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Motivation

® Standard Models in Finance: Constant Volatility

— Unrealistic
— Statistical Uncertainty

® New Approach: Volatility Uncertainty

— More “Realistic”
— Robust
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Historical Overview
® Short Rate Models:
t t
rr=r +/ (s, rs)ds—i—/ o(s, rs)dBs
0 0

— Vasicek (1977), Cox, Ingersoll Jr, and Ross (1985), Ho and Lee
(1986), Hull and White (1990)
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Historical Overview

® Short Rate Models:

t t
rr=r —1—/ (s, rs)ds—i—/ o(s, rs)dBs
0 0

— Vasicek (1977), Cox, Ingersoll Jr, and Ross (1985), Ho and Lee
(1986), Hull and White (1990)

® Forward Rate Models:

f(t, T)=1(0,T)+ /toz(s, T)ds + /t B(s, T)dBs,
0 0

— Heath, Jarrow, and Morton (1992), ...

Conclusion
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® Let (Q,F, Py) be a probability space such that Q = Gy(R.),
F = B(Q), and Py is the Wiener measure and let (B;): be the
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® Let (Q,F, Py) be a probability space such that Q = Gy(R.),
F = B(Q), and Py is the Wiener measure and let (B;): be the
canonical process.

® For all [g,7]-valued, (F¢);-adapted processes o = (0¢)¢, where
7 > o > 0, we define the process

t
BY := / o5dB;
0

P := Pyo (B7)7 .

and the measure P? by

Conclusion
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Construction of the Set of Beliefs

® Let (Q,F, Py) be a probability space such that Q = Gy(R.),
F = B(Q), and Py is the Wiener measure and let (B;): be the
canonical process.

® For all [g,7]-valued, (F¢);-adapted processes o = (0¢)¢, where
7 > o > 0, we define the process

t
BY := / o5dB;
0

P := Pyo (B7)7 .

and the measure P? by

® Denote by P the closure of all such measures under the topology of
weak convergence.
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® Now we define the sublinear expectation

E[X] := sup Ep[X].
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® The G-Brownian motion has an uncertain volatility, which implies
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G-Expectation and G-Brownian Motion

Now we define the sublinear expectation

E[X] := sup Ep[X].
PeP

By Denis, Hu, and Peng (2011), | corresponds to the G-expectation
on LL(Q) and (B:): is a G-Brownian motion under .

The G-Brownian motion has an uncertain volatility, which implies

ot < (B); < &%t

Henceforth, statements hold quasi-surely, i.e., P-a.s. for all P € P.
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® From now on we fix a finite time horizon 7 < 0.
® |et /\Nﬂg’o(O, T) be the space of all processes ¢ of the form

l’ S) Z ‘Ptl[s, S,+1)(S

for0=sy<s <..<sy=r7and ¢ € ME(0, T).
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Space of Admissible Integrands

® From now on we fix a finite time horizon 7 < 0.
® |et ME’O(O, T) be the space of all processes ¢ of the form

N—1
¢(ta 5) = Z 90;:1[5,-75,41)(5)
i=0

for0=sy<s <..<sy=r7and ¢ € ME(0, T).
* Denote by M?2(0, T) the completion of /\7]2’0(0, T) under the norm

(K% H/\hg(o,r)iz (/OT]E{/OT ‘¢(t,s)|pdt] ds)i.
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Stochastic Integrals and Fubini's Theorem

® For processes ¢ € I\Nﬂé(O7 T), we can define the integrals

/OT/OT o(t, s)dsdBy, /OT/OTQS(t,s)dBtds,

-
/ ¢(t,s)dB; for almost every s € [0, 7].
0

and
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Stochastic Integrals and Fubini's Theorem

® For processes ¢ € I\Nﬂé(O7 T), we can define the integrals

/OT/OT o(t, s)dsdBy, /OT/OTQS(t,s)dBtds,

-
/ ¢(t,s)dB; for almost every s € [0, 7].
0

and

Theorem 1.1
Let ¢ € M%(0, T). Then it holds

/OT/OT¢(t7s)dsdBt:/OT/OTQS(t,s)dBtdS,
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Sufficient Conditions

® let ¢: [0, T] x [0,7] — R be a (deterministic) function such that
¢ € £2([0, T] x [0,7]).

Then we have ¢ € M2(0, T).
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Sufficient Conditions

® let ¢: [0, T] x [0,7] — R be a (deterministic) function such that
¢ € £2([0, T] x [0,7]).

Then we have ¢ € M2(0, T).
® Let

¢(t,5) = ne)(s)

for n € M2(0, T) and % € £2([0,7]). Then it holds ¢ € MZ(0, T).
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Forward Rate

® For t < T <7, we denote the forward rate by f(t, T).
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® For t < T <7, we denote the forward rate by f(t, T).

® The evolution of the forward rate is described by the dynamics
t t
f(t, T)=f(0,T) +/ a(s, T)ds +/ B(s, T)dBs
0 0

+/Ot'7(57 T)d<B>s

for some initial integrable forward curve T — f(0, T).
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Forward Rate

® For t < T <7, we denote the forward rate by f(t, T).

® The evolution of the forward rate is described by the dynamics
t t
f(t, T)=f(0,T) +/ a(s, T)ds +/ B(s, T)dBs
0 0

+/Ot'7(57 T)d<B>s

for some initial integrable forward curve T — f(0, T).
® The short rate process (r;); is determined by r, := f(t, t).
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® The market offers zero-coupon bonds for all maturities T € [0, 7].



Model Framework Forward Rate Model Examples Conclusion
00 00@000000 [e]e OC

Bond Market

® The market offers zero-coupon bonds for all maturities T € [0, 7].
® The price at time t < T of such a bond is given by

P(t, T) :=exp ( - /tT f(t,s)ds).
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® The market offers zero-coupon bonds for all maturities T € [0, 7].

® The price at time t < T of such a bond is given by

P(t, T) :=exp ( - /tT f(t,s)ds).

® In addition, there is the money-market account

M; := exp (/t rsds>.
0

Conclusion
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Bond Market

The market offers zero-coupon bonds for all maturities T € [0, 7].
The price at time t < T of such a bond is given by

-
P(t, T) :=exp ( —/ f(t,s)ds).
t
In addition, there is the money-market account

M; := exp (/t rsds>.
0

The money-market account is mainly used for discounting, i.e.,

P(t, T):= M71P(¢t, T).
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Assumption 1 (Regularity of the Forward and Short Rate)
We assume that o, 3,7 € M2(0, 7).
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We assume that o, 3,7 € M2(0, 7).

® Furthermore, we define the processes a, b, and ¢ by
T T
at, T) ::/ alt,s)ds, b(t, T) ;:/ B(t, 5)ds
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T
o(t, T) ;:/ +(t,5)ds.
t



Model Framework Forward Rate Model Examples Conclusion
000000 000e00000 0000 (e}

Assumptions

Assumption 1 (Regularity of the Forward and Short Rate)
We assume that o, 3,7 € M2(0, 7).

® Furthermore, we define the processes a, b, and ¢ by
T T
a(t, T) ::/ alt,s)ds, b(t, T) ;:/ B(t, 5)ds
t t
T
o(t, T) ;:/ +(t,5)ds.

t

® We have a(-, T), b(-, T),c(-, T) € M2(0,7) for all T €0, 7].



Model Framework Forward Rate Model Examples Conclusion
000000 000e00000 0000 (e}

Assumptions

Assumption 1 (Regularity of the Forward and Short Rate)
We assume that o, 3,7 € M2(0, 7).

® Furthermore, we define the processes a, b, and ¢ by
T T
at, T) ::/ alt,s)ds, b(t, T) ;:/ B(t, 5)ds
t t
T
o(t, T) ;:/ +(t,5)ds.
t

® We have a(-, T), b(-, T),c(-, T) € M2(0,7) for all T €0, 7].

Assumption 2 (Regularity of the Discounted Bonds)
We assume that b(-, T)?> € M%(0,7) for all T € [0, 7].
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Dynamics of the Discounted Bond

Lemma 2.1
The integral of the forward rate satisfies the dynamics

/tT f(t,u)du _/OT (0, u)du + /Ot (a(u, T) — r,)du
—I—/Otb(u, T)dBu-|-/Otc(u, T)d(B)s.
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Dynamics of the Discounted Bond

Lemma 2.1
The integral of the forward rate satisfies the dynamics

/tr f(t, u)du _/OT (0, u)du + /Ot (a(u, T) — r,)du
+ /Ot b(u, T)dB, + /Ot (. TYd(B)..

Proposition 2.1
The discounted bond price process satisfies the G-SDE

B(t, T) =P(0, T)—/Ota(u, VA, T)du—/ot b(u, T)P(u, T)dB,

- [ (eta. D) = 3000, TR P DB

Conclusion
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Market Structure

Definition 2.1

An admissible market strategy is a process 7 € M2 (0, 7) such that
waP € ML(0,7), mbP € M2(0,7), and 7(c — Lb?)P € ML(0,7). The
corresponding portfolio value process (V;(7)); is given by

/ / (s, T)dP(s, T)dT.

Conclusion
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Market Structure

Definition 2.1

An admissible market strategy is a process 7 € M2 (0, 7) such that
waP € ML(0,7), mbP € M2(0,7), and 7(c — Lb?)P € ML(0,7). The
corresponding portfolio value process (V;(7)); is given by

/ / (s, TYdP(s, T)dT.
Definition 2.2

An admissible market strategy = is called arbitrage strategy if it holds

7-(r) >0 gqs. and P(¥-(w)>0) >0 for at least one P € P.

Conclusion
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Girsanov Transformation

® let (B, ét)t be a 2-dimensional G-Brownian motion on the

extended G-expectation space (2., LE(QT),EG) such that

(B,B); =t.
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Girsanov Transformation

® let (B, ét)t be a 2-dimensional G-Brownian motion on the
extended G-expectation space (2., L%(QT),IAEG) such that

(B,B); =t.

® By Hu, Ji, Peng, and Song (2014), we know that

t t
B; = Bt—/ /{sds—/ A\sd(B)s
0 0

is a G-Brownian motion under &, where E(-) := I’[:]é(ﬂ) and

T

Ezexp(/ AtdBtJr/ kedBe — L [ N2d(B),
0 0 0

Conclusion
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Drift Condition

Theorem 2.1
Suppose that the processes x and X satisfy the drift condition

a(t, T)+ b(t, T)x: = 0,
c(t, T) — Lb(t, T)? + b(t, T)A: = 0.

Then the discounted bond price process (P(t, T)); is a symmetric
G-martingale under E and the forward rate satisfies

f(t, T) = £(0, T)+/Otﬁ(s, T)dE_ES—i—/Otﬁ(s, T)b(s, T)d(B)s.



Forward Rate Model
000000080

Drift Condition

Theorem 2.1
Suppose that the processes x and X satisfy the drift condition

a(t, T)+ b(t, T)x: = 0,
c(t, T) — Lb(t, T)? + b(t, T)A: = 0.

Then the discounted bond price process (P(t, T)); is a symmetric
G-martingale under E and the forward rate satisfies

f(t, T) = £(0, T)+/Otﬁ(s, T)dE_ES—i—/Otﬁ(s, T)b(s, T)d(B)s.

Corollary 2.1

If the drift condition is satisfied, then the market is arbitrage-free.
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Consistency Check

® If there is no volatility uncertainty, that is, @ = 1 = g, we have
(B)e=t

and (B;); is a standard Brownian motion.
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® If there is no volatility uncertainty, that is, @ = 1 = g, we have
(B)e=t

and (B;); is a standard Brownian motion.

® Then the dynamics of the forward rate are given by

f(t, T)=f(0,T) +/0 B(s, T)dBs +/0 (s, T) + (s, T))ds.
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Consistency Check

® If there is no volatility uncertainty, that is, @ = 1 = g, we have
(B)e=t

and (B;); is a standard Brownian motion.

® Then the dynamics of the forward rate are given by
t t
f(t, T)=f(0,T) +/ B(s, T)dBs +/ (afs, T) +(s, T))ds.
0 0

® The drift condition implies

a(t, T) +c(t, T) — 3b(t, T)* + b(t, T)(ke + A¢) = 0.
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Ho-Lee Model

® Suppose that 8(t, T) = o.
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Ho-Lee Model

® Suppose that 8(t, T) = o.
® Then the risk-neutral dynamics of the forward rate are given by

f(t,T)=f(0,T) + 0B, + o> /t(T — 5)d(B)s.
0
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Ho-Lee Model

® Suppose that 8(t, T) = o.
® Then the risk-neutral dynamics of the forward rate are given by

t
f(t, T)=f(0,T)+0B;: + 02/ (T —s)d(B)s.
0
® Moreover, we can derive the related short rate dynamics,

t
= ot [ (0uF(0.0) +02(B).)du+ B
0

Conclusion
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Ho-Lee Model

Suppose that 8(t, T) = o.
Then the risk-neutral dynamics of the forward rate are given by

t
f(t,T)=f(0,T)+0B: + 02/ (T — s)d(B)s.
0
Moreover, we can derive the related short rate dynamics,
t -
rr=r+ / (0. (0,u) + 0*(B),)du + o B;.
0

In this case, the bond prices are given by

l%LT):am(—» Tﬂ&uwu+(T—tﬁmJ)

+ 5 (B)(T =t = (T = t)r,).



Model Framework Forward Rate Model Examples
000000 000000000 [e]e] le)

Hull-White Model

® Suppose that 3(t, T) = oce %(T—1),
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Hull-White Model

® Suppose that 3(t, T) = oce %(T—1),
® Then we obtain

t
rt:ro—i—/ <8uf(0,u)+0f(0,U)
0

+02/ e’%)(”’s)d(B}S—0ru)du+aét.
0
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Hull-White Model

® Suppose that 3(t, T) = oce %(T—1),
® Then we obtain

t
re=ro —|—/ (&,f(O, u)+60f(0, u)
0

+ 02 / e 20u=9)q(B), — Hru) du + oB;.

0

® The bond prices are now given by

T

P(.T) = exp ( - / F(0, u)du + 3(1— e~ %T=9)£(0, 1)
t

t
. %(1 . efe(rft))2/ e726(t75)d<B>s
0

- 51— e*O(T*t))rt).
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Vasicek Model

® The Vasicek model has the same volatility structure but a constant
mean reversion level.
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Vasicek Model

® The Vasicek model has the same volatility structure but a constant
mean reversion level.

® Hence, we set 3(t, T) = oe=7~% and, for u € R, it has to hold

t
D,F(0, £) + 0F(0, £) + 02 / 205 g(BY, = p1.
0
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Vasicek Model

® The Vasicek model has the same volatility structure but a constant
mean reversion level.

® Hence, we set 3(t, T) = oe=7~% and, for u € R, it has to hold
t
D,F(0, £) + 0F(0, £) + 02 / 205 g(BY, = p1.
0

® Therefore, we cannot obtain the classical Vasicek model, since

t
o2 / e~ g(BY, £ 1 — DL (0, £) — OF(0, ).
0

Conclusion
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— Integration w.r.t. Two Integrators
— Version of Fubini's Theorem



Conclusion
oe

Conclusion

® Extension of the Stochastic Integral from Peng (2010)

— Integration w.r.t. Two Integrators
— Version of Fubini's Theorem

® Construction of a Forward Rate Model under Volatility Uncertainty

— Derivation of a No-Arbitrage Condition
— Characterization of the Forward Rate Dynamics
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Conclusion

® Extension of the Stochastic Integral from Peng (2010)

— Integration w.r.t. Two Integrators
— Version of Fubini's Theorem

® Construction of a Forward Rate Model under Volatility Uncertainty

— Derivation of a No-Arbitrage Condition
— Characterization of the Forward Rate Dynamics

® [nvestigation of the Relation to Short Rate Models
— Ho-Lee Model v/
— Hull-White Model v/
— Vasicek Model
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