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Abstract

We prove that unary formal topologies are exponentiable in the cat-
egory of inductively generated formal topologies. From an impredicative
point of view, this means that algebraic dcpos with a bottom element are
exponentiable in the category of open locales.
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1 Introduction

Formal topology is nowadays recognized like one of the main approaches to the
development of constructive topology, where by constructive we mean both intu-
itionistic and predicative. Many results of classical and impredicative topology
have been already studied, and found their place in a predicative framework, by
using formal topology (see [Sam03] for an updated overview on formal topol-
ogy). Moreover, the category FTop of formal topologies and continuous relations
is a predicative presentation of the category OpLoc of open locales (see [JT84])
and the category FTop™ of formal topologies without positivity predicate is a
predicative presentation of the category Loc of locales (see [Joh82]).

In this paper, we begin to study a full sub-category of FTop, that is, the
category FTop; of the inductively generated formal topologies (see [CSSV03]).
We consider such a category instead of FTop because it is predicatively known
to be cartesian while FTop is not, even if these categories are equivalent from an
impredicative point of view. In particular, we show that unary topologies (see
section 2.7) are exponentiable within FTop;. Our proof is intuitionistically valid
but not yet entirely predicative since the co-inductive definition of the positiv-
ity predicate for the exponent topology that we propose is, at present, justified
only by using Tarski fixed-point theorem. However, as a consequence of our
result, one gets an entirely predicative proof that unary formal topologies are
exponentiable in the category FTop;~ of inductively generated formal topolo-
gies without the positivity predicate. Since, from an impredicative point of
view, unary topologies essentially correspond to algebraic dcpos with a bottom
element, our result states that algebraic dcpos are exponentiable in OplLoc.

The question of characterizing exponentiable topologies has a long history
in the development of topology. It is well known that the category Top of
topological spaces and continuous functions is not cartesian closed. In fact,



the topological spaces that can be exponentiated in Top are only those whose
frames of open sets are locally compact locales (for an overview on the topic see
[EHar]). This result was reproduced by Hyland in the context of the intuition-
istic but impredicative theory of locales by showing that in Loc only the locally
compact locales can be exponentiated [Hyl81]. Later, his proof of exponentia-
tion was adapted to the language of formal topology, but still working within
an impredicative setting (see [Sig95]). More recently, Vickers reproduced most
of Hyland’s results by using geometric reasoning (see [Vic01]).

We think that our main contribution in proving exponentiation of unary
topologies in FTop; is a detailed analysis of the conditions characterizing contin-
uous relations between a unary formal topology and an inductively generated
one. In fact, after this analysis, the axioms defining the cover on the exponent
topology and its corresponding positivity predicate emerge naturally.

In order to obtain a self contained paper we decided to begin our presentation
with a section containing the main definitions and results on formal topologies
and their maps. Indeed, it is still difficult to find a complete introduction to the
topic and some of the definitions and results appear here for the first time.

2 Formal topologies and their morphisms

In this section the basic definitions of formal topology will be quickly recalled.
The reader interested to have more details on formal topology and a deeper
analysis of the foundational motivations for the formal development of topology
within Martin-Lof’s constructive type theory [NPS90, Mar84] is invited to look,
for instance, at the updated overview in [SamO03].

2.1 Concrete topological spaces

We start by recalling how to describe predicatively a topological space. Let X be
a set. Then (X,Q(X)) is a topological space if 2(X) is a subset of P(X) which
contains () and X and is closed under finite intersection and under arbitrary
union. The quantification implicitly used in this last condition is of the third
order, since it says that, for all FF C Q(X), JF € Q(X). We can “go down”
one step by thinking of Q(X) as a family of subsets indexed by a set S through
a map ext : S — P(X). Indeed, we can now quantify on S rather than on
Q(X). But, we have to say that, for all U € P(S) there exists ¢ € S such that
Uaevext(a) = ext(c), which is still impredicative!. We can “go down” another
step by defining opens to be of the form Ext(U) = Ugepext(a) for an arbitrary
subset U of S. In this way @ is open, because Ext(f)) = (), and closure under
union is automatic, because obviously U;crExt(U;) = Ext(U;erU;). So, all we

LAll the set-theoretical notions that we use conform to the subset theory for Martin-Lof’s
type theory as presented in [SV97]. In particular, we use the symbol € for the membership
relation between an element and a set or a collection and e for the membership relation
between an element and a subset, which is never a set but a propositional function, so that
aeU holds if and only if U(a) holds.



have to do is to require that Ext(S) is the whole X and closure under finite
intersections, that is,

(¥*) (Ma,be S)(Vx € X) (zeext(a) Next(b) —
(Fe € 9) (zeext(c) & ext(c) C ext(a) Next(d)))

It is not difficult to realize that this amounts to the standard definition saying
that {ext(a) C X | a € S} is a base (see for instance [Eng77]).
We can make (%) a bit shorter by introducing the abbreviation

alb={c:S|ext(c) Cext(a) & ext(c) C ext(b)}

so that it becomes (Va,b € S) ext(a) Next(b) C Ext(a | b). Now, note that
cea | b implies that ext(c) C ext(a) Next(b), so that Ext(a | b) = Ueeq pext(c) C
ext(a) Next(b). Thus we arrived at the definition of concrete topological space.

Definition 2.1 (Concrete topological space) A concrete topological space
is a triple X = (X, S, ext) where X and S are sets and ext is a map from S to
P(X) satisfying:

(B1) X =Ext(5)
(B2) (Va,be S) ext(a) Next(b) = Ext(a | b)

2.2 Formal topologies

The notion of formal topology arises by describing, as well as possible, the
structure induced by a concrete topological space (X, S, ext) on the set S, and
then by taking the result as an axiomatic definition. The reason for such a
move is that the definition of concrete topological space is too restrictive given
that in the most interesting cases of topological space we do not have, from a
constructive point of view, a set of points to start with?.

Since the elements in S are names for the basic opens of the topology on X,
and any open set is the union of basic opens, we can specify an open set A by
using the subset Uy of all the (names of the) basic opens which are used to form
it, that is, A = Ext(U,). However, it is clear that in general it is well possible
that two different subsets of S have the same extension. Thus, we don’t have a
bijective correspondence between concrete opens and subsets of S and we need
to introduce an equivalence relation if we want to obtain it. What we need is
a relation which identifies the subsets U and V when Ext(U) = Ext(V'). The
following lemma gives the correct hint.

Lemma 2.2 Let U and V be subsets of S. Then Ext(U) = Ext(V) if and only
if, for all a € S, ext(a) C Ext(U) < ext(a) C Ext(V).

2Here we commit ourselves to Martin-Lof’s constructive set theory; hence we distinguish
between sets, which can be inductively generated, and collections.



Thus, in order to define the equivalence relation among subsets of S that
we are looking for, we need to introduce a new proposition a <1 U between an
element a and a subset U of S whose intended meaning is that ext(a) C Ext(U).
Indeed, provided we are able to formalize such a relation with no reference to
the elements of X, we can define the equivalence relation over the subsets of S
that we are looking for by putting

U=4qV=WNaeS)aU«—aaV

Now, we can simply state that a formal open is the “fullest” among the
subsets which have the same extension, that is, for any subset U, we choose

QU)={aeS|a< U}

In fact, it is possible prove that <1 (U) =4 U by using the following valid
conditions on <:

€U (ransitivity) 220 U<V
a<1U VY a1V

(reflexivity)

where U < V is a short-hand for a derivation of u < V' under the assumption
that uelU.

Thus, we found a relation, that is, <1, and two conditions over it, that is,
reflexivity and transitivity, which allow to deal with concrete open subsets by
using only the subsets of S. But these conditions are not sufficient to describe
completely the concrete situation; for instance there is no condition which de-
scribe formally the conditions (Bq) and (Bz).

Now, (Bj) states that, for any x € X, there exists an element a € S such
that zeext(a). The easiest way to meet such a condition is to require that there
is an element T in S such that X = ext(T). It is clear that such a condition
is not necessary, but, on the other hand, it does introduce no real constrain on
any concrete topological space. We can now formulate (B;) within the formal
side by requiring that, for any a € S,

a<1{T}
To formulate (Bg) within the formal side, we can use the fact that
Ext(U) NExt(V) CExt(U | V)

where U | V ={a € S| (uelU) ext(a) C ext(u)) & ((FveV) ext(a) C ext(v))}.
Now, let us suppose ext(a) C Ext(U) and ext(a) C Ext(V'), then we immediately
obtain ext(a) C Ext(U) N Ext(V) and hence ext(a) C Ext(U | V). Its formal

counterpart is
a<l1U a1V
-right
(L-right) aaUV

where U | V ={ce S| (Fuel) ¢ < {u} & (FveV) ¢ < {v}}.




To express constructively the fact that a basic open subset is inhabited it
is convenient® to introduce also a second primitive predicate, called Pos(—), on
the elements of S. Its intended meaning is that, for any a € S, Pos(a) holds
if and only if there exists € X such that zeext(a). We require the following
conditions on this predicate.

Pos(a) a<1U
(FuelU) Pos(u)
Pos(a) - a < U
a<1U

While the meaning of monotonicity is obvious and the proof of its validity
in any concrete topological space is immediate, positivity may require some
explanation. It states two things in one condition: first, that a not-inhabited
basic open subset is covered by any subset, second that proof by cases on the
positivity of a are valid when the conclusion is a <1 U (see [SVV96]). The proof
of validity of positivity is straightforward and it uses only intuitionistic logic.

It is worth noting that, provided that there exists a positive element a € 5,
monotonicity yields Pos(T) since a <1 {T}.

We thus arrived at the main definition.

(monotonicity)

(positivity)

Definition 2.3 (Formal topology) A formal topology is a structure S =
(S, T, <, Pos) where S is a set, T is a distinguished element of S, <1 is an infini-
tary relation, called cover relation, between elements and subsets of S satisfying
the following conditions:

(top-element) a<{T}
acU
flexivit
(reflexivity) o U
(transitivity) a3V vav
a1V
a<U a1V
-right
({-right) C ULV

and Pos is a predicate over S satisfying the following conditions:

Pos(a) a<1U
(uelU) Pos(u)
Pos(a) —a < U
aaU
It is useful to recall the following equivalent formulations of the positivity
condition that we will often use in the next sections (see [Sam87]). To state

them, given any predicate Pos(—) over elements of S and any subset U of S, we
write UT to mean the subset {z € S| zeU & Pos(z)}.

(monotonicity)

(positivity)

3All what appears from here on can be developed as well with no reference to the positivity
predicate that we introduce now. The reader who prefers to work without it can just skip the
parts where it appears, or, better, to specialize all the results to the case of an always true
positivity predicate.



Proposition 2.4 Let S be a set, < be a relation between elements and subsets of
S which satisfies reflexivity and transitivity and Pos be a predicate on elements
of S. Then, the following conditions are equivalent:

1. (positivity) for any a € S and U C S, Pos(a) — a QU yields a < U;
2. (axiom positivity) for any a € S, a < {a}™;
3. (cover positivity) for anya € S and U C S, a < U yieldsa < U™T.

The first consequence of the previous proposition is the following theorem
which shows that the cover relation uniquely determines the positivity predicate.

Theorem 2.5 Let — < — be a cover relation over a set S and Posi(—) and
Posa(—) be two positivity predicates with respect to such a cover. Then Pos;(—)
and Posa(—) are equivalent, namely, for any a € S, Posi(a) if and only if
Poss(a).

Proof. By the positivity aziom, for every a € S, a < a2, where a*? is a
shorthand for the subset {x € S | © = a & Posa(x)}. Now, let us assume
Pos; (a); then, by monotonicity, there exists xea™? such that Pos;(z) holds.
But zea™ means both that 2 = a and Posg(z) hold and hence Posy(a) follows.
Thus, by discharging the assumption Pos;(a), we proved that Pos;(a) yields
Poss(a). In a completely analogous way we can prove the other implication.

The definition of formal topology that we recalled here is almost identical
to the one in [CSSV03]. In fact, the only difference rests in the presence of the
top element and the corresponding axiom. In general many of the results in the
paper can be obtained also by using the definition in [CSSV03]. However, the use
of the top element seems to be unavoidable when dealing with exponentiation;
anyhow we will try to restrict its usage only to the cases where we think that it
is convenient or necessary.

On the other hand, the definition that we proposed here differs more deeply
from the one in [Sam87]; indeed there the notion of formal topology is introduced
starting from a base closed under a monoid operation which is then lifted at the
level of subsets in order to describe the intersection between open subsets. In
any case, both definitions allow a predicative presentation of frames.

2.3 Formal points

When working in formal topology one is in general interested to those proper-
ties of a concrete topological space (X, S, ext) which make no reference to the
elements of X. Thus, (s)he is dispensed of the collection X and it is possible
to work by using the set S only. But this does not mean that points are out of
reach. In fact, a point x € X can be identified with the filter of the basic opens
that, in the concrete case, contain x itself. So, we can associate to any = € X,
the following subset of S

oy ={a € S| zeext(a)}



Now, note that from a topological point of view we can see only those points
which can be distinguished by using the open sets and hence we are led to
identify the concrete point x with the subset «.

If we want to move to the formal side, we have to find those properties which
characterize such subsets and are expressible in our language. Here we point
out the following ones:

(point inhabitance) (Ja € S) aca,

acay,  beay
(Jeea | b) ceay
aca,  ext(a) C Ext(U)

(Fuel) uea,
ac0y

(3x € X) xeext(a)

(point convergence)

(point splitness)

(point positivity)

In fact, point inhabitance is an obvious corollary of the condition By, point
convergence is an immediate consequence of the condition Bg, and point splitness
and point positivity follows by logic. Thus, we are led to the following definition.

Definition 2.6 (Formal point) Let (S, <, Pos) be a formal topology. Then an
inhabited subset a of S is a formal point if, for any a,b € S and any U C S, it
satisfies the following conditions:

agoe  bea
(Jega | b) cea
acax a<U
(Juel) uea

(point convergence)

(point splitness)

As observed by Peter Aczel, we can avoid to require the condition of point
positivity, namely, that Pos(a) is a consequence of aeq, since it can be proved
by using point splitness. In fact, we know that a <t a™ and hence if, for some
point «, aca then point splitness shows that there exists some element z in a™
such that xzea. Then & = a and Pos(z) hold and hence Pos(a) follows.

It is worth noting that, by top-element and point splitness, the requirement
that a point is inhabited is equivalent to the following condition:

(point inhabitance) Tea

In the following we call Pt(S) the collection of formal points of the formal
topology S. We can give Pt(.S) the structure of a topological space if we mimic
the situation of a concrete topological space even if Pt(S) is a collection and not
a set. So, let us set, for any a € S,

ext!(a) = {a € Pt(S) | aca}

and use the set-indexed family (ext??(a)),cs as a base for a topology on Pt(S).



2.4 Continuous relations

In this section we report and explain the conditions defining continuous relations
between formal topologies. The notion of continuous relation essentially goes
back to the notion of frame morphism in [Sam87]. The explanations motivating
the definition of continuous relations are based on the work by Valentini and
Virgili [Vir90] in collaboration with Sambin and, later, with Gebellato.

A map between the topological space X and the topological space ) is a
function ¢ : X — Y such that, for any basic open subset B in ), the subset
¢ 1(B) ={z € X | ¢(x) € B} is an open set of X. If we write this condition for
the concrete topological spaces (X, S,ext;) and (Y, T, extz) we obtain that the
condition for a function ¢ : X — Y to be continuous becomes

(Vb € T)(FU C S) ¢~ (exta(b)) = Ext, (U)

There is only one possible constructive meaning for this sentence, that is, there
exists a map F: T — P(S) such that, for any b € T, Exty(F (b)) is equal to
¢~ 1(exta(b)). Since Exti({a € S | exti(a) C ¢~ (exta(b))}) is always contained
in ¢~!(exty(b)), the continuity requirement rests in the fact that ¢—1(exta(b))
is contained in Ext;({a € S | ext;(a) C ¢~ (exta2(b))}). Hence, the best possible

definition is to state that F (b) is the subset of all the basic opens a € S such that
exty(a) is contained in ¢! (extz(b)), that is, the image through ¢ of any point in
the basic open ext;(a) is in the basic open exty(b). Thus, the formal counterpart
of a continuous function ¢ between X and Y is a relation F' between elements

of S and elements of T" such that a F' b holds if and only if as F (b). So to find a
completely formal characterization of the notion of continuous function between
topological spaces we have to express the condition above with no reference to
the elements of X and Y.

In solving this problem we will use also an equivalent formulation of con-
tinuity, namely, that a function ¢ between the concrete topological spaces
(X, S,exty) and (Y, T, exty) is continuous if and only if,

(Vb e T)(Vx € X) ¢(x)eexta(b) —
(Ja € S) zeexti(a) & (Vz € X) zeexty(a) — ¢(z)eexta(b)

that can by simplified in
(Vb e T)(Vx € X) ¢(x)eexta(b) — (Ja € S) xeexty(a) & aFb

provided that — F' — is the relation associated to ¢ that we want to characterize.
Now we look for suitable conditions, that do not rely on the presence of the
set of concrete points in order to be formulated, and express that the relation
F' is the formal counterpart of a continuous function. To achieve this result
we will proceed as follows. First, we will define a function ¢ from Pt(S) to
Pt(T) associated with the relation F. Then, we will look for the conditions on
F which are both expressible in the language of formal topologies and allow to
prove that ¢p is a continuous function from Pt(S) to Pt(T). And finally, we
will check the validity of such conditions in every concrete topological space.



So, let us suppose that F' is a relation between two formal topologies. Then
we want to define a continuous map ¢p from Pt(S) to Pt(T") such that a F b
holds if and only if, for any formal point o € Pt(9), if a € extI*(a) then
dr(a) € extl(b).

An immediate consequence of this requirement is that if aF'd and asa then
dr(a) € extlt(b). Now, aea means that o € ext!*(a) and ¢r(a) € extl(b)

means that bedp(a). Hence, provided that we write F (a) to mean the subset
{b € T'| aFb}, we have that

U F (@) € 6r(a)

agx

On the other hand, the continuity of ¢ means that
(Vb € T)(Va € Pt(X)) ¢r(a)eexty(b) — (Ja € S) acextt(a) & aFb

and hence if begp () then there exists aca such that aF'b, that is,

6r(e) C | F (a)

aex

Thus, we are forced to the following definition

or(e)=J F (a)

acx

Note that this definition guarantees that, if ¢ is a function from Pt(S) to
Pt(T), then it is continuous. Hence, we only have to look for the conditions
which make ¢z be a function between formal points, that is, the image ¢p(«)
of a formal point « of S is a formal point of T'.

To begin with, we have to prove that ¢z (a) is inhabited, namely, that there
exists b € T such that, for some asc, aF'b holds. Now, we know that the point
« is inhabited and hence in order to obtain the result it is sufficient to require

(function totality) (Va € S)(3b e T) aFb

Indeed, suppose cea. Then (Va € S)(3b € T) aFb yields trivially that there
exists b € T such that cFb. Now, we have to check that function totality is
valid for any concrete topological space. So, let us assume that (X,.S,ext;)
and (Y, T, exts) are two concrete topological spaces, ¢ is a continuous map from
X to Y and F is a relation between S and T such that aFb if and only in
(Vo € X) zeexti(a) — ¢(x)eexta(b). Then we have to show that, for all a € S,
there exists b € T such that, for all z € X, if xecext;(a) then ¢(x)ecexta(b). Since
we assumed that each base contains a top element, the easiest way to satisfy
function totality is by considering the top element of T'. Indeed, for any element
y €Y, yeexty(Tr), and hence in particular ¢(z)eexty(Tr). Later we will show
an equivalent condition whose justification does not require the presence of the
top element.

10



The second condition that we have to verify is that, supposing beg () and
de¢r(ar), there exists keb | d such that kedp(a). To obtain this result it is
sufficient to require the following two conditions:

a<g c cFb
aFb

aFb aFd

a<g F=(b]d)

(function weak-saturation)
(function convergence)

where, for any subset V of T, F~ (V) = {c € S| (JveV) cFv}. In fact bepp ()
and degr(a) yield that there are aca and cea such that aFb and cFd, and
hence by point convergence there is also eca | ¢, namely, e << a and e < ¢, such
that esa. So, by using function weak-saturation, we obtain both eFb and eFd,
which, by function convergence, yield e << F~(b | d). Then, by point splitness,
(FheF—(b | d)) hea, that is, there exists keb | d such that kegp(a). Also in
this case it is necessary to check that the two required conditions are valid. In
fact, it is easy to check that the following generalization of weak-saturation

a<ig W (VweW) wFb
aF'b

(function saturation)

is an immediate consequence, by intuitionistic logic, of the condition linking F'
and ¢pr. Thus, let us prove the validity of function convergence. Suppose z € X
and zeexty (a), then aFb yields ¢(x)ecexta(b) and aF'd yields ¢(x)eexta(d); then,
by (Bs), there exists keb | d such that ¢(x)eexta(k). Finally, continuity of ¢
yields that there exists h € S such that xeexty (h) and hF'k, that is, he '~ (b | d).

The third condition for ¢r(a) being a formal point is that, if begr(a) and
b <1V, then there exists veV such that vedp(a). The necessary condition is

aFb barV

(function continuity) a5 F(V)

Indeed, begp () yields that there is aca such that aFb and hence function
continuity, together with point splitness, yields that there exists ce '~ (V') that
is also an element of «, i.e., there is veV such that ¢Fv and cea. The proof
of validity of this condition is immediate. Indeed, suppose that both aFb and
b < V hold. Then, for all x € X, zeext;(a) yields ¢(z)ecexta(b) and, for all
y €Y, yeexta () yields that there exists veV such that yeexts(v). Thus, for any
xeexty(a), there is veV such that ¢(x)eexta(v) and hence, by continuity of ¢,
there is ¢ € S such that xeext;(¢) and cFv.

So, we have finished to look for the conditions that make ¢ a well-defined
function between Pt(S) and Pt(T). Hence, we can give the following definition
of continuous relation between formal topologies.

Definition 2.7 (Continuous relation) Suppose that S = (S, Tg,<g,Posg)
and T = (T, T, <r,Posr) are two formal topologies. Then a continuous rela-
tion between S and T is a binary proposition aF'b, for a € S and b € T, such

11



that the following conditions are satisfied:

(function totality) (Ve e S)(FyeT) zFy
b Fd

(function convergence) are Al

a<g F=(b|d)

F
(function saturation) ads W _(VweW) whb
aF'b

Fb b v

(function continuity) ﬁ

Note that the definition of continuous relation above is obtained from the
definition of frame morphism expressed in terms of relation in [Sam87] by taking
the opposite relation and adapting the condition of function convergence to our
setting.

An immediate consequence of the definition is the following lemma.

Lemma 2.8 Let S and T be formal topologies and F be a continuous relation
between them. Then, if V. Qr W then F~ (V) <g F~(W).

Proof. Suppose zeF~ (V). Then, there exists veV such that 2Fv and hence
V W yields immediately © << F~ (W) by function continuity.

Let us recall here also the following standard result on relation composition.

Lemma 2.9 Let S, T and U be three formal topologies, and F' and G be rela-
tions between S and T and T and U respectively. Then, for any W C U,

FH(G (W) = (GoF)~(W)

where by Go F we mean the operation of composition between relations, namely,
s G o F u holds if and only if there exists t € T such that s F't and t G u.

We want to prove now that formal topologies form a category with respect
to continuous relations. The main problem is to define a suitable operation
of composition between continuous relations. The first and naive idea is of
course to define composition of continuous relations as relation composition but
unfortunately relation composition of two continuous relations is not continuous
because in general it does not satisfy function saturation. Indeed, we can prove
only the following lemma.

Lemma 2.10 Given a continuous relation F between S and T and a contin-
wous relation G between T and U, G o F satisfies function totality, function
convergence and function continuity.

Proof. Let us check that the various conditions hold.

e (function totality) Let 2z € S. Then, by function totality for F, there exists
y € T such that = Fy holds. Then, by function totality for G, there exists
z € U such that y G z holds. Hence, = G o F z follows.
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e (function convergence) Suppose a Go F ¢; and a G o F ¢y. Then, there
exist by,bp € T such that a F by & by G ¢; and a F by & by G co.
Thus a < F~(by | b2). Soa < (Go F) (c1 | ¢2) follows by transitivity
since F7(by | b2) < (Go F) (c1 | ¢2). Indeed, by | be <« G~ (1 | ¢2)
holds because for every xzeby | bs we get © G ¢; and G ¢o by weak-
saturation from by G ¢1 and be G co. Hence we can obtain F~(by | be) <
(Go F)~(c1 | c2) by applying first lemma 2.8 and then lemma 2.9.

e (function continuity) Suppose a G o F ¢ and ¢ <« W. Then there exists
y € T such that a F y and y G ¢ and hence y <« G=(W) by continuity
of G. But this yields a < (G o F)~ (W) by continuity of F since for any
WCU, F-(G-(W))=(GoF) (W) by lemma 2.9.

The following proposition can be used to fix the problem of the missing
condition.

Proposition 2.11 Let S and 7 be two formal topologies and suppose that F' is
a relation which satisfies all the conditions for a continuous relation except for
saturation which is replaced by weak-saturation. Then

aF9b=a<g {ceS|cFb}
is the minimal continuous relation which extends F'.
Proof. In the proof we will often use the fact that, for any W C T,
F=(W) C (F9)~(W)

which can be proved as follows. Suppose that aF'b, then aF'<b follows because
aFb yields ae{c € S | ¢cFb} and hence a < {c € S | cF'b} follows by reflezivity.
Now, suppose seF'~ (W); then there exists weW such that sFw and so sF<w
follows, that is, se(F<)~(W).

Now, let us check that all of the conditions for F'< being a continuous relation
hold.

e (function totality) Let € S. Then, by function totality for F, there is
y € T such that xFy. Hence the result follows immediately since zF'y
yields zFy.

e (function convergence) Let us suppose a F'< b and a F'¥ d. This means
that a <{c€ S| cFb} and a <{e€ S |eFd}. Thena < {ce S |cFb} |
{e € S| eFd}, that is,

a<i{z eS| ((BcelS)x<c&cFb) & ((JecS)x e & elFd)}
follows by |-right. Soa < {x € S | xFb & xFd} follows by weak-saturation

and hence we get a < {xr € S |z < F~(b | d)} by convergence. Thus
a < F~(b | d) follows by transitivity and hence a < (F<)~(b | d).

13



e (function saturation) Assume a < W and (YVweW) wF<b. Then, for all
weW, w < {x € S| zFb} and hence a < {x € S | xFb}, that is aF'b,
follows by transitivity.

e (function continuity) Suppose aF'9b and b < V. Then a < {z € S | zFb}.
Now, for any = € S such that xFb, x < F~ (V) follows by continuity for
F. Hence a < F~ (V) follows by transitivity and so a < (F<)~=(V).

Assume now that G is any continuous relation which contains F' and suppose
that @ F'<9 b holds. Then a <« {z € S|z F b} and hence a < {z € S |z G b}
follows since G contains F'. Hence a G b follows by saturation for G. Thus F'<
is the minimal continuous relation containing F'.

Corollary 2.12 Let S, T and U be formal topologies and F be a continuous
relation between S and T and G be a continuous relation between T and U.
Then the relation F x G defined by setting, for any a € S and c € U,

aGx*F cifand only ifa (GoF)Y ¢
1s a continuous relation between S and U.

Proof. After lemma 2.10 and proposition 2.11, we have only to prove that
relation composition satisfies weak-saturation. So, let us suppose a < e and
e G o F c. Then there exists y € T such that ¢ F' y and y G ¢; hence a F y
follows by weak-saturation for F' and so a G o F c.

The following lemmas will be useful in the following.

Lemma 2.13 Let S, 7 be formal topologies and F be a continuous relation
between S and T. Then
Fi=F

Proof. Immediate. In fact, F'< is the minimal continuous relation containing
F and hence it coincides with ' when F' is already a continuous relation.

Lemma 2.14 Let S, T be formal topologies and H and K be relations between
S and T such that H C K. Then HY C K<.

Proof. We only need to unfold the definitions. Indeed, for any a € S and
beT,a HYbif and only if a < {w € S | wHb}; then a < {w € S | wKb},
that is, a K< b, follows by reflezivity and transitivity since H C K yields
{we S |wHb} C{we S| wKb}.

Lemma 2.15 Let S, 7 and U be formal topologies, F be a relation between S
and T which satisfies function continuity and G be a relation between T and U.
Then

(Go FHY=(GoF)Y and (G o F)¥ = (Go F)?
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Proof. We already proved that, for any relation F', F C F<. But F C F<
yields immediately Go FF C Go F<. And so (Go F)9 C (G o F)< follows by
lemma 2.14. The proof that (G o F)< C (G o F)9 is completely similar.

Let us prove now the other inclusions. Suppose a € S and ¢ € U. Then

a(GoFHd¢ a<{weS|wGoFIc}
a<d{weS| (el wFly&yGc}
a<d{weS|(FyeNw<x{zeS|zFyt&yGec}
ad{weS|w{zeS|zGoF c}}
a<1{z€S|zGoFc}

a(GoF)de¢

(by transitivity)

I A A

and

a(GYoF)Je¢ a<d{weS|wGYoF ¢}
ad{weS|(FyeNwFy&kyGic}
a<d{weS| (el wFy&ky<{zeT|zGc}}
a<d{weS|waF ({z€T|z2Gc})}
adF~({z2€T|2Gc})
a<d{weS|(FyeT)wFy&kyGc}
ad{weS|wGoF c}

a(GoF)de¢

(by funct. cont.)
(by transitivity)

111411111

We can now prove the main theorem of this section.

Theorem 2.16 Formal topologies and continuous relations form a category
FTop where the operation of composition between continuous relations is — * —
and the cover relation is its unit.

Proof. We only need to show that the operation — % — between continuous
relations is associative. Recalling that relation composition is associative, we

obtain

(G+xF)xH (GxF)o H)Y by definition of *
(GoF)9o H)Y by definition of x*
( <

by lemma 2.15

Go

Go(FoH)NY by lemma 2.15
Go(FxH))Y by definition of *
G« (F«xH) by definition of *

Note that in the proof above we could apply lemma 2.15 because by lemma 2.10
we know that the composition of two continuous relations satisfies function
continuity.

It is now trivial to realize that the cover relation is a continuous relation and
we can use the previous lemma 2.12 to shorten the proof that the cover relation
is the identity with respect to the operation — % —. Indeed, it is sufficient to
prove that F'o <= F and < oF = F hold since such equalities yield

Fx <= (Fo<)Y=FY=F

15



and
<4*F =(<oF)Y=FY=F

So, suppose a <1 oF' c¢; then there exists y such that a F' y and y < ¢; hence
a < {z |z F ¢} follows by continuity and it yields a F ¢ by saturation. On
the other hand, if a F' ¢ then a < oF ¢ is immediate since ¢ < ¢ holds by
reflexivity. Suppose now a Fo < ¢; then, there exists y such that a < y and
y F ¢ and hence a F c follows by weak-saturation; on the other hand if a F ¢
then a Fo < ¢ follows immediately since a < a holds by reflezivity.

Since the conditions on continuous relations do not concern the positivity
predicate the previous proofs show also the following result.

Theorem 2.17 Formal topologies without the positivity predicate and continu-
ous relations form a category FTop™ where the operation of composition between
continuous relations is — * — and the cover relation is its unit.

The category FTop is impredicatively equivalent to the category OplLoc of
open locales [JT84] (for a recent proof see [Neg02] but note that Pos is not
required to be a frame morphism) while FTop™ is impredicatively equivalent to
the category Loc of locales (see [BS01]). To summarize in a diagram from an
impredicative point of view we have

‘N ‘N

OpLoc——— Loc

2.4.1 Properties on top element and positivity predicate

In the definition of continuous relation the top element and the positivity pred-
icate are not involved, that is, the same definition works both in FTop and
FTop~. However, there are specific properties that depend on their presence.
We start by showing that by using explicitly the top element an equivalent but
simpler formulation of function totality is possible.

Lemma 2.18 Let S and T be formal topologies, and F' be a continuous relation
between S and T. Then the following conditions are equivalent

1. (function totality) (Va e S)(FeT) aFb

2. (anti-image totality) S <1g F—(T)

3. (top-element totality) (Va € S)aF Ty
Proof. We will show the various implication one after the other.

e (1) = (2). Let a € S. Then, by function totality, there is an element
b € T such that aFb. Hence acF~(T) and so anti-image totality follows
by reflexivity.
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e (2) = (3). Let us assume that anti-image totality holds. Then, for any
a € S, a < F(T). Now, by top-element, T <1 Tr holds and hence
lemma 2.8 shows that F~(T) < F~(Tr). So a < F~(Tr) follows by
transitivity. But, for any ceF~ (T ), ¢cF T holds and hence a F' T follows
by saturation.

e (3) = (1). Let a € S. Then, by top-element totality, aF Tp holds and
hence T is the element that we are looking for.

A clear advantage of top-element totality with respect to the other two for-
mulations of the totality of a function is its simplicity, and this is the main
reason why we will often use it in the following. However, both function total-
ity and anti-image totality can be expressed with no reference to the element
Tr and hence they can be used also in a context where the top element is
not included in the definition of formal topology (see for instance [CSSVO03]).
Moreover, anti-image totality can also be justified with no reference to the top
element. Indeed, let us assume that (X, S, ext;) and (Y, T, exts) are two concrete
topological spaces, ¢ is a continuous map from X to Y and F is a relation be-
tween S and T such that aF'b if and only in (Vo € X) zeexty (a) — ¢(x)eexta(b).
Then, we have to show that, for all ¢ € S and all x € X, if zeext;(a) then there
exists u € S such that both zeext;(u) and ue F~(T), that is, there exists t € T
such that uFt. Now, by the condition (B;), xeext;(a) yields that there exists
some element ¢ € T such that ¢(z)et and hence, by continuity of ¢, there exists
u € S such that both zeext;(u) and uF't hold.

Now, let us show some consequence of the conditions defining continuous
relations which concern explicitly the positivity predicate.

Lemma 2.19 Let F be a continuous relation between S and T. Then, for any
a €S andbeT, F satisfies the following condition

Posg(a) aFb

function monotonicit
( y) Posr(b)

Proof. Let us suppose aFb. Then, the positivity axiom b <1 bT yields, by
function continuity, that a <ls F~(b"). Hence, by monotonicity of the cover re-
lation, Pos(a) yields that there exists some element ce '~ (b") such that Posg/(c)
holds. Therefore, there exists yeb™ such that cFy. But yeb™ yields that y = b
and Posr(y) hold and thus Posy(b) follows.

The condition of function monotonicity above was firstly part of the original
definition of continuous relation in [Vir90] as a consequence of its presence in
the definition of frame morphisms between formal topology in [Sam87], but it
was later recognized to be derivable in [Neg02].

Another important consequence of the conditions on a continuous relation is
a condition stating that two relations associated with the same function between
formal points do not differ on non-positive elements of S. Before stating it let
us prove the following lemma.
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Lemma 2.20 Let F be a continuous relation between S and T. Then, for any
a€SandbeT,

Pos(a) — aFb if and only if (Yrea™) xFb

Proof. To prove the left to right implication, suppose zea*. Then z = a and
Poss(x) hold and hence Posg(a) follows. So, Posg(a) — aFb yields aF'b and
hence # = a yields zFb. On the other hand, assuming Posg(a), aca™® follows
and hence (Vzea™) zFb yields aFb by logic.

Now, the following lemma is immediate.

Lemma 2.21 Let F be a continuous relation between S and T. Then, for any
a €S andbeT, F satisfies the following condition
Posg(a) — aFb

aFb

Proof. After the previous lemma we know that Posg(a) — aFb yields that, for
all zea™, zFb. Hence a < a™ yields aFb by function saturation.

(function positivity)

The condition of function positivity was first used in [SVV96] to force the
faithfulness of the functor Pt(—) on Scott formal topologies. In that context
function saturation cannot be used and hence function positivity is part of the
definition of continuous relation together with function weak-saturation (see
proposition 2.49).

An the end of this section, let us recall that in the literature there are also
alternative presentations of the category of formal topologies (see for instance
[GS02]) where a continuous relation is defined by requiring all of the conditions
in definition 2.7 except for function saturation; of course, in this case one is
forced to state that two continuous relations F' and G are equal if F'< and G<
are equal. We prefer the approach presented here because we think that being
able to use an equality between continuous relations which does not depend
on the cover relation is more natural and allows a simpler technical treatment
which becomes crucial in dealing with exponentiation.

2.4.2 Formal points and continuous relations

In this section we show that there is a bijective correspondence between the
collection of the global elements of A and the collection Pt(A) of the formal
points of A. First of all, let us recall how to define a terminal object 7 in FTop.

Lemma 2.22 Let T = (T, T, <r,Posr) be the formal topology such that T =
{T} is a one element set, the top element is T, the cover relation is defined by
setting, for any a € {T} and any subset U of {T},

a<p U =acU
and the positivity predicate is defined by setting, for any a € {T},
Pos(a) = True
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Then, T is a terminal object in FTop, that is, for any formal topology A, the
total relation defined by setting, for any a € A, a 14T, is the only continuous
relation between A and T .

Proof. It is immediate to check that 7 is a formal topology. Indeed,
e (top-element) Immediate.

o (reflexivity) Let us suppose that a € {T}, U C {T} and acU. Thus,a < U
holds by definition.

(transitivity) Let us suppose that ¢ < U and U < V hold for some element
a € {T} and subsets U,V C {T}. Then, a < U yields aeU and hence
U<Vyieldsa < V.

(J-right) Let us suppose a <« U and a < V. Then, by definition, acU and
acV and hence acU | V follows and it yields a < U | V.

e (monotonicity) Immediate.

(positivity) Any element a € {T} is positive and hence positivity, namely
a < a™, trivially holds.

Moreover, it is easy to see that !4 is a continuous relation. Indeed, function
saturation holds by definition while function totality, function convergence and
function continuity hold because the anti-image of any non empty subset of T'
is equal to the whole set A and hence it covers any element in A by reflexivity.
Moreover, if R is any continuous relation between A and 7 and a € A, then
aRT holds by function totality and hence !y C R. Thus R =!4 since R Cl4
obviously holds.

We can now state the following theorem.

Theorem 2.23 Let A be a formal topology. Then there is a bijective correspon-
dence between the collection Pt(.A) of the formal points of A and the continuous
relations between 7 and A.

Proof. Let us suppose that « is a formal point of the formal topology A. Then
the continuous relation between 7" and A associated with « is defined by setting,
for any v € {T} and any a € A,

uR,0 = aca
Indeed, it is easy to prove that R, is a continuous relation:

e (function totality) Let u € {T}. Recall now that any formal point in
Pt(A) is inhabited and hence there is an element a € A such that aea,
namely, there is an element a € A such that uR,a holds.
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e (function convergence) Let us suppose that uR,a and uR,c hold. Then,
aea and cea and hence, by point convergence, there exists eca such that
e <4 a and e <4 ¢. Thus, uRe holds, that is, ueR; (a | ¢), and hence
the result follows by reflexivity.

e (function saturation) Let us suppose that u < W and (VweW)wR,a.
Then ueW holds by definition and hence uR,a follows by logic.

e (function continuity) Let us suppose that uR,a and a <i4 U. Then aca
follows and hence, by point splitness, there exists and element eca such
that eeU. Thus uR,e holds; hence ue R, (U) and so the result follows by
reflexivity.

On the other hand, given any continuous relation R between 7 and A, we
can define a formal point ar of A by setting, for any a € A,

acar = TRa
It is straightforward to check that ap is a formal point. Indeed,

e (point inhabitance) By function totality T Ra holds for some a € A and
hence aear holds, that is, apr is inhabited.

e (point convergence) Let us suppose that acar and ceagr. Then T Ra and
TRc hold and hence, by function convergence, T <« R~ (a | ¢). Thus
TeR (a | ¢), that is, there exists yea | ¢ such that TRy, and hence
(Jyea | ¢) yeagr follows.

e (point splitness) Let us suppose that acag and a <4 U. Then T Ra holds
and hence, by function continuity, T < R~ (U). Thus TeR™(U), that is,
there exists yeU such that T Ry, and hence (JyeU) yeapr follows.

It is now completely trivial to see that the two constructions are one the
inverse of the other.

2.5 Inductively generated formal topologies

One of the main tools in formal topology is the inductive generation of the cover
since this allows to develop proofs by induction. The problem of generating
inductively formal topologies has been dealt with and solved in [CSSV03]. We
recall here, without any proofs, only those results of [CSSV03] that we will use
in the next sections.

An inductive definition of a cover starts from some axioms, which at the
moment we assume to be given by means of any relation R(a,U) for a € S
and U C S. We thus want to generate the least cover <ig which satisfies the
following condition:

R(a,U)
a<grU

(axioms)
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The first naive idea for an inductive generation of a cover relation is to use the
conditions which appear in the definition of a formal topology like rules. But
such conditions, though written in the shape of rules, must be understood as
requirements of validity, that is, if the premises hold then also the conclusion
must hold. As they stand, they are by no means acceptable rules to generate
inductively a cover relation. For instance, the operation — | — among sub-
sets, which occurs in the conclusion of |-right, is not even well defined unless
we already have a complete knowledge of the cover. Another problem is that
admitting transitivity as acceptable rule for an inductive definition is equiva-
lent to a fix-point principle, which does not have a predicative justification (see
[CSSV03] for a detailed discussion of this topic).

These are the reasons why we cannot accept all the possible infinitary propo-
sitions R(a,U) in the formation of an axiom and we have to impose some con-
straints. The solution proposed in [CSSV03] for the impredicativity problem
due to the transitivity condition is to generate a cover relation only when we
have an aziom-set, that is, a family I(a) of sets for a € S and a family C(a, ) of
subsets of S for @ € S and i € I(a), whose intended meaning is to state that, for
all i € I(a), a < C(a,1). Indeed, in this case we can generate the cover relation
by using the following inductive rules:

.., aeU c . t€eI(a) C(a,i) U
fl — fi
(reflexivity) . (infinity) TaU

We can now strengthen the previous rules to new ones which allow to gen-
erate a cover relation which satisfies also top-element and |-right. In fact, to
satisfy |-right, a possibility is to add an extra primitive expressing what, in
the concrete case, is the inclusion relation between two basic open subsets, that
is, ext(a) C ext(b). We can obtain this result by adding directly a pre-order
relation a < b. We will show that in this way it will be possible to satisfy also
the top-element condition.

Thus, we arrive at the following definition.

Definition 2.24 (<-formal topology) A <-formal topology is a structure
(S, <, Tg, <, Pos) where S is a set, < is a pre-order relation between elements of
S, that is, < is reflexive and transitive, Tg is a distinguished element of S and
< is a relation between elements and subsets of S which satisfies top-element,
reflexivity, transitivity and the two following conditions

a<b baU adU a<V

<-left
(<-left) a<l1U

where U |< V. ={ce S| (FuelU) ¢ < u & (3veV) ¢ < v}. Finally, Pos is a
predicate over elements of S which satisfies monotonicity and positivity.

It is straightforward to verify that the new conditions are valid in any con-
crete topological space under the intended interpretation. And only a bit more
work is required to prove that any <-formal topology is a formal topology.
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The proof that any formal topology is equivalent to a suitable <-formal
topology is even more trivial. Indeed, it is sufficient to define an order relation
between elements of S by setting a < b if and only if @ <1 {b} and it is obvious
that all of the required conditions are satisfied.

Thus, in order to be able to generate inductively a formal topology we need
only to be able to generate inductively a <-formal topology. So, let us suppose
that we have a set .S, an order relation < between elements of S, a distinguished
element T € S and a given axiom-set I(—) and C(—, —) and that we want to
generate a <-formal topology over S. To this aim we can adapt the method
proposed in [CSSV03] and generate by induction a cover relation which respects
the given axiom-set, top-element, reflexivity, transitivity, <-left and <-right and
by co-induction a positivity predicate which satisfies monotonicity and positivity
with respect to such a cover relation.

The first modification is to extend the axiom-set I(—) and C(—, —) to a new
axiom-set such that it will be possible to obtain, for any a € S,

(top-element axiom) a<{a} |<{T}
Thus, the new axiom-set is defined by setting, for any a € S,

I/(a) = I(a) U {x} C/(a,i) = { {C(vl(}a’ls {T} ioftie;v:ise

After this axioms are added, we can obtain a < T by first showing by <-left
that {a} |< {T} < T and then concluding by infinity. Moreover, it is clear
that the added axiom is valid in any <-formal topology since it is an immediate
consequence of the top element condition by <-right.

The second step consists in defining a suitable positivity predicate. To this
aim, let us say that a predicate Pos(—) satisfies <-monotonicity if, for any
a,bes,

Pos(a) a<b
Pos(b)

holds and that it satisfies aziom monotonicity if, for all the axioms in the axiom-
set I'(—) and C'(—,—) and for any a € S,

(<-monotonicity)

Pos(a) i€ I'(a)
(JeeC'(a, 7)) Pos(c)

(axiom monotonicity)

holds.

Now, given any axiom-set I'(—), C’'(—, —), we can use Tarski fixed-point
theorem to show that it is possible to define a predicate Pos(—) which satisfies
both <-monotonicity and aziom monotonicity by simply considering these two
conditions like co-inductive rules (see appendix A). Hence, given any axiom-set,
we will use such a predicate Pos(—) like a positivity predicate.

Finally, given any axiom-set I’(—) and C’(—, —) and any predicate enjoying
<-momnotonicity and axiom monotonicity, we can always force the validity of
the positivity condition by adding a single axiom schema stating that, for any
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a € S, a is covered by the set a™, namely, we can define a new axiom-set by
setting, for any a € S,

+ T
ey — gt neooa_ ) oa if 4 = *x
la) = I'(a) U {x} Ca,i) = { C’'(a,i) otherwise
Note that if aziom monotonicity holds for I’(—) and C’(—, —) then it continues

to hold also for I"”(—) and C”(—, —) since Pos(a) clearly yields that there exists
an element zea™ such that Pos(z) holds.

We are finally ready to use the method in [CSSV03]. The only constrain for
its applicability is that the following condition, which guarantees the validity of
<-right, is satisfied.

Definition 2.25 (Localization condition) Let S be any set and I'(—) and
C"(—,—) be an axiom-set for a cover relation on S. Then such an ariom-set
satisfies the localization condition if, for any a < ¢ and for any i € I'(c), there
exists j € 1" (a) such that C"(a,j) C {a} |< C"(c,1).

It is useful to note that if an axiom-set I(—) and C'(—, —) enjoys the localiza-
tion condition then, for any positivity predicate Pos, also the axiom-set I"(—)
and C”(—, —) obtained by adding to the given one both the top-element aziom
and the positivity axiom satisfies such a condition. Indeed, suppose that a < ¢
and that we are considering the top-element axiom for c. Then we have to show
that there exists an index j € I”(a) such that C'(a,j) C {a} |< {c} |< {T}.
The correct choice is of course the index for {a} |< {T} since it is trivial to see
that {a} |< {T} C{a} |< {c} |< {T}. We can provide a similar proof when
the considered axiom is the positivity axiom for c. In this case we have to show
that there exists an index j € I"(a) such that C(a,j) C {a} |< ¢*. The correct
choice for j is now the index for a™ since we can prove that a™ C {a} |< ¢*.
Indeed, let us assume that xea™. Then, both z = a and Pos(z) follow and hence
we first obtain Pos(a) by logic and then Pos(c) by <-monotonicity. So ¢* = {c}
and hence both z < a and = < ¢ hold since z = a, that is, ze{a} |< ¢T.

Now, the main result in [CSSV03] is that, provided we have an axiom-set
which satisfies the localization condition, we can define a relation between ele-
ments and subsets of S which satisfies all of the conditions for a cover by using
reflexivity, <-left and infinity like inductive rules. Moreover, given any pred-
icate which satisfies <-monotonicity and azxiom monotonicity it is immediate
to prove by induction on the length of the proof of a <« U that if Pos(a) and
a < U hold then there exists an element ueU such that Pos(u) holds, namely,
that monotonicity holds. Finally, the positivity condition clearly holds for such
cover relation and such a predicate since it is built in the axioms from which
the cover relation is generated.

2.5.1 Formal points of inductively generated formal topologies

If we restrict our attention to inductively generated <-formal topologies we can
simplify many of the definitions given in the previous sections. To begin with,
the definition of formal point can be simplified as follows.
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Definition 2.26 (Formal point) Let (S, <, T, <,Pos) be an inductively gen-
erated <-formal topology. Then, an inhabited subset a of S is a formal point if,
for any a,b € S and any U C S, it satisfies the following conditions:

acax  bea

(Jega [< b) cea
acax a<b

(point <-convergence)

int left-cl
(point left-closure) =

acae i € I(a)
(FyeC(a,i)) yea

(point inductive splitness)

After observing that in the case of an inductively generated <-formal topol-
ogy, a |[<b<da | banda | b <a |< b, itis clear that the conditions in
the definition above are consequences of the ones in section 2.3. On the other
hand, it is possible to prove that a subset o which satisfies the conditions stated
here satisfies also point splitness, namely, aca and a < U yield (JyeU) yea, by
developing a proof by induction on the length of the derivation of a < U.

2.5.2 Morphisms between inductively generated topologies

The general conditions on a continuous relation that we presented in section
2.4 can be simplified when we are dealing with morphisms between inductively
generated formal topologies. The first condition that can be adapted to the new
framework is function convergence.

Lemma 2.27 Let A be a formal topology, B be an inductively generated formal
topology and F be a continuous relation between A and B. Then, function
convergence is equivalent to

aFb aFd
a<1F=(bl<d)

(function <-convergence)

Proof. We already proved that, for any inductively generated formal topology
B,if Vi,Va C Bthen Vi | Vo <ap Vi < Vo and Vi |< Vo < Vi | Vo
Thus both F~ (V4 | Vo) <4 F~ (V1 |< Vo) and F~ (V1 |< Vo) <a F~ (V1 | V)
follows by lemma 2.8 which uses only function continuity. Hence the equivalence
between function convergence and function <-convergence follows immediately
by transitivity.

We will see now that also function continuity can be simplified.

Lemma 2.28 Let A be a formal topology, B be an inductively generated formal
topology and F be a continuous relation between A and B. Then, continuity is
equivalent to

(axiom continuity) afb_j€Jb) (<-continuity) aft b<d
x 27 J = } oY U=°
Yo < F-(Cl,j) = Y aFd
where J(—) and C(—,—) is the axiom-set for the inductively generated formal

topology B.
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Proof. It is obvious that aziom continuity is an instance of function continuity
and <-continuity is an immediate consequences of <-left, function continuity
and saturation.

On the other hand, continuity can be derived from these conditions by rea-
soning by induction. Indeed, let us suppose aF'b and b < V. Then, we can argue
according to the length of the derivation of b << V. Let us begin by supposing
that b <1 V has been derived by reflexivity from beV. Then acF~ (V) and hence
the result, that is, a <« F~(V), immediately follows by reflexivity. Moreover, if
b < V has been derived by infinity from C(b,j) < V we can use axiom conti-
nuity to obtain @ < F~(C(b,j)). Then we can obtain a < F'~ (V') by proving
that F~(C(b,5)) < F~ (V). To this aim let us assume that weF'~(C(b, j)), that
is, (FveC(b,j)) wFv, then C(b,j) < V yields, by inductive hypothesis, that
w < F~ (V). Finally, if <-left has been used, that is, we proved b < V from
b <dand d <V, then we immediately obtain aF'd by using <-continuity and
hence the result follows by inductive hypothesis.

In the following we will often use the following result.

Lemma 2.29 Let A be a formal topology, B be an inductively generated formal
topology and F be a continuous relation between A and 3. Then the following

condition
aFb b<pd

k-continuit
(weak-continuity) —d

holds.

Proof. Immediate by function continuity and saturation.
In a similar way also saturation can be simplified.
Lemma 2.30 Let A be an inductively generated formal topology, B be a formal

topology and F be continuous relation between A and B. Then saturation is
equivalent to

. .a<c cFb ) . (i1€1I(a) (VxzeC(a,i)) xFb
<- P -
(<-saturation) — (axiom-saturation) —
where I(—) and C(—,—) is the aziom-set used to inductively generate A.

Proof. <-saturation and azxiom saturation are obvious consequences of <-left
and saturation. Thus, let us show that also the other implication holds, namely,
that a < W and (VzeW) xF'b yield aF'b. The proof goes on by induction on the
length of the derivation of a < W.

First, let us assume that a << W has been obtained from acW by reflezivity.
Then (VzeW) xFb yields aFb by logic.

Suppose now that a <t W has been obtained from C(a,i) << W because
i € I(a). Then, by inductive hypothesis, we obtain that, for any zeC(a, ), Fb
and hence aF'b follows by axiom-saturation.

Finally, if @ << W has been derived from a < ¢ and ¢ << W by <-left then by
inductive hypothesis we obtain cFb and hence aF'b follows by <-saturation.
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Let us now name the sub-categories of FTop and FTop~ whose objects are
inductively generated formal topologies.

Definition 2.31 We call FTop; (FTop;™ ) the full subcategory of FTop (respec-
tively FTop™ ) whose objects are inductively generated formal topologies.

Note that from the impredicative point of view FTop; is equivalent to FTop
and FTop;™ is equivalent to FTop™; indeed, in this case, every formal topology S
is inductively generated by the axiom-set obtained by considering all the cover
relation like axioms indexed on P(S). On the contrary, from a predicative point
of view, FTop; and FTop are not equivalent because there are formal topologies
which can not be generated by induction (see the last section of [CSSV03]).

2.6 Categorical product of formal topologies

In this section we recall some basic definitions about the categorical product
of two inductively generated formal topologies. First of all, it is immediate to
see that the terminal formal topology 7 that we introduced in section 2.4.2 is
inductively generated.

Lemma 2.32 Let T be the terminal formal topology defined in theorem 2.22.
Then T can be generated inductively by using the empty set of axioms and the
total order relation.

Proof. First of all, it is worth noting that we do not need to add the top-element
and the positivity axioms since they hold for 7 as a consequence of reflexivity.
Now, we have to show that in the formal topology inductively generated by
the empty set of axioms on the one element set {T}, for any a € {T} and
U C{T}, aeU if and only if a <« U. The implication from left to right is trivial
by reflexivity; on the other hand, since there is no axiom, the only rules that one
can use in the inductive generation are reflexivity and <-left and so the result
is straightforward.

Now, let us recall that at present it is still open the question whether FTop is
cartesian. Indeed, we are able to define the binary product of formal topologies
only by means of an inductive definition and thus only FTop; and FTop;” are
known to be cartesian (see [CSSV03]). Since no proof appeared there we present
a full proof of this result here.

Definition 2.33 Let A and B be two inductively generated formal topologies
whose aziom-sets are respectively I4(—), Ca(—,—) and Ig(—), Cp(—,—). Then
we call binary product of A and B the formal topology over the set A x B, with
order relation

(a1,01) < (az,b2) = (a1 <a a2) & (b1 <pg ba),
top-element (T o, Tg) and positivity predicate
Posax((a,b)) = Posa(a) & Posp(b),
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inductively generated by the axiom-set

I((a,b)) = Ta(a)+ Ip(b)
[ Calayin) x {b} ifi = inl(ia)
C(a,b),9) = { (o} % C(boiy) if i = inr(iy)

One should note that in the previous definition we did not add the top-
element axiom and the positivity axiom. In fact, we will prove that they are not
necessary. Let us show first the following useful lemma.

Lemma 2.34 Let A and B be inductively generated formal topologies, a be an
element of A, b be an element of B, U be a subset of A and V' be a subset of B.
Then the following conditions are valid:

a<a U b<apV
W e ans <07 @ @b anp @l <V

Proof. The proof of validity of the first two conditions can be obtained by
arguing by induction on the derivation of a <14 U and b <p V respectively.
Then, the last condition can be proved as follows. Assume a <14 U. Then,
by the first condition we obtain that (a,b) <axp U x {b}. But the second
condition shows that, for every ueU, b <p V yields (u,b) <axp {u} x V. Now,
for every veV, from (u,v)eU x V we get (u,v) <axp U X V by reflexivity and
hence (u,b) <axp U x V follows by transitivity. Thus, again by transitivity, we
conclude (a,b) <axp U x V.

a<q U bV

3) (a,0) <axp U XV

As an immediate corollary of this lemma, the product of two inductively
generated formal topologies defined above is a formal topology.

Corollary 2.35 Let A and B be inductively generated formal topologies. Then
A x B is a formal topology.

Proof. First of all note that it is immediate to check that the positivity predi-
cate enjoys both <- monotonicity and aziom monotonicity and hence it is mono-
tone with respect to the inductively generated cover.

Moreover, by using the previous lemma it is not difficult to show that top-
element and positivity are satisfied for the product topology as a consequence
of its validity in the component topologies. Indeed,

e (top-element) Let (a,b) € A x B. Then a <4 T4 and b <p Tp yield
immediately (a,b) <axp (T4, Tp) by lemma 2.34.

e (positivity condition) for every a € A, a <14 a® and, for every b € B,
b <ip bT. Then (a,b) <axp a™ x b" by the last condition in lemma 2.34
and hence (a,b) <axp (a,b)™ follows since a* x b+ = (a,b)*.

Thanks to this corollary in the following proofs by induction over the gener-
ation of the product cover we do not need to consider the case of the top-element
axiom or the positivity aziom in the inductive generation.

The pairing and the projection maps are now defined.
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Lemma 2.36 Let A, B and C be inductively generated formal topologies and
suppose that I is a continuous relation between C and A and G is a continuous
relation between C and B. Then the following relations

(pairing) c(F,G) (a,b) = cFa&cGb
(first projection) (a,b) Iy ¢ = (a,b) <{(z,y) e AXxB|xz<4c}
(second projection) (a,b) Iy d = (a,b) <{(z,y) € AX B|y<pd}

are continuous and the following equations hold

I, « (F,G) = F
H2*<F,G> = G
<H1 *H,HQ*H> = H

for any continuous relation H between C and A x B.

Proof. Let us first prove that the relations we defined above are continuous.

e (pairing) We have to check that the pairing relation satisfies the required
conditions.

— (function totality) Let ¢ € C. Then, by function totality for F, there
exists a € A such that ¢Fa and, by function totality for G, there
exists b € B such that ¢Gb. Thus ¢(F,G)(a,b) follows, that is, we
proved that function totality holds for (F,G).

— (function convergence) Let ¢ € C and suppose ¢(F,G)(a1,b1) and
¢(F,G)Y(az,by). Then cFay, cFas, ¢Gby and ¢Gby follow and hence
¢ <A F~ (a1 | az) and ¢ <« G~ (by | bs) follow by function convergence.
Thus,

c< Ff(al l, (12) l Gi(bl l bg)

follows by |-right and hence we can conclude
¢ < (F,G)"((a1,b1) | (az,b2))
by reflexivity and transitivity since
F~ (a1 | az) | G™ (b1 | b2) € (F,G)" ((a1,b1) | (az,b2))

Indeed, suppose weF (a1 | ag) | G~ (b1 | ba). Then there exists
ueF'~ (a1 | ag) such that w < u and veG~ (b | bz) such that w < v.
So, there is u € C' such that (3hea; | a2) w < u & uFh and there
is v € C such that (Jkeb; | b2) w < v & vGk. Thus, by weak-
saturation for F' and G respectively, both (hea; | az) wFh and
(Fkeby | b)) wGk follow and hence w(F,G)(h, k) holds. But h < a;
and k < by yield (h,k) < (a1,b1) as well as h <1 ag and k < be yield
(h,k) < (ag,b2) by lemma 2.34. Hence (h, k)e(ay,b1) | (az,b2) and
thus we proved that we(F,G)™ ((a1,b1) | (ag,b2)).
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— (function saturation) Suppose that ¢ is an element of C' such that
¢ AW and (YweW) w(F,G)(a,b). Then, for all weW, both wFa and
wGb hold and hence we obtain cFa and ¢Gb by function saturation
for F and G respectively and so ¢(F, G)(a,b) holds.

— (function axiom continuity) Suppose that ¢ € C, ¢(F,G)(a,b) and
j € J((a,b)). Then we have to prove that ¢ < (F,G)~(C((a,b),7)).
Two cases must be considered according to the possible shape of an
axiom for the product topology.

* Suppose C((a,b),j) = {a} x Cp(b,5"). Then, from ¢ F a and
¢ Gbwegetec< F({a}) and ¢ < G~ (Cp(b,5")) by function
continuity. Thus ¢ < F~({a}) | G=(Cp(b,j")) follows by |-right
and hence we obtain that ¢ < (F,G)~({a} x Cg(b,j')) since
F~({a}) | G~(Ca(b, ) € (F.G)~({a} x C(b, ). Tndecd,
let weF~({a}) | G~ (Cp(b,j")). Then, there exist ueF~ ({a})
and veG~(Cp(b,j")) such that w < v and w < v. Thus, we get
both that wFa by weak-saturation on F, and that there exists
heCp(b, ') such that wGh by weak-saturation on G. Finally, we
get w(F, G)(a, h) which yields we(F,G)~ ({a} x Cg(b,j")).

* The case C((a,b),j) = Ca(a,j’) x {b} is completely analogous
to the previous one.

— (<-continuity) Suppose both that ¢ is an element of C' such that
c(F,G)(a1,b1) and that (a1,b1) < (ag,b2). Then, by definition,

¢ F ay and ¢ G by. Moreover, (a1,b1) < (ag,bs) yields both a1 < as

and by < by. Thus ¢ F as and ¢ G by follow by <-continuity for F
and G and hence ¢(F, G)(az, b2) holds.

e (first projection) We have to check that the required conditions are satis-
fied.

— (function totality) Suppose that (a,b) € A x B. Then (a,b)IIja
trivially holds and hence II; enjoys function totality.

— (function convergence) Suppose that (a,b) II; ¢; and (a,b) II; co
hold. Then (a,b) < {(z,y) | * < e1} and (a,b) < {(z,y) | < c2}
holds and hence

(a,b) <{(z,y) e AxB|lz <} l<{(z,y) € AXx B|z<ca}

follows by <-right. Thus, to conclude by reflexivity and transitivity
it is sufficient to prove that

{(z,y) eAxB|lz <} l<{(z,y) EAxB|x<dca} CI(c1 ] ca)
To this aim, let us suppose that

(x,y)e{(z,y) e AxBlz <} < {(z,y) €EAxB|x <eca}
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Then there exist both (z1,y1) € Ax B, such that x1 < ¢; and (z,y) <
(21,91), and (x2,y2) € Ax B, such that x2 <1 ¢z and (z,y) < (z2,y2).
Thus, both z < z1 and z < x5 follow and hence we obtain z < ¢; and
x < ¢ by <-left and transitivity. Then xzec; | co follows by |-right
and hence there exists an element zec; | co, that is, x itself, such
that (x,y)e{(s,t) | s < z} which yields (z,y) II; z by reflexivity. So,
(x,y)ell] (e | c2).

— (function saturation) Suppose that (a,b) << W and that, for any
(x,y)eW, (z,y) Iy c¢. Then, for any (z,y)eW, (x,y) < {(s,t) €
A X B|s <4 c} and hence (a,b) < {(s,t) € Ax B |s <14 c} follows
by transitivity. Thus, (a,b) II; ¢ holds.

— (function continuity) Suppose that (a,b) II; ¢ and ¢ < U hold. Then
(a,b) < {(x,y) € AxB |z <4 ¢} and hence (a,b) < U x B follows by
transitivity since {(z,y) € AX B | <4 ¢} < U x B. Indeed, suppose
(z,y)e{(z,y) € AX B|x <4 ¢}. Then x <4 ¢ and hence z <14 U
follows by transitivity. Moreover, y <l B holds by reflezivity and
hence we obtain (z,y) < U x B by lemma 2.34. Now, we can conclude
(a,b) < II7 (U) by reflezivity and transitivity since U x B C I (U).
Indeed, suppose (x,y)eU x B. Then (z,y)e{(s,t) € Ax B | s <4 x}
and hence (z,y) Iy x follows by reflexivity. Thus, there exists ueU
such that (z,y) IIy u, that is, (z,y)ell] (U).

e (second projection) Completely analogous to the previous one.

The second part of the proof consists in showing that the three required
equations hold.

Let us first notice that, for any ¢ € C, a € A and b € B and for any
continuous relation H between C and A x B,

clh«Ha = c¢c<H ({(z,y) e AxB|z<a})
cllaxHb = c<H ({(z,y) € Ax B|y<b})

Indeed, ¢ II; * H a if and only if ¢ < {w € C' | w II; o H a}, that is,
c<{weC|(3(z,y) € Ax B) wH(z,y) & (x,y) < {(z,y) | z < a}}

Thus, by function continuity we obtain ¢ < {w € C |w < H-({(z,y) | z < a})}
and hence ¢ < H~ ({(z,y) | < a}) follows by transitivity. The proof of the
other implication is completely similar.

We can now proceed with the proof of validity of the equations.

e We have to prove that IT; x (F, G) = F, namely, for any ¢ € C and a € A,
¢ Iy *x (F,G) a if and only if ¢ F' a. The right to left implication can be
proved as follows. Suppose that cFa holds. Then, by function totality for
G, there exists an element b € B such that ¢Gb. Thus ¢(F, G)(a, b) follows.
Moreover, (a,b)II;a trivially holds and hence we obtain that ¢ IT;o(F, G) a.
Thus the result is immediate since IT; o (F, G) C II; * (F,G).
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Now, let us prove the other implication. Suppose that ¢ II; x (F,G) a.
Then, the observation above shows that ¢ < (F,G)~ ({(x,y) | ¢ < a}) and
hence we obtain cFa by saturation since ¢ << F~({a}) follows by reflexivity
and transitivity because we can prove that

(F,G)"({(z,y) | <a}) C F~({a})

Indeed, suppose that we(F,G)~ ({(z,y) | * < a}). Then, there exists
(z,y) € A x B such that w(F,G)(z,y) and z < a. Thus wFz follows
and hence we obtain wFa by weak-continuity for F'. So, we conclude
weF~({a}).

We have to prove that Iz * (F,G) = G. Completely analogous to the
previous point.

We have to prove that for any continuous relation H between C and A x B,
<H1 *H,Hg *H> = H.

It is immediate to check that if ¢cH(a,b) then ¢ (Ily * H,IIs x H) (a,b).
Indeed, (a,b)Iya and (a, b)IIsb clearly hold and hence cH (a, b) yields both
cIlyjoH aand ¢ Iy 0 H b. So, ¢ (Il o H,II3 o H) (a,b) follows since
Hlngﬂl*HandHQOHQHQ*H.

To prove the other implication let us assume that ¢ (IT; * H, Iy « H) (a, b)
holds. Then both ¢ Iy * H a and ¢ Il « H b follows and hence by
the previous observation we obtain both ¢ < H~({(z,y) | + < a}) and
c<t H ({(z,y) | y < b}). Thus

caH ({(z,y) |z <a}) < H ({(z,9) [y < b})

follows by <-right. Now we can conclude cH(a,b) by saturation since
¢ <t H= ({(a,b)}) follows by transitivity because we can prove that

H™({(z,y) [z <a}) < H ({(z,y) |y < b}) < H™ ({(a,)})

Indeed, let us suppose that

wel ™ ({(z,y) |z <a}) l< H ({(z,y) | y < b})

Then, there is both an element wy € C such that w < wy, w1 H(z1,y1)
and 1 < a for some element (z1,y1) € Ax B and an element wy € C such
that w < way, weH (x2,y2) and yo < b for some element (z2,y2) € A X B.
Hence wH (x1,y1) and wH (z2,y2) follow by <-saturation and hence, by
function <-convergence we obtain w << H™ ((z1,y1) |< (z2,¥2)). Consider
now any element (s,t)e(x1,v1) l< (x2,92). Then (s,t) < (z1,31) and
(s,t) < (x2,y2) and hence s < x; and ¢t < yy. So, by <-left we obtain
s < a and t < b which yield that (s,t) < (a,b) by lemma 2.34, that is, we
proved that (z1,y1) | < (z2,y2) < (a,b). Hence H™ ((z1,y1) l< (22,y2)) <
H~((a,b)) follows by lemma 2.8 and thus we obtain w << H~ ({(a,b)}) by
transitivity.
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Thus, we proved the main theorem of this section.
Proposition 2.37 FTop; and FTop;™ are cartesian.

Indeed, we gave all the definitions and developed all of the proofs above
without using at all the positivity predicate of A x B and hence the same proofs
work both for FTop; and FTop;™ .

2.6.1 Properties on top element and positivity predicate

Note that all the proofs and definitions in the previous section do not require
the presence of the top-element. Thus such proofs apply also when one uses
a definition of formal topology which does not consider the top element as,
for instance, in [CSSV03]. But, note that function totality, which is crucial to
prove the validity of one of the equations, can be justified only by assuming the
existence of the top-element.

Moreover, some of the definitions can be simplified when the top element or
the positivity predicate are present. We will use such simplified definitions in
the following sections.

Lemma 2.38 Let A and B be inductively generated formal topologies. Then,
for any a,c € A and b,d € B,

(a,0) Iy ¢ iff (a,b) <axp (¢, TB)
(a,b) I d iff (a,b) <axp (Ta,d)

Proof. We prove only the first of the two equivalences being the second com-
pletely similar. Let (a,b) € A x B and ¢ € A and suppose that (a,b)II;c
holds. Then (a,b) < {(z,y) € AXx B | * < ¢}. Now, we can conclude
(a,b) < (¢, Tp) by transitivity since {(z,y) € Ax B | ¢ < ¢} < (¢, Tp).
Indeed, let (z,y)e{(z,y) € Ax B|z <c}. Then z < c and y < T g and hence
(z,y) < (¢, Tp) by lemma 2.34.

On the other hand, (¢, Tp)e{(z,y) € A x B | x < ¢} and hence (a,b) <
(c, Tp) yields (a,b) < {(z,y) € Ax B | z < ¢} by using first reflexivity and
hence transitivity.

We show now that the use of the positivity predicate allows to state and
prove some attended properties on the binary product of inductively generated
formal topologies.

Lemma 2.39 Let A and B be inductively generated formal topologies, a be a
positive element of A, b be a positive element of B and V' be a subset of AX B and
suppose that (a,b) <axp V holds. Then, a <iax 71 (V) and b <p m2(V'), where
m(V)={a€ A| (3be€ B) (a,b)eV} andm(V)={be B| (Ja € A) (a,b)eV}.

Proof. Since the product topology of two inductively generated formal topolo-

gies is inductively generated too, we can develop a proof by induction on the
length of the derivation of (a,b) <axp V.
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o (reflexivity) Suppose (a,b) < V because (a,b)eV. Then aemi(V) and
bema (V). Hence a < w1 (V) and b <1 mo (V) follow by reflexivity.

e (infinity) Two cases have to be considered.

— Suppose (a,b) <V because j € J(a) and C(a,j) x {b} <V, that is,
for every zeC(a, j), (x,b) <t V. Then, for every element xeC/(a,j)"
we have (x,b) < V. Hence, by inductive hypothesis we obtain both
x <47 (V) and b < m2(V). Thus, a < w1 (V) follows by transitivity,
since a <1 C(a, j)*, and b < mo(V) follows because by monotonicity
Pos4(a) yields that C(a,j)" is inhabited.

— Suppose (a,b) < V because k € K(b) and {a} x C(b,k) < V. The
proof of this case is completely similar to the previous one.

o (<-left) Suppose (a,b) < V because (a/,b’) < V and (a,b) < (a’,V’). Then,
by inductive hypothesis, a’ <1 71(V) and ¥ <1 mo(V). But (a,b) < (d’,1)
yields @ < @’ and b < V' and hence a < 71 (V) and b < w2 (V) follow by
<-left.

The previous lemma allows to prove that there is still another equivalent for-
mulation of the projection maps. We wanted to recall it here since the following
ones are the definitions of projection maps used in [SVV96].

Lemma 2.40 Let A and B be inductively generated formal topologies. Then,
for any a,c € A and b,d € B,

(a,b) Iy ¢ iff Posp(b) — a<iac
(a,b) o d iff Posa(a) —b<pd

Proof. Let us prove only the first of the two equivalences, being the second
completely analogous. So, let us suppose that (a,b) II; ¢ and assume both
Pos4(a) and Posp(b). Then, by lemma 2.39, a <4 {z € A | x <4 ¢} and hence
a <14 c follows by transitivity. Hence Posg(b) — a <4 ¢ follows by discharging
first Pos4(a) by positivity and then Posg(b).

To prove the other implication let us assume that Pos((a,b)) holds. Then
Posg(b) follows and hence Posg(b) — a <14 ¢ yields a <14 ¢. So, we obtain that
(a,b)e{(z,y) € Ax B | x <4 c} holds and hence (a, b) II; ¢ follows by reflexivity
and positivity.

2.7 Unary topologies

The main result of this paper is a proof that unary topologies are exponentiable
over inductively generated formal topologies. So, let us recall here the definition
of unary topology.

Definition 2.41 A formal topology (S, T, <, Pos) is called unary if, for any
a€S andU C S, a<U if and only if Pos(a) — (FbeU) a < {b}.
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It is trivial to see that unary formal topologies form a full sub-category of
FTop; we will call unFTop such a sub-category. The definition of unary formal
topology needs to be slightly modified when we work in FTop; ™. Indeed, in this
case, there is no positivity predicate; so, we say that a formal topology (S, T, <)
is unary if, for any a € S and U C S, a < U if and only if (FbeU) a <1 {b}.

Unary topologies are distinguishable among formal topologies because the
collection of their formal points, when it is not empty, forms an algebraic dcpo
with a bottom element (see for instance [Sig90], [SVV96] or [Sam00]). In fact,
supposing that Algi is the category of algebraic dcpos with a bottom element
and Scott-continuous functions [AJ94] enriched with an initial object, we can
prove the following theorem.

Theorem 2.42 The category unFTop is impredicatively equivalent to Alg(i.

Proof. The equivalence functor from unFTop to Alg) is the functor Pt(—),
which associates to a unary formal topology A the collection Pt(.A) of its formal
points and to a continuous relation F' the induced continuous function ¢p as

defined in section 2.4 by setting ¢r(a) = U, ja (a). Let us prove that this
functor is well defined.

In order to check it on the objects, we have to prove that Pt(.A) is an algebraic
dcpo with a bottom element. So, let A be a unary formal topology and suppose
that (a;)ier is a directed family of formal points of A. Then o = (J;¢; o is a
formal point. Indeed, « is clearly not empty and if aca and be« then there are
o; and o such that aca; and bea;. But we assumed that the family I of formal
points is directed and thus there is a formal point «; such that a; C oy and
o C ay. Hence, a,beay, and so there exists ceay, which yields cea, such that
¢ < a and ¢ < b. Finally, if aca and a < U then there exists ¢ € I such that
aca;. Thus, there exists ueU such that ueq; which yields usa.

The second step in the proof is to notice that, in the case of unary formal
topologies, the subset T a = {c € A | a < {c}} is a formal point for any positive
element a € A. Indeed, T a is clearly not empty and if by,bee T a, that is,
a < {b1} and a < {ba}, then aeb; | by and hence there exists ceby | by such
that a < {c}, that is, ce T a. Finally, if be T a and b < U then a < {b} and
hence a <« U. But we are dealing within a unary topology and hence we obtain
that Pos(a) — (JueU) a < {u} and hence Pos(a) yields (JueU) a < {u}, that
is, (Fuel) ue 1 a.

Now, observe that, for any point 3, 8 = Ubsﬁ T b and the union on the right
is directed since beg if and only if T b C 3 and hence if T by C S and T by C 3
then there exists ¢ such that ¢ < {b1}, that is, T by CT ¢, ¢ < {bs}, that is,
TbhaClcand TeCp.

Thus, the formal points whose shape is T b, for bePos,, are the compact
elements in the ordered structure (Pt(A),C). Indeed, if T a C (J;c; B; then
agJ;c; Bi; hence there exists i € I such that agf; and thus T @ € 3;. On the
other hand, suppose that § is a compact formal point, then g8 C Ubeﬁ 1 b yields
that there exists be(3 such that 8 CT b and hence 3 =7 b.

34



So, any formal point § = Ubsﬁ T b is the directed supremum of all the
compact element smaller than it, that is, (Pt(.4), C) is an algebraic depo.

Finally, it is clear that, provided Pos4(T 4) holds, the dcpo (Pt(A), C) has
a bottom element which is the formal point T T 4 since such a formal point is
clearly contained in any other formal point because of point inhabitance and
point splitness.

Let us show now that Pt(—) is well defined also on morphisms. We have
to show that any continuous function ¢z induced by a continuous relation F is
Scott-continuous. But this result is immediate because the topology on Pt(.A)
is a Scott topology. Indeed, the base for such a topology is the family

ext™(a) = {a € Pt(A) | aca}

for a € A. Thus, any open subset O is obtained as union of elements in the
base, namely,
o= U ext™(a)
aglU

Then we have to show that if « C f and o € O then § € O and that if
Uier Bi € O then there exists ¢ € I such that 3; € O. So, let us suppose that
a C B and a € O. Then there exists acU such that a € ext™(a), that is,
aca. Hence, agf3 follows and thus we trivially obtain 8 € ext"(a) which yields
B € O. Let us suppose now that (J,.; 3 € O. Then there exists acU such that
Uicr Bi € extt(a), that is, ae Uics Bi- Thus, there exists ¢ € I such that aegf;,
which yields 3; € ext™®(a) and so 3; € O.

Viceversa, unary topologies allows to present all the algebraic dcpos with a
bottom element (provided that they have a set of compact elements). Indeed,
we can define a functor | (—) from Alg(i to unFTop which maps an algebraic
dcpo with bottom element (D, <, 1) to a formal topology Kp on the set K of
its compact elements, by setting

Pos(a) = True
a<1U = (FbeU)add

Then, Kp is a unary formal topology whose top element is 1 and whose formal
points form an algebraic depo which is isomorphic to (D, <, 1).

The functor | (—) is extended to morphisms by mapping any continuous
function f from the algebraic dcpo D, to the algebraic dcpo D5 to the continuous
relation defined by setting, for any a € Kp, and b € Kp,,

aRpb=f(a)Jb

It is clear that the functors Pt(—) and | (—) establish an equivalence between
the categories unFTop and Alg(i.

It is worth noting that we can obtain a category equivalent to the category
Alg | of the algebraic dcpos with a bottom element if we restrict to unary formal
topologies whose top element is positive.
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2.7.1 Inductive generation of a unary topology

In this section we recall the fact that all the unary formal topologies are induc-
tively generated (see [CSSV03]). While it is obvious that this result trivially
holds from an impredicative point of view, it is interesting to note that a pred-
icative proof requires the use of the axiom of choice which is an immediate
consequence of the definition of ¥-type in Martin-Léf’s Type theory [Mar84].

Theorem 2.43 Let A be a unary formal topology in FTop;. Then A can be
inductively generated.

Proof. We have to furnish an axiom-set for A. Now, by definition, a << U holds
if and only if Pos(a) — (JueU) a < {u}. Thus, by the axiom of choice, there
exists f € Pos(a) — A such that, for any « € Pos(a), f(x)eU and a < {f(z)}.
It is now easy to check that the axiom-set that we are looking for is

I(a) {f : Pos(a) = A | (Vx € Pos(a)) a < {f(z)}}
Cla, f) Im(f)

where Im(f) = {c € A | (3z € Pos(a)) ¢ = f(x)}

The statement above concerns FTop;, but a completely similar result can
be proved within FTop;~ by just substituting the positivity predicate with an
always true proposition. In the rest of this section we will continue to present
our results within FTop; since it is usually more complex to obtain them in the
presence of the positivity predicate but it is easy to check that all we do can be
re-done within FTop; ™.

Given any formal topology (A, <, Pos) it is not difficult to obtain a unary
topology out of it.

Lemma 2.44 Let A= (A, T,<,Pos) be a formal topology and set
a <yn U = Pos(a) — (uel) a < {u}
Then Un(A) = (A, T, <un, Pos) is a unary topology called the unary image of A.

Proof. First of all, we have to check that all the conditions for Un(A) being a
formal topology are satisfied.

e (top-element) We have to show that, for any a € A, a <y, T but this is a
trivial consequence of the fact that a < T.

o (Reflexivity) Suppose acU. Then a < a yields (JueU) a < u, which yields
immediately a <y, U.

o (Transitivity) Suppose a <y, U and U <y, V and assume that Pos(a)
holds. Then there exists ueU such that a < {u} and hence both Pos(u)
and u <y, V follow. Hence there exists veV such that v < {v} and hence
a <1 {v} follows by transitivity. Thus, a <y, V follows by discharging the
assumption Pos(a).
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e (]-right) Suppose a <yn U and a <y, V and assume that Pos(a) holds.
Then there exists ueU and veV such that a < {u} and a < {v}. Then
acU | V and hence there exists zeU | V such that a < {z}; thus we
obtain a <1y, U | V by discharging the assumption Pos(a).

e (monotonicity) Suppose that Pos(a) and a <yn, U holds. Then there exists
uel such that @ < {u} and hence Pos(u) follows by monotonicity.

e (Positivity) Immediate, by logic.

It is now obvious that Un(A) is a unary formal topology.

2.7.2 Embedding in a unary topology

One can prove that any formal topology embeds continuously into its unary
image. This result follows easily after the next lemma.

Lemma 2.45 Let A) = (A, T1,<3,Posy) and Ay = (A, Ty, <9, Poss) be two
formal topologies on the same base A and suppose that, for any a,b € A and
UCA,

a < U
1 U

(cover embedding) (convergence embedding) a |1b<qalad

Then T1 <1 To and, for any a € A, Posi(a) — Posy(a). Moreover, <1 is a
continuos relation between Ay and Ag and, for any point o in Pt(Ay), « is also
a point in Pt(Asy).

Proof. By top element for Ay, T1 <13 To and hence T <1y T follows immedi-
ately by cover embedding. Moreover, for any a € A, a <la a™2. Then, by cover
embedding, a <1 a*? and hence Pos; (a) yields that there exists xea™ such that
Posi (z). But xzea™? yields Posy(a).

It is now straightforward to check that <y is a continuous relation. Indeed,
function totality and function saturation hold trivially. Moreover, function con-
tinuity can be proved as follows. Suppose that ¢ <3 b and b <3 V; then
b <11 V follows by cover embedding and hence we obtain a <1; V' by transitiv-
ity; thus a <117 (V) follows by reflexivity and transitivity since V. C<7 (V).
Finally, also function convergence holds. Indeed, if a <1; b and a <; d then
ag <Q7(b |1 d); now, b |1 d <1 b |2 d holds by convergence embedding and hence
<7 (b 11 d) €1<7(b |2 d) follows by lemma 2.8 which only requires function
continuity of <11 that we already proved; so a <11 <17(b |2 d) follows by reflexivity
and transitivity.

Let us suppose now that o € Pt(A;). Then « is obviously inhabited. More-
over if a,bea then by point convergence there exists cea |1 b such that ceq;
hence ¢ <11 a |1 b and so ¢ <1 a |2 b follows by convergence embedding and
thus, by point splitness, there exists dea |2 b such that dea. Finally, if aea and
a <2 V then a <11 V follows by cover embedding and hence, by point splitness,
there exists an element ceV such that cea.
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In the case of inductively generated formal topologies this lemma can be
simplified as follows.

Corollary 2.46 Let A; = (A, T1,<,<1,Posy) and As = (A, Ta, <, <2, Posy)
be two inductively generated formal topologies, on the same base A and with the
same pre-order relation <, whose axiom-sets are respectively I1(—), Ci(—,—)
and Iy(—), Co(—,—). Then, if, for any a € A and i € I3(a), a <y Ca(a,i) then
<1 s a continuous relation between A; and As.

Proof. After lemma 2.45, to prove the claim it is sufficient to prove that, for
any a,b € Aand U C A, a<a U yields a <; U and a |1 b <y a |2 b.

So, let us suppose that a < U. Then we can prove a <i; U by induction
on the length of the derivation of a <12 U. Indeed, if a <l U has been obtained
by reflexivity from acU then a <1y U follows by reflexivity. If a <3 U has
been obtained by <-left from a < ¢ and ¢ <3 U then, by inductive hypothesis,
we obtain ¢ <17 U and hence a <11 U by <-left. Finally, if a <o U has been
obtained by infinity from Cs(a,i) <1a U then by inductive hypothesis we obtain
Cs(a,i) <11 U and hence a <1y U follows by transitivity since a <11 Ca(a, i) holds
by assumption.

As regard to the second condition, let us note that @ |< b <2 @ |2 b holds
and hence a |< b <1 a |2 b follows since we proved above that cover embedding
holds. Hence a |1 b <1 a |2 b follows by transitivity since a |1 b <1 a [< b
holds.

The following lemma follows immediately.

Lemma 2.47 (embedding) Let A be any formal topology. Then the cover
relation <4 is a continuous relation between A and Un(A).

Proof. We have only to show that cover embedding and convergence embedding
hold. So, let us suppose that a <y, U and assume that Pos(a) holds; then there
exists an element ueU such that a <t v holds. Then a < U follows by reflexivity
and transitivity and hence we can discharge the assumption Pos(a) by positivity,
that is, we proved that a <y, U yields a < U. Finally, for any w € A, w < a
and w < b immediately yield w <y, a and w <y, b; hence a | b C a |y, b and
so convergence embedding follows by reflexivity.

2.7.3 Binary product with a unary formal topology

We present now a lemma that characterizes the topological product of formal
topologies in the case one of them is unary.

Lemma 2.48 Consider the topological product of an inductively generated for-
mal topology C = (C, T, <¢,<c,Posc) and a unary formal topology A =
(A, Ta,<a,<a,Posa) in FTop; and suppose thatc € C,a € A and W C C x A.
Hence, if Posa(a) and (¢,a) <lcxa W hold then there exists a subset Wy of C
such that ¢ <c Wy and, for every wieWy there exists wo € A such that a <\a we
and (wy,ws)eW.
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Proof. The statement is proved by induction on the length of the derivation of
(C, a) <oxa W.

If (¢,a) <cxa W has been obtained from (c¢,a)eW by reflexivity then we
can simply set Wi = {¢} and ws = a and the result is obvious.

On the other hand, if (¢,a) <cxa W follows by infinity then we have to
consider two cases.

o (c,a) <dcxa W follows from {c} x Ca(a,j) <cxa W. Then, since Pos 4(a)
holds and A is a unary formal topology, there exists a positive element
veCa(a,j) such that a <4 {v} and (c,v) <cxa W. Hence, by inductive
hypothesis, there exists a subset W, of C such that ¢ <i¢ W, and for
every wieW, there exists ws € A such that v <4 we and (wy,ws)eW.
Then, to satisfy the statement we put Wy = W, and for every w;eW; we
keep the same element ws since from v <14 {w2} and a <14 {v} we obtain
a <4 {wa} by transitivity.

e (c,a) <gxa W follows from Ce(c, j) x {a} <cxa W. Then ¢ <¢ Ce(c, j)
and, for all ueCc(c,7), (u,a) <oxa W. Then, for every ueCc(c,j), by
inductive hypothesis there exists a subset W, of C such that u <1c W,
and, for every wieW,, there exists wy, € A such that a <14 wsy, and
(w1, way,)eW. Then, we set W7 = UusC’c(c,j) W, and we obtain that, for
every w1eW1, there exists ueCc¢/(c, 7) such that wieW,, and then the result
follows.

Finally, suppose that (¢, a) <gxa W follows by <-left from (c1,a1) <cxa W
and (¢,a) < (c1,a1). Then (¢,a) < (c1,a1) yields @ < ay and hence Pos4(a)
yields Pos 4 (a1) by <-monotonicity. Hence, by inductive hypothesis, there exists
a subset W7 of C such that ¢; <i¢c W1 and for every weW7, there exists wo € A
such that a; <14 wo and (w1, w2)eW. Thus, to obtain the result, we can simply
use the same subset Wj. Indeed, (¢,a) < (¢1,a1) yields ¢ < ¢; and a < a; and
then, by using <-left on the formal topologies C and A respectively, we obtain
both that ¢ <i¢ Wi holds and that for every w;eW; there exists wy € A such
that a <14 wq with (wq, wy)eW.

It is straightforward to check that a statement analogous to the one above
above holds also in FTop;™ by simply substituting the positivity predicate with
an always true predicate. The same holds for all of the statements in the fol-
lowing sections when it is a matter of working in FTop;™ instead that in FTop;.

2.7.4 Continuous relation of a unary formal topology

The definition of continuous relation between formal topologies can be substan-
tially simplified if we restrict our attention to the case of continuous relations
between a unary formal topology and a generic one. This simplification is the
key for the possibility to define the exponential of a unary topology over an
inductively generated one (see section 3.1).
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Proposition 2.49 Suppose A = (A, T 4,<a,Posa) is a unary formal topology
and B = (B, Tp,<p,Posp) is any formal topology. Then a continuous relation
between A and B is a binary proposition aF'b between A and B which satisfies
function totality, function weak-saturation and function positivity, the following
special case of function convergence

Pos(a) aFb aFd
(Jyeb | d) aFy

(unary function convergence)

and the following special case of function continuity

Pos(a) aFb b<pV
(FueV) aFw

(unary function continuity)

Proof. We show that the conditions here are equivalent to the standard ones
when working with unary formal topologies. Indeed, we already observed that
function weak saturation and function positivity are consequences of function sat-
uration. As regard to the validity of unary function convergence, let us suppose
that Pos(a), aF'b and aFd hold. Then, function convergence yield a << F~(b | d)
and hence Pos(a) yields that there exists x € A such that zeF~(b | d) and
a < {x} since A is a unary formal topology. Thus, there exists yeb | d such that
xFy and hence aFy follows by function weak-saturation. Finally, the validity of
unary function continuity can be proved as follows. Let us suppose that Pos(a),
aFb and b < V hold. Then we obtain a < {w | (3veV) wFv} by function
continuity and hence Pos(a) — (Jw € A)(FveV) wFv & a < w follows since A
is a unary formal topology. And it yields (Jw € A)(FveV) wFv & a < w, since
we supposed that Pos(a) holds. Hence we can conclude that (FveV) aFv by
function weak-saturation.

On the other hand, function saturation can be proved as follows: suppose
that a <14 W; then, assuming Pos(a), we obtain that there exists weW such that
a < w, since A is a unary formal topology, and so (YweW) wFb yields wFb and
hence aF'b follows by weak saturation; thus, we can conclude aF'b by function
positivity. Moreover, function convergence can be proved as follows. Suppose
that aFb and aFd and assume that Pos(a) holds. Then, by unary function
convergence there exists yeb | d such that aF'y holds. Hence acF~ (b | d) holds
and it yields a <« F~(b | d) by first using reflexivity and then positivity which
allows to discharge the assumption Pos(a). Finally, also function continuity is
valid. Indeed, if aF'b and b < V then, under the assumption that Pos(a)
holds, we obtain, by unary continuity, that (JveV) aFv and thus acF~(V);
hence a <1 F~ (V) follows by reflexivity and positivity which allows to discharge
the assumption Pos(a).

Note that, even if the domain of a continuous relation is a unary formal
topology we cannot just simplify saturation by requiring only weak-saturation.
In fact, the latter is not sufficient, because it works only for positive elements.
Indeed, recalling that Pos(a) — aFb is equivalent to (Vxea™) xFb, the premise
of the function positivity condition yields aF'b by saturation. Hence saturation
yields both function positivity and weak-saturation and so it is clear that need
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to require both of them to obtain back saturation as we saw in the proof of the
previous lemma.

As we already did in lemma 2.28, the unary continuity condition can be
further simplified if the co-domain formal topology is inductively generated.

Lemma 2.50 Let A be a unary topology, B be an inductively generated formal
topology and F' be a continuous relation between A and BB. Then unary function
continuity is equivalent to

Pos(a) aFb j e J(b)
(FveC(b, 7)) aFv

(unary axiom continuity)

and
Pos(a) aFb b<d

aFd

Proof. First of all, it is obvious that unary axiom continuity and unary <-
continuity are immediate consequences of unary function continuity and <-left.

Vice-versa, we can prove that function unary continuity is a consequence of
the conditions above. Let us suppose that Pos(a), aF'b and b < V. Then unary
continuity can be derived from the conditions here by reasoning by induction
on the length of the derivation of b < V. So, let us assume that b < V has
been derived from beV by reflexivity. Then it is clear that (JveV) aFv holds
by logic. Moreover, if b << V has been derived from C(b, j) < V by infinity then
we can use unary axiom continuity to get that there exists weC(b, j) such that
aFw. Then, by inductive hypothesis, w < V yields that there exists veV such
that aFv. Finally if <-left was used, that is, we proved b < V from b < d and
d <V then the result follows by induction because from Pos(a), aF'b and b < d
we obtain aF'd by using unary <-continuity.

(unary <-continuity)

3 The construction of the exponential object

We are now ready to prove the main result of the paper, namely, the exponen-
tiation of unary topologies over inductively generated ones.

3.1 The exponential topology

In this section, given a unary formal topology 4 and an inductively generated
one B, we show how to build an inductively generated formal topology, that we
indicate by A — B, whose formal points are (in bijective correspondence with)
the continuous relations between A and B.

The basic neighbourhoods of A — B are lists whose elements are couples in
the set Posy x B = {(a,b) € A x B | Posa(a)}. The intended meaning of a list
l € A — B is to give a partial information on a continuous relation R between
A and B. To indicate that the list [ approximates the continuous relation R we
introduce the following definition

RIF1= (Y(a,b)el) aRb
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where the proposition xel is defined by induction on the construction of [ by
setting wenil = False and x¢e(a,b) -1 = (x = (a,b)) V zel.

The reason to consider only couples in Poss x B is that function positivity
guarantees that every non positive element of A is in relation with every element
of B and hence it is useless to keep the information on the non-positive elements
of A.

Since we want to obtain an inductively generated formal topology, in order
to apply the method in section 2.5, we have to introduce also a pre-order relation
among lists. The obvious choice is to set

I <m=(VY(a,b) € Posy x B) (a,b)em — (a,b)el

stating that the list [ is more precise, that is, it is contained into fewer continuous
relations, than the list m. This order relation is a refinement of the reverse sub-
list relation, which states that m is a sub-list of I, because — < — does not
consider the order among the elements in a list and their repetitions.

According to the explanation in section 2.5 we have now to find the axiom-
set that specifies the main properties of the cover relation for the exponential,
then we will add the top-element axiom, successively we will define the suitable
positivity predicate by co-induction, then we will add to the axiom-set so far
obtained the positivity aziom and finally we will generate the cover relation by
induction.

Now, the inspiring idea for the axiom-set is to look for those axioms which
will force a point of the exponential formal topology to be a continuous relation.
Thus, each axiom has to explain how an information [ on a continuous relation
can be made more precise and still be part of a continuous relation. So, we add
a new axiom schema in correspondence with each of the conditions defining a
continuous relation. Meanwhile, we need to justify such axioms. According to
the intended meaning of the cover relation in section 2.2, given an axiom [ < U,
such a justification amounts to show that ext(l) C Ext(U), that is, every formal
point containing [ also contains a basic neighbourhood of U. Recalling that
formal points are expected to be continuous relations, this means that we have
to prove that, for any continuous relation F', if F' I- [ then there exists meU
such that F'IF m.

So we have now a clear plan for finding our axiom-set. In order to keep
the exposition clear, we are not going to formalize the axiom-set completely by
specifying a set I(—) of indexes for every list / and a family C(—, —) of subsets
defining all of the subsets which cover [ by axiom. In fact, we are just going to
write down which subsets have to appear in the family C'(—,—). We hope that
it will be clear how such a formalization can be actually performed.

The first axiom schema that we require is the formalization of function to-
tality, namely, a F' T for any a € A. It is expressed by stating that, for any
l € A — B and any positive element a € A, there is an index k € I(l) such that

(totality axiom) C(l,k)={(a, Tg) 1}

Now, if F'is any continuous relation which contains [, that is, such that (a,b)el
yields aF'b, then it also contains (a, T g) - I, because of function totality.
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The second axiom schema is a formalization of unary function convergence.
This condition states that if Pos(a), aF'b and aFd hold then there exists yeb | d
such that aFy. The corresponding axiom states that, provided (a,b)el and
(a,d)el, there is an index k € I(l) such that

(unary convergence axiom) C(I,k) = {(a,y) 1| yeb | d}

Now, if F' is a continuous relation which contains [ and (a,b)el and (a, d)el then
we get Pos(a), aFb and aF'd; hence by unary convergence there exists yeb | d
such that aF'y; so F' contains (a,y) - l.

The third required condition is weak-saturation, that is, if a < ¢ and cFb
then aF'b. The corresponding axiom states that, provided (c,b)el, Pos(a) and
a < ¢, there is an index k € I(l) such that

(weak-saturation axiom) C(I,k) = {(a,b) -1}

Now, suppose that (c,b)el, Pos(a) and a < ¢ and that F' is any continuous
relation containing [. Then cFb holds and hence a < ¢ yields aF'b by weak-
saturation; so F contains (a,b) - [.

Since we are considering the exponentiation of a unary formal topology A
over an inductively generated one B, we have to consider now axiom unary
continuity and unary <-continuity. The first condition states that if Pos(a),
aFb and j € J(b), where J(b) is the axiom-indexing set for B, then there exists
yeC(b, 7) such that aF'y. The corresponding axiom states that, provided (a, b)el
and j € J(b), there is an index k € I(l) such that

(unary continuity axiom) C'(I,k) = {(a,y) 1| yeC(b,j)}

Now, if F' is any continuous relation which contains [ then (a,b)el yields both
Pos(a) and aFb and hence j € J(b) yields that there exists yeC/(b, j) such that
aFy; so F contains (a,y) - .

Finally unary <-continuity states that Pos(a), aFb and b < d yield aFd.
The corresponding axiom states that, provided (a,b)el and b < d, there is an
index k € I(l) such that

(<-continuity axiom) C(I,k) = {(a,d) -1}

Now, if F' is any continuous relation which contains [, then from (a,b)el we get
Pos(a) and aF'b and hence we conclude aFd by unary <-continuity since b < d.
So F contains (a,d) - l.

It is not too difficult to show that the axioms above form an axiom-set.
However, it is interesting to note that to obtain this result it is necessary that
the formal topology B is inductively generated; indeed the continuity axiom for
a general topology would have required that, provided (a, b)el and b <1 V', there
is an index in I(l) for all the subsets {(a,v) -1 | veV}. But, in general, this
cannot be possible since it would be necessary to quantify over the collection of
all the subsets of B.
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Now, we should add the top-element axiom, namely, for every list [, we
should add a new index for the subset {I} |< {nil}. But we can skip this step
here since, after the exponential formal topology will be generated, I <1 nil will
clearly holds as a consequence by =<-left of [ < nil which obviously holds.

Let us turn now our attention to the positivity predicate. As we already
explained, for its definition we follow the method suggested in section 2.5, that
is, we are going to use the following co-inductive rules:

Pos(l) I =<m
Pos(m)

Pos(l) Pos(a)

Pos((a, T) - 1)

Pos(l) (a,b)el (a,d)el

(Jyeb | d) Pos((a,y) - 1)

Pos(l) Pos(a) a<ic (cb)el
Pos((a,b) - 1)

Pos(l) (a,b)el j e J(b)

(ByeC(b, 7)) Pos((a,y) - 1)

Pos(l) (a,b)el b<d

Pos((a,d) - 1)

(=-monotonicity)

(totality positivity)

(unary convergence positivity)

(weak-saturation positivity)

(unary continuity positivity)

(<-continuity positivity)

It is worth noting that we did not add the co-inductive rule for the top
element axiom since we did not to add such an axiom.

After the definition of the positivity predicate, in order to force positivity to
hold for the cover relation, for every list [, we have to add to the axiom-set so
far obtained a new index * and a new subset, namely

(positivity axiom) C(I,%)={m € A— B|m =1 & Pos(m)}

Thus we completed the definition of the axiom-set for the formal topology
A — B and it is not too difficult to verify that such an axiom-set satisfies the
localization condition of section 2.5. So we can finally generate by induction the
formal topology A — B whose cover relation satisfies the following conditions:

(top-element axiom) I < nil
(totality axiom) l<a(a,Tp)-1

(unary convergence axiom) [ < {(a,y)-1|yeb | d}
if (a,b)el and (a,d)el

(weak saturation axiom) l<(a,b)-I
if (¢,b)el, Pos(a) and a <14 ¢

(<-continuity axiom) l<(a,d)-1
if (a,b)el and b < d

(unary continuity axiom) I <1{(a,y)-1|yeC(b,j)}
if (a,b)el,j € J(b)
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3.1.1 Some immediate lemmas on the exponential

In this section we prove some lemmas which are immediate consequence of the
definition of exponential topology and that we will use in the following.

Lemma 3.1 Letl € A — B, (¢,b)el, Pos(a) and a <14 c. Then
I <Qa-p (a,b) - nil

Proof. From (c,b)el, Pos(a) and a <14 ¢, by weak-saturation axziom, we obtain
l <a—p (a,b) - 1. Then we conclude I <a_.p5 (a,b) - nil by transitivity since, by
<-left, we get (a,b) -l <a_p (a,b) - nil from (a,d) -1 = (a,b) - nil.

Lemma 3.2 Letl € A — B, (a,b)el and b < d. Then
I <a—p (a,d) - nil

Proof. From (a,b)el, and b < d we obtain | <45 (a,d) -l by <-continuity
aziom. Then we conclude | <45 (a,d) - nil by transitivity since, by <-left, we
get (a,d) -l <a-p (a,d) - nil from (a,d) -1 < (a,d) - nil.

Let us recall now the operation of appending two lists since we are going
to use it in the next lemmas: given two lists m; and my in A — B we will
write mq - ms to mean the result of appending the list m to the list ms and,
given two subsets U, Uy C A — B, we will write Uy - Uy to mean the subset
U1 . U2 = {m1 - Mo | m1€U1 & m2€U2}.

Lemma 3.3 Letl € A — B and Uy,Us C A — B. Then the following condi-

tion holds:
< U I < Us

l<U;-Us

Proof. The premises of --right yield | < Uy |< Uy by =-right. Then, we
conclude [ <1 Uy - Uy by transitivity since Uy |< Uz < Uy - Uz. Indeed, for any
leUy |< Uy, there exist u;eU; and ugeUs such that | < uy and [ < up. Thus,
[ < uy - ug and hence [ <1 uy - us follows by <-left and hence | < U; - Us.

(-right)

Lemma 3.4 Let F be a continuous relation from C to A — B. Then the fol-
lowing condition holds, for any c € C and any l1,ls € A — B,

CFll CFZQ
CFll-lg

Proof. Since ¢ F Iy and ¢ F Iy we get ¢ < {w € C | (3lely | l2) wFl} by
function convergence. Now, for any w € C such that wF[ and lely | l5, we get
I <1y - ly by lemma 3.3, since | < {7 and [ <1 [y, and hence w F' [y - I follows by
weak-continuity. Thus, we conclude ¢ F' [y - I by saturation.

Even if the axioms for the exponential topology A — B that we introduced
use directly the particular axiom-set used to generate the formal topology B,
the next two lemmas show that the resulting topology does not depend on these
particular axiom-set but on the cover of .
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Lemma 3.5 Let A be a unary formal topology and B an inductively generated

one. Then, for any list | € A — B, the following condition holds

Pos(l) (a,b)el b<pV
Guel) Pos((a.y) 1

(generalized unary continuity positivity)

Proof. The proof goes on by induction on the generation of b <ig V.

e If b < V has been obtained by reflerivity, then the result follows imme-
diately by <-continuity positivity since b < b.

e If b <ip V has been obtained by <-left from b < d and d < V, then
Pos((a,d) - 1) follows by <-continuity positivity. Then by inductive hy-
pothesis we obtain (JyeV') Pos((a,y) - (a,d) - 1) and so we can conclude
(JyeV) Pos((a,y) - 1) by =-monotonicity since (a,y) - (a,d) -1 < (a,y) - L.

e If b < V has been obtained by infinity from Cpg(b,j) <p V, then
(3yeCp(b, 7)) Pos((a,y) - 1) holds by unary continuity positivity. Now, by
inductive hypothesis, from Pos((a, y)-1) we get (FzeV') Pos((a, z) - (a,y)-1)
and hence we conclude (FzeV') Pos((a,z) - 1) by =-monotonicity since
(a,2) - (a,y) -1 =< (a,2) 1.

Lemma 3.6 Let A be a unary formal topology and B be an inductively generated
one. Then, for any listl € A — B and any (a,b)el, if b <p V then

(unary continuity cover) [ <ia—p {(a,y)-1|yeV}

Proof. The proof goes on by induction on the generation of b <ip V.

e If b < V has been obtained by reflezivity then (a,b) - le{(a,y) -1 | yeV'}.
Hence (a,b)-1 < {(a,y)-1 | yeV} follows by reflexivity and hence we obtain
I Qa—p {(a,y) 1| yeV} by transitivity since | < (a,b)-1 yields ! < (a,b)-l.

e If b << V has been obtained by <-left from b < d and d <ig V, then, by
inductive hypothesis, we obtain (a,d)-l <a_.p {(a,y)-(a,d)-l | yeV}. Now,
for any yeV, (a,y) - (a,d) -1 <X (a,y) -1 yields (a,y) - (a,d) -l <a—p (a,y) -1
and hence (a,d) -l <a—p {(a,y) -1 | yeV} follows by transitivity. But
b < dyields | <a—p (a,d) -1 by <-continuity axiom. So, we conclude
I <Qa—p {(a,y) - 1| yeV} by transitivity.

e If b < V has been obtained by infinity from Cpg(b,j) < V, then, for
every zeCp(b,j), (a,2) -1 <ap {(a,y)(a,z) 1| yeV} holds by inductive
hypothesis. Observe now that, for any yeV, (a,y)-(a,2)-l = (a,y)-1 yields
(a,y)-(a,2)-l <a—p (a,y)-1. Hence (a,z)-l <a—p {(a,y)-1 | yeV} follows
by transitivity. Now, (a,b)el and hence, by unary continuity aziom, we get
I Qa—p {(a,2)-1| z2Cp(b,7)} and so we conclude ! <45 {(a,y)-l | yeV'}
by transitivity.
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3.1.2 Embedding of exponential topologies

Thanks to the lemmas of the previous section we can prove the following em-
bedding lemma.

Proposition 3.7 The exponential A — B of a unary formal topology A over an
inductively generated formal topology B embeds into the exponential A — Un(B)
via the cover relation — <\ —.

Proof. After corollary 2.46, the claim is a consequence of proving that, for
any le A— B andj S IA—>Un(B)(l)a |l <a_pB CA—»Un(B)(la.j) holds. This is
immediate for all the axioms in the axiom-set of A — Un(B), except for the
positivity ariom and unary continuity axiom.

To prove that the result holds for the positivity axiom, namely to prove that

I <amp{m e A — B|Posy_yspy(m) &m =1}

holds, it is enough to observe that Posa_.p(l) yields Poss_uyn(p)(l). Now, this
fact can be proved by co-induction by observing that Q (1) = Posa_ g(I) satisfies
all the co-inductive conditions defining Pos_,yn(p)(l). Indeed, this result is
immediate for all of the conditions except for the wnary continuity positivity
condition that can be proved as follows. First, observe that if Iy,z)(—) and
Cun()(—, —) is the axiom set of Un(B) then, for any b € B and j € Iynp)(b),
b <ip Cuyns) (b, j). Then unary continuity positivity follows by lemma 3.5.

Finally, observe that the validity in A — B of the unary-continuity axiom of
A — Un(B), that is,

! <4A-B {(aay) -l ‘ ysCUn(B) (bv.])}

follows by lemma 3.6 since, for any b € B and j € Iyn(p)(b), b < Cuns)(b, j)-

After this proposition and lemma 2.45, it follows that the formal points of
A — B are also formal points of A — Un(B). Since in the next section we will
prove that the collection of the formal points of A — B is in bijection with the
collection of the continuous relations between A and B, this embedding means
that continuous relations between a unary formal topology A and any induc-
tively generated formal topology B form a subcollection of continuous relations
between A and Un(B), as expected.

3.2 Bijection between points and relations

In this section we prove that there is a bijective correspondence between the
continuous relations between a unary formal topology A and an inductively
generated one B and the formal points of the formal topology A — B. It is
clear that this result is an immediate consequence of the bijective correspondence
between the collection of the formal points of the formal topology A and the
morphisms between the terminal formal topology 7 and A that we proved in
section 2.4.2 and the proof that, for any unary formal topology A and any
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inductively generated formal topology B, the formal topology A — B is the
exponential of A and B that we will show in the next sections. However, we
decided to insert here a direct proof since we think that it is more straight and
perspicuous to understand how the axioms for the exponential have been found.

In order to simplify the proof of the next theorem 3.9, it is useful to observe
first that the following lemma holds. It suggests how to get rid of the positivity
predicate when we define the continuous relation associated with one formal
point of A — B, that is, it allows to use the same definition both in FTop; and
FTop; ™.

Lemma 3.8 Let A be a unary formal topology and B be any inductively gen-
erated formal topology. Suppose that a € A, b € B and ® € Pt(A — B). Then
Pos(a) — (a,b) - nile® if and only if a < {c € A (¢,b) - nile®}.

Proof. One direction is trivial: if Pos(a) — (a,b) - nile® then, assuming that
Pos(a) holds, we get ag{c € A | (¢,b)-nile®} and hence a < {c € A | (¢, b) nile®@},
with no assumption, follows by reflerivity and positivity. In order to prove the
other implication, let us suppose that a < {¢ € A | (¢,b) - nile®@} holds. Then,
supposing that Pos(a) holds, one deduces that there exists an element ¢ € A
such that both (¢, b) - nile® and a < ¢ hold since A is a unary formal topology.
So, (¢,b)e(c,b) - nil, Pos(a) and a < ¢ yield (¢,b) - nil < (a,b) - nil by lemma 3.1.
Hence (¢, b) - nile® yields (a,b) - nile® by point splitness.

Now we can prove the main theorem of this section.

Theorem 3.9 Let A be a unary formal topology and B be an inductively gen-
erated formal topology. Then there exists a bijective correspondence between the
collection of the formal points of A — B and the collection of the continuous
relations between A and B.

Proof. Let us begin by defining the continuous relation Rg associated with the
formal point ® € Pt(A4 — B):

aRsb=a<{ce A| (cb) - niled}
Then we have to prove that Re is a continuous relation between A and B.

e (function totality) We have to prove that, for every a € A, aRe T g holds.
So, let us assume that Pos(a) holds. Then the result is immediate since
(a, Tg) - nile® follows by point splitness because nile® holds by point in-
habitance and nil < (a, T g) - nil by totality aziom.

e (unary function convergence) Suppose that aReb, aRed and Pos(a) hold.
Then we have to prove that there exists yeb | d such that aRgy. By
lemma 3.8, the assumptions yield (a,b) - nile® and (a, d) - nile® and hence,
by point <-convergence, there exists a list [ such that both I < (a,b) - nil,
I < (a,d) - nil and le®. Then (a,b)el and (a,d)el and hence I < {(a,y) -1 |
yeb | d} follows by wunary convergence axiom. Then, by point splitness,
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it follows that there exists yeb | d such that (a,y) - le® and thus also
(a,y)-nile® since (a,y)-l < (a,y)-nil is a consequence of (a,y)-l < (a,y)-nil
by <-left. So, by lemma 3.8, aRsy holds.

e (function weak saturation) Suppose that a <14 ¢ and cRgeb. Then we get
c<t{x € A (x,b)-nile¢} and hence a < {x € A | (z,b) - nileg} follows by
transitivity, that is, aRgb holds.

e (unary axiom continuity) Suppose that aRgb, Pos(a) and j € J(b) hold.
Then, by lemma 3.8, (a,b) - nile®. Moreover, by unary continuity axiom,
(a,b) - nil < {(a,y) - (a,b) - nil | yeC(b,j)} holds and hence there exists
yeC(b, 7) such that (a,y) - (a,bd) - nile® by point splitness. But then also

(a,y) - nile® follows since (a,y) - (a,b) - nil < (a,y) - nil is a consequence of

(a,y) - (a,b) - nil < (a,y) - nil by <-left. So, by lemma 3.8, aRey holds.

e (unary function <-continuity) Suppose that aRgb, Pos(a) and b < d hold.
Then (a, b)-nile® follows immediately by lemma 3.8. Hence, by lemma 3.2,
b < d yields (a,b) - nil < (a,d) - nil since (a,b)e(a,b) - nil. So, by point
splitness, (a,d) - nile® follows, that is, aRgd holds.

e (function positivity) Immediate by positivity for the cover.

The definition of the point ® i associated to the continuous relation R is the
following:
ledr iff RIFI

It is not difficult to prove that ®p is indeed a formal point:
e (point inhabitance) nile® g because R IF nil holds by logic.

o (point <-directness) Let us assume that le®r and me®p; then R IF [ and
R IF m and hence there exists a list k, namely, [ - m, such that k£ < [,
k <m and R I k which yields ke®R.

e (point left-closure) Let us assume that le®r and [ < m. Then, by hypoth-
esis R IF [ and hence R I- m follows trivially by logic. Thus me®p.

e (point inductive splitness) Let us argue according to the shape of possible
axioms.

— (axiom totality) Suppose that le®p holds and that I < (a,T) - I.
Then R I [ holds by definition and aRT holds by function totality
and hence R (a, T) -1, that is, (a, T) - le® g, follows.

— (axiom unary convergence) Suppose le®r and [ < {(a,y) 1 | yeb | d}
because (a,b)el and (a,d)el. Then R IF [ and so aRb and aRd hold.
Hence, there exists yeb | d such that aRy by convergence. Thus
RIF (a,y) -1 and hence (a,y) - lePg.

— (weak-saturation axiom) Suppose le®g and | < (a,b) - | because
(c,b)el, Pos(a) and a < ¢. Then R IF 1 and hence cRb. So aRb follows
by weak-saturation and hence R IF (a,b) - I, that is, (a,b) - lePg.
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— (unary continuity axiom) Suppose le®r and I < {(a,y)-1 | yeC(b,j)}
because (a,b)el and j € J(b). Then R IF [ and hence aRb holds.
Moreover, Pos(a) holds since (a,b)el, and hence j € J(b) yields that
there exists yeC'(b, j) such that aRy holds by unary continuity axiom.
So R IF (a,y) - I holds and hence (a,y) - le®Pg.

— (<-continuity axiom) Suppose le®r and [ < (a,d) - I because (a, b)el
and b < d. Then R IF [ and hence aRb holds. But also Pos(a) holds
and hence b < d yields aRd by unary <-continuity. So, R IF (a,d) -1
holds and hence (a,d) - le®p.

— (positivity axiom) Suppose le® . We have to prove that there exists
mel™ such that me®g. To this aim we show by co-induction that
Pos(l) holds. Set @Q(m) = R IF m. Then Q(m) satisfies all the
conditions for the positivity predicate. Indeed,

* (<-monotonicity) If R I m and m =< k then R I- k trivially
follows.

x (totality positivity) Assume that R IF m and Pos(a) hold. Now,
for any a € A, a R T holds by function totality and hence R IF
(a, T) - m follows.

* (unary convergence positivity) Assume that R IF m, (a,b)em and
(a,d)em. Then aRb, aRd and Pos(a) follows and hence, by unary
convergence, there exists yeb | d such that aRy. Thus, by using
again R Ik m, we conclude that R IF (a,y) - m.

% (weak-saturation positivity) Assume that R |- m, Pos(a), a < ¢
and (¢,b)em hold. Then, ¢Rb follows and hence we can obtain
aRb by weak-saturation. We conclude R IF (a,b) - m since R IF m
holds by hypothesis.

* (unary continuity positivity) Assume that R IF m, (a,b)em and
j € J(b) hold. Then aRb and Pos(a) follows and hence, by
unary continuity, there exists yeC'(b,j) such that aRy. Thus
RIF (a,y) - m follows by using again R I- m.

* (<-continuity positivity) Assume that R I m, (a,b)em and b < d
hold. Then, we get aRb and Pos(a) and so aRd follows by <-
continuity. Hence, we conclude R I (a,d) - m by using again
RIFm.

Now le® g yields R IF I, that is, Q(I) holds, and hence Pos(l) follows
by the maximality of Pos(—).

To conclude the proof we have only to show that the two constructions are one
the inverse of the other. Indeed

aRp,b i a<{ce Al (cb) niledp}
by lemma 3.8 iff Pos(a) — (a,b) - nile®p
iff Pos(a) — F IF (a,b) - nil
iff Pos(a) — aFb
by function positivity iff aF'b
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Moreover,

le®p, iff Ryl
it (V(a,b)el) aRyb
ifft  (V(a,b)el) a <{ce A (c,b)-nilel}
by lemma 3.8 iff ( (a,b)el) Pos(a) — (a,b) - nile®
it (Y(a,b)el) (a,d) - nileV
ifft leV

where the last but one step holds because the first component of each element
of [ is positive while the last step is proved as follows. If leW then, for each
(a,b)el, (a,b) - nileW follows by point splitness because I < (a, b) - nil follows from
I < (a,b) - nil by <-left. To prove the other implication observe that if, for all
i=1,...,length(1), (a;, b;)el yields (a;, b;)-nileW; then by point convergence there
exists a list k such that keU and, for any i = 1,...,length(l), k& < (a;,b;) - nil.
Then k = [ and hence by =<-left we obtain k£ <1l and thus leV¥ follows by point
splitness.

3.3 Application and abstraction

In this section we show that the formal topology introduced in the previous
section is the exponential of a unary topology over an inductively generated
formal topology. From a categorical point of view this means that, for any
unary topology A the functor — x A : FTop; = FTop; has got a right adjoint
A — — : FTop; = FTop;. Equivalently, this amounts to define, for any unary
topology A and any formal topology B in FTop;, an application relation Ap
between (A — B) x A and B such that for any continuous relation F' between
C x A and B there exists a continuous relation A(F'), called abstraction of F,
between C and A — B such that, for any continuous relation G between C and
A — B, the following equations are satisfied

F
G

Ap * (A(F) =TIy, I,)
A(Ap * (G x 111, I15))

Letle A— B,a € Aandb e B. Then, we propose the following definitions
for the application and the abstraction:

(l,a) Ap b
cA(F) 1

Pos(a) — (I < (a,b) - nil)
(V(a,b)el) (¢,a)Fb

In the next sections we will prove that they are continuous relations and
that the required equations hold.

3.3.1 The application

The next lemma states that the candidate relation for application is a continuous
relation.
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Lemma 3.10 Let A be a unary topology and B be an inductively generated one.
Then Ap is a continuous relation.

Proof. We have to check that all of the required conditions hold.

o (function totality) Let a € A and [ € A — B. Then, we need to prove
that (I,a)ApT g, that is, Pos(a) — (I < (a, Tg) - nil). Since I < nil, by
=<-left we get I < nil. Then, supposing Pos(a), by aziom totality we obtain
nil < (a, T ) -nil and hence I <1 (a, T g) - nil follows by transitivity. Finally,
we conclude by discharging Pos(a).

e (function convergence) Suppose (I,a) Ap b and (I,a) Ap d. Then, we
have to show that (I,a) < Ap~ (b | d). To this aim let us assume that
Pos(a) holds. Then, we get both I < (a,b) - nil and I < (a,d) - nil. Hence,
I < {(a,b)-nil} |< {(a,d)-nil} follows by <-right and so, by lemma 2.34,
we obtain (a,l) < {a} x {(a,b)-nil} |< {(a,d)-nil}. Thus, we can conclude
by transitivity provided we prove that ({(a,b) - nil} | {(a,d) - nil}) x {a}
is covered by Ap~ (b | d). To this aim, let us consider any couple (z,a) €
(A — B) x A such that z < (a,b) - nil and = < (a,d) - nil. Then, (a,b)ex
and (a,d)ex and thus z < {(a,y) - = | yeb | d} by unary convergence
ariom. But, for any yeb | d, (a,y) - x < (a,y) - nil follows by =<-left
from (a,y) - = < (a,y) - nil. Then, 2 < {(a,y) - nil | yeb | d} follows by
transitivity and hence we obtain (x,a) < {(a,y) - nil | yeb | d} x {a} by
lemma 2.34. Observe now that any couple ((a,y) - nil,a) belongs to the
subset Ap~ (b | d), since (yeb | d) Pos(a) — (a,y) - nil < (a,y) - nil clearly
holds, and hence (z,a) << Ap~ (b | d) follows by reflexivity and transitivity.

e (axiom continuity) Suppose (I,a) Ap b and j € J(b). Then, after assuming
Pos(a), we obtain I < (a,b) - nil. Then, by unary continuity axiom we get
(a,b) - nil < {(a,y) - (a,b) - nil | yeC(b,7)}. Since, for any yeC(b,j), we
obtain (a,y) - (a,b) - nil < (a,y) - nil from (a,y) - (a,d) - nil < (a,y) - nil
by =<-left, we conclude (a,b) - nil < {(a,y) - nil | yeC(b, j)} by transitivity.
So, we obtain I < {(a,y) - nil | yeC(b,5)} by transitivity and hence we
can deduce (I,a) < {((a,y) - nil,a) | yeC(b,j)} by lemma 2.34. Thus
(I,a) < Ap~ (C(b, j)) follows by transitivity since {((a,y)-nil,a) | yeC(b, )}
is a subset of Ap™ (C(b, 7)).

e (function <-continuity) Suppose (I,a) Ap b and b < d and assume that
Pos(a) holds. Then, I < (a,b) - nil follows. Now, by lemma 3.2, b < d
yields (a,b) - nil < (a,d) - nil and so we obtain | < (a,d) - nil by transitivity.
Finally, we conclude (I,a) Ap d by discharging the assumption Pos(a).

o (axiom saturation) We have to show that if £ € J((I,a)) is an index for
an axiom of the product topology and, for any yeC((l,a), k), y Ap b holds
then also (I,a) Ap b holds. We will argue according to the shape of the
considered axiom.

Axioms whose shape is (I,a) < C(l,7) x {a}:
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— (totality ax., weak-saturation ax., <-continuity ax.) Suppose that
(m,a) Ap b holds and that I << m has been obtained by applying one
of the considered axiom. Moreover, assume that Pos(a) holds. Then,
m < (a,b) - nil and hence I <1 (a,b) - nil follows by transitivity. Thus,
by discharging the assumption Pos(a), we obtain (I,a) Ap b.

— (unary convergence axiom) Suppose that | < {(c,y) -1 | yedy | d2)}
holds because (c¢,d;)el and (c,dg)el. Moreover, suppose that, for
every yed; | da, ((¢,y) - l,a) Ap b holds and assume that Pos(a)
holds. Then, for any yedy | da, from ((c,y) - I,a) Ap b we obtain
(c,y) -1 < (a,b) - nil. Hence, I < (a,b) - nil follows by transitivity.
Thus, we obtain (I,a) Ap b by discharging the assumption Pos(a).

— (unary continuity axiom) Suppose | < {(c,y) -1 | yeC(d, j)} because
(c,d)el and j € J(d). Moreover, suppose that, for every yeC(d, j),
((eyy) - l,a) Ap b and assume that Pos(a) holds. Then, for any
yeC(d, j), from ((c,y)-1,a) Ap b we obtain (¢, y)-l < (a,b)-nil. Hence,
1 < (a,b) - nil follows by transitivity. Thus, we obtain (I,a) Ap b by
discharging the assumption Pos(a).

— (positivity axiom) Suppose (z,a) Ap b for every xel™ and let us as-
sume that Pos(a) holds. Then, for any zelt, we obtain z < (a, b) - nil
and so I < (a,b) - nil follows by transitivity since | <1 IT. Thus
(I,a) Ap b follows by discharging the assumption Pos(a).

Axioms whose shape is (I,a) < {l} x C(a, j):

— Let us assume that Pos(a) holds. Then there exists an element
ceC(a, j) such that a < ¢, since A is a unary formal topology, and
hence Pos(c) holds by monotonicity. Recalling now that (I,¢) Ap b
holds by hypothesis we obtain that I <1 (¢,b) - nil. But, a < ¢ yields
(¢,b) -nil < (a,b) - nil by lemma 3.1 and hence ! < (a, b) - nil follows by
transitivity. So, we obtain (I,a) Ap b by discharging the assumption
Pos(a).

e (<-saturation) We have to prove that if (I,a) < (m,¢) and (m, ¢) Ap b then
(I,a) Ap b. First, note that (I,a) < (m,c) yields a < ¢ and I < m. Now,
let us suppose that both Pos(a) and Pos(l) hold. Then, Pos(a) yields
Pos(c) by <-monotonicity and hence (m,c) Ap b yields m < (¢,b) - nil.
Therefore, I < (¢, b) - nil follows by <-left. Moreover, by lemma 3.1, a < ¢,
which is a consequence of a < ¢, yields (¢,b) - nil < (a,b) - nil and hence
we get | < (a,b) - nil by transitivity and we can discharge the assumption
Pos(l) by positivity. Finally, we conclude (I,a) Ap b by discharging also
the assumption Pos(a).

3.3.2 The abstraction

Now we have to prove that the abstraction of a continuous relation is a contin-
uous relation.
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Lemma 3.11 Let A be a unary formal topology and C and B be generated
formal topologies. Suppose that F' is any continuous relation between C x A and
B. Then A(F) is a continuous relation between C and A — B.

Proof. Let us check that all of the required conditions are satisfied.
e (function totality) ¢ A(F) nil is immediate by intuitionistic logic.

o (function convergence) If ¢ A(F) [ and ¢ A(F) m then (V(a,b)el) (c,a)Fb
and (V(a,b)em) (¢,a)Fb. Thus, (V(a,b)el-m) (¢,a)Fband so ¢ A(F) l-m.
Hence, ce{w € C | (Fkel | m) w A(F) k}, since [ - mel | m because
l-m<landl-m <m follow by =-left from [ -m <[ and [ - m < m. So,
c<t{w e C| (Fkel | m) w A(F) k} follows by reflexivity.

e (continuity axiom) We have to check that if ¢ A(F) [ and j € J(I) then
¢ << A(F)~(C(l,7)) holds for all the possible axioms indexed by J(I).

— (totality axiom) We have to show that, for any positive element a of
A, cis covered by the subset {w € C' | w A(F) (a, T g)-1}. This result
follows immediately by reflexivity since ce{w € C' | e A(F') (a, Tp)-1}
because, for all (x,y)e(a, T g)-1, (¢, z)Fy holds; indeed, for all (z, y)el,
(¢, z)Fly holds by assumption and (¢, a)F'T g holds by function total-
1ty.

— (unary convergence axiom) We have to show that, provided (a, b)el

and (a, d)el hold, then ¢ < A(F)~ ({(a,y) -1 | yeb | d}) follows, that
is, c < {w € C | (Fyeb | d) w A(F) (a,y) - l}. Now, cA(F)I yields
(¢,a) F'band (¢,a) F'd and hence (¢,a) << F~(b | d) follows by unary
convergence. Note now that Pos(a) holds since (a,b)el and A is a
unary formal topology. Thus, by lemma 2.48, we can find a subset
W7 of C such that ¢ <i¢ Wy and for any wieW7 there exists an
element wy € A such that a <14 wy and (wy,w2)eF (b | d), that is,
(Fyeb | d) (w1, ws)Fy. Then it is easy to see that W7 is a subset of
{w e C| (Fyeb | d) (w,a)Fy}; indeed, (w1, ws)Fy yields (wy,a)Fy
by weak-saturation, since a < wq yields (w1, a) < (wy, ws).
Therefore, we know both that ¢ < Wi and that W7 C {w € C |
(Jyedb | d) (w,a)Fy}. Hence, by reflexivity and transitivity, we get
¢ {w e C| (Jyeb | d) (w,a)Fy}. Then, by |-right, we obtain
c<{c} | {we C | (Jyeb | d) (w,a)Fy}.
We will prove now that {c¢} | {w € C | (3yeb | d) (w,a)Fy} is a
subset of {w € C' | (3yeb | d) w A(F) (a,y) - I}. Indeed, suppose
z < cand ¢ <9 w for some w € C such that (w,a)Fy for some
yeb | d. Then (x,a)Fy follows by weak-saturation since x < w yields
(z,a) < (w,a) by lemma 2.34. Moreover, for any (s,t)el, (c,s)Ft
holds, since by hypothesis ¢ A(F') I. Hence, (z, s)F't follows by weak-
saturation since x < ¢ yields (z,s) < (¢,s) by lemma 2.34. Thus,
we proved that © A(F) (a,y) - [, that is, we proved that xe{w € C'|
(Byeb | d) w A(F) (a,y) -1}
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Now, we can finally conclude. Indeed, by transitivity, we get ¢ <
{we C|(3yeb | d) w A(F) (a,y) -1}, that is, ¢ < A(F)” ({(a,y) - 1|
yeb | d}).

(weak-saturation axiom) We have to show that, if (as,b)el, Pos(a;)
and a; < az then ¢ < A(F)~((a1,b) - 1) holds. Now, (ag,b)el and
c¢A(F)l yield (¢, az)Fb and hence (¢, a1) Fb follows by weak-saturation
since a1 < ag yields (¢,a1) < (c,az2) by lemma 2.34. Therefore, for
all (z,y)e(ar,b) - 1 we have (¢, z)Fy, that is, ceA(F)~ ((a1,b) - 1) and
hence the result follows by refiexivity.

(unary continuity axiom) We have to show that, supposing (a, b)el
and j € J(b), ¢ < A(F)"({(a,y) -1 | yeC(b,j)}) follows, that is,
c < {w e C| (FyeC(b,j)) w A(F) (a,y) -1} holds. Now, cA(F)I
yields that (c,a) F'b and hence (¢,a) < F~(C(b, 7)) follows by unary
continuity for F. Note now that Pos(a) holds since (a,b)el and A
is a unary formal topology. Thus, we can apply lemma 2.48 to find
a subset W; of C such that ¢ <¢ Wi and for any wieW; there
exists wg € A such that a <14 we and (wy, wq)eF'~ (C(b, 7)), that is,
(FyeC(b, 7)) (w1, ws)Fy.

Then it is easy to see that W1 C {w € C | (JyeC(b,7)) (w,a)Fy};
indeed, (w1, we)Fy yields (w1, a)F'y by weak-saturation, since a <1 we
yields (w1, a) < (wy,ws) by lemma 2.34. So, we know that ¢ < W,
and Wy C {w € C | (JyeC(b, j))(w,a)Fy} holds and hence, by re-
flezivity and transitivity ¢ < {w € C'| (yeC(b, j)) (w,a)Fy} follows.
Then, by |-right, we get ¢ < {c} | {w € C'| (FyeC(b,j))(w,a)Fy}.
We will prove now that {c} | {w € C | (3yeC(b,7)) (w,a)Fy} is a
subset of {w € C | (3yeC(b,7)) w A(F) (a,y) -1}. Indeed, let = < ¢
and < w for some w € C such that (w,a)Fy for some yeC(b, j).
Then (z, a)Fy follows by weak-saturation since x < w yields (z,a) <
(w,a) by lemma 2.34. Moreover, for any (s, t)el, (¢, s)F't holds, since
by hypothesis ¢ A(F') [, and hence (z, s) F't follows by weak-saturation
since z < ¢ yields (z, s) < (¢, $) by lemma 2.34. Thus, we proved that
x A(F) (a,y) -1, that is, ze{w € C' | (yeC(b, 7)) w A(F) (a,y) - 1}.
Now, we can finally conclude. Indeed, by transitivity, we obtain ¢ <
{w e C[(3FyeC(b, 7)) w A(F) (a,y)-1}, that is, ¢ < AF)~ ({(a,y)-1 |
yeC(b,4)})-

(<-continuity axiom) We have to show that, if both ¢ A(F) [ and
I < (a,d) -l because (a,b)el and b < d, then ¢ < A(F) ((a,d) - 1)
holds. Actually, we show that for all (z,y)e(a,d) - I, (c,xz)Fy holds,
and from this fact the result follows by reflexivity. To this purpose,
it is enough to observe that cA(F)l yields (¢, a)Fb since (a,b)el and
hence (¢, a)Fd follows by function <-continuity.

(positivity axiom) We have to prove that ¢ A(F) [ yields ¢ <« A(F)~(IT).
To obtain this result let us prove first that function monotonicity
holds for A(F). To this aim let us suppose that Pos(c) and ¢ A(F) [
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hold. Then we have to prove that Pos(l) holds. We obtain this re-
sult by co-inductive reasoning. Indeed, let us consider the following
predicate over elements of A — B:

Q(k) = (Fz € C) Pos(z) & = A(F) k

Then, it is trivial to see that Q(I) holds since Pos(c) and ¢ A(F) I
hold. We show now that Q(—) satisfies all of the conditions to be a
positivity predicate and hence Pos(l) will follow by the maximality
of Pos.

* (order positivity) The proof that Q(k) and k < m yield Q(m)
is immediate. Indeed, Q(k) means that there exists a positive
element © € C such that, for all (s,t)ek, (z,s)Ft, which imme-
diately yields that, for all (s,t)em, (z,s)Ft since k < m. Hence
2A(F)m holds.

* (totality positivity) Suppose that Q(k) holds. Then there exists
a positive element x € C such that, for all (s,t)ek, (x,s)Ft
holds. But, for all a € A, (x,a) F T holds by function totality
and hence, for all (y,z)e(a, Tg) - k, (z,y)Fz follows, that is,
x A(F) (a, Tg) - k holds and hence Q((a, T g) - k) follows.

* (unary convergence positivity) Suppose that Q(k), (a,b)ek and
(a,d)ek hold. Then, we have to show that there exists an element
yeb | d such that Q((a,y)-k). Now, Q(k) means that there exists
a positive element « € C such that, for all (s,t)ek, (x,s) F' t.
Hence, we get both that (z,a) F b and (z,a) F d hold and
thus (z,a) < {(w1,w2) | (3yeb | d) (wy,ws) F y} follows by
function convergence. Note now that Pos(a) holds since (a, b)ek
and hence, by lemma 2.48, there exists a subset W; of C such
that x < Wj and, for any w,eW7, there exists wy € A such
that both a < wy and (yeb | d) (w1,w2) F y hold. Then
(Jyeb | d) (w1,a) F y follows by weak-saturation since a <1 wsy
yields (wy,a) < (w1, we). Moreover, x < Wy yields ¢ < {z} | W3
by |-right and hence, by monotonicity of Pos, there exists z € C
such that z < x, (3w1eW1) z < w; and Pos(z) hold. Thus, we
immediately obtain that (3yeb | d) (z,a) F y holds by weak-
saturation since, for any wj such that z < wy, (z,a) < (wy,a)
follows by lemma 2.34. Moreover, for any (s, t)ek, (x,s) F ¢ holds
and hence also (z, s) F t follows by weak-saturation since (z, s) <
(z,s) is a consequence of z < x by lemma 2.34. Therefore, we
get (3yeb | d) z A(F) (a,y) - k and so we conclude (Jyeb |
d) Q((a,y) - k) since Pos(z) holds.

* (weak-saturation positivity) Suppose that Q(k), Pos(a1), a1 < a9
and (ag,b)ek hold. Then, there exists a positive element z € C
such that, for all (s,t)ek, (z,s) F t holds. Hence (x,a2) F b fol-
lows. Observe now that a1 < ag yields (x,a1) < (x,a2) and
hence (x,a1) F b follows by weak-saturation. Thus, for any
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(s,t)e(ay,b) - k, (x,8) F k follows. Therefore, zA(F)(a,b) - k
and hence we conclude Q((a1,b) - k).

* (unary continuity positivity) Suppose that Q(k), (a,b)ek and
j € J(b) hold. Then we have to show that there exists an el-
ement yeC'(b, j) such that Q((a,y) - k). Now, Q(k) means that
there exists a positive element x € C such that, for all (s,t)ek,
(z,8) F t holds. So we deduce that (z,a) F b holds and hence
(z,a) < {(wi,ws2) | FyeC(b,7)) (w1, ws) F y} follows by conti-
nuity. Note now that Pos(a) holds since (a,b)ek and hence, by
lemma 2.48, there exists a subset W7 of C' such that both z <« W3
and, for any w1eWy, there exists wy € A such that a < we and
(FyeC(b, 7)) (w1, w2) F y. Now, by lemma 2.34, from a < wy we
get (wy,a) < (wy,wsz) and hence (Jyeb | d) (w1,a) F y follows
by weak-saturation. Moreover, x < Wy yields x < {z} | W; by
|-right and hence, by monotonicity of Pos, there exists z € C
such z <z, (3w1eWy) z < w; and Pos(z) hold. Thus, we imme-
diately obtain that (yeC(b,j)) (z,a) F y by weak-saturation
since (z,a) < (wi,a). Moreover, for any (s,t)ek, (x,s) F t
holds and hence also (z,s) F t follows by weak-saturation since
(z,8) < (z,s) is a consequence of z <1 z by lemma 2.34. There-
fore, we get (JyeC(b,7)) z A(F) (a,y) - k and hence we conclude
(FyeC(b,7)) Q((a,y) - k) since Pos(z) holds.

* (<-continuity positivity) Suppose that both Q(k), (a,b)ek and
b < d hold. Then, there exists a positive element x € C such
that, for all (s,t)ek, (z,s)Ft. Hence, we deduce (x,a) F' b and
hence (z,a) F d follows by <-continuity since b < d. Thus, we
conclude that, for all (s, t)e(a, d)-k, (z, s)F't holds and hence also
Q((a,d) - k) follows since Pos(x) holds.

This finishes the proof that Q (k) satisfies all of the conditions defining
Pos on A — B. Now, we can conclude the proof that ¢ A(F) {
yields ¢ < A(F)~ (). Assuming Pos(c), by function monotonicity
we obtain that Pos(l) holds and hence I = {iI}. Then, ¢ A(F) I
yields ceA(F)~ (1) and hence, ¢ <« A(F)~(IT) follows by applying
first reflezivity and then positivity to discharge the assumption Pos(c).

o (function <-continuity) We have to show that ¢ A(F') | and | < m yields
¢ A(F) m. The result is immediate. Indeed, let (z,y)em. Then (z,y)el,
since I < m, and hence (¢, z) F'y follows, since ¢ A(F) I. So, ¢ A(F) m
holds.

e (<-saturation) We have to show that if ¢; < ¢ and ¢o A(F) [ then
c1 A(F) l. Now, co A(F) [l yields that, for all (a,b)el, (c2,a)Fb holds.
But, for all (a,b)el, ¢; < co yields (¢1,a) < (c2,a), and hence, for all
(a,b)el, (c1,a)Fb, that is, ¢; A(F) I, follows by <-saturation of F'.

e (axiom saturation) Suppose ¢ € C and j € J(c), that is, ¢ <¢ C(c, §) is an
axiom of the inductively generated formal topology C, and suppose that
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y A(F) [ holds for every yeC(c, j). Then, we want to show that ¢ A(F) [
holds. Now, for every (a,b)el we have (¢,a) <cxa C(c,j) x {a} and for
every (y,a)eC(c,j) x {a}, (y,a)Fb is a consequence of the fact that for
every yeC(c,j), y A(F) [ holds. Then, (¢, a)Fb follows by saturation of F
and hence, we obtain ¢ A(F') | by universal quantification.

Thus, we have finished with the proof that, for any continuos relation F,
A(F) is also a continuous relation. In the next section we will prove that the
required equations hold.

3.3.3 The equations

To finish the proof that the formal topology A — B is the exponential of A
over B we have to show that the adjunction equations hold with respect to
application and abstraction.

Proposition 3.12 Let A be a unary formal topology and C and B be inductively
generated formal topologies. Then

1. for every continuous relation F between C x A and B,
Ap x (A(F) x 111, 1I5) = F

2. for every continuous relation G between C and A — B,

A(Ap = (G * 11y, 11y)) = G

Proof. We prove the two implications of the considered equations one after the
other.

e (1. Right to left) We have to prove that, for any ¢ € C, a € A and
b € B, if (¢,a)Fb then (c,a) Ap * (A(F) * I1;,II5) b. Now, (c,a)Fb yields
¢ A(F) (a,b) - nil and hence (¢, a)(A(F) *II;,I3)((a, b) - nil, a) follows since
(¢,a) Iy a holds. Then, we conclude (¢,a) Ap o (A(F) * II;,II5) b since
((a,b) - nil,a) Ap b holds.

o (1. Left to right) We have to prove that (c,a) Ap* (A(F) 111, I5) b yields
(¢,a)Fb. The proof will have the following structure.

1. First, for any positive element (x,y) € C' x A such that
(z,y) Ap o (A(F) Iy, ITz) b

that is, such that there exist [, ,) € A — B and a(, ) € A such that
(z,y) A(F) %11y l(y,y) and (z,y) 2 agy) and (I(g,y), Ae,y)) AP b, we
will prove that

(z,y) < {(@',y")ePoscxa | (z',y") A(F)oTly Iz} L< {(Teoragay)}
holds.
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2. Then, we will prove that

{(',y)ePoscxa | (z',y") AMF) oIy Iz} < {(Te)amy))}t <
{(x//, y“)gPOSCxA | (1‘”, y”)Fb}

3. Finally, from (c,a) Ap x (A(F) « 11y, 1I5) b we get
(c:a) < {(@.y) € C x A (x,y) Apo (A(F) * 111, I1z) b}
and hence by positivity we obtain
(¢,a) < {(z,y)ePoscxa | (x,y) Ap o (A(F) « 11y, ITz) b}
Thus, by transitivity, we will get
(c,a) < {(z",y")ePoscxa | (z",y")Fb}
and hence we will conclude (¢,a) F b by saturation.
So, let us prove now points (1) and (2):
1. (x,y) A(F) * I l(; ,) means that
(z,y) <{(=",y) € Cx A (2',y) A(F) o Tl )}
and hence by positivity we obtain
(z,y) < {(a',y")ePoscxa | (z',y") A(F) o Il1 (54}
Moreover, (z,y) Iz a(,,,) yields that (z,y) < (T¢,a(s,y)) and hence
(z,y) < {(z",y")ePosca | (¢, y) A(F) oIl liwy} L< {(Tesagy)}

follows by <-right.
2. Let (2”,y") be an element in C' x A such that

(2", y")e{ (2", 9" )ePoscxa | (2',y") A(F)olly Iz} L< {(Teoragay)}

Therefore there exists a positive element (2/,y') in C' x A such that
both (z”,y") < (¢/,y') and (2/,y") A(F) o I} l(%y).hold and also
(2", y") < (T, a@my)) Now, (2',y") A(F)oIly I(y,, yields that there
exists an element c(, ,y € C such that both (2, y") < (¢(3,y), T4) and
C(z,y) MF) l(zy) hold. Moreover, (z”,y") < (2/,9') and (2',y") <
(Clay)s Ta) yields (27, y") < (¢(z,y), Ta) by <-left and transitivity.
Finally, (z”,4") < (T¢,a(s,y)) follows from (2”,4") < (Tec, az,y))
by <-left and hence we get (z”,y") < (¢(zy), Ta) < (Tc,a(,y) by
<-right. Now, we can conclude

(«",y") < (C¢ay) Wz ,y))
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by transitivity since (c(zy), Ta) l< (To,ay)) < (Cay) Uay))- In-
deed, for any (s,t) € C x A such that (s,t) < (c(z,y), T4) and
(5,1) < (To,a(z,y)) we get immediately that (s,t) < (C(z,y), A(z,y))
and hence (s,t) < (C(q,y), A(2,y)) follows by <-left.

Recall now that (I(4y),@(z,y)) Ap b. Then, by definition, we obtain
Pos(a(z,y)) = l(z,y) < {(A(z,y),0) - nil}. But (z,y) Il a(y,,) holds and
(z,y) is a positive element of C' x A and hence Pos(a(,,,)) follows by
Junction positivity for ITy. Thus we get I(5,,) <1 {(a(z,y),b) - nil}.
Recall also that c(y,,) A(F) ). Then .y < {(a,y),b) - nil}
yields cizy)y A(F) (a(z,y),b) - nil by weak-continuity of A(F), and
hence we obtain that (c(y,y),a(a,y))Fb. Then, by weak-continuity
of F, from (2”,y") < (C(a,)A(z,y)) We obtain (z”,y"”)Fb and so
(", y"e{(a",y")ePoscxa | (2”,y")Fb}. Thus

(x//,y//) <] {(x//’y//)gposch | (Z‘N,y//)Fb}
follows by reflexivity.

e (2. Right to left) We have to prove that, for any ¢ € C and for any
l e A— B,if ¢ G holds then also ¢ A(Ap * (G x II1,II5)) [ holds, that is,
for any (a,b)el, (c,a) Ap * (G % II1,II5) b. So, suppose (a,b)el. Then, we
get ¢ G {(a,b) - nil} by weak-continuity of G since | < {(a,b) - nil} follows
by <-left from I < {(a,b) - nil}. Now, (¢,a) II; ¢ and (¢,a) Iz a clearly
hold and hence we get (¢, a) (G xII1,1I2) ((a,b) - nil,a). Finally, we obtain
(¢c,a) Ap x (G % 11, I15) b since ((a,b) - nil, a) Ap b obviously holds.

e (2. Left to right) We have to prove that, for every c€ C and l € A — B,
¢ A(Apx(G=I1;,1I5)) [ yields ¢ G I. So, suppose that ¢ A(Ap*(Gx*IIy,115)) I
holds. Then, for every (a,b)el, (c,a) Ap * (G x II;,II5) b and hence

(c,a) < {(z,y)ePoscxa | (z,y) Apo (G = II1,1I3) b}
follows by positivity. Now, the proof of this point will go on as follows:
1. First, for every positive element (z,y) € C' x A such that
(z,y) Apo (G Iy, I15) b

that is, such that there exist /(,,) € A — B and a(,,) € A such
that (I(z,y), @(z,y)) AP b and (x,y) (G * 11, 112) (I(z,y), G(a,y)), We will
prove that

(z,y) 9 {(2",y)ePoscxa | (2", y) Golli Lz} L< (Te,agy)
holds.
2. Then, we will prove that

{(2',y)ePoscxa | (2',y") Golly Lz} l< (Tea@my)) <
{(z",y")ePoscxa | " G (a,b) - nil}

60



3. So, by transitivity, we obtain
(c,a) < {(z",y")ePoscxa | " G (a,b) - nil}

and hence by lemma 2.48, that we can apply since a is positive be-
cause (a,b)el, there exists a subset Wy of C' such that ¢ <¢ Wi
and for every wieWj there exists wy € A such that a <14 we and
w1 G (a,b) - nil. Hence, by saturation of G, we conclude ¢ G (a, b) - nil
from ¢ <¢c W7.

Since ¢ G (a,b) - nil holds for every (a,b)el, by successive applications of
lemma 3.4 we conclude ¢ G . So, let us prove the points (1) and (2) above.

L (z,y) (G *II1,112) (l(2,y) O(ay)), Yields both (z,y) G * 111 I(,,,) and
(z,y) Iz a(y,y). Now, (z,y) is positive and hence (z,y) Il a(y ) yields
that a(, ) is positive by function monotonicity for Ils.

Hence (I(g,y), @(z,y)) Ap b yields I(5 ) < {(a(z,y),b) - nil}. Moreover,
(z,y) G * 11y (5, yields

($7y) < {(xlay/)€POSCXA | (z/ay/) Go Hl Z(I,y)}
by positivity and so, by <-right, we obtain
(z,y) < {(2',y")ePoscxa | (',y) Golly Iz 4} < (Te,ag,y))
2. Then, we prove that

{(@",y)ePosoxa | (2'y) Golli gy} l< (Te,a@,y) <
[ P ePoscnn | 576 (asb) - i}

Indeed, suppose

(Iﬂv y//)s{(x/’ y/)€POSCXA | (xla y/) Golly l(lﬂj)} lS (T07 a(:my))

Then, there exists a positive element (z',y') € C x A such that
T < (x and (x o and (x < a .
( //’y//) ( /)y/) d ( /, y/) Goll, l(z,y) d ( //7y//) (TC7 (I,y))
Now, (2',y") G o1Il; l(5,,) yields that there exists c(,,,) € C such that
(1‘/, y’) < (C(w)y), TA) and C(z,y) Gl(w7y).
Recall now that (I(;),a(z,)) Ap b. Then, by definition, we obtain
Pos(a(z,y)) = l(z,y) < {(a(z,y),b) - nil}. But (z,y) II2 a(y,,) holds and
(z,y) is a positive element of C' x A and hence Pos(a(,,,)) follows by
function positivity for IIy. Thus we get l(5 ) < {(a(z,y),b) - nil}. So,
from ¢, ) Gl(z,y) by weak-continuity of G we obtain

C(a,y) G (a,b) - nil

Now, (¢",y") < (¢',y/) and (a/,y') < (c(ay), Ta) vield (2”,y") <
(Clay)s Ta) by <-left.
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Moreover, again by <-left, (z",y") < (Tc, ) yields (z”,y") <
11

(T07a(z,y))- SO7 by S-Tight, (aj 7y//) < (C(Cb,y)’TA) lS (TC7a(fL’»y))
follows and hence we conclude

(2", y") < (Clary) Alay))

by transitivity since (¢(z,y), Ta) l< (T, ,y)) < (Cay)s Gay))-
Since (z”,y") is positive, by lemma 2.48 there exists a subset Wy of C'
such that 7 <¢ W7 and for every w;eW; there exists wg € A such
that 3" <14 wp and (w1, w2)e{(C(z,y)s Az,y))}- SO, w1 = (s, and
hence 2 < ¢ ,). Therefore, c(, ) G (a,b) - nil yields 2 G (a, b) - nil
by weak saturation of G.

Thus, (2", y")e{(x",y")ePoscxa | ' G (a,b) - nil} and hence by ap-
plying reflexivity we get

{(@',y")ePoscxa | (2',y") Golli I} |< (T,a’) <
{(z",y")ePoscxa | " G (a,b) - nil}

So, we are arrived at the main theorem of the paper.
Theorem 3.13 Unary topologies are exponentiable in FTop;.

Let us remark that the proof of this theorem is valid also intuitionistically
since no use of the axiom of choice is required in an impredicative approach.

4 Concluding remarks

We add here some observations that can be useful for a more complete under-
standing of the topic of the paper and which are immediate consequences of our
work.

4.1 Why our result is limited to unary formal topologies

We showed that all the conditions on a continuous relation F' between a unary
formal topology A and an inductively generated one B have in general one of
the following shapes, for a,a’ € A, b,b’ € B and V C B:

aRb P(a,ba,b) aRb Qa,b,V)
a RV (JyeV)a Ry

Now, in section 3.1 we showed how to obtain an axiom out of each kind of
condition. In fact, to any condition whose shape is
aRb P(a,b,d,b)
a' RV

corresponds the axiom
l<(a,b)-1
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for any | € A — B such that (a, b)el and P(a,b,a’,b") hold, and to any condition
whose shape is

aRb Qa,b, V)
(JyeV)a Ry

corresponds the axiom
I<{(a,y) - 1] yeV}

for any | € A — B such that (a,b)el and Q(a,b, V') hold.

Thus, we can define the exponential formal topology of an inductively gener-
ated formal topology over another one provided that we can express the general
conditions on a continuous relation by using one of the shapes above. At present,
we have obtained this result only in the case of having a unary formal topology
as exponent.

4.2 Exponentiation without the positivity predicate

The exponentiation of unary topologies in FTop; clearly yields the exponentia-
tion of unary topologies in FTop; ™.

Theorem 4.1 Unary topologies are exponentiable in the category FTop;™ .

Proof. It is sufficient to observe that all the proofs work as in the case of FTop;
by simply substituting Pos with an always true predicate.

Note that in this case the proof of our main theorem becomes entirely pred-
icative since there is no need to justify the definition of the positivity predicate
by co-induction. In fact, this result constitutes a partial but completely pred-
icative version of [Hyl81, Joh84, Sig95]. Indeed, in these papers, if A is a locally
compact locale and B is any locale then the cover for A — B is generated from
axioms on a new proposition, denoted, for instance in [Hyl81], for a € A and
b € B by a < f*b, which represents the collection of locale morphisms f such
that a is way-below f*b. Now, when A is a locale representing an algebraic
depo, this proposition corresponds exactly to our ext*((a,b) - nil) since the
latter represents the collection of all the continuous relations R such that a R b.

4.3 Unary topologies are not closed under exponentiation

It is known that algebraic dcpos with bottom element lack function spaces, that
is, the category of algebraic dcpos is not cartesian closed [AJ94]. Our work
makes explicit where the problem is. Indeed, it is clear that all of the axioms of
the exponential topology between unary topologies satisfy the unary conditions
except for the axiom on unary convergence since we can not limit it to a single
element. This is to be contrasted with what happens in the case of the category
of unary formal topologies equipped with a monoid operation on the elements
of the base which expresses intersection of open subsets. Indeed, this category
turns out to be equivalent to the category of Scott Domains [SVV96] and it can
be proved to be predicatively cartesian closed [Val03].
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A On the definition by co-induction

It is not difficult to realize that we can formalize the problem of defining the
positivity predicate by expressing it as the problem of finding the maximal
subset K of a set S satisfying the following conditions

xeK  A(z,y) xeK yeB(x)
yeK (FveC(x,y)) veK
for some propositions A(x,y), B(x) and C(x,y).
Now, it is easy to see that one can use Tarski fixed point theorem in order to

solve them in an impredicative way. Indeed, the map 7 : P(S) — P(S) defined
by setting

T(X) = {zeS[(Wyes) Alr,y) - yeX}
N{z eS| (VyeB(z))(FveClx,y)) veX}

is clearly monotone and hence it admits a maximal fixed point which obviously
satisfies the required conditions.
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