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MOTIVATION

Classical models in finance assume that the log-asset price X; is given by:

dX¢ = prdt + ordWy
where ¢ is the drift, Wy is a BM and oy is the volatility of the asset.
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MOTIVATION

Classical models in finance assume that the log-asset price X; is given by:
dX¢ = prdt + ordWy

where ¢ is the drift, Wy is a BM and oy is the volatility of the asset.

» Stochastic volatility models (Heston model): These models reproduce
correctly the term structure of ATM skew

v = | s thr)

for large maturities, but they fail to explain the convexity to very short

maturities
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MOTIVATION

Classical models in finance assume that the log-asset price X; is given by:

dX¢ = prdt + ordWy
where ¢ is the drift, Wy is a BM and oy is the volatility of the asset.

» Stochastic volatility models (Heston model): These models reproduce
correctly the term structure of ATM skew

v = | s thr)

for large maturities, but they fail to explain the convexity to very short
maturities

» Empirical studies indicate volatility is rougher than BM
[Gatheral et al, 2014].
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For small 7, in a model where the volatility is driven by a fractional
Brownian motion with Hurst parameter H, ¢ (1) = 7H=1/2 with H=0.1.
(see Figure of S&P ATM volatility skews)
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For small 7, in a model where the volatility is driven by a fractional
Brownian motion with Hurst parameter H, ¢ (1) = 7H=1/2 with H=0.1.
(see Figure of S&P ATM volatility skews)
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» New class of models: fractional stochastic volatility models (rough
volatility models).

o match roughness of time series data
o fit implied volatility smiles remarkably well

Drawback: Loss of tractability, neither Markov nor semi-martingales.
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HESTON MODEL

The Heston model is a stochastic volatility model where:

dSi = St/ VidWy

t t
Vi = V0+/ A(O—Vs)ds—i-/ AV VsdBs
0 0

A, 0, Vo and v positive. W and B are two BM with correlation p.
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HESTON MODEL

The Heston model is a stochastic volatility model where:

dSi = St/ VidWy

t t
Vi = V0+/ )\(O—VS)ds—i-/ AV VsdBs
0 0

A, 0, Vo and v positive. W and B are two BM with correlation p.

PROPOSITION (THE CHARACTERISTIC FUNCTION IN THE HESTON MODEL)

The characteristic function of the log-price Xt =log(St/So) satisfies:
E[e"**] = exp(g(a.t) + Voh(a,1)),
where h is the solution of the following Riccati equation
2
Oth = %(fa2 —ia)+ A(iapr —1)h(a,s) + %hQ(a,s), h(a,0) =0

and

t
g(a,t) = 9)\/ h(a,s)ds
0
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dSt = St/ VidWh,
t _ a—1
Vi= Vo +/ =) 0= Vi)ds + Aw/VidBs)
o T

where a € (1/2,1) governs the smoothness of the volatility.
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dSt = St/ VidWh,

t a—1
t— ¢
Vi=Vp +/ =) 0= Vi)ds + Aw/VidBs)
o T
where a € (1/2,1) governs the smoothness of the volatility.

PROPOSITION (CHARACTERISTIC FUNCTION OF THE ROUGH HESTON

[EL EucH AND ROSENBAUM (2016)])

The characteristic function of the log-price X =log(St/So) satisfies:
E[e"***] = exp(g1 (a,t) + Voga(a,1))
t
g1(a,t) = 6’)\/ h(a,s)ds, ga(a,t) =I'""%h(a,t)
0
where h is the solution of the following fractional Riccati equation:

a, _ 1. o . ()? 5 1—a
D h=§(—a —ia) + A(iapy — 1)h(a,s) + h*(a,s), I~ “h(a,0)=0

v
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dSt = St/ VidWh,

t a—1
t— ¢
Vi=Vp +/ =) 0= Vi)ds + Aw/VidBs)
o T
where a € (1/2,1) governs the smoothness of the volatility.

PROPOSITION (CHARACTERISTIC FUNCTION OF THE ROUGH HESTON

[EL EucH AND ROSENBAUM (2016)])

The characteristic function of the log-price X =log(St/So) satisfies:
E[e"***] = exp(g1 (a,t) + Voga(a,1))
t
g1(a,t) = 6’)\/ h(a,s)ds, ga(a,t) =I'""%h(a,t)
0
where h is the solution of the following fractional Riccati equation:

a, _ 1. o . ()? 5 1—a
D h=§(—a —ia) + A(iapy — 1)h(a,s) + h*(a,s), I~ “h(a,0)=0

v

Riemann-Liouville fractional integral and differential operators:

t t
0= 15 / (=5~ f6)ds. DT IO = i / (t—5)~" f(s)ds
0
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AFFINE VOLTERRA PROCESSES

We call stochastic Volterra equations to the stochastic convolution
equations of the form:

t t
Xt:Xo—i-/ K(tfs)b(Xs)ds—k/ K(t—s)o(Xs)dWs, (1)
0 0
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AFFINE VOLTERRA PROCESSES

We call stochastic Volterra equations to the stochastic convolution
equations of the form:

t t
Xt:Xo—i-/ K(tfs)b(Xs)ds—k/ K(t—s)o(Xs)dWs, (1)
0 0

o W is a multi-dimensional BM. K € L2 (Ry,R%*?) is called kernel.

loc
o b and o continuous and satisfy for some constant cy the linear growth
conditions: p
lb(z)|V]o(z)| < cLa(1+]z]), z€R )
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AFFINE VOLTERRA PROCESSES

We call stochastic Volterra equations to the stochastic convolution
equations of the form:

t t
Xt:Xo—i-/ K(tfs)b(Xs)ds—k/ K(t—s)o(Xs)dWs, (1)
0 0

o W is a multi-dimensional BM. K € LIQOC(R+,RdXd) is called kernel.

o b and o continuous and satisfy for some constant cy the linear growth
conditions: p
lb(z)|V]o(z)| < cLa(1+]z]), z€R )

We refer to the solutions of (1) as affine Volterra processes if
a(z) = o(z)o(z)T and b(z) are affine maps given by:

a(a:):A0+w1A1+...did b(m):bo+xlbl+...xdbd

for some d—dimensional symmetric matrices A* and vectors b*.
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LAPLACE REPRESENTATION OF THE KERNEL

THEOREM (BERNSTEIN-WIDDER THEOREM )

If K is completely monotone, there exists p positive such that

+o0 .
K= [ @) ®
0
o In the fractional case with: K(t) = %a(;; , p(dy) = Wg_a)d%

a€(1/2,1).
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LAPLACE REPRESENTATION OF THE KERNEL

THEOREM (BERNSTEIN-WIDDER THEOREM )

If K is completely monotone, there exists p positive such that

+o0 .
K= [ @) ®
0
o In the fractional case with: K(t) = %a(;; , p(dy) = Wg_a)d%

a€(1/2,1).

We approximate j(dy) by Z?:l ¢i0~, (d7y) [Carmona et al, 2000], then K by
Kn

n

E"(t) =) e

=1
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MULTI-FACTOR MODEL

For n € N, we define the following process:

t t
Xt”:XO+/ K”(t—s)b(X;L)ds—l-/ K" (t—s)o(X3)dWs, te 0,7
0 0
(4)
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MULTI-FACTOR MODEL

For n € N, we define the following process:

t t
Xt”:XO+/ K”(t—s)b(X;L)ds—l-/ K" (t—s)o(X3)dWs, te 0,7
0 0
(4)

For n € N and t > 0, we have
n
X3 :X()Jrzcﬂ/{""
i=1

where for any i € {1,...,n}, Y7 is the affine process given by:

n n
A = [ =Yy +bo+ b1 Xo+b1 Y eV dt+o [ Xo+ ) eV | dy
j=1 j=1

()
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MULTI-FACTOR MODEL

For n € N, we define the following process:

t t
X{' = Xo +/ K" (t— s)b(X;L)ds+/ K" (t—s)o(X3)dWs, te 0,7
0 0
(4)
For n € N and t > 0, we have

n
X{L = Xp +Z(I,,;th
i=1

where for any i € {1,...,n}, Y7 is the affine process given by:

n n
A = [ =Yy +bo+ b1 Xo+b1 Y eV dt+o [ Xo+ ) eV | dy
=1 =1

()

Y = (Y("Y”'))?=1 is affine, Markovian and can be simulated.
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MULTI-FACTOR MODEL

PROPOSITION (CONVERGENCE IN LAW OF X" To X: ABI JABER AND EL

EucH (2018) )

Let X™ = (X{)¢ e continuous weak solutions to (4), with the kernel K™
such that there exist v >0 and C > 0:

T—h h
sup (/ |K"(u+h)—K"(u)\2du—|—/ |K“(u)|2du> <Ch¥, (6)
n>1 0 0

and

t
/O |K(u) — K™ (u)2du — 0 (7)

for any t € [0,T] as n goes to infinity. Then (X"),>1 is tight for the
uniform topology and any point limit X is a solution of (1).

Proposition states the convergence in law of the family X" to X whenever
(1) admits a unique weak solution.
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ADJUSTED FORWARD PROCESS

The adjusted forward process (u¢)s>0 and its factor-representation (uy)s>0
are defined as follows:
]:t:|

xT
) =& Xt [ K
0
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ADJUSTED FORWARD PROCESS

The adjusted forward process (u¢)s>0 and its factor-representation (uy)s>0
are defined as follows:

ft:l
LEMMA

Assume that K™ satisfies (6). Let T >0 and p > 2/~ be such that
supp>1,4<TE[|XT'|P] is finite. Then for every s,t € [0,T] and x,y € [0, M]

xT
) =& Xt [ K
0

EfJut' (y) — us (2)["] < C(max (|t —s|, |y — 2]))””

where C = C(p, K, M,T). As a consequence u" admits a Holder continuous
modification of order a € 0,7 —p/2[. Denoting this version by u", we have

|ut (y) —ug ()

p
(ty)#(s,z) |(t— s,y —x)|*

< 00

PROPOSITION (CONVERGENCE OF (u™))

u"™ converges in law to u under the uniform topology when n goes to infinity.
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CONDITIONAL FOURIER LAPLACE TRANSFORM OF THE PROCESS

Xt =In(St) = VVidWt — LVidt,
ut(z) = Vo + fot K(t—s+x) (A(@ —Vs)ds+ny Vdes)

The conditional Fourier Laplace transform of the process
({u ()}, (X{)e>0) is given by:

oo oo
E |:emp <wX,;L’ +/ h"(m)u?}(m)dm) |]-'f:| =exp <wXZ7 +¢ﬂ'(T7t,w)+/ v (T — t,m,h",w)u:’(m)d’a
0 0

fractional Riccati equations:
8t¢n(t7w) = R(j)" (1/Jn(t7w)) ) d)n (O) =0

\Ijn(t7$7h7w) = hn(m_t)l{wzt} +Sgn (wﬂﬁn(t - wi)) 1{w<t}7 ‘Iln(()?I) = hn(m)

where

n n n 1 9 n° n
Rygn (w (t,w))=>\9w (tw),  Son (w, 9" (1) = o (w *w)+<mlwf>\+?w <t,w>)w (t,w)

" (t) :/0 R ()K" (t+z)dz + K * Sgn (wn(,w)) (t)
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PRICING AMERICAN OPTIONS

We denote the value of the American option at time i by U;, i =0,....M.

We will suppose that h™ — h uniformly in n, K™ — K in Ll2oC (R+),
(u™, X™) is tight and converges weakly to (u,X). Then,

Uy — Ug

uniformly in n.

» Idea of the proof:

o Approximate the American option with Bermuda (uniformly in n)

o Show the convergence of the Bermuda: We prove the result by
induction on the number of dates M of the Bermudan option. The
convergence in law of the forward process is used alongside an
argument of density (which comes from the Stone-Weierstrass
theorem) that allows us to reduce the problem to payoffs of the form
exp(wXr + [ h(z)ur(z)dz).

Elizabeth Zuhiga Pricing Options under the Rough Heston model



PRICING OF AMERICAN OPTIONS UNDER THE ROUGH HESTON MODEL

@ NUMERICAL RESULTS

Elizabeth Z Pricing Options under the Rough Heston model



NUMERICAL SIMULATION IN THE ROUGH HESTON MODEL

Time grid: t;, = kAt, k=1,...,N, At=T/N.
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NUMERICAL SIMULATION IN THE ROUGH HESTON MODEL

Time grid: t;, = kAt, k=1,...,N, At=T/N.

Euler scheme for the log price X = log(St)

Xtpyr = Xty + (""_ %) At+1/ (Ve )T AL(pN(0,1) ++/1 _92/\7(071))
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NUMERICAL SIMULATION IN THE ROUGH HESTON MODEL

Time grid: t;, = kAt, k=1,...,N, At=T/N.

Euler scheme for the log price X = log(St)

Xt =Xt + (""_ %) At+ (Vi ) TAL(pN(0,1) +4/1 _92/\7(071))

Explicit-implicit Euler scheme for the variance process V"

n
Vtkzug(tk)Jch?Y}i, Yi=0 forall i=1,...,n

i 1 i N T A .
}/tlk+1 :m (}/tzk_A‘/tkAt—’_n (%k)+At)N(071)v 1:17"'3,”
with

ufl (e V0+AHZCZ< —e )
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NUMERICAL SIMULATION IN THE ROUGH HESTON MODEL

Time grid: t;, = kAt, k=1,...,N, At=T/N.

Euler scheme for the log price X = log(St)

Xt =Xt + (""_ %) At+ (Vi ) TAL(pN(0,1) +4/1 _92/\7(071))

Explicit-implicit Euler scheme for the variance process V"
n . .
Vtkzug(tk)Jch?Yfk, Yi=0 forall i=1,...,n
Y;flk+1 = m (Ytzk —/\VtkAt‘H?v (V;:k)JFAt),/\/'(O,l), 1= 17---an
Vi At
with

ufl (e V0+AHZCZ< —e )

and parameters

o (Trlz_a—l)Ty(La_l)(l+n/2) T( 1 " l—ar? _1T2 | n/2
‘ L(a)T(2— ) nooo T T T crl a_{m
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PRicING AMERICAN PUT OPTIONS IN THE ROUGH HESTON MODEL

Longstaff-Schwartz methodology.

T=1, strike=100, p=-0.7, 6=0.02, X=0.3, v=03, Vp=0.02 a=0.6

Put options: Price vs S,
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FIGURE: Put options with 10% simulations, 50 time step, 20 factors and 129 = 2.5
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OPTIMAL

optimal sxeces srace

(c) a=1
F1cURE: Optimal exercise surface of American Put options in the Rough Heston
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