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Abstract. Weareinterestedn therelationshipbetweerlearningef-
ficiengy andrepresentatiom the caseof supervisedeuralnetworks
for patternclassificationtrained by continuouserror minimization
techniquessuchasgradientdescentln particular we focusour at-
tention on a recentlyintroducedarchitecturecalled recursve neu-
ral network (RNN) which is ableto learnclassmembershipf pat-
ternsrepresentedslabeleddirectedorderedagyclic graphg DOAG).
RNNs offer several benefitscomparedo feedforward andrecurrent
networksfor sequence$dowever, hov RNNscompareo thesemod-
elsin termsof learningefficiengy still needsnvestigationin this pa-
perwe give atheoreticaknswerby giving asetof resultsconcerning
the shapeof the error surfaceand critically discussinghe implica-
tionsof theseresultson therelative difficulty of learningwith differ-
entdatarepresentationg he messagef this paperis that,whenaer
structuredrepresentationare available,they shouldbe preferredto
“flat” (array based)representationbecausehey arelikely to sim-
plify learningin termsof time compleity.

1 Intr oduction

Recursie neuralnetworks[7, 15, 5] have beenrecentlyproposedas
a novel connectionistapproachfor supervisedearningin domains
in which a significantamountof informationis encodecby binary
relationshipsbetweenatomic entities. In thesedomains,instances
are representedhs labeledgraphs,as oppositeto vectorbased(or
sequence-basedlata representationsvhich are much more com-
monly usedin conjunctionwith connectionisinodelssuchasfeed-
forward networks. Interestingapplicationsof thesestructuredcon-
nectionistmodelsheenfoundin chemistry softwareengineeringau-
tomatedreasoningandpatternrecognition Thereareseveralreasons
for preferringstructuredo flat representationshe mostobvious be-
ing the naturalway of dealingwith variable size patternsand the
possibility of preservingnformationencodedn therelationshipbe-
tweenbasicentities.

Despiteof their attractvenesslittle theoreticalresultshave been
proved concerningthe actual effectivenessof neural networks for
datastructuresin this paperwe arespecificallyinterestedn the ef-
ficiengy of learning.As it turnsout, the computationakfficiency of
a learning processcan be significantly affected by the representa-
tion usedby the learner Therearewell known simple examplesof
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this phenomenonkor example,in the PAC learningmodel,learning
3-termDNF is intractable However, if thelearneris allowedto out-
putamoreexpressie hypothesigsuchas3-CNFformulae)thenthe
learningtask becomespolynomial[11]. The questionaddressedn
this paperis how structuredepresentationaffectlearningefficiency
and whetherthereis theoreticalsupportto the claim that learning
directly in the graphicaldomainis likely to outperformlearningap-
proachesn which the graphis reducedto a flat vectoror to a se-
guence We give a setof resultsconcerningthe shapeof the error
surfaceandwe critically discusstheimplicationsof theseresultson
therelative difficulty of learningwith differentdatarepresentations.
In orderto developsuchadiscussionin this paperwe take theresult
publishedn [4] asastartingpointandwe adda considerableumber
of new results*

Our analysesare basedon some assumptiongliscussedelow.
First, we relatethe difficulty of the learningtask (i.e., its compu-
tationalcompleity) to the presencef suboptimalstationarypoints
in the error surface(alsopopularlybut somevhatimproperlycalled
“local minima”). The loading problemis a well known intractable
problemfor feedforward neuralnets[10, 2]. This clearly pointsout
thatunderthe constraintof a givenrepresentatiofi.e., network and
representationf dataarechoserby anad\ersary)thelearningprob-
lemis, in general,computationallyhard. However (astestifiedby a
quitelargeamountof successfudpplications)f therepresentatiors
carefullychosenthesecomputationalimitationsarenotexperienced
in practice.

Asa firstappoximation,weassumehattractability/intractability
istightly relatedto absence/m@sencef suboptimaktationarypoints.

To avoid local minimathereare essentiallytwo known possibili-
ties.Thefirst oneis to relaxtherepresentationalonstraintseitherby
permittinga large enoughexpressie power (by increasinghe num-
ber of hiddenunits) [14, 9, 16] or by increasingthe dimensionality
of the input space As a major dravback, the generalizatiorto new
examplescanbe severely underminedn this way. The secondneis
to put generalityaside limiting theinvestigationto “easy” learning
problemssuchastheclassificatiorof linearly separablgatterng8].

In this paperwe claim thataninterestingalternatve for enlaging
the classof “easy” problemsbe soughtby a ratherradical change
of perspectie in the representatiomisedby the learner Wheneer
representingnstancedy meanf labeledgraphss anoption,such
representatioshouldbe usedinsteadof a “flat” (i.e. vectorbased)
representation.

4 For obvious spacdimitations the proofs are not reportedhere,but canbe
foundin [6].



2 Recursive neural networks for data structur es

Theinputfor arecursve neuralnetwork modelis alabeledDOAG U/,
wherethelabelw, attachedo eachnodev is avectorin R™, possi-
bly encodingcateyoricalattributes(andperhapsncludinga constant
componento simulatebiases). The DOAG is assumedo possess
supersources and we also assumethat its maximumoutdeyree is
lesseror equalthana fixed integer o. The network operatesaccord-
ing to thefollowing schemeFor eachnodev, we definea statevector
x, € R" computedasfollows:

Ty, =0 (Z A(k)q,zlm,, + Buv> Q)

k=1

whereg is the usuallogisticfunction,qk‘lmv is the stateassociated
with the k-th child of nodew (or the zeron-vector if suchchild is
missing)and A (k) and B areweight matrices.Note thatusingthe
sameformalismit is also possibleto deal with directedpositional
agyclic graphs(DPAG). Sincethereareno directedcycles,this com-
putationis alwayswell definedand canbe serializedfollowing ary
topologicalorderof thegraph,startingfrom theleavesandendingat
thesupersource. The statevectorat s, ¢, hasa specialmeaninglt
is in factanadaptve codefor thewholelabeledgraph(asimilaridea
wasexploitedin [13] for unlabelecandlabeledgraphsyespectiely).
In the presentapproachthe graphis classifiedby mappingz; to a
realvalueusingasinglelayerednetwork:

y=0(C'zs) @)

whereC is a weightvectorandy € [—1, 1] canbe interpretedas
the conditionalprobability of the classgiventhe input grapi. Each
graphl4; in thetrainingsethasa correspondingametd; € {—1,1}.
Theerrorfunctionmeasureshe mismatchbetweend; andy;.
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Figurel. CopsandthecorrespondindOAGswhich canuniquelybe
created.

5 For the sale of simplicity we have assumedh classificatiortaskwith two
classenly. 1 outof n classificatioris a straightforvard generalization.

3 The coplearning task

In this sectionwe introducean artificial learningtaskusefulfor dis-
cussingthetheoreticaresultsreportedn theremainingof the paper
Thistaskis usedfor comparingheefficiengy of learningwhenusing
differentrepresentationsf thepatternsCopsaresketchedusingaset
of blocks (nodes)connectedceachother (seeFigure 1). A graphical
descriptionof thesepatternss possiblewherethe blocksarerepre-
sentedby nodesandthe connectiorbetweerblocksby edgesEach
blockis characterizethy threeattributesdescribingshapecolor, and
size.Theseahreeattributes(usingaproperencodingwill formthela-
bel of eachvertex of thegraph.Althoughsimpleandperhapsoarse,
this domainturnsoutto be quiteinterestingoecauseicturessuchas
thoseshavn in Figurel canbeeasilygeneratedby anattributedplex
grammarIf we assumehatthereis a startingblock (e.g.the body)
thenthesepicturescanbe given a uniquerepresentatioly means
of directedgraphsNotethat,becaus®f the constructionthe graph
turnsoutto beadirectedorderedgraph(DOAG), thatis thereis also
anorderingin the childrenof eachnode.More precisely sincealso
the positionof the childrencanberelevantin thesegraphsthey are
sometimesamore properly referredto asdirectedpositionalagyclic
graphs(DPAGS)[3].

We may definea setof interestingargetconcepton this domain.
Herearesomeexamples:

1. P(size.color), e.g.only large blue policemenare positive in-
stances.

2. P(sex). We assumehat policemendressshort, whereaspolice-
womendressskirt andthe taskconsistof learningthe sex.

3. P(hat V skirt), aninstancds positive iff eitherhat orski rt
is present.

4. P(gun A large), positive examplesmust have a gun and be
| arge.

5. P(rai sed- ar m), aninstancds positive iff oneor botharmsare
raised.

6. P(haltingl), andP(halting?2) - hal t i ng concepts
Considerthe problemof following the directionsof a traffic po-
licemanlocatedat a cross-roadsThe traffic policemanis sup-
posedto provide directionby usingthe signalor by simpleclas-
sical gesturesasindicatedin Figure 1, in which the stopis sig-
nalled by raisingone or two hands.This loading problemis de-
notedP (haltingl), whereasP(alting2) consistsof recogniz-
ing thosecopswho have eitherone/two raisedhandsor the red
sign.

7. P(depth)

Classifya collectionof DOAG's dependingon their depth.Load-
ing problemP (depth) might be given niceinterpretationsn the
copworld.

8. P(out — degree)

The problem consistsof classifying graphsdependingon their
maximumoutdeyree.This problemis alsomeaningfulin the cop
world.

In orderto definethesdearningtaskscompletelywe mustspecify
therepresentatioof the patternsWhenchoosingpixel-basedepre-
sentationsdependingon the assumptionsve give in this artificial
world, especiallysomeof the definedloadingproblemscanbecome
very hard. The critical commentgaisedby Minsky in the epilogue
of Perceptron§l2] hold particularlyfor structuredearningtasks.In
orderto develop a fair comparisorbetweenstaticand dynamicrep-
resentationsye make the assumptiorthatthesepicturescanbe pro-
cessedn suchaway to constructthe correspondinglirectedgraph.



Thisis madepossibleby the underlyinghypothesighatwe aredeal-
ing with patternsthat are not severely corruptedby noise.A natu-
ral dynamicrepresentatioris the graphitself, whereasve take ary
equialent sequentiakepresentatiorof the graph, properly padded
with zerossoasto completethecoordinatesipthethemaximum(the
maximumnumberof coordinatess in factderived from the largest
graphof the training set). For instance the parenthesizedepresen-
tationor therepresentatiobasedn the combinationof thein-order
andpre-ordeitraversalsareequivalentsequentiatepresentationfor
binarytree.Iln theremaindeof the paperwe give theoreticaresults
for supportingthe conjecturethat graphicalrepresentationsf the
input with the correspondingecursve networks simplify the load-
ing problemwith respectto the traditional feature-basedepresen-
tations (static datatypes). Before startingthe comparisorbetween
array-andgraphical-basedepresentationse notethatvariablesize
patternsouldalsoberepresentedirectly by theequialentlist with-
out paddingwith zero.Thiskind of representatiomalesit possible
to adoptrecurrentneuralnetworks for the classification.Suchan
approachhowever, would suffer two majordravbacks First, the se-
guence®btainedrom graphtraversalsarelik ely to beverylong (for
example,in atreethe numberof nodesgrowns exponentiallywith the
height)thusmakinglearningvery hardbecausef long-termdepen-
dencieq1]. The sameproblemdoesnot hold for graphicalrepresen-
tation(especiallywhenthey arereasonablyalanced)thebackprop-
agationthroughstructurealgorithm backpropagatethe error along
pathswhoselengthis notgreateithanthedepthof thegraph.Second,
mappingof datastructuresnto sequenceis lik ely to breaksomenice
regularitiesinherentlyassociatedvith the datastructure thus mak-
ing generalizatiovery hard.Of coursethis problemholdsalsowhen
usingary feature-basetepresentation.

4 Conditions for local minima freelearning

In this sectionwe give a setof sufficient conditionsfor the absence
of stationarypoints.We do not considerthe equivalenttaskbasedn
recurrentnetworks for sequencefor the reasonslreadydiscussed,
whereasve focusattentionon the comparisorwith respecto feed-
forward networks. In particularwe are interestedn comparingthe
loadingproblemsderiving from the dynamicandthe corresponding
static representationGiven a setof training graphsC; (with asso-
ciatedtamets),let £,, bethe setof training examplesobtainedfrom
an equivalentsequentiatepresentatiomsdescribedn the previous
section.For the structuredrepresentatiodefinethe set€, of all the
error functionsassociateavith £, andthe setof all the RNNssuch
that a zero-costsolution exists. Similarly, for the unstructuredep-
resentatiordefinethe set&,, of the error functionsassociatedvith
L., andall thefeedforward netssuchthata zerocostsolutionexists.
Notethatin thisway we have restrictedour analysigto the setof net-
works having a sufficient expressve power to perfectlyload all the
examples.

4.1 Conditions relatedto the labels
Herewe studyglobal conditionsbasedon nodecontentsLet us de-

noteby U the matrix obtainedby groupinginto columnsthe label
vectorsattachedo all thenodesof all the DOAGsin thetrainingset.

6 Recurrentnetworks for sequencesrein fact a specialcaseof recursve
networks. In this paperwe call recussivethosenetworksthatcandealwith
graphsandrecurrentthoselimited to sequences.

Now supposeéo arrangethelabelsinto two matricesJ T andU
collectingall thelabelsfoundin positive andnegative examplesye-
spectvely.

Theorem4.1 If Ut andU ™ arelinearly separbletheneveryfunc-
tionin &, is unimodal.

Thesetheoremscorrespondo similar resultsfor feedforward net-
works (see[8]) andthus,underconditionsthat guarantees, con-
tain only unimodalfunctions,€; is guaranteedo containunimodal
functionsaswell.

Example 4.1 Considetthe conceptP(size.color) definedin Section3.
If the coloris codedin the RGB (red-green-bluejpacethenthefeatures
si ze. col or canbe given a real-\aluedrepresentationln this case,the
linearseparabilityrequiredby Theorem4.1canholdin mary interestingcases
(for instancan the casein which the positve examplesarelarge bluecops.

Notethatin this examplethegraphicalrepresentatiodoesnot provide ad-
vantagewith respecto the staticcounterparin the framevork of our com-
parison(absenc®f local minima).

4.2 Conditions relatedto the graph topology

In this sectionwe give conditionsthat take into accountboth the
topologyandthelabelsof thetraininggraphs The mainideabehind
theseresultsis that,becaus®f thetopologyandbecausef theback-
propagationthrough structuregradientcomputationscheme there
aretraining examplesthat do not contritute somegradientcompo-
nents.

Definition 4.1 Let NV be a recussive networkwhich is fed by graph
U e U# (setof graphsof thetraining set). Thegradientcontritution
GB,s,;, of U, is definedas

N . 1
GB.iji = { 0

where(Q is the weight spacecorrespondingo matrix B. Note that
G.:,;,1 isnon-zerdf DOAG U contritutes for atleastaweightb;;,
to thegradientelementG g ; ; ;(w). A specialinterestingcasearises
whenthedecouplings dueto a biastermb;.

if 3w€Q: Gp,iju(w)#0,
otherwise.

®)

Definition 4.2 For ead element;; we definethe DOAG contriku-
tion setw.r.t. thelearningenvironmentC# asfollows:

Mo(iyjIL#) = {levl# : Gpiju=1} 4)

wherep is the pointer operator;hences>£# is the setof indicesof
L£#. Notethat), (4, j|£#) collectsall DOAG'sthatcontrituteto the
correspondinglement(s, j) of Gg.

Definition 4.3 Let C¥ and C* be the partition of £# basedon
the positive and negative examples that is £# = ¢#(Jc# and
c* N c# = 0. Weightb; is decoupledur.t. T C C* (eitherC# or
C¥) providedthat

Mo (i, FILFY BT =0 (5)

Notethatif b; ; is decoupledv.r.t. C¥ (C¥) then), (3, j|£#) C vC#
(No(i, JIL#) CoC).



Definition 4.4 Classe<¥ andC? are decoupledw.r.t. weightb; ;
providedthat:

o3, J|1C%) = C¥ or Ny(i, 5|£7) = pCF. (6)

Rememberinghatthegradients alinearoperatofi.e.,0E /0w =
El OE;/0w) the absencef decouplingcanbe shavn to be oneof
themainreasongor the presencef stationarypoints:gradients/an-
ishesbecauséhe contritutionsfrom positve andnegative examples
cancelout. Thefollowing resulthold:

Theorem4.2 (labeldecoupling)

Theerror function E is unimodalprovidedthere existsa weightb;;
of matrix B sud thatclasseff andC* are decoupledv.r.t. weight
bij.

Theorem4.3 (pointerdecoupling)
Theerror function E is unimodalprovidedthere existsa pointer k
sudh that at leastfor oneelementa;;, of matrix A(k) classescf

andC# are decoupled

From thesetwo theoremst is easyto shav the following conse-
guence.

Corollary 4.1 Supposehattraining graphsare labeledby categor-
ical attributesencodedusingone-hotcoding Also supposehere is
atleastonenodethatoccursin positiveexamplesonly or in negative
exampleonly. Theneveryfunctionin &; is unimodal.

Example 4.2 Let us considerthe conceptsP(sex) and P(hat). Clearly
every training setfor this conceptmatcheshe conditionsof Corollary 4.1,
thusgiving rise to a unimodalloading problem.Basically the presencef a
discriminantblock (ski rt or short s) for P(sex) or the presencef the
blockhat for P(hat) malesit possibleto concludethatthereareno subopti-
mallocal minimain theerrorfunction.Let usconsiderthe staticcounterparts
of P(sex) andP(hat). Becausef theassumptionsnadein the creationof
graphsfrom pictures(seeFigure 1), the block hat occupiesa fixed position
in theequialentsequentiatepresentatiortience the correspondindpading
problemis linearly separabld8]. On the opposite when converting graphs
to sequentiatepresentationfor loadingproblemP(sex)), we caneasilysee
thatthe positionof the blocksski rt andshort is notin afixed position,
but canalsoconsiderablype shiftedbecaus®f thelack of someblocksin the
pictures.lt caneasilybe shavn thatin this casethe staticcounterparbf the
given problemmay not be linearly-separableHence,P(sex) is easywhen
using structuied representationof the pictures, but can be very hard when
choosingequivalentstaticrepresentations

Theoremd.2 andthecorrespondentorollary4.1canbeextended
to thecaseof logical conditionsassociatetb thepresence/absencé
nodesLet usdefinethe classof discriminantOR problems denoted
Py, astheclassof loadingproblemsor whichthereexistsa setV; of
discriminanthodessuchthatatraininggraphis positiveiff it contains
atleastonenodein V.

Corollary 4.2 For everytraining setL; that originatesfroma dis-
criminantOR problem,the associatedsetof error functions€; only
containsunimodalfunctions.

Theclassof discriminantAND problemscanbedefinedin a simi-
lar way andananalogousesultholdstrue:

Corollary 4.3 For everytraining setL; that originatesfroma dis-
criminantAND problem theassociatedetof error functions€, only
containsunimodalfunctions.

Example 4.3 ProblemP(hat V skirt) asdefinedin Section3 is clearly
a discriminantOR problem(discriminantnodesarehat andski rt) and,
by Corollary 4.2, it hasassociatedinimodalerror functions.One could re-
gardP(hat V skirt) astheloadingproblem?P(woman) associateavith the
recognitionof police-women.

Example 4.4 TheproblemP(gun A large) is adiscriminantAND prob-
lem and, by Corollary 4.3, it hasassociatedinimodalerror functions.Note
thatlarge is regardedasaglobalfeature OnecouldregardP(gun A large)
astheloadingproblem?(man) for therecognitionof policemen.

Like discriminantnodes,the conceptof discriminantpointersturn
out to be very useful for producingdecouplingand, consequently
theabsencef local minima.

Example 4.5 Considetthe conceptP(r ai sed- ar m). If we useaDPAG
for representingthe pictures then from Theorem 4.3 we conclude that
P(r ai sed- ar m) hasassociatedinimodalerror functions.A raisedarmis
in fact associatedvith the correspondingpointer which connectsthe body
to the arm (seeFigurel1). Note thatthe sameconclusioncould not easilybe
dervedwhenusingDOAG-basedepresentationsf the policemen.

Interestingly enough, the more general decoupling conditions
whicheitherinvolve thenodesor theedgesnakesit possibleto study
alsothehal t i ngl andhal ti ng2 loadingproblem.Thetheorems
reportedn this sectiondo not have a counterparfor flat representa-
tions.In particularthereis no guarante¢hatinstancesn thetraining
setl, arelinearly separableThis malesit evident that there are
learningproblemsthat are easierusinga structued representation

4.3 Topologicalindices

Whenlabelsareall categyorical,thetrainingset£ canbecompacted
into a single DOAG [15]. This is doneby introducinga topology-
basedequialencerelationon the nodesof the training graphs.Two
nodesy andw aretopologicallyequialentiff thelabeledsubgraphs
inducedby theirdescendant@reidentical(therelationshigs denoted
by <). The equivalencecanbeexplainedby notingthatrunningary
RNNsonthegraphsn which v andw appearthe associatediidden
staterepresentatioareindistinguishabldi.e., z, = x,,). A single
DOAG U™ is thenconstructedy includingonly therepresentantsf
theequivalenceclasse& Thenumberof nodesof ¢/* is calledpower
pointer of the training set,denotedt £. The power pointeronly
depend®nthetopologyandthelabelingof thetraininggraphsin [4]
it is shavn thatn >1) L, is asufficient conditionfor the absencef
stationarypoints(the resultcanbe seenasa generalizatiorof [16]).
Anothertopologicalindex canbeintroducedvhichmalkesit possible
to determinan advancethenumberof hiddenunitsrequiredto avoid
suboptimallocal minima. The following new topologicalindex in
introduced:

Definition 4.5 Given £* with categorical variableswe call broth-
erhoodindex of £# thenumber

[ # - #
=L _r£2ai<|:£k_r£§ic|U/mk|- (7)

7 The supervisionschemewhen learningwith the single graph/* needs
to slightly changedsinceevery nodethat appearsasa supersourcén the
original trainingsethasanassociatedarget.
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Example 4.6 ConsidefoadingproblemP(out — degree). In [4], it was
shavnthatDy, ff = 8 andthatanetwork with 8 hiddenunitsis suficientin
orderto avoid local minima.Hencefy £L# = 8. Likewisewe cancalculate

U# o (1997).
L/P% - [16] X.H. YuandG.A. Chen,'On thelocal minimafree conditionof back-
propagatioriearning’, IEEE Trans.on Neual Networks 6(6), 1300—
U¥/oay = {(C~1,C~2,B—3,E—4,C 5B —6) 1303,(1995).

(B-1),(B—2,B—4),(B-5)}.
U#/my = {D~1,C~3,C~4,D-5C—6)}
U} /3 = {D—4,E—5,D—6)}.

Hencel= £# = 4. It canbe proventhatarecursve neuralnetwork with
n = —1+ £# = 3 hiddenunits,guaranteethe absencef local minima.

5 Conclusions

In this paperwe have considerablyextendedthe resultsgivenin [4]

by presentingsuficient conditionswhich make it possibleto con-
cludethatmary interestingloadingproblemsof datastructuresnto
recursve neuralnetworksareeasy(no suboptimalocal minimapop-
ulate the attachederror function). We have introducedan artificial

problem,the coplearningtask,andhave shavn thatgraphicalrepre-
sentation®f theinstancesnale learningeasywhereasvhenprovid-

ing an equivalentstaticrepresentatioof the samedatathe loading
problemmay becomevery hard. The main conclusionis thatwhen-
ever representingnstancesdy meansof labeledgraphsis anoption,
suchrepresentatioshould be usedinsteadof a “flat” (i.e. vector

basedyepresentation.
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