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Abstract First we introduce the notion of super-coherent topologyctvh
does not depend on any ordering. Then we show that a toposogypier-
coherent if and only if it is the Scott topology over a suitablgebraic
dcpo.

The main ideas of the paper are a by-product of the consteuetp-
proach to domain theory through information bases which aeetpro-
posed in a previous work, but the presentation here doesehobn that
foundational framework.
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1 Introduction

The notion of Scott topology is a well established tool indttetical com-
puter science. The definitions or characterizations givethé literature
(see for instance [1] and [2]) always assume the univers® et equipped
with a partial ordering. The aim of this short note is to pant a purely
topological characterization of Scott topologies overehblgic dcpo’s, in-
dependently of any ordering.

We briefly recall in this section the well known basic factsatdomain
theory which we are going to use.

LetD = (D, <) be a partially ordered set. A subdétof D is called
directedif U is inhabited andVu,v € U)(3w € U) (u < w&v < w).
A partially ordered seb is calleddirected-completébriefly dcpg if every
directed subset has supremum. An elemenita dcpoD is calledcompact
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if, for any directed subséf of D, a < \/ U implies that(Ju € U) a < w.
Note that, whenever it exists, the supremum of any finite faoficompact
elements is compact. We will writ&, for the set of compact elements
of D and we will reserve, b, ¢, ...to denote its elements, while we keep
x, vy, 2, ...for generic elements ab. A dcpo D is called algebraic if,
for everyx € D, the set|xx = {a € Kp| a < =z} is directed and
x = \/ |kz. In any algebraic dcp® not only the elements but also their
ordering relation can be recovered from the structur&’ef In fact, it is
routine to prove that, for any,y € D,z < yifandonly if | xx C | gy,
thatis(Va € Kp) (a <z — a <y).

Let us now recall the definition of Scott topology on a dcpaahy dcpo
D, O C D is calledScott operif it is hereditary, that is ift € O andz < y
theny € O, and it splits directed suprema, that is, for each directdbet
U,if VU € Othen(3u € U) u € O. Itis easy to check that Scott opens
of any dcpo(D, <) form a topologyr<, which is called theScott topology
onD.

Any algebraic dcpdD is completely determined by its Scott topology
since the order relation can be completely recovered becausy if and
only if (VO € 7<) (x € O — y € O). In fact, from left to right the result
is an obvious consequence of hereditarity. To prove ther dthyglication,
one should note that, for anye Kp, the subseta = {z € D|a < z}is
a Scott open and hence the assumption

VO er<)(z €O —ye0)

yields
(Va € Kp) (z € Ta — y € Ta),

that is,
(Va € Kp) (a <z —a<y),

and we already observed that for any algebraic dcpo thisus/aent to
Tz <.

An immediate consequence of this observation is that, fpraégebraic
dcpoD, the topologyr< is T, that is, if (VO € 7<) (z € O « y € O)
thenx = y.

The family TKp = {fa| a € Kp} is a base for the topology< be-
cause, for any: € D there exists a compact elemensuch thate < z,
that isx € Ta, and, supposing € Ta andz € 1b, thatisa € |xx and
b € |kux, there exist an element € |z such thata < c andb < ¢,
thatisTec C Ta N 15, since] gz is directed. Finally, supposing C D is
any Scott open() = |, Ta. Moreover such a base has the interesting
property that for any subsét of K'p and for anya € Kp, Ta C [,y 10
if and only if (3b € U) Ta C 1b. This is a very strong compactness prop-
erty: a basic element is covered by a family of basic elemiésisd only
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if it is covered byexactlyone of them. The proof is almost immediate: if
Ta € Upey 10 thena € (Jye; 10 and hencédb € U) a € Tb which gives
(3b € U) Ta C 1b; the other implication is straightforward.

Given a topological spaceX,7) and any basé#, for the topologyr,
we can define the sétt(B;) of formal pointsof the topologyr [3,4]. Its
elements are the non-empty subsewsf 5. such that:

Ueca Vea Uca UCU Vi
EWeB)Wea&kWCUNV (Fiel)V;ea

Thecanonicalmap¢ : X — Pt(B;) is defined by putting
¢(x) ={U € B;|x € U}

)&

It is straightforward to show that, for any pointe X, the set
{UeB|zeU}

is indeed a formal point.

Moreover, if the topologyr is Ty then the mapp is injective, since
o(z)=¢(y),i.e.(VU € B;) (x €U < yeU),yieldsz = y.

If the map¢ is also surjective the topology is saidsobersince in this
case no new formal point is addedRmn(B,) which “is” not already a point
in X.

It is possible to show that, for any algebraic dco, <), the Scott
topology 7< with base K p is sober. In this case formal points are the
non-empty subsets of TKp such that

Ta € a Th e Tacea b<a
(Jce Kp)lcea&a<c&b<c b€ a

In fact, the first condition on formal points is not necesdaeye since all
the elements of K are not empty. Moreover, for anyb € Kp, Ta C Tb

if and only if b < a and hence the first condition here is just a re-writing
of the second condition on the formal points of a generic lmgioal space
while the third condition is here substituted by a simplee tiecause of
the strong compactness property of the bh&g,. Observe that, for any
formal pointa, the subset/,, = {a € Kp| Ta € a} is directed, because if
a,b e U,, thatisla, b € «, then there exists € Kp such thatlc € «,
that isc € U,, anda < candb < c. Hence\/TaEQa exists. Now we can
prove that the map : D — Pt(TKp) is surjective by showing that, for
any formal pointa, a = ¢(\/ U,). In fact, supposinga € ¢(\/ U,), that
isa < \/TbEQ b, we obtain that3b € Kp) 1b € a & a < b, sincea is
compact and/,, is directed, and hencelb € Kp) 16 € a & b C Ta,
which shows thata € «, since« is a formal point; the other inclusion is
immediate.
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2 Super-coherent topologies

The properties of the Scott topology over an algebraic degmest the
following definition (cf. the definition of coherent topolpin [3]):

Definition 1 (Super-compact open set and super-coherent tgfogy) Let
(X, 7) be a topological space over the st Then an open séf is called
super-compacif, for any family of open subsets;)ics, if U C (U, Vi
then(3i € I) U C V; and is calledsuper-cohererif it is sober and has
a base of super-compact opens.

We have shown that, for any algebraic dd@pthe corresponding Scott
topology is super-coherent. The main result of this papiaisthe converse
holds:

Theorem 1Any super-coherent topological spa¢&’, ) coincides with
the Scott topology of a suitable algebraic dcpo oxer

The idea of the proof is that coincides with the Scott topology-.
induced by the well knowrspecialization orderingover X, defined, for
anyz,y € X, by

xC,y=NMO€eT)(z €0 — ye0)

It is convenient to split the proof into some steps.

It is straightforward to see thaf.. is a pre-order relation, i.e. it is re-
flexive and transitive. To obtain an order relation, i.ei-aginmetry, it is
then sufficient that is Ty, which holds for any super-coherent topological
space.

Lemma 1Let (X, 7) be a super-coherent topological space with base of
super-compact opers.. Then(Pt(B,), C) is an algebraic dcpo.

Proof We first show thatPt(B;),C) is a dcpo, then we will define its
compact elements and finally we will prove that it is algetir&@uppose
{a;| i € I} is a directed family of formal points, thdd,; «; is a formal
point and it is the supremum of the family.

Now, let us write, for anyJ/ € B, U for the se{V € B.|U C V'}.
Then, the compact elements(@ft(B,), C) are the subsetsU for any not-
emptyU € B.. Indeed, it is immediate to verify thatl/ is a formal point,
i.e. an element oPt(B;), and that, for any directed familyo;| ¢« € I}
of formal points, iffU C J,c; s then(3i € I) U C o;. Finally, itis
easy to show that, for any formal point o = | J;,, U and that, for any
compact element of Pt(B;), there existd/ € B, such thaty = U

Now we can prove thatX, C,) is an algebraic dcpo by showing that it
is isomorphic to(Pt(B;), C).
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Lemma 2 Let (X, 7) be a super-coherent topological space with base of
super-compact open8,. Then(X,C,) and (Pt(B,), C) are isomorphic
algebraic dcpo’s.

Proof By assumptionr is sober, and hence the map: X — Pt(B;) is

a bijection betweenX and Pt(B;). Thus we only have to show that, for
anyz,y € X,z C, yifand only if ¢(z) C ¢(y). But this is immediate
sincex T, yifand only if (VU € B;) (r € U — y € U) if and only if
o) C B(y).

The next step is to obtain a purely topological charactédmaof the
compact elements of the algebraic dgpa C ).

Lemma 3 Let (X, 7) be a super-coherent topological space with base of
super-compact open,. Thenz € X is a compact element of the alge-
braic dcpo(X, C,) if and only if(\{V € B.| x € V'} is an element of the
bases..

Proof Lemma 2 shows that the two dcpdX, C,) and (Pt(B;),C) are
isomorphic because of the map X — Pt(B;); hence an element € X
is compact in(X, C) if and only if ¢(x) is compact in(Pt(B,),C), i.e.
there existd/,, € B; such thaty(z) = (U, that is

(VeB|zeVy={VeB,|U,CV}

thatis(VV € B;) (x € V. < U, C V). Now we will show that the last
proposition is equivalent to assert tifat,.,, V' is an element of the base
B. In fact, suppose that there exiéfg € B, such that

VWebB)(xeV - U, CV)

Then
VWWebB)(xeV « U, CV)

yieldsz € U,, and hence

({VeB|zeV}yCl,
while

W eB)(xeV — U, CV)

yields

U C(V €B |z eV}
Thus(\{V € B:| z € V} is equal toU, and hence it is an element in
the baseB.. On the other hand A{V € B,| = € V'} is a basic open set

in B then it is the selU,, corresponding ta:, we are looking for since
WeB)(xeV « ({VeB|zeV}CV)holds.
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We can now conclude the proof that any super-coherent tgjmalb
space is the Scott topology of a suitable algebraic dcpo.

Theorem 2Let (X, 7) be a super-coherent topological space. Then the
topologiesr and -, coincide.

Proof Assumef3 is a base of super-compact opens for the topolegy
Thenlc, Kx = {Jc.«| x compactin(X,C;)} is a base for the Scott
topology 7, wherel- = = {y € X| « C, y}. We will now show that
the base®; andT- K x coincide.

First observe that, it € X, then, for anyy € X, y € T, « if and only
if z C; yifandonly if (VV € B;) (x € V. — y € V) if and only if
y €V € B;|x € V}. Thatis, we proved that

o= {VeBlzeV}

Now, letU € B.. To prove thatU = T u for some compact element
u of the algebraic dcpdX,C.) it is convenient to use again the dcpo
(Pt(B-), €) which is isomorphic td X, C;). In fact, we have already seen
that if U € B; then{tU is compact in(Pt(5;), C) and hence, by the iso-
morphism in lemma 2, there exists a compact elemeot (X, C) such
thatU = ¢(u). Then

{(VeB|UCV}=9U =¢(u) ={V eB|ueV}

yields
(VeB|UCVI=({VeEB|ueV}
that is
U= qu—u’
i.e.U € TETKX'

Conversely, let: be any compact element of the dcpl, ). Then,
by lemma 3 {V € B.| x € V} € B.. But we have proved above that
({V € B;|z € V} =1c,xzand hencgr_x € B..

3 Towards Scott Domains

Let D = (D, <) be a partially ordered set. Then a subSedf D is called
(upper) boundedf there exists an element such thatvVu € U)(u < x),
andD is calledcoherentf every bounded subset @ has a supremum. A
Scott domain is a coherent algebraic dcpo which has a minielement
L. It is worth noting thatl is a compact element and also that, for an
algebraic dcpo the condition of being coherent can be weamkén that

of binary coherence. Indeed, an algebraic dcpbiigry coherentf any
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bounded pair of compact elements has a supremum. Then, aeyetd
algebraic dcpo is trivially binary coherent. To prove thkestimplication
suppose thal/ is a subset ofd bounded by:. Consider now the subset
W = U,er L xu. We can obtain a directed sub$&t’ out of W by adding
to W the suprema of all its finite subsets, which exist and are eatrgince
we are supposing tha? is binary coherent and all the elementsiihare
smaller therz. Then the supremum ¥ ¢ exists and it is obviously equal
to the supremum of/.

Now, we want to prove that not only the condition of being ageal
braic dcpo can be characterized in a purely topological wayalso the
conditions of being binary coherent and having a least edéme

First observe that, for any binary coherent algebraic de@md for any
a,b € Kp, if a andb are bounded thetw N 76 = T(a V b). In fact, in this
casen Vb exists; moreover € TanTbifandonly ifa < xz andb < z if and
only ifavb < zifand only ifx € 7(aVVb). On the other hand, if andb are
not bounded thefa N Tb is empty. Thus, iD is a binary coherent algebraic
dcpo, then we can obtain a base closed under intersectiapef-sompact
basic opens for its Scott topology just by adding the emptyse K .

Also the other way around holds, that is, for any topologisphce
(X, 1) such that the topology is sober and has a base closed under in-
tersection of super-compact opens, the algebraic dépd_,) is binary
coherent. In fact, leB be the considered base for the topologythen
we can prove the result for the dcpBt(B,), C) since, after lemma 2, we
know that it is isomorphic td X, C;). So, suppose thgtU and{V are
two compact elements ¢ft(53,) bounded by some point. ThenU € «
andV € a and hencd/ NV € « sinceB; is supposed to be closed under
intersection. Thu#/ NV # () and hence)(U N V) is a compact point.

We will show now that (U N V) is the suprema of the compact points
U and{}V, that is, for every poing, (UNV) C gifand only if fU C
and{tV C . One direction is immediate sinéenV C UandUNV CV
yield tU € f(UNV)andftV € (U NV) and henceh(U N V) C 8
yields U C g andf{tV C (. To prove the other implication, note that
AU C BandV C pyield U € BandV € 3; hencell NV € 3 and thus
TUNVv)cp.

Finally, we want to find a topological characterization af tiresence of
the bottom element in an binary coherent algebraic dcpoe Hher solution
is immediate: we have just to require that the base closedruntrsection
of super-compact elements contains also the whol&sén fact, if D has
a bottom elementL then it is a compact element and herjce(= D)
is an element of the bagd<p. On the other hand, supposifg’, ) is a
topological space such that the topolagig sober and has a baSe closed
under intersection of super-compact opens which also itenthe whole
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setX, then it is immediate to verify thaX is a formal point inPt(53;) and
it is clearly the bottom element in the dcplt(1Kp), C) sinceX belongs
to any other formal point.

We are thus arrived to the main theorem.

Theorem 3Let (X, 7) be a topological space such that the topolagis
sober and has a base closed under intersection of superacimgpens
which contains the whole sé&f. Then(X,C,) is a Scott domain and any
Scott domain is obtained in this way.
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