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The Problem

Real life investment decision: irreversible projects (sunk cost) to
decide an optimal time for investment; future market conditions are
uncertain (ambiguous); the agent faces a set of equivalent probability
measures rather than a certain probability measure.

Financial application: American option with drift parameter
uncertainty/ambiguity.

Worst-case evaluation: the agent computes the expected profit (or
option value) by using the ”worst” probability measure and choose its
strategy to maximize it. (Axiomatized by Gilboa and Schmeidler
(1989))

Then the evaluation becomes a minimax problem.
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Previous Papers

Optimal consumption problem with κ-ignorance (the drift rate of
Brownian motion in stock price varies in [−κ, κ]): Chen and Epstein
(2002).

Evaluation of irreversible investments in finite and infinite horizons:
Nishimura and Ozaki (2007).

Barrier, American straddle, etc.: Cheng and Riedel (2013) and
Vorbrink (2011).

European option under Heston’s model and drift uncertainty by
numerically solving BSDE: Cohen and Tegnér (2018).

A.A, C.E & Y.Z (UoG) American Option with Multiple Priors September 2019 3 / 16



Our Approach

Extend American/real option prices under drift uncertainty to
stochastic volatility case

Heston’s Model: solve Reflected BSDE (RBSDE) numerically by
stratification; stratified one-step forward dynamic programming
without using RBSDE.
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Heston’s Model

Financial market model with stock price St and volatility
√
Vt under

risk-neutral (Q) measure:

dSt/St = rdt +
√
Vt

(
ρdW̃ 1

t +
√

1− ρ2dW̃ 2
t

)
,

dVt = α(β − Vt)dt + σ
√
VtdW̃

1
t ,

with a money market account:

dγt = rγtdt, γ0 = 1,

where α, β, σ, ρ, r are parameters. Denote τ as the exercise time, then the
American option price at time t is,

Jt := J(t,Xt) = ess sup
τ∈Tt

EQ [Hτγ
−1
τ−t |Ft ],

where Ht := H(t,Xt) = Φ(Xt) is the payoff function.
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Heston’s Model with Drift uncertainty

The agent knows the volatility parameter σ, but not the drift of underlying
Brownian motions. Setting Q as our refernce measure here, the agent may
consider all priors within a set of equivalent probability measures PΘ.

Conditional Radon-Nikodym derivative and stochastic exponential:

dQθ|Ft

dQ|Ft

= Mθ
t = E

(
−
∫ ·

0
θ∗sdW̃s

)
t
,

E
(
−
∫ ·

0
θ∗sdWs

)
t

= exp

(
−
∫ t

0
θ∗sdWs −

1

2

∫ t

0
θ∗s θsds

)
.

The set of multiple priors:

PΘ := {Qθ : θt ∈ Θ and Qθ},

where the density generator θt : [0,T ]× Ω→ R2, and θt = (θ1
t , θ

2
t )∗.
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Heston’s Model with Drift uncertainty

Under Qθ, the dynamics of state variables become:

dSt
St

= rdt −
√

Vt

(
ρθ1

t +
√

1− ρ2θ2
t

)
dt +

√
Vt

(
ρdW̃ θ1

t +
√

1− ρ2dW̃ θ2
t

)
,

dVt = α(β − Vt)dt − σθ1
t

√
Vtdt + σ

√
VtdW̃

θ1
t .

Then the worst case evaluation implies that the value function will be,

vt := v(t,Xt) = ess sup
τ∈Tt

ess inf
θ∈Θ

EQθ
[Hτγ

−1
τ−t |Ft ], t ∈ [0,T ].
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Relation with Non-linear RBSDE

Especially, the supremum and infimum are interchangeable (proof is mostly
related to El Karoui, Kapoudjian, Pardoux, Peng and Quenez (1997)),

ess sup
τ∈Tt

ess inf
θ∈Θ

EQθ
[Hτγ

−1
τ−t |Ft ] = ess inf

θ∈Θ
ess sup
τ∈Tt

EQθ
[Hτγ

−1
τ−t |Ft ],

The value function vt can be represented by a solution of RBSDE,

−dYt = f (t,Yt ,Zt)dt + dKt − Z ∗t dW̃t , YT = HT ,

here f (t,Yt ,Zt) = ess inf
θ∈Θ

(−rYt − θ∗tZt) specifically, and vt = Yt for every

t.
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Setting of Drift Uncertainty

Consider an elliptical uncertainty set:

Θ = {θ : θΣ−1θ∗ ≤ χ},

then the generator in RBSDE will become:

f (t,Yt ,Zt) = min
θ∈Θ

(−rYt − θ∗tZt),

subject to θΣ−1θ∗ = χ,

with solution,

f (t,Yt ,Zt) = −rYt −
√

Z ∗t Σ∗Ztχ,

under κ-ignorance, in which the uncertainty set is a rectangular
(compact), we have similar results.
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Numerical Schemes

One-step forward dynamic programming scheme (ODP) for RBSDE:

Zπ
ti−1

=
1

∆i
EQ
(
Y π
ti

∆W̃ti |X
π
ti−1

)
,

Ỹ π
ti−1

= EQ
(
Y π
ti

+ f (Y π
ti
,Zπ

ti−1
)∆i |X π

ti−1

)
, Y π

tn = H(X π
tn),

Y π
ti−1

= Ỹ π
ti−1
∨ H(Xπ

ti−1
),

for a time grid π: 0 = t0 < ... < tn = T (convergence proved by Ma
and Zhang (2005)). Conditional expectation can be approximated by
least square Monte Carlo method.

ODP with stratification: stratify the simulation paths for Xt in a set
of hypercubes, and locally approximate the solution. Gobet,
López-Salas, Turkedjiev and Vzquez (2016) uses stratified MDP for
European option, but MDP doesn’t work in the American option case.

A.A, C.E & Y.Z (UoG) American Option with Multiple Priors September 2019 10 / 16



Numerical Schemes

Stratified ODP without using RBSDE:
First split the set of density generator into k discrete points, take the
stochastic exponential Mθ

t as an extra dimension of state variables, so
we still simulate the forward process under Q measure ⇒ save huge
memory than directly simulating under Qθ measure, since θ can be
time-varying. Then we have,

h(Sti ,M
θ
ti

) = EQ
(Mθ

ti+1
Y θ̃
ti+1

γ−1
∆t

Mθ
ti

|Fti

)
= EQθ

(
Y θ̃
ti+1

γ−1
∆t |Fti

)
,

h(Sti ,M
θ̃
ti

) = inf
θ∈Θ

EQ
(Mθ

ti+1
Y θ̃
ti+1

γ−1
∆t

Mθ
ti

|Fti

)
,

Y θ̃
ti

= h(Sti ,M
θ̃
ti

) ∨ H(Sti ), Y
θ̃
tn = H(Stn).
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Initial Results

In one dimensional case, θ ∈ [−κ, κ], the optimal θ equals to −κ.

Table: The strike price is 40. We use 1000 hypercubes and 2000 paths for each
hypercube. Standard deviations are in parentheses. The American option prices
without uncertainty are 4.3930, 3.1904, 2.2719, 1.5939 and 1.0862
correspondingly by LSM method (Longstaff and Schwartz (2001)).

S0 LSM (10K Paths) SRBSDE SODP 95%CI

36 3.8132 (0.0278) 3.8509 (0.0537) 3.8247 (0.0290) 3.8167 3.8327

38 2.6089 (0.0297) 2.6262 (0.0394) 2.6102 (0.0299) 2.6019 2.6185

40 1.7253 (0.0207) 1.7339 (0.0321) 1.7195 (0.0388) 1.7088 1.7303

42 1.1182 (0.0197) 1.1199 (0.0219) 1.1168 (0.0413) 1.1053 1.1282

44 0.7186 (0.0155) 0.7163 (0.0184) 0.7143 (0.0311) 0.7057 0.7229
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Initial Results

In Heston’s case, θ varies in a elliptical uncertainty set.

Table: The strike price is 10. We use 30 hypercubes and 2000 paths for each
hypercube. Standard deviations are in parentheses. The American option prices
without uncertainty are 2, 1.1076, 0.52, 0.2137 and 0.082 correspondingly by
solving PDE numerically (Ikonen and Toivanen (2008)).

S0 SRBSDE 95%CI SODP 95%CI

8 1.8689 (0.0358) 1.8599 1.8798 1.8305 (0.0116) 1.8273 1.8337

9 0.9729 (0.0176) 0.968 0.978 0.959 (0.0099) 0.9562 0.9617

10 0.4080 (0.0283) 0.4002 0.4159 0.4143 (0.0107) 0.4114 0.4173

11 0.1491 (0.0181) 0.1441 0.1541 0.1573 (0.0088) 0.1549 0.1598

12 0.0437 (0.0111) 0.0406 0.0468 0.0551 (0.0075) 0.053 0.0572
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Concluding Remarks

We obtain the American/real option prices with drift uncertainty
under stochastic volatility framework by stratified RBSDE scheme,
the approach depends on the compactness of uncertainty set.

We use another scheme with stratification without using RBSDE, and
results are close.

One drawback: stratification depends on the Markovian setting of
state variables.

Further works: extend to multi-asset and multi-factor cases.
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