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. Affine varieties

Recall : want  to study the solution sets of systems
of polynomial equations .

We work over a fixedZed fields
k -

- IR
, Fg finite

field X ground field

k -

- Q
, FI,

. . . . ✓
Why alg .

closed ?

E. g . one variable
,

one equation

f CX ) = O - over k -

- I : d solutions

deg f- d > I counted with multiplicity

\
over kik : ⑦

Recall :

• Affine n -

space over k :

An ( k ) = Ah = 4a.m.
.

. . ?a.n ) e kn }
in a

k k



indeterminate s

• A polynomial with coefficients in k in xa..,xT
is an expression of the form

.

.

It
a

f- ( xn ,
- . .

, xn ) = & . - . xnin with CIE kIgfCig ,  
- - .

, in EIN "

CEO for all but

finitely many I

• k [ xp . . .

, xn ] :  = { poleyn .

in in . . .

, xn with k - coeff . }
+

,

o

polynomial ring

Def . So k An ,
. . .

, xn ]
The zero set C or : vanishing locus ) of S is

NCS ) = 2- CS ) :  = { peat : fcp ) = o for all f e S } a Ah

Subsets of Ah of the form WCS) are called (affine )
algebraic sets

.

Notation : for fi ,
. . .

, fmekfxy ,
. . .

 in ] we write
N Cfi ,

- . .

, fm ) :  = N ( { fi ,
. . . .fm } ) =

= { p E Ah tf Cp ) = - - .  = fm Cp ) -
- O } .



Examples :

(1) LELA , . . .

, xn ] Nfl )=§ the empty set and

the whole space

OEk[ Xp , .
.

. in ] ICO )=IAh are algebraic sets

(2)

fAh-•a=(
ay ,

. . . ,an )I E- Az

{ a }=H( Xia ,
,xz- Az ,

. . .

, xn - an )

xia , points are algebraic subsets

(3) All affine subspaces in Anare algebraic sets
.

(4) Curves in the affine plane A ?

FG ,y)ek[x,y ] non - constant polynomial

Nff ) = {4--0} is an algebraic curve

E.g .

. FG ,y)=x7y2 - i Nlf ) unit circle

• FG ,y)=xG - 1) G- 2) -
- - Cx - n ) - Y

-
ha ) A- O

Nlf )

char k¥2 .ca?yoiyo=hCxo
)

co ago ,

' '

• CXo ,- Yo )



(5) If Xc Am and Ya Ah are aleg .

subsets
,

then
X x Y a Am x An I Am  th

is analog .
subset

.

EX ERASE
.

Remark : The set S defining the alg .
subset X -

- NCS )
is not unique .

For instance :

• if f and g vanish on X
,

then ft g vanishes on X

• if f vanishes on X
,

then he f vanishes on X for
all he k firm . . .

 in ] .

In particular ,
we have

Y ( s ) = N ( Cs ) ) C s ) : ideal gen 'd by S

(5) = {ha fat - - - t her frfr e IN
, fn . . .

, fr ES
, ha ,

. . .

,
h re k Gn . . .

, xD}
Recall : R ring ( ie

.
commutative ring with unity )

• an ideal T is a subset To R closed under addition
and satisfying R . J a R

-

i. e
.

L B E T for all a ER and BET
• ( S ) is the smallest ideal containing s

• ideals of the form Cf ) for some f e R are called

principal ideals
.

Example : Algebraic subsets in A
'



HU ) Tco )
h 11

A leg .
subsets in At are : 01, finite sets of points ,

At

of
,

eopz . . . .pe" I -
- k { Pa .  - is Pe}=N fkn - pal - Cxepay . . .

- . . Ge - Pel )
= Xl (f)

All alg .
subsets are of the form Wtf ) with Tak Cx]

an ideal
.

CA : k Cx ] is a principal ideal domain : all ideals

are principal .

Hence if Xc A
'

is an al g. subset
,

we have

.

X -

- NC Lf ) ) = N tf ) with f E k [ x ]
Then deg f  = O ⇒ X = 01 or IA '

deg f -

- d 31 ⇒ X consists of d points

Weber
,

k fry ,
. . .

 in ] is not a PID if n 32
.

Hence in general we will need more than just one

polynomial to define analog .
subset x can

.

Is it enough to work with finitely many polynomials ?
Answer from commutative algebra :

Lemma The following conditions are equivalent
for a commutative ring R :

ft ) every ideal in R is finitely generated
( ACC ) ascending chain condition : every ascending

chain of ideals in R is stationary ,
i e

.

,



for all chains I
,

a If Iza - - - a Inc In + ee
.  - -

with Ija R ideal

there is an N s
.

th
. Im = In for all m ? N

.

Def . If R satisfies CA cc ) ,
then R is called

Noetherian
.

Then ( Hilbert basis theorem ) If R is Noetherian
,

then REX ] is Noetherian
.

Cor
.

k [ xp . . .

,
x

n ] is Noetherian
.

In particular , every alg .

set in An can be defined
by the vanishing of finitely many polynomials .

Set - theoretical properties of alg .

sets

Lemma If Sy , Sz are sets of polynomials ,
then

H (Sy ) u N Cs a ) = NCS . Sz )
with Sy

- Sz = { Fg I f E se , g e sa ) .

Furthermore
, for all families { Si }e. ⇐

with Sic
k Ey,

. . .

, xD we have :

i.ch#Csi ) = N ( ¥
,

Si ) .



Cor
. Finite unions of alg .

sets and arbitrary enter -

sections of alg .
sets are again algebraic .

Pf of lemma :

Sr , Sack [ Xi , . . .

, xn ]
- -

"
a

99

pay (Sy ) u N Cs z ) ,
let he 952 .

Then h -

- f g with f E se , g E Sz and we have

0 .

g C p ) = O if PE Ncsa )
help ) -

- f Cp) g Cp) = ↳
Cpg . o = o if PENG 2)

Hence PEN ( Sid .

• 599 Let us assume p 4 NGe) u N CS z ) .
Then there exist

f- ES
,

and g E Sz s th
. f-Cp ) to

, g Cp ) to .

Hence

Etg) Cp) = f Cp) .

g Cp) to
,

which implies p of NCS, Sff

Def . Algebraic subsets satisfy the axioms for
the closed subsets of a topology on Ah

.

We call this topology the Zariski  topology .

Been
.

The Zariski  

topology is not Hausdorff .

Take the case of IA
'

.

Let us take distinct points
p . of E IA '

k :3Hhs ?



Every open subset containing p is of the form

Up= HI - { pm .  - . spr } pm . . . ,prtp

and all open subsets containing qaoeoftheform

Ug - IA
'

' Sign . . . .gs } oh ,
. . .

.gs#9HenceUpnUq=fA- { pm .  . spr.ge ,  
- - - sgs } 't 01

infinite set
-

Eris points


