for any

compact elementγ of Pt(Bτ ), there existsU ∈ Bτ such thatγ = ⇑U .

Now we can prove that〈X,⊑τ 〉 is an algebraic dcpo by showing that it
is isomorphic to〈Pt(Bτ ),⊆〉.
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Lemma 2 Let (X, τ) be a super-coherent topological space with base of
super-compact opensBτ . Then〈X,⊑τ 〉 and 〈Pt(Bτ ),⊆〉 are isomorphic
algebraic dcpo’s.

Proof By assumptionτ is sober, and hence the mapφ : X → Pt(Bτ ) is
a bijection betweenX andPt(Bτ ). Thus we only have to show that, for
anyx, y ∈ X, x ⊑τ y if and only if φ(x) ⊆ φ(y). But this is immediate
sincex ⊑τ y if and only if (∀U ∈ Bτ ) (x ∈ U → y ∈ U) if and only if
φ(x) ⊆ φ(y).

The next step is to obtain a purely topological characterization of the
compact elements of the algebraic dcpo〈X,⊑τ 〉.

Lemma 3 Let (X, τ) be a super-coherent topological space with base of
super-compact opensBτ . Thenx ∈ X is a compact element of the alge-
braic dcpo〈X,⊑τ 〉 if and only if

⋂
{V ∈ Bτ | x ∈ V } is an element of the

baseBτ .

Proof Lemma 2 shows that the two dcpo’s〈X,⊑τ 〉 and 〈Pt(Bτ ),⊆〉 are
isomorphic because of the mapφ : X → Pt(Bτ ); hence an elementx ∈ X

is compact in〈X,⊑τ 〉 if and only if φ(x) is compact in〈Pt(Bτ ),⊆〉, i.e.
there existsUx ∈ Bτ such thatφ(x) = ⇑Ux, that is

{V ∈ Bτ | x ∈ V } = {V ∈ Bτ | Ux ⊆ V },

that is(∀V ∈ Bτ ) (x ∈ V ↔ Ux ⊆ V ). Now we will show that the last
proposition is equivalent to assert that

⋂
x∈V

V is an element of the base
Bτ . In fact, suppose that there existsUx ∈ Bτ such that

(∀V ∈ Bτ ) (x ∈ V ↔ Ux ⊆ V )

Then
(∀V ∈ Bτ ) (x ∈ V ← Ux ⊆ V )

yieldsx ∈ Ux, and hence
⋂
{V ∈ Bτ | x ∈ V } ⊆ Ux,

while
(∀V ∈ Bτ ) (x ∈ V → Ux ⊆ V )

yields
Ux ⊆

⋂
{V ∈ Bτ | x ∈ V }

Thus
⋂
{V ∈ Bτ | x ∈ V } is equal toUx and hence it is an element in

the baseBτ . On the other hand if
⋂
{V ∈ Bτ | x ∈ V } is a basic open set

in Bτ then it is the setUx, corresponding tox, we are looking for since
(∀V ∈ Bτ ) (x ∈ V ↔

⋂
{V ∈ Bτ | x ∈ V } ⊆ V ) holds.
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We can now conclude the proof that any super-coherent topological
space is the Scott topology of a suitable algebraic dcpo.

Theorem 2Let (X, τ) be a super-coherent topological space. Then the
topologiesτ andτ⊑τ

coincide.

Proof AssumeBτ is a base of super-compact opens for the topologyτ .
Then ↑⊑τ

KX ≡ {↑⊑τ
x| x compact in〈X,⊑τ 〉} is a base for the Scott

topologyτ⊑τ
, where↑⊑τ

x ≡ {y ∈ X| x ⊑τ y}. We will now show that
the basesBτ and↑⊑τ

KX coincide.
First observe that, ifx ∈ X, then, for anyy ∈ X, y ∈ ↑⊑τ

x if and only
if x ⊑τ y if and only if (∀V ∈ Bτ ) (x ∈ V → y ∈ V ) if and only if
y ∈

⋂
{V ∈ Bτ | x ∈ V }. That is, we proved that

↑⊑τ
x =

⋂
{V ∈ Bτ | x ∈ V }

Now, let U ∈ Bτ . To prove thatU = ↑⊑τ
u for some compact element

u of the algebraic dcpo〈X,⊑τ 〉 it is convenient to use again the dcpo
〈Pt(Bτ ),⊆〉 which is isomorphic to〈X,⊑τ 〉. In fact, we have already seen
that if U ∈ Bτ then⇑U is compact in〈Pt(Bτ ),⊆〉 and hence, by the iso-
morphism in lemma 2, there exists a compact elementu of 〈X,⊑τ 〉 such
that⇑U = φ(u). Then

{V ∈ Bτ | U ⊆ V } ≡ ⇑U = φ(u) ≡ {V ∈ Bτ | u ∈ V }

yields ⋂
{V ∈ Bτ | U ⊆ V } =

⋂
{V ∈ Bτ | u ∈ V }

that is
U = ↑⊑τ

u,

i.e.U ∈ ↑⊑τ
KX .

Conversely, letx be any compact element of the dcpo〈X,⊑τ 〉. Then,
by lemma 3,

⋂
{V ∈ Bτ | x ∈ V } ∈ Bτ . But we have proved above that⋂

{V ∈ Bτ | x ∈ V } = ↑⊑τ
x and hence↑⊑τ

x ∈ Bτ .

3 Towards Scott Domains

LetD = 〈D,≤〉 be a partially ordered set. Then a subsetU of D is called
(upper) boundedif there exists an elementx such that(∀u ∈ U)(u ≤ x),
andD is calledcoherentif every bounded subset ofD has a supremum. A
Scott domain is a coherent algebraic dcpo which has a minimumelement
⊥. It is worth noting that⊥ is a compact element and also that, for an
algebraic dcpo the condition of being coherent can be weakened to that
of binary coherence. Indeed, an algebraic dcpo isbinary coherentif any
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bounded pair of compact elements has a supremum. Then, any coherent
algebraic dcpo is trivially binary coherent. To prove the other implication
suppose thatU is a subset ofD bounded byz. Consider now the subset
W =

⋃
u∈U
↓Ku. We can obtain a directed subsetW d out ofW by adding

to W the suprema of all its finite subsets, which exist and are compact since
we are supposing thatD is binary coherent and all the elements inW are
smaller thenz. Then the supremum ofW d exists and it is obviously equal
to the supremum ofU .

Now, we want to prove that not only the condition of being an alge-
braic dcpo can be characterized in a purely topological way but also the
conditions of being binary coherent and having a least element.

First observe that, for any binary coherent algebraic dcpoD and for any
a, b ∈ KD, if a andb are bounded then↑a ∩ ↑b = ↑(a ∨ b). In fact, in this
casea∨b exists; moreoverx ∈ ↑a∩↑b if and only if a ≤ x andb ≤ x if and
only if a∨b ≤ x if and only if x ∈ ↑(a∨b). On the other hand, ifa andb are
not bounded then↑a∩↑b is empty. Thus, ifD is a binary coherent algebraic
dcpo, then we can obtain a base closed under intersection of super-compact
basic opens for its Scott topology just by adding the empty set to ↑ KD.

Also the other way around holds, that is, for any topologicalspace
(X, τ) such that the topologyτ is sober and has a base closed under in-
tersection of super-compact opens, the algebraic dcpo〈X,⊑τ 〉 is binary
coherent. In fact, letBτ be the considered base for the topologyτ ; then
we can prove the result for the dcpo〈Pt(Bτ ),⊆〉 since, after lemma 2, we
know that it is isomorphic to〈X,⊑τ 〉. So, suppose that⇑U and⇑V are
two compact elements ofPt(Bτ ) bounded by some pointα. ThenU ∈ α

andV ∈ α and henceU ∩ V ∈ α sinceBτ is supposed to be closed under
intersection. ThusU ∩ V 6= ∅ and hence⇑(U ∩ V ) is a compact point.

We will show now that⇑(U ∩ V ) is the suprema of the compact points
⇑U and⇑V , that is, for every pointβ, ⇑(U ∩V ) ⊆ β if and only if⇑U ⊆ β

and⇑V ⊆ β. One direction is immediate sinceU ∩V ⊆ U andU ∩V ⊆ V

yield ⇑U ⊆ ⇑(U ∩ V ) and⇑V ⊆ ⇑(U ∩ V ) and hence⇑(U ∩ V ) ⊆ β

yields ⇑U ⊆ β and⇑V ⊆ β. To prove the other implication, note that
⇑U ⊆ β and⇑V ⊆ β yield U ∈ β andV ∈ β; henceU ∩ V ∈ β and thus
⇑(U ∩ V ) ⊆ β.

Finally, we want to find a topological characterization of the presence of
the bottom element in an binary coherent algebraic dcpo. Here the solution
is immediate: we have just to require that the base closed under intersection
of super-compact elements contains also the whole setX. In fact, ifD has
a bottom element⊥ then it is a compact element and hence↑⊥(= D)
is an element of the base↑KD. On the other hand, supposing(X, τ) is a
topological space such that the topologyτ is sober and has a baseBτ closed
under intersection of super-compact opens which also contains the whole
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setX, then it is immediate to verify thatX is a formal point inPt(Bτ ) and
it is clearly the bottom element in the dcpo〈Pt(↑KD),⊆〉 sinceX belongs
to any other formal point.

We are thus arrived to the main theorem.

Theorem 3Let (X, τ) be a topological space such that the topologyτ is
sober and has a base closed under intersection of super-compact opens
which contains the whole setX. Then〈X,⊑τ 〉 is a Scott domain and any
Scott domain is obtained in this way.
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