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Pricing of an American put

» Time-homogeneous LV model for stock price :

d?‘s’t = Tdt+U(St)th
t

» American put : holder gets the payoff (K — S, ) if exercised at
u<T.

» Optimal stopping problem (Bensoussan 84’ Karatzas 88’) :
A(t,s,K)= sup E [e‘r(“_t) (K — Su)+‘ Sy = s} , u stopping time.
u€lt,T]
» Parabolic obstacle PDE :

A+ 159, A+ 10 (s)? 520 A—rA=0, t<T, s>s'(1)
At,s,K)> (K —s) t<T, s>s'(t)
At,s, K) = (K —s),, t<T, s<s'(t)
A(T,s,K) = (K —s) t=T, s>0.

+

=+

» 5 (1) is the exercise boundary.
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Black-Scholes exercise boundary
r=0.04 sigma= 05 K=12 s=10 T=1
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Early premium formula

» 7:=T — 1t time to maturity.
» Homogeneous Markov process : s’ (1) = 5(1 —1) = 5(7).
» Decomposition of the American put (early premium formula) :
A(r,8,K) =Eq [e‘” (K — ST)+] + rK/ e "Eos [1Su§§(7—u)} du
0
= P(T78’K) +p(T’S’K)'
see (McKean 65’, Moerbeke 76’, Myneni 927).
» P(7,s,K) : European price, p(7,s, K) : premium.
» Continuation condition : A (7,s(7), K) = (K — s(1)) .

Integral equation for 5(7).

K — g(T) = Eoyg(.,) [6_TT (K - ST)+] + TK/O e—ruE07§<7) [15u5g(77“>] du.
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Exercise boundary

» 5(0) = K, s(7) decreasing on [0, T.
» Lower and upper bounds for the exercise boundary :

Vu € [0,7], §(7) <s(r—u) <K.

Black-Scholes exercise boundary
r=0.04 sigma=05 K=12 s=10 T=1

~— bs

5(t)

~—— bs.upper

~— bs.lower




Exercise boundary close to the maturity

» Define Z(7) = In 5(7). Geodesic distance : d(Z(7),In K) = f,an dp_

z(r) o(eP)
Theorem
We have as 7 — 0,

d (7(r),nK) = 7In (”’ (TK)) (1 + th(?(f)) +0 <1n31(§)>) ,

Consequently :

) =K — o (1) [rin (L) <1+ In? (1”) e <1“31(i))> |

see (Lamberton 95’, Chevalier 05’, De Marco, Henry-Labordere 17’
and many others).

» V(K) = O;T(,[E)) — homogeneous to time. It plays the role of a

time-scale. In BS model ypg = % ~ 4 for typical values.



Short-time asymptotics for the density

» Heat-kernel expansion for the transition density of the logarithmic
stock price X,, = In(S,) starting at Xg = x :

_d%(z,y)
e 2u

fX(U,Z/|$):W

where :

(uo (z,y) + O (w;2,y)), (u—0)

3 _1¢ Ny, (Y_dp
g(e’) e 2yt ), o2(eP) |

o=

uo (x,y) = o ()

_ [P dp
d(ﬂfvy)—/x ()’

and the following uniform estimate holds :

3C >0,V (z,y) € R%Vu € (0,7], |O(u;2,9)| < Cu.



FEuropean put price expansion

» Put price is a Laplace-type integral :

Ke '™ 0 ; . _d?(lns,z4In K)
P(r,s,K) = Nz (1—=e)(uo(lns,In K +2)+0(1))e 27 dz.
Plrs = K) = 228 ym - ot a1+ o)) (K =),

Ver 2 V2T
up (Ins,In K) Ko (K)? _d?nKins)
e 27
V27rd? (In K, 1n s)
uo (In s, In K) KU(K)2 _d?(nK,Ins)
e 27
V2rd? (In K,1n s)

P (1,5 K)=

TV7T(14+0(1)) (K < s),

P(r,s,K)=K(1—¢ ") -

/(1L +o(1)) (K> s)
where Ay(s) depends only on o(s),d’(s),c”(s).

(Ref. see e.g Henry-Labordere 08’ Gatheral et al. 127).



Black-Scholes put price

BS put price
r= 0.04 sigma= 0.2 K= 1tau= 0.3

02-
itm
@ 00-
2 — otm
I
— payoff
— put.price
02-



European implied volatility expansion

» Define the European implied vol o (7, s, K) as solution to :
P(r,5,K) = Pps(r, s, K;op(r. 5. K).

» Using the European put price expansion gives a polynomial
expansion:

op (1,8, K) = a9 (s, K) + o1 (s, K)T + O (72),,

In (i)
K)y=—%°_
70 (%K) = T K, ms)’

o1 (s, K) =

op (s, K) In (uo (Ins,InK)o? (K)) a5 (s, K) oo (s, K)
In (%)2 oo (s, K) 2In (<) In (<)

» Continuity of the coefficients as K — s.

11



A time-homogeneous LV model : CEV

» CEV model : o(s) = 5531 with § > 0, 8 € R (Schroder 897).

Q@m%?ﬂ@ it f<2
]P)U,S[STSK}: Q<Qb;2jﬂi_2,2a> if g>2

Q (z;v,€) : complementary noncentral x? c.d.f
v : degrees of freedom, ¢ : noncentral parameter.

2r
k= = ks? PerC=Am b = K28,
EEICERT S

» European put : closed formula.

» American put : integral equation for the CEV exercise boundary.

12



European implied vol asymptotics

0.52 -

0.51-

0.50 -

0.49 -

&

European implied volatility
s= 10 r= 0.04 delta= 0.5 beta= 1.5 s= 10tau= 1

0.8

variable
O eur

+ eur.asympt2
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Upper and lower bounds

» Yu e [0,7], s(7)<3(r—u)< K.
» Recall the formulation for the premium :

TsK—rK/ "Eo,s [1s, <s(r—u)| du

s(t—u)
ZTK/ e_m/ fs(u, s, y)dydu.
0 0
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Upper and lower bounds

» Yu e [0,7], s(7)<3(r—u)< K.
» Recall the formulation for the premium :

TsK—rK/ "Eo,s [1s, <s(r—u)| du

s(t—u)
ZTK/ e_m/ fs(u, s, y)dydu.
0 0

» Define associated upper/lower bounds for the premium :

P (1,8, K) = T’K/ 67TU]E075 |:1Su§g(7)] du,
0

)
prs ) =1k [ e B, (15, du
0

14



Upper and lower bounds

» Yu e [0,7], s(7)<3(r—u)< K.
» Recall the formulation for the premium :
TSK—’I"K/ "Eo s 15<S(T u)]d
s(t—u)
= TK/ e_m/ fs(u, s, y)dydu.
0 0
» Define associated upper/lower bounds for the premium :
T
p(r,s,K)= T’K/ e "Eo,s [1g,<s(r)] du,
0
-
p(r,s, K)= TK/ e_rqu’s [lsugl\’] du.
0
» Corresponding bounds for the American price :

Alr,8,K) =P (1,8,K)+p(1,s K),
A(r,5,K)=P(1,5,K) +p(7,5 K)

14



ATM premium short-time expansions

Theorem

Let l( ) In <87§j)7> and Z(T, ) = ( ) + Cl l2((())) + 02 lg(( ))) + 12(7_)

with Cy, C1, Csy, Cs universal constants. We have as 7 — 0 :

rs

p(T,s) = ?TE(T, s)(L+0(1)).

15



ATM premium short-time expansions

Theorem
Let () = In (£55) and S(r,s) = &5 + C M50 + G600 + o

8mréT
with Cy, C1, Ca, C3 universal constants. We have as 7 — 0 :

p(r,8) = gTz(T, s)(1+0(1)).

Corollary
We have as T — 0 :

15



ATM American price approximation

ATM BS price (implied vol)
gamma = 15.915 r= 0.03 sigma= 06 s=K= 5

ol
Foy
0.64 - =
4
4
0.63- & O eur
O am
R
+ am.asympt
° ?) O am.upper
2 & -+ am.upper.asympt
O am.lower
4 + + am.lower.asympt
0.61- — T +
I i o © T
“E x o ©
g O © L s & b
060- & & ] 8 8 g o o o
0.‘25 0.;')0 0.‘75 ’I.IOO
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ATM premium price approximation

ATM BS premium price
gamma = 15.915 r= 0.03 sigma= 0.6 s=K=5

6
0.08 -
g x
d; X
0.06- — - oM
X + p.asympt
17 O upper
0.04 - & X upper.asympt1
i -+ upper.asympt2
3 O lower
Q + -+ lower.asympt
0.02- +
% Lt e
S o
*® ar ° o T
& 3 i 5 3 5 o
0.00- & g & d:r )

0.‘25 0.“50 0.‘75 1.60



ITM / OTM premium short-time expansions

Theorem
Suppose K < s, then we have as T — 0 :

7-% _d’(InK,ns)
p(T787K):P(S7K)me = (1+0(1)),

5 d’(nK1ns)

p(r,s,K)="P(s,K)r2e 27 (1+0(1)),

5 d2(In K,) (/(llll\ﬂ.l')\c I (j) <1 | O<1 _)]_ - >>
p(r,8,K)=P(s,K)rse 2 ¢ CU 140 (1))

2r Kuog(In s,In K)o (K
where P(s, K) = \/%(df‘(ln K,lgl S() ).

18



ITM / OTM premium short-time expansions

Theorem
Suppose K < s, then we have as T — 0 :

7-% _d’(InK,ns)
p(T737K):P(S)K)m€ = (1+0(1)),

5 _ d2(1n K,In s)

p(r,s,K)="P(s,K)r2e 27 (1+0(1)),

In(+) 1

5 d2(In K,) d(In I\Z.I")\ ’TV ) <1 | O<l 5 >>
p(r,8,K)=P(s, K)rze” 2 ¢ “U) ) 1+ 0(1)

2r Kuog(In s,In K)o (K
where P(s, K) = \/%(df%(ln K,lgl S() ).

Similarly for K > s :

(1,8, K)~Ke """ —5—p(7,5,K),
(1,8, K) ~Ke """ —s—p(r,s,K).

IS

18



American / European put price

BS put price
r= 0.05 sigma= 04 K= 1tau= 3

1.00-
0.75-

0.50-

price

0.25-

0.00-

— am
— eur

— payoff
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American implied vol

Same analysis for the American implied vol 7

» Define the American implied vol o 4(7, s, ') as solution to :

A(r,s,K) = Apg(1,8, K;04(7, 8, K)).

20



American implied vol

Same analysis for the American implied vol ?

» Define the American implied vol o 4(7, s, /') as solution to :

A(r,s,K) = Apg(1,8, K;04(7, 8, K)).
» Define upper/lower bounds for the American implied volatilities :

A7, s, K) = Aps(7,8, K50 4(7, 5, ),
Alr,s, ) = Ags(1,8, K; 5 4(7, 5. K)).

20



ATM American implied vol

Theorem
We have as T — 0 :

T

1(r)
Fa(rs) = o () + \/Zrﬁu 561+ o(1))),

) = 00(s) + o1(s)7 + O (T) ,

oa(r,s) =op(r,s)+ O ( )

ou(1,8)=0(s) — \/zr\/;E(S,T)(l +0(1)),

H2 T n T
where X(T,s) = l%o) + 4! lg(éi))) + Gy lgl((T))) + lgcgi).

» Up to the order ﬁ, American and European implied vol match.

21



ATM American implied volatility

ATM implied volatility
gamma = 20.3046 K= 1.5 r= 0.02 delta= 0.5 beta= 15 s= 15

o
o
+
0.47 - +
+
variable
¥ O am
+ am.asympt
5 B O am.lower
0.46 - + am.lower.asympt
O am.upper
-+ am.upper.asympt
& © & b
0.45- i oF
2 ¢
072 0:4 0:6 0?8 ’ITO



ITM / OTM American implied vol

Theorem

oa(r, 5, K) = op(r,5,K)+ 0 (li))

=oo(s,K) 4+ o1(s, K)7 + 02(37K)7'2 + O (17(-—7_)) ,
Ga(r,8,K) = o0(s, K) + o1(s, K)7 + <02(s, K) - & (1?[0(,(31?:(;()) (1 +o(1)),

QA(Tvva) = 00(37K) +01(87K)T +0-2(871()7_2

2

V2r T _d®(nKns)
- IS 27
s P& Ky —re (1+o(1)),

» Discontinuity in the 2nd coefficient for (7, s, K).
» Up to the order i—) American and European implied vol match.

» Quality of the expansion depends on : (s) = a2(s) 23

Qrmr2




American implied volatility

gamma =24.868s= 1 r= 0.02 delta= 0.5 beta= 1.5 s= 1tau= 2

]
0.52-
8
e
0.51-
8
b 8

0.50 - 8
0.49-

0.8 10

Error is less than 10~2%

variable
O am

O eur
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American implied volatility
gamma =24.868s= 1 r= 0.02 delta= 0.5 beta= 1.5 s= 1tau= 2

¢
0.52- ©
&
¢
&
oy
e ® variable
O eur
0.50- &
Q & O am
$ & ~+ eur.asympt2
o & O am.lower
+ s ® + am.lower.asympt
¢ #
o
0.48 -
+ o
+ (o)
+
OTS 170 1:2
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Extensions

» Derive exact coefficient for the American implied vol.

» Continuous dividend rate ¢ # 0 :

ds
=L = (r = q)dt + o(Sy) AW,

St

Different behaviours for §(7) (depending if » > g or r < ¢) hence on
p(7).

» Inhomogeneous local volatility :

d?st = (r — q)dt + o(t, S)dW;.
t

26



Conclusion

» Short-time expansions for the American put prices.

» Estimates of the difference between American and European implied
vol.

» Upper / lower bounds for the American implied vol.

27
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American implied volatility
gamma =24.868s= 1 r= 0.02 delta= 0.5 beta= 1.5 s= 1tau= 2

0.54 -

@ o
o o o © <
o o o o
¢
052- & .
& variable
@ & O eur
° & O am
fo} & + eur.asympt2
0.50- O am.lower
? &
& -+ am.lower.asympt
o & O am.upper
+ &
i ®
+ o
0.48 -
T o
o
+
OTS 1?0 112
K
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American implied volatility
gamma=0.9947s= 1 r= 0.1 delta= 0.5 beta= 1.5 s= 1tau= 2

4
052- ©
4
o
0.51- o
o variable
$ O eur
0.50 - 9 R O am
o & + eur.asympt2
o ¢
0.49- o ®
© @
L3
©
0.48 - [¢]
078 1?0 172
K
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Reminder : Laplace’s method (see De Bruijn 1981’)

» f, g sufficient smooth functions.

» ¢ strict minimum over [a,b] at an interior point c i.e :
~ g'(¢) =0, g"(c) >0 and assume f(c) # 0.

» Leading behaviour as A — oo of the integral :

I(\) = / b [ (e MM at

cte
~ o—Ha(0) / £ (1) e=MatO=9() gy

“Ag(e) ey "(e)(t—c)?
~e M f(c) e 29 dt

cC—€

—o0
2m
— M) £
€ f <C> )\g// (C) °
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