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Spot volatility estimation

Three techniques:

Localization of squared returns

pσ2
t “

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

p∆n
i X q

2

Localization of bipower variation

pσ2
t “

1

hn

n´1
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

|∆n
i X |

ˇ

ˇ∆n
i`1X

ˇ

ˇ

Localization of truncated square returns

pσ2
t “

1

hn

n´1
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

p∆n
i X q

2 I
t|∆n

i X |ăθnu
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The model

Main model:

dXt “ µtdt ` σtdWt ` dJt , (0.1)

we need extra assumptions on the coefficients to work.

X is defined on a filtered probability space pΩ,F , pFtqtě0,Pq, X0 is

F0-measurable,

µ “ pµtqtě0 is a locally bounded and predictable drift

σ “ pσtqtě0 is an adapted, càdlàg and strictly positive (almost surely)

volatility

W “ pWtqtě0 is a standard Brownian motion

J “ pJtqtě0 is a pure-jump process.
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Kernel and bandwidth

The bandwidths hn is a sequence of positive real numbers, such that, as nÑ8,

hn Ñ 0, nhn Ñ8.

The kernel K : RÑ R` is any function with the properties:

(K0) K pxq “ 0 for x ą 0 (left-sided kernel);

(K1) K is bounded and differentiable with bounded first derivative;

(K2)
ş0

´8
K pxqdx “ 1 and K2 “

ş0

´8
K 2pxqdx ă 8;

(K3) It holds that for every positive sequence gn Ñ8,
ş´gn
´8

K pxqdx ď Cg´B
n for

some B ą 0 and C ą 0 (i.e., K has a fast vanishing tail);

(K4) mK pαq “
ş0

´8
K pxq|x |αdx ă 8, for all α ą ´1;

m1K pαq “
ş0

´8
K 2pxq|x |αdx ă 8, for all α ą ´1.
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The model: Jumps

The jump process Jt is of the form:

Jt “

ż t

0

ż

R
δps, xqIt|δps,xq|ď1u pνpds, dxq ´ ν̃pds, dxqq

`

ż t

0

ż

R
δps, xqIt|δps,xq|ą1uνpds, dxq,

(0.2)

where ν is a Poisson random measure on R` ˆ R, ν̃pds, dxq “ λpdxqds a

compensator, and λ is a σ-finite measure on R, while δ : R` ˆ RÑ R is

predictable and such that there exists a sequence pτnqně1 of Ft-stopping times

with τn Ñ8 and, for each n, a deterministic and nonnegative Γn with

minp|δpt, xq|, 1q ď Γnpxq and
ş

R Γ2
npxqλpdxq ă 8 for all pt, xq and n ě 1.
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The model: Stochastic continuity

Fix t P p0,T s and let Bεptq “ rt ´ ε, ts with ε ą 0 fixed. We assume there exists

a Γ ą 0 and a sequence of Ft-stopping times τm Ñ8 and constants C
pmq
t such

that for all m, pω, sq P Ωˆ Bεptq X r0, τmpωqr, and u P Bεptq,

Eu^s

“

|µu ´ µs |
2 ` |σu ´ σs |

2
‰

ď C
pmq
t |u ´ s|Γ, (0.3)

where Etr¨s “ E r¨|Fts.

The localization procedure (see, e.g., Jacod and Protter (2012), Section 4.4.1)

implies that we can and shall assume µt , σt , and δpt, xq are bounded (as pω, t, xq

vary within Ωˆ r0,T s ˆR) and that |δpt, xq| ď Γpxq, where Γpxq is bounded and

such that
ş

R Γpxq2λpdxq ă 8.
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The jump activity index

The jump activity index (denoted BG, sinces it coincides with the

Blumenthal-Getoor index for pure jump Lévy processes) is defined as

BG “ inf
p

#

p ě 0 :
ÿ

sďt

|∆Xs |
p
ă 8

+

.
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Spot volatility estimation

Theorem

Consider the simplest estimator:

pσ2
t “

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

p∆n
i X q

2
.

For every fixed t P p0,T s, as nÑ8 and hn Ñ 0 such that nhn Ñ8, it holds

that σ̂2
t

p
Ñ σ2

t´.

This result is somewhat surprising. Let’s see why it holds.

The proof is the combination of Mancini, Mattiussi and Renò (2015) with

Theorem 9.3.2 in Jacod and Protter (2012).
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The case without jumps (sketch of the proof)

Assume J “ 0 (and µ “ 0).

Write:

σ2
t´ “

1

hn

ż T

0

K

ˆ

s ´ t

hn

˙

σ2
s ds ` Rnptq

Then,

pσ2
t ´ σ

2
t´ “

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

¨

˝

˜

ż ti

ti´1

σ2
s dWs

¸2

´

ż ti

ti´1

σ2
s ds

˛

‚` opp1q

and we invoke a LLN.

(The consistency result also holds with µ ‰ 0.)
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Now assume J ‰ 0.

We compensate the large jump term and write

X 1t “

ż t

0

µ˚s ds `

ż t

0

σsdWs ,

where µ˚t “ µt `
ş

R δpt, xqIt|δpt,xq|ą1uλpdxq is bounded, and

X 2t “ Xt ´ X 1t “

ż

R
δps, xq pνpds, dxq ´ ν̃pds, dxqq .

We already know that:

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

`

∆n
i X

1
˘2 p
Ñ σ2

t´.

We need to show that:

R σ̂n “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

´

p∆n
i X q

2
´
`

∆n
i X

1
˘2
¯

p
Ñ 0.
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For κ P p0, 1q, write ∆n
i X “ ∆n

i X
1 `∆n

i X
2
1 pκq `∆n

i X
2
2 pκq, where

∆n
i X

2
1 pκq “

ż

R
δps, xqI

tΓpxqďκu pνpds, dxq ´ ν̃pds, dxqq

∆n
i X

2
2 pκq “

ż

R
δps, xqI

tΓpxqąκu pνpds, dxq ´ ν̃pds, dxqq .

The following inequality holds:

ˇ

ˇpa` b ` cq2 ´ a2
ˇ

ˇ ď εa2 `
C

ε
pb2 ` c2q

for a fixed constant C valid for all ε Ps0, 1s.

Thus

|R σ̂n | ď
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

ˇ

ˇ p∆n
i X q

2
´
`

∆n
i X

1
˘2 ˇ
ˇ

ď
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙ˆ

ε
`

∆n
i X

1pκq
˘2
`

C

ε

´

`

∆n
i X

2
1 pκq

˘2
`
`

∆n
i X

2
2 pκq

˘2
¯

˙

,
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We now split the probability space in two parts.

We define Ωnpψ, κq Ď Ω as the set of the events in which the Poisson process

νpr0, ts ˆ
 

x : Γpxq ą κ
(

q has no jumps in the interval pt ´ hψn , ts, for 0 ă ψ ă 1

and 0 ă κ ă 1.

Note that Ωnpψ, κq Ñ Ω, as nÑ8 since hψn Ñ 0.

Conditioning on this (local) set where “large” jumps are absent, we just need to

take care of the large jumps in the kernel tail:

E

«

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

C

ε

`

∆n
i X

2
2 pκq

˘2
| Ωnpψ, κq

ff

“
1

hn

ÿ

ti´1ďt´hψn

K

ˆ

ti´1 ´ t

hn

˙

C

ε
E
”

`

∆n
i X

2
2 pκq

˘2
ı

ď
1

hn

ÿ

ti´1ďt´hψn

K

ˆ

ti´1 ´ t

hn

˙

C

ε
∆i,n

˜

„

ż hψ´1
n

´8

K psqds

¸

ď
C

ε
hBp1´ψqn
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For the “small” jumps we have:

E
”

`

∆n
i X

2
1 pκq

˘p
ı

ď C∆i,n

ż

tx :Γpxqďκu
Γpxqpλpdxq,

for all p ě 1. We use p “ 2 here.

So that, using again the convergence of the no-jump part:

E
”

|R σ̂n | | Ωnpψ, κq
ı

ď Cε`
C

ε

˜

ż

tx :Γpxqďκu
Γpxq2λpdxq ` hBp1´ψqn

¸

.
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The conclusion is now classical. Write:

P
`

|R σ̂n | ą c
˘

“P
`

|R σ̂n | ą c | ΩAnpψ, κq
˘

` P
`

|R σ̂n | ą c | Ωnpψ, κq
˘

ďP
`

ΩAnpψ, κq
˘

` E
”

|R σ̂n | | Ωnpψ, κq
ı

{c

(by Markov’s inequality).

We proved that, or all ε, κ P p0, 1q,

lim sup
nÑ8

P
`

|R σ̂n | ą c
˘

ď
1

c

˜

Cε`
C

ε

˜

ż

tx :Γpxqďκu
Γpxq2λpdxq ` hBp1´ψqn

¸¸

.

Setting ε “
´

ş

tx :Γpxqďκu
Γpxq2λpdxq ` h

Bp1´ψq
n

¯ψ1

with 0 ă ψ1 ă 1 and noticing

that
´

ş

tx :Γpxqďκu
Γpxq2λpdxq ` h

Bp1´ψq
n

¯

Ñ 0 as κÑ 0 and nÑ8, we deduce

that P
`

|R σ̂n | ą c
˘

Ñ 0. ˝
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How to use spot volatility?

Can we thus think that, under certain conditions, volatility can be observed

and plugged in, e.g., a regression?

Not really.

We need indeed a uniformity result.

We will now provide such a result using the truncated estimator.
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Model

We consider the price/variance system:

d log pt “ µpσ2
t qdt ` σtdW

r
t ` dJ rt , (0.4)

df pσ2
t q “ mf pσ2qpσ

2
t qdt ` Λf pσ2qpσ

2
t qdW

σ
t ` dJσt , (0.5)

where tdW r
t ,dW

σ
t u “ tρpσ

2
t qdW

1
t `

a

1´ ρ2pσ2
t qdW

2
t ,dW

1
t u with

´1 ď ρp.q ď 1,
 

W 1
t ,W

2
t

(

are independent, standard Brownian motions, tJ rt , J
σ
t u

are Poisson jump processes independent of each other and independent of
 

W 1
t ,W

2
t

(

with intensities λr p.q and λf pσ
2
qp.q respectively, f p.q is a monotonically

non-decreasing transformation of variance, and µp.q, mf pσ2qp.q, Λf pσ2qp.q, and ρp.q

are generic functions satisfying suitable smoothness conditions.
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Preliminaries (with slight changes of notation, sorry about that)

We assume k ` 1 intra-period price observations (on dashed lines of total length

φ ă ∆n,T ) for each price observation sampled at i∆n,T with i “ 1, ..., n. In the

graph, we consider 3 periods (n “ 3). Spot variance is estimated for every time

i∆n,T using k ` 1 intra-period observations over φ.

Localized (in time) threshold realized variance estimator (Mancini, 2009), namely

pσ2
i∆n,T

“
1

φ

k
ÿ

j“1

r2
i,j 1tr2

i,jďϑu
, (0.6)
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Theorem

(Bandi and Renò, Econometric Theory, 2018) Assume pσ2
i∆n,T

is given by Eq.

(0.6). If, as ϑÑ 0, we have 1
ϑ
φ
k log

´

k
φ

¯

Ñ 0, and when the driving functions

and σ2
t are uniformly bounded, we have

max
1ďiďn

ˇ

ˇ

ˇ
pσ2
i∆n,T

´ σ2
i∆n,T

ˇ

ˇ

ˇ

“ Op

˜

c

log n log nk

k
` φ1{2

a

log n ` nφ

¸

.
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We assume (among other things):

1. There exists a function F p¨q satisfying the property
ErsupsďT |f

˚
pσ2

s q|s
ErsupsďT |Fpσ

2
s q|s

“
ErMpf ˚pσ2

s qqs

ErMpFpσ2
s qqs

ď 1, where Mpgpσ2
s qq is the maximal process of

the generic variance transformation gpσ2
s q and f ˚pσ2q is a function of the

variance state σ2

If the functions µp.q,mf pσ2qp.q, . . . and the process σ2
t are not uniformly bounded,

then the generic function f ˚pσ2
t q will, of course, not be uniformly bounded. Thus,

the condition

max
1ďiďn

ż pi`1q∆n,T

i∆n,T

ˇ

ˇf ˚pσ2
s q
ˇ

ˇds
p
„ ∆n,T pÑ 0q, (0.7)

which is a routine approximation in this literature, may not be valid as T Ñ8, in

general. However, max
1ďiďn

şpi`1q∆n,T

i∆n,T

ˇ

ˇf ˚pσ2q
ˇ

ˇ ds
p
„ E

`

Mpf ˚pσ2
s qq

˘

∆n,T will be

valid with Mpf ˚pσ2
s qq “ sup

sďT

ˇ

ˇf ˚pσ2
s q
ˇ

ˇ defining the maximal process of f ˚pσ2
s q.

We write max1ďiďn

şpi`1q∆n,T

i∆n,T

ˇ

ˇf ˚pσ2
s q
ˇ

ˇds
p
„ E

`

Mpf ˚pσ2
s qq

˘

∆n,T ď

E
`

MpF pσ2
s qq

˘

∆n,T :“ ∆˚
n,T
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Example of maximal processes

Brownian motion: (Doob’s inequality)

E

ˆ

sup
sďτ
|Ws |

˙

ď
?

2
a

E pτq,

Bessel process of dimension δ starting at zero:

E
1
p

ˆˆ

sup
sďτ

Xs

˙p˙

ď
?
δ

ˆ

4´ p

2´ p

˙1{p

E
´

τp{2
¯

for all 0 ă p ă 2

The square-root process dXt “ pa` bXtqdt ` c
?
XtdWt with a, c ą 0 and

b ă 0

E
1
p

ˆˆ

sup
sďτ

Xs

˙p˙

ď γp
c22

2a
c2

|b|
E

ˆ

logp

ˆ

1`
a|b|

c2
τ

˙˙

,
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The proof

Write the price process as log p “ log rp` J, where rp is the continuous component

and J is the jump component. Recall φ ă ∆n,T .

Notation: write rpj “ rptj , where

tj “
´

t
j´1
k`1 u` 1

¯

∆n,T ´ φ`
´

j´1
k ´ t

j´1
k`1 u

`

1` 1
k

˘

¯

φ, with j “ 1, . . . , npk ` 1q,

where t.u is the “floor” function.

Notation: rhe symbol 1i,j signifies 1ti´1ă j
k`1ďiu.

Simplification: use f pσ2q “ σ2.

Rewrite:

rσ2
i∆n,T

:“
1

φ

npk`1q´1
ÿ

j“1

1i,j plog rpj`1 ´ log rpjq
2
,
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Decomposition, using Ito’s Lemma:

max
1ďiďn

ˇ

ˇ

ˇ
pσ2
i∆n,T

´ σ2
i∆n,T

ˇ

ˇ

ˇ
ď max

1ďiďn

ˇ

ˇ

ˇ
rσ2
i∆n,T

´ σ2
i∆n,T

ˇ

ˇ

ˇ
` max

1ďiďn

ˇ

ˇ

ˇ
pσ2
i∆n,T

´ rσ2
i∆n,T

ˇ

ˇ

ˇ

ď max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

φ

npk`1q´1
ÿ

j“1

1i,j

ż tj`1

tj

˜

ż s

tj

µpσ2
v qdv

¸

µpσ2
s qds

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

V1,T,k,φ

` max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

φ

npk`1q´1
ÿ

j“1

1i,j

ż tj`1

tj

˜

ż s

tj

σvdW
r
v

¸

µpσ2
s qds

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

V2,n,T,k,φ

` max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

φ

npk`1q´1
ÿ

j“1

1i,j

ż tj`1

tj

˜

ż s

tj

σvdW
r
v

¸

σsdW
r
s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

V3,n,T,k

` max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

φ

npk`1q´1
ÿ

j“1

1i,j

ż tj`1

tj

˜

ż s

tj

µpσ2
v qdv

¸

σsdW
r
s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

V4,n,T,k,φ

` max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

1

φ

ż i∆n,T

i∆n,T´φ
σ2
s ds ´ σ

2
i∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

loooooooooooooooooooooomoooooooooooooooooooooon

Bn,T,φ

` max
1ďiďn

ˇ

ˇ

ˇ
pσ2
i∆n,T

´ rσ2
i∆n,T

ˇ

ˇ

ˇ

loooooooooooooomoooooooooooooon

Jn,T,k,φ

.
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We start with the bias term Bn,T ,φ. Write

max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

1

φ

ż i∆n,T

i∆n,T´φ

σ2
s ds ´ σ

2
i∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

“ max
1ďiďn

ˇ

ˇ

ˇ

ˇ

ˇ

1

φ

ż i∆n,T

i∆n,T´φ

´

σ2
s ´ σ

2
i∆n,T

¯

ds

ˇ

ˇ

ˇ

ˇ

ˇ

ď max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ
σ2
s ´ σ

2
i∆n,T

ˇ

ˇ

ˇ

ď max
1ďiďn

˜

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

s

mpσ2
uqdu

ˇ

ˇ

ˇ

ˇ

` sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

s

Λpσ2
uqdW

σ
u

ˇ

ˇ

ˇ

ˇ

` sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

s

ż

ξ

ξσvσpdu, dξ
σ
q

ˇ

ˇ

ˇ

ˇ

¸

ď max
1ďiďn

˜ˇ

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

i∆n,T´φ

mpσ2
uqdu

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

i∆n,T´φ

Λpσ2
uqdW

σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż i∆n,T

i∆n,T´φ

ż

ξ

ξσvσpdu, dξ
σ
q

ˇ

ˇ

ˇ

ˇ

ˇ

¸

` max
1ďiďn

˜

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

mpσ2
uqdu

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

Λpσ2
uqdW

σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

ż

ξ

ξσvσpdu, dξ
σ
q

ˇ

ˇ

ˇ

ˇ

ˇ

¸

.

We only consider the last three terms since the first three are dominated asymptotically.
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First term.

max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

mpσ2
uqdu

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
sďT

ˇ

ˇmpσ2
s q
ˇ

ˇφ.

For the second term, we use a ”classical” trick and and (after Boole’s inequality)

exponential inequality.

Write:

PrpAq “ PrpAX Bq ` PrpAX Bq ď PrpAX Bq ` PpBq,

so that

Pr

˜

max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ
Λpσ2

uqdW
σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě Cn,T ,φ

¸

ď Pr

˜

max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ
Λpσ2

uqdW
σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě Cn,T ,φ, max
1ďiďn

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu ď βT ,φ

¸

` Pr

˜

max
1ďiďn

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu ą βT ,φ

¸

.
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For the first term, using Boole and a suitable exponential inequality (van Zanten, 2015):

Pr

˜

max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ
Λpσ2

uqdW
σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě Cn,T ,φ, max
1ďiďn

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu ď βT ,φ

¸

ď

n
ÿ

i“1

Pr

˜

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ
Λpσ2

uqdW
σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě Cn,T ,φ, max
1ďi 1ďn

ż i 1∆n,T

i 1∆n,T´φ
Λ2pσ2

uqdu ď βT ,φ

¸

ď

n
ÿ

i“1

Pr

˜

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ
Λpσ2

uqdW
σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě Cn,T ,φ,

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu ď βT ,φ

¸

ď 2n exp

#

´
C2
n,T ,φ

2βT ,φ

+

,

while for the second term, by Markov’s inequality, we also have

Pr

˜

max
1ďiďn

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu ą βT ,φ

¸

ď

E

«

max
1ďiďn

ż i∆n,T

i∆n,T´φ
Λ2pσ2

uqdu

ff

βT ,φ
ď E

“

MpΛ2q
‰ φ

βT ,φ
.
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Now, setting

βT ,φ “ cE
“

MpΛ2q
‰

φ

and

Cn,T ,φ “ c
`

E
“

MpΛ2q
‰˘1{2 a

φ log n “ cC˚n,T ,φ,

we obtain

Pr

˜

1

C˚n,T ,φ
max

1ďiďn
sup

i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

Λpσ2
uqdW

σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

ě c

¸

ď 2n1´c{2 `
1

c
,

which gives max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

Λpσ2
uqdW

σ
u

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

`

C˚n,T ,φ
˘

“

Op

´

M˚1{2
pΛ2q

a

φ log n
¯

, which is the order of the second term of the bias.
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Now we deal with the jump term of the bias (the third term).

Pr

¨

˚

˚

˝

max1ďiďn sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

şs

i∆n,T´φ

ş

ξ
ξσvσpdu,dξ

σ
q

ˇ

ˇ

ˇ

nφ
ě c

˛

‹

‹

‚

ď

n
ÿ

i“1

Pr

¨

˚

˚

˝

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

şs

i∆n,T´φ

ş

ξ
ξσvσpdu, dξ

σ
q

ˇ

ˇ

ˇ

nφ
ě c

˛

‹

‹

‚

ď

n
ÿ

i“1

Pr

¨

˝

şi∆n,T

i∆n,T´φ

ş

ξ
|ξσ| vσpdu, dξ

σ
q

nφ
ě c

˛

‚

ď

n
ÿ

i“1

E
”

şi∆n,T

i∆n,T´φ

ş

ξ
|ξσ| vσpdu,dξ

σ
q

ı

cnφ
ď

E r|ξσ|sλ
σ2

c
,

where λ
σ2

is the upper bound on the intensity of the variance jumps, i.e.,

λσ
2
p.q. This proves that

max
1ďiďn

sup
i∆n,T´φďsďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

i∆n,T´φ

ż

ξ
ξσvσpdu, dξ

σq

ˇ

ˇ

ˇ

ˇ

ˇ

“ Oppnφq.
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For the variance term, we expect the dominating order to come from V3,n,T ,k .

We have

V3,n,T ,k ď max
1ďiďn

sup
i∆n,T´φďτďi∆n,T

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

φ

npk`1q´1
ÿ

j“1

1i,j1ttjăτu

ż tj`1^τ

tj

˜

ż s

tj

σvdW
r
v

¸

σsdW
r
s

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

V i
3,n,T,k

pτq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

As before, write

Pr pV3,n,T ,k ě Cn,T ,kq ď Pr

˜

max
1ďiďn

sup
i∆n,T´φďτďi∆n,T

ˇ

ˇ

ˇ
V i

3,n,T ,kpτq
ˇ

ˇ

ˇ
ě Cn,T ,k

¸

ďPr

˜

max
1ďiďn

sup
i∆n,T´φďτďi∆n,T

ˇ

ˇ

ˇ
V i

3,n,T ,kpτq
ˇ

ˇ

ˇ
ě Cn,T ,k , max

1ďiďn
rV i

3,n,T ,kpi∆n,T qs ď βn,T ,k,φ

¸

`Pr

ˆ

max
1ďiďn

rV i
3,n,T ,kpi∆n,T qs ą βn,T ,k,φ

˙

ď

n
ÿ

i“1

Pr

˜

sup
i∆n,T´φďτďi∆n,T

ˇ

ˇ

ˇ
V i

3,n,T ,kpτq
ˇ

ˇ

ˇ
ě Cn,T ,k , rV

i
3,n,T ,kpi∆n,T qs ď βn,T ,k,φ

¸

` Pr

ˆ

max
1ďiďn

rV i
3,n,T ,kpi∆n,T qs ą βn,T ,k,φ

˙

,
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To the first term, we apply, once more, the exponential inequality:

Pr

˜

sup
i∆n,T´φďτďi∆n,T

ˇ

ˇ

ˇ
V i

3,n,T ,k pτq
ˇ

ˇ

ˇ
ě Cn,T ,k , rV

i
3,n,T ,k pi∆n,T qs ď βn,T ,k,φ

¸

ď 2 exp

#

´
C2
n,T ,k

2βn,T ,k,φ

+

.

For the second term, we note that each quantity V i
3,n,T ,k pi∆n,T q is a martingale whose

quadratic variation satisfies

max
1ďiďn

rV i
3,n,T ,k pi∆n,T qs “

4

φ2
max

1ďiďn

npk`1q´1
ÿ

j“1

1i,j

$

&

%

ż tj`1

tj

˜

ż s

tj

σvdW
r
v

¸2

σ2
s ds

,

.

-

ď
4

φ2
Mpσ2q max

1ďiďn

npk`1q´1
ÿ

j“1

1i,j

$

&

%

ż tj`1

tj

˜

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

¸2

ds

,

.

-

ď
4

φ2
Mpσ2q

φ

k
max

1ďiďn

npk`1q´1
ÿ

j“1

1i,j

˜

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

¸2

ď
4

φ2
Mpσ2q

φ

k
k max

1ďiďn

˜

max
i´1ďj{pk`1qďi

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

¸2

“
4

φ
Mpσ2q

˜

max
1ďjďpk`1qn

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

¸2

,
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so that

Pr

ˆ

max
1ďiďn

rV i
3,n,T ,k pi∆n,T qs ą βn,T ,k,φ

˙

ď Pr

¨

˝

4

φ
Mpσ2q

˜

max
1ďjďpk`1qn

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

¸2

ą βn,T ,k,φ

˛

‚

“Pr

˜

max
1ďjďpk`1qn

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

ą β
1{2
n,T ,k,φ

ˆ

4

φ
Mpσ2q

˙´1{2
¸

ďPr

˜

max
1ďjďpk`1qn

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

ą β
1{2
n,T ,k,φ

ˆ

4

φ
Mpσ2q

˙´1{2

, Mpσ2q ď MT

¸

` Pr
`

Mpσ2q ą MT

˘

ďPr

˜

max
1ďjďpk`1qn

sup
tjďsďtj`φ{k

ˇ

ˇ

ˇ

ˇ

ˇ

ż s

tj

σvdW
r
v

ˇ

ˇ

ˇ

ˇ

ˇ

ą β
1{2
n,T ,k,φ

ˆ

4

φ
MT

˙´1{2
¸

`
E
“

Mpσ2q
‰

MT
,
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and using again the exponential inequality:

Pr

ˆ

max
1ďiďn

rV i
3,n,T ,k pi∆n,T qs ą βn,T ,k,φ

˙

ď 2npk ` 1q exp

"

´
βn,T ,k,φφ

4MTγT ,k,φ

*

` Pr

˜

max
1ďjďpk`1qn

ż tj`1

tj

σ2
s ds ą γT ,k,φ

¸

`
E
“

Mpσ2q
‰

MT

ď2npk ` 1q exp

"

´
βn,T ,k,φφ

4MTγT ,k,φ

*

`
ErMpσ2qs

φ
k

γT ,k,φ
`

E
“

Mpσ2q
‰

MT
,

for γT ,k,φ ą 0.

Now, set MT “
?
cM˚pσ2q, γT ,k,φ “

?
cM˚pσ2q

φ
k

, βn,T ,k,φ “ γT ,k,φMT
log npk`1q

φ
and

Cn,T ,k “ cM˚pσ2q

b

log n log npk`1q
k

to achieve

Pr
`

V3,n,T ,k ą Cn,T ,k

˘

ď 2n1´c{2 ` 2pnpk ` 1qq1´c{4 `
2
?
c
,

which proves that V3,n,T ,k “ Op

ˆ

M˚pσ2q

b

log n log npk`1q
k

˙

“ Op

ˆ

M˚pσ2q

b

log n log nk
k

˙

. ˝
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Example: time-varying leverage effect
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Spot drift estimation

Natural estimator:

pµt “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

∆n
i X

However we have the following problem:

a

hn pµ̂
n
t ´ µt´q

d
Ñ N

`

0,K2σ
2
t´

˘

,
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Why local drift cannot be estimated?

Assume the usual model:

dXt “ µtdt ` σtdWt ` dJt ,

Then, around any point τ :

ż τ`∆

τ´∆

|µs |ds “ Op

`

∆
˘

and

ż τ`∆

τ´∆

σsdWs “ Op

´a

∆
¯

.

So, no chances for the drift?
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Drift burst

The drift can prevail in an alternative model where, in the neighborhood of

τdb, it is allowed to diverge in such a way that:

ż τdb`∆

τdb´∆

|µs |ds “ Op

´

∆
γµ
¯

, (0.8)

with 0 ă γµ ă 1{2.

A simple example of an exploding drift leading to a drift burst is:

µdb
t “

#

a1 pτdb ´ tq´α t ă τdb

a2 pt ´ τdbq
´α t ą τdb

. (0.9)

with 1{2 ă α ă 1 and a1, a2 constants.
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The drift burst test statistics

Set:

σ̂n
t “

˜

1

h1n

n
ÿ

i“1

K

ˆ

ti´1 ´ t

h1n

˙

p∆n
i X q

2

¸1{2

, for t P p0,T s, (0.10)

Define the following t-statistic:

T n
t “

c

hn
K2

µ̂n
t

σ̂n
t

. (0.11)

T n
t has an intuitive interpretation with the indicator kernel. In that case, it

is the ratio of the drift part to the volatility part of the log-return over the

interval rt ´ hn, ts. As hn, h
1
n Ñ 0, this is valid with any kernel satisfying the

stated assumptions.
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A simple economic intuition: Grossman and Miller (1988)

In the model, an outside customer with a trading imbalance i cannot match

his need with other customers immediately, so that he uses market makers.

Market makers ask a compensation for it, and this causes the reversal.

Two assets: a risk-free asset with zero interest rate and a risky asset with

price Pt .

Three times:

- Time 1: the outside customer trades with market makers

- Time 2: market makers trade with a new customer (and the outside

customer)

- Time 3: terminal condition.

Each agent maximizes the expected utility of her terminal wealth:

upW q “ ´e´γW
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The problem of the seller:

max
x1,x2,B1,B2

E rupW3qs

where xt , Bt are asset and cash holdings at time t, subject to:

W3 “ B2 ` x3P3

P2x2 ` B2 “ P2x1 ` B1

P1x1 ` B2 “ P1i `W0

We solve the problem by backward induction. At time t “ 2:

W3 “W2 ´ P2i ` pP3 ´ P2qy2 ` P3i

where yt “ xt ´ i

The solution in t “ 2 for the outside customer, assuming normally

distributed prices, is:

yC
2 “

E2rP3s ´ P2

γVar2rP3s
´ i
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Now assume there are M market makers with zero inventory. They solve the

same problem but with i “ 0. Their aggregate order in t “ 2 is thus:

MyMM
2 “ M

E2rP3s ´ P2

γVar2rP3s

At time t “ 2 there is also a new customer. By construction, her imbalance

is ´i . Thus her demand is:

yN
2 “

E2rP3s ´ P2

γVar2rP3s
` i

Market clearing requires:

yN
2 `MyMM

2 ` yC
2 “ 0

which implies:

P2 “ E2rP3s

and

xC2 “ 0.
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Now at time t “ 1. Similar reasoning leads to:

yC
1 “

E1rP3s ´ P1

γVar1rE2rP3ss
´ i

yMM
1 “

E1rP3s ´ P1

γVar1rE2rP3ss

Market clearing now requires:

yC
1 `MyMM

1 “ 0

Solving for P1:

P1 “ E1rP3s
loomoon

efficient term

´
iγ

1`M
Var1rE2rP3ss

looooooooooomooooooooooon

frictional term
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Theorem (The t-statistic under the null)

Assume that X is a semimartingale as defined above, and given assumptions, as

nÑ8, it holds that:

T n
t

d
Ñ Np0, 1q. (0.12)



45/76

We decompose T n
t into:

T n
t “

c

hn
K2

`

µ̂n
t ´ µ

˚
t´

˘

σ̂n
t

looooooooomooooooooon

T1

`

c

hn
K2

µ˚t´
σ̂n
t

loooomoooon

T2

,

where µ˚t “ µt `
ş

R δpt, xqIt|δpt,xq|ą1uλpdxq is the compensated drift.

This, together with the boundedness of µ˚t , σt and δpt, xq, yields the following:

|T2| ď C

?
hn
σ̂n
t

“ Op

´

a

hn

¯

.
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Lemma 1

For every fixed t P p0,T s as nÑ8 and hn Ñ 0, it holds that:

An “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙
ż ti

ti´1

µsds ´

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

µsds “ Op

ˆ

1

nhn

˙

,

Bn “
1

∆nhn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

˜

ż ti

ti´1

µsds

¸2

´

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

µ2
sds “ Op

ˆ

1

nhn

˙

.

(This also applies if µt is replaced by σt .)
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Lemma 2

For every fixed t P p0,T s as nÑ8 and hn Ñ 0, it holds that:

Bn “

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

µsds ´ µt´ “ Op

´

hΓ{2
n ` hBn

¯

.

(This also applies if µt is replaced by σt .)

Write

µt´ “ µt´

ż 0

´8
Kpxqdx “ µt´

˜

ż

´t{hn

´8
Kpxqdx `

ż 0

´t{hn

Kpxqdx

¸

,

so we can write:

|Bn| “

ˇ

ˇ

ˇ

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

pµs ´ µt´qds ` µt´

ż

´t{hn

´8
Kpxqdx

ˇ

ˇ

ˇ
ď

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

|µs ´ µt´|ds ` ChBn ,

where (K3) is applied. Then, by Jensen’s inequality and the Lipschitz condition on coefficients:

Es^t
“

|µs ´ µt´|
‰

ď C |s ´ t|Γ{2.

Together with (K4) and a change of variable, this implies that:

E

„
ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

|µs ´ µt´|ds



ď

ż T

0

1

hn
K

ˆ

s ´ t

hn

˙

|s ´ t|Γ{2ds “

ż 0

´t{hn

Kpxq|x|Γ{2hΓ{2
n dx ď ChΓ{2

n .

This concludes the proof.
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Now, using the Lemmas we can write:

µ̂nt´µ
˚
t´ “

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

∆n
i X´

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙
ż ti

ti´1

µ˚s ds`Op

ˆ

1

nhn
` h

Γ{2
n ` hBn

˙

.

Hence,

a

hn
`

µ̂n
t ´ µ

˚
t´

˘

“
1
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙
ż ti

ti´1

σsdWs

looooooooooooooooooooomooooooooooooooooooooon

Gn

`
1
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙
ż ti

ti´1

ż

R
δps, xq pνpds, dxq ´ ν̃pds, dxqq

loooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooon

G 1n

` Op

ˆ
?
hn

nhn
` hΓ{2`1{2

n ` hB`1{2
n

˙

.
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To deal with the term G 1n, write:

ż ti

ti´1

ż

R
δps, xq pνpds, dxq ´ ν̃pds, dxqq “ ∆n

i X
2
1 pκq `∆n

i X
2
2 pκq

with, as before,

∆n
i X

2
1 pκq “

ż

R
δps, xqI

tΓpxqďκu pνpds, dxq ´ ν̃pds, dxqq

∆n
i X

2
2 pκq “

ż

R
δps, xqI

tΓpxqąκu pνpds, dxq ´ ν̃pds, dxqq .

and define Ωnpψ, κq Ď Ω as the set of the events in which the Poisson process

νpr0, ts ˆ
 

x : Γpxq ą κ
(

q has no jumps in the interval pt ´ hψn , ts, for 0 ă ψ ă 1

and 0 ă κ ă 1.
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Conditioning on this (local) set where “large” jumps are absent, we just need to

take care of the large jumps outside the set, which are in the kernel tail:

E
”

|G 1n,2| | Ωnpκ, ψq
ı

ď E

«

1
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

|∆n
i X

2
2 pκq| | Ωnpψ, κq

ff

“
1
?
hn

ÿ

ti´1ďt´hψn

K

ˆ

ti´1 ´ t

hn

˙

E
”

|∆n
i X

2
2 pκq|

ı

ď
1
?
hn

ÿ

ti´1ďt´hψn

K

ˆ

ti´1 ´ t

hn

˙

C∆i,n

ż

tx :Γpxqąκu
Γpxqλpdxq ď C

a

hnh
Bp1´ψq
n ,

Now, since P
`

|G 1n,2| ą c
˘

ď P
`

ΩAnpκ, ψq
˘

` E
”

|G 1n,2| | Ωnpκ, ψq
ı

{c , it again

follows that

lim sup
nÑ8

P
`

|G 1n,2| ą c
˘

ď
1

c
C
a

hnh
Bp1´ψq
n ,

so that G 1n,2
p
Ñ 0 as nÑ8.
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For the small jumps:

E
”

|G 1n,1|
ı

ď
1
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

E
”

|∆n
i X

2
1 pκq|

ı

ď
C
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

∆i,n

ż

tx :Γpxqďκu
Γpxqλpdxq.

The bound converges to CK2

ş

tx :Γpxqďκu
Γpxqλpdxq, which can be made

arbitrarily small (with jumps of finite variation) by letting κÑ 0. We conclude

that G 1n,1
p
Ñ 0 and, therefore, G 1n “ opp1q.
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The main term is thus Gn, which we write as Gn “
řn

i“1 ∆n
i u with

∆n
i u “

1
?
hn

K

ˆ

ti´1 ´ t

hn

˙
ż ti

ti´1

σsdWs .

The aim is to prove that Gn – and hence
?
hn

`

µ̂n
t ´ µ

˚
t´

˘

– converges stably in

law to N
`

0,K2σ
2
t´

˘

. We exploit again Jacod’s theorem, which lists four sufficient

conditions for this to hold :
n
ÿ

i“1

Eti´1

”

∆n
i u
ı

p
Ñ 0, (0.13)

n
ÿ

i“1

Eti´1

”

p∆n
i uq

2
ı

p
Ñ K2σ

2
t´, (0.14)

n
ÿ

i“1

Eti´1

”

p∆n
i uq

4
ı

p
Ñ 0, (0.15)

n
ÿ

i“1

Eti´1

”

∆n
i u∆n

i Z
ı

p
Ñ 0, (0.16)

where either Zt “Wt or Zt “W 1
t with W 1

t being orthogonal to Wt . The

condition in Eq. (0.13) is immediate.
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From Itō’s Lemma, we deduce that:

˜

ż ti

ti´1

σsdWs

¸2

“

ż ti

ti´1

σ2
s ds ` 2

ż ti

ti´1

σs

˜

ż s

ti´1

σudWu

¸

dWs ,

so that

n
ÿ

i“1

Eti´1

”

p∆n
i uq

2
ı

“

n
ÿ

i“1

1

hn
K 2

ˆ

ti´1 ´ t

hn

˙

Eti´1

«˜

ż ti

ti´1

σsdWs

¸2 ff

“

n
ÿ

i“1

1

hn
K 2

ˆ

ti´1 ´ t

hn

˙

Eti´1

«

ż ti

ti´1

σ2
s ds

ff

“

n
ÿ

i“1

1

hn
K 2

ˆ

ti´1 ´ t

hn

˙

˜

σ2
ti´1

∆i,n ` Eti´1

«

ż ti

ti´1

´

σ2
s ´ σ

2
ti´1

¯

ds

ff¸

.

The first term converges to K2σ
2
t´.
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The second term is negligible by continuity:

n
ÿ

i“1

1

hn
K 2

ˆ

ti´1 ´ t

hn

˙

Eti´1

«

ż ti

ti´1

´

σ2
s ´ σ

2
ti´1

¯

ds

ff

ď

n
ÿ

i“1

1

hn
K 2

ˆ

ti´1 ´ t

hn

˙

∆i,n∆Γ
i,n “ Op

`

∆Γ
n

˘

.

To deal with the third condition we use the Burkholder-Davis-Gundy inequality:

Eti´1

»

–

˜

ż ti

ti´1

σsdWs

¸4
fi

fl ď CEti´1

»

–

˜

ż ti

ti´1

σ2
s ds

¸2
fi

fl ď C p∆i,nq
2,

which leads to

n
ÿ

i“1

Eti´1

”

p∆n
i uq

4
ı

“

n
ÿ

i“1

1

h2
n

K 4

ˆ

ti´1 ´ t

hn

˙

Eti´1

»

–

˜

ż ti

ti´1

σsdWs

¸4
fi

fl

ď C
n
ÿ

i“1

1

h2
n

K 4

ˆ

ti´1 ´ t

hn

˙

p∆i,nq
2 “ O

ˆ

∆n

hn

˙

.
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To deal with the fourth condition, we first set Zt “Wt . Then, using the

Cauchy-Schwartz inequality:

Eti´1

«

∆n
i W

ż ti

ti´1

σsdWs

ff

ď

c

Eti´1

”

p∆n
i W q2

ı

g

f

f

f

eEti´1

»

–

˜

ż ti

ti´1

σsdWs

¸2
fi

fl

“
a

∆i,n

g

f

f

eEti´1

«

ż ti

ti´1

σ2
s ds

ff

“ Op p∆nq ,

and therefore

n
ÿ

i“1

Eti´1

“

∆n
i u∆n

i W
‰

ď C
1
?
hn

n
ÿ

i“1

K

ˆ

ti´1 ´ t

hn

˙

∆i,n Ñ 0.

If Zt “W 1
t , the process W 1

t

şt

0
σsdWs is a martingale by orthogonality, so that:

Eti´1

«

∆n
i W

1

ż ti

ti´1

σsdWs

ff

“ 0.
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Theorem (The t-statistic under the alternative)

Assume that X̃ is of the form:

dX̃t “ dXt `
c1,t

pτdb ´ tqα
dt `

c2,t

pτdb ´ tqβ
dWt ,

where τdb ą 0, dXt is the model (with bounded coefficients) in Eq. (35) for which

the conditions of Theorem 3 hold, c1,t , c2,t are adapted stochastic processes

which satisfy the same conditions of µt , σt , and α, β are constants such that

0 ď β ă 1{2 and 0 ă α ă 1. Then, as nÑ8, we have:

T n
τdb

$

’

’

&

’

’

%

a.s.
Ñ 8 if α´ β ą 1{2
d
Ñ cK ,βNp0, 1q ` dK ,β,c1,c2 if α´ β “ 1{2
d
Ñ cK ,βNp0, 1q if α´ β ă 1{2

where

cK ,β “

˜

ş

R K 2pxq|x |´2βdx

K2

ş

R K pxq|x |´2βdx

¸
1
2

and dK ,β,c1,c2 “
c1,1

c2,1

ş

R K 2pxq|x |´β´1{2dx
`

K2

ş

R K pxq|x |´2βdx
˘1{2

.
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The proof under the alternative

Without loss of generality, we set τdb “ 1. We write X̃t “ Xt ` Dt ` Vt , where

Dt “
şt

0
c1,sp1´ sq´αds and Vt “

şt

0
c2,sp1´ sq´βdWs .

Look at the term µ̂n
t . In Theorem 3, we already showed that

1
hn

řn
i“1 K

´

ti´1´1
hn

¯

∆n
i X “ Op

´

1?
hn

¯

. Now,

An “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙
ż ti

ti´1

c1,sp1´ sq´αds

“
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

∆i,nc1,ξti´1,ti
p1´ ξti´1,ti q

´α,

where ti´1 ď ξti´1,ti ď ti .The last term is, following a change of variable and

Riemann summation, asymptotically equivalent to c1,1h
´α
n mK p´αq, where

mK p´αq is a constant.
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For the second term Bn “
1
hn

řn
i“1 K

´

ti´1´1
hn

¯

şti
ti´1

c2,sp1´ sq´βdWs , we easily

show that:

h1{2`β
n Bn

d
Ñ Np0,m1K p´2βqc2

2,1q,

where the above convergence is stable in law.

Thus, µ̂n
t is dominated by An when α´ β ą 1{2, by Bn when α´ β ă 1{2,

whereas both terms are needed when α´ β “ 1{2.
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We turn to the denominator and set

pσ̂n
t q

2 “ 1
hn

řn
i“1 K

´

ti´1´1
hn

¯

“

p∆n
i Dq

2 ` p∆n
i V q

2
‰

` R 1n, where

R 1n “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

`

p∆n
i X `∆n

i D `∆n
i V q

2 ´ p∆n
i Dq

2 ´ p∆n
i V q

2
˘

,

which is negligible since, using the fact that for all ε ą 0 and a, b and c real:

pa` b ` cq2 ´ a2 ´ b2 ď εpa2 ` b2q ` 1`ε
ε c2, can be bounded as

|R 1n| ď
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙ˆ

ε
`

p∆n
i Dq

2 ` p∆n
i V q

2
˘

`
1` ε

ε
p∆n

i X q
2

˙

“ ε
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

`

p∆n
i Dq

2 ` p∆n
i V q

2
˘

`
1` ε

ε
Opp1q,

so setting ε “ hβn , we can make R 1n „ h´βn (which will be negligible).
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Write:

A1n “
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

p∆n
i Dq

2

“
1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

´

c2
1,ti´1

` opp1q
¯

˜

ż ti

ti´1

p1´ sq´αds

¸2

p
„

1

hn

n
ÿ

i“1

K

ˆ

ti´1 ´ 1

hn

˙

c2
1,ti´1

p1´ ti´1q
´2α∆2

i,n,

Let’s simplify this a little bit: K is the indicator function, c1 “ 1, equally spaced

observations. We have:

A1n
p
„

1

n2´2αhn

rhn{∆ns
ÿ

i“1

i´2α

Thus, when α ą 1{2, we have A1n
p
„ 1

n2´2αhn
.
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Next, setting Θn “
1
hn

řn
i“1 K

´

ti´1´1
hn

¯

p∆n
i V q

2 and using Itō’s Lemma:

˜

ż ti

ti´1

c2,sp1´ sq´βdWs

¸2

“2

ż ti

ti´1

˜

ż s

ti´1

c2,up1´ uq´βdWu

¸

c2,sp1´ sq´βdWs

`

ż ti

ti´1

c2
2,sp1´ sq´2βds,

and we split Θn “ Θ1,n `Θ2,n accordingly. Θ2,n is asymptotically equivalent to

c2
2,1h

´2β
n mK p´2βq.We write Θ1,n “

řn
i“1 Eti´1 r∆u1i s, where

∆u1i “
1

hn
K

ˆ

ti´1 ´ 1

hn

˙

2

ż ti

ti´1

c2,sp1´ sq´β

˜

ż s

ti´1

c2,up1´ uq´βdWu

¸

dWs ,

so Θ1,n is a sum of martingale differences. Now, using a Taylor expansion on c2,s ,

n
ÿ

i“1

Eti´1

„

´

∆u1i

¯2


“
1

h2
n

n
ÿ

i“1

K2
ˆ

ti´1 ´ 1

hn

˙

pc4
2,ti´1

` opp1qqEti´1

«˜

2

ż ti

ti´1

p1 ´ sq´β
˜

ż s

ti´1

p1 ´ uq´βdWu

¸

dWs

¸2ff

“
4

h2
n

n
ÿ

i“1

K2
ˆ

ti´1 ´ 1

hn

˙

pc4
2,ti´1

` opp1qq

ż ti

ti´1

p1 ´ sq´2βEti´1

«˜

ż s

ti´1

p1 ´ uq´βdWu

¸2ff

ds

“
4

h2
n

n
ÿ

i“1

K2
ˆ

ti´1 ´ 1

hn

˙

pc4
2,ti´1

` opp1qq

ż ti

ti´1

p1 ´ sq´2β

˜

ż s

ti´1

p1 ´ uq´2βdu

¸

ds

“
2

h2
n

n
ÿ

i“1

K2
ˆ

ti´1 ´ 1

hn

˙

pc4
2,ti´1

` opp1qq
´

p1 ´ ti´1q
´4β∆2

i,n ` Op∆3
i,nq

¯

,
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Thus, Θ1,n is at most of order 1
n1´2βhn

and is always dominated by Θ2,n.

Comparing Θ2,n „ h´2β
n and A1n „

1
n2´2αhn

, both can dominate.

However, when α´ β ą 1{2, if Θ2,n dominates,

T „
h

1{2
n h´αn

h´βn

„ h´pα´β´1{2q
n Ñ8

If A1n dominates,

T „
h

1{2
n h´αn

1

n1´αh
1{2
n

„ pnhnq
1´α Ñ8

and the T-statistics explodes anyway.
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Flash Crashes over time and day

09:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00 18:00
Jan2013

Feb2013

Mar2013

Apr2013

May2013

Jun2013

Jul2013

Aug2013

Sep2013

Oct2013

Nov2013

Dec2013

Jan2014

TEC
ALOCA TEC+GLE

SGO VK CAPLR

ML VIV ALO
LG+ACA BN

BNP

SAN

ORA RNO
AIR

ACA
ORAACGLE CAP

ML STM
GLE

SAFCAP
ALO+AIRSAF

AIRBNP+AI EDF
CAP

PUBENGIVK+ALO+SU+AI+FP+SAN+SAF+CA+VIV+ENGI+ML+CS+DG+RNO
AC

RI
VIV VIV

SU AIR
ALO

CAPCA
FP

CA KER

ALO VIV
ALO

SGO+GLE

LG

EDF

PUB
ALO TEC

AC AIR

SAN
LG

VIE
SAN+EI+SGO+LG RI EI

RNOMC+AI+KER+AIRFP+LG+SAN+SU+SGO+GLE+CS+DG+BNP
VIE MC

CAPVK
BN VK

ENGI
MLKER RI

ML EI ALO RIALO
LG CA

CA
STMSAF CS

CS+SGO DGVIE TEC
CS+GLERI GLE

TECSTMVIV+ORA
CAP AC EIAC

TEC+ORARNO PUB

ACVK ACA RNO
ORA

We identify 148 flash crash events in our sample. Average duration of a flash crash is 9.5 minutes, an average price drop during

a flash crash is ´1.35%. Systematic flash crashes: April 17 (14 stocks involved) and September 3 (13 stocks involved)
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The average Flash Crash
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Liquidity Measures (i) Non-Systematic Events

Panel A: Signed volume. Panel B: Bid-ask spread.
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Liquidity Measures (ii) Non-Systematic Events

Panel C: Market depth. Panel D: Executed order age.
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Liquidity Measures (iii) Non-Systematic Events

Panel A: buyer-initiated volume Panel B: seller-initiated volume
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Aggregate signed inventory: non-systematic events
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Aggregate signed inventory: systematic events
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Cumulative net trading imbalances per minute of IB-HFT MM

Column A: NON-systematic flash crashes Column B: Systematic flash crashes.
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Order cancellations - Non Systematic events

Panel A: cancellations Panel B: new orders
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Average price evolution of orders (through cancellations and new orders) for the most active

trader categories (non-systematic).

Panel A Panel B

Trades price (average)
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Net monetary profit (e) during flash crashes.

Systematic Non-Systematic

PURE-HFT CLIENT 24.36 11.07

(25.94) (124.21)

PURE-HFT MM ´377.78 ´164.09

(541.03) (444.22)

PURE-HFT OWN ´60.17 ´27.52

(108.69) (312.32)

IB-HFT CLIENT ´1024.37 241.62

(889.47) (774.40)

IB-HFT MM ´75.61 ´2799.72˚˚˚

(959.95) (706.58)

IB-HFT OWN 5396.13˚˚ 2239.13˚

(2713.46) (1204.43)

IB-HFT PARENT ´208.34 ´423.07˚

(484.79) (238.88)

Non-HFT CLIENT ´3164.53 ´438.11

(2250.18) (996.79)

Non-HFT OWN ´765.22 1375.07˚˚

(1457.17) (690.90)
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Summary of the statistical analisis

Cross-sectional analysis of trade imbalances (net and based on aggressive

and passive trades separately) of different trading categories

The analysis of quoting activity of different trading categories

Testing whether HFTs change their trading behaviour during flash crashes in

a model for inventory changes of different trader groups (as in Kirilenko,

Kyle, Samadi, and Tuzun, 2017).

In contrast to the results of Kirilenko et al. (2017) we show that HFTs

change their trading behaviour during flash crashes.

Comparison with Extreme Price Movements (Broogard et al, 2018)

EPM methods allows to detect from 18.92% to 26.35% of flash crashes

in our sample.
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Interpretation and conclusions

HFT, in particular IB-HFT, do play a significant role in causing flash crashes

via both trading and quote revision

IB-HFT Owners start the crash with informed selling; IB-HFT Clients follow

to profit opportunistically; IB-HFT Market Makers also start selling to

back-run (or to predate on the price)

The crash

The joint behaviour of IB-HFT and HFT Market Makers in a market that became

already illiquid creates a transitory crash.

Market Makers (i): main liquidity providers at the beginning of the crash,

only when they happen in single stocks, but they do not help with the

recovery

Market Makers (ii): When crashes affect several stocks, they sell along all

phases of crash

HFTs in general do not provide liquidity, which is instead supplied by slow

traders (NON-HFT).
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