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Abstract

In this paper we derive the solution of the classical Merton problem, i.e. maximizing
the utility of the terminal wealth, in the case when the risky assets follow a diffusion
model with switching coefficients. We find out that the optimal portfolio is a generali-
sation of the corresponding one in the classical Merton case, with portfolio proportions
which depend on the market regime. We perform our analysis via the classical approach
with the Hamilton-Jacobi-Bellman equation. First we extend the mutual fund theorem
as present in [5] to our framework. Then we show explicit solutions for the optimal
strategies in the particular cases of exponential, logarithm and power utility functions.

1 Introduction
The standard model for a financial market is the following. Let the bond price B; satisfy
dB; = rBdt,
with 7 > 0 deterministic, and the stock prices Sy = (S}, ..., S%) satisfy
dSy = diag (St)(u(t, St) dt + %(t, St) dWy), (1)

where g : [0,T] x R? — R % : [0,7] x R* — R4 are suitable functions and W is a
d-dimensional Brownian motion defined on a suitable probability space (2,F,P). Assume
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also that ¥ has full rank. In this situation the classical problems (utility maximization,
pricing and hedging of derivatives) are solved.

However, these kinds of model fail in incorporating sudden changes on the dynamics
of the assets, occurring for example during a financial crisis. Among the various models
which are more suitable for this, we will analyse the so-called regime-switching models,
introduced for the first time in [12]: while these models are now broadly used in various
fields of financial mathematics (see e.g. [1, 2, 3, 4, 6, 7, 10, 14, 17, 22] and references
therein), it seems that the classical problem of utility maximisation of terminal wealth has
not been yet addressed in this framework.

To fix the ideas, let us consider the classical Merton problem: assume that p; = p and
¥y = ¥ are deterministic and known, and an agent wants to maximise his(her) expected
utility from terminal wealth

E[U(X7)]

where the self-financing portfolio X has dynamics

with A% the proportion of wealth invested in the i-th risky asset, i = 1,...,d, and 1 =
(1,...,1) € R% Tt is well known (see for example [5]) that, if for example U(x) = 27 /7,
then the optimal portfolio allocation is given by the constant proportions

hy= o= &y(zzT)—l(M — 1)
Thus, no matter what happens in the world, an investor would always try to keep these
portfolio proportions. A natural question arises: is this world too simple?

The idea of regime-switching models is that the ”economy” can assume m > 2 different
states, and when there is a change of state, prices change dynamics. In this simple example,
coefficients 1 and ¥ depend on this state. As reported in [15], the typical intuitive situation
for this is the following: the economy switches between m = 2 states, i.e. ”business as
usual” (BAU, state 1) and ”crisis” (state 2), with the typical following stylized facts:

e (much) higher variances in 39 than in ¥i;
e significantly larger correlations from Y5 than from ¥, reflecting contagion effects;
e predominantly negative uo (—r1), reflecting down market effects.

The way how this could impact the classical Merton problem is seen in the following nu-
merical example.

Example 1.1. Assume d = 2 and that in the BAU state both assets have yield equal 0.01
+r and volatility 0.2, with correlation 0.1; this can be represented as p; —r1l = (0.01,0.01)

and
0.04 0.004
T _
M1 = < 0.004 0.04 )
For an agent with risk-aversion coefficient v = 0.1, this gives the optimal portfolio
1
"=10 1(212%71(#1 — 1) =~ (0.2525, 0.2525)



so this agent will invest the 25.25% of its wealth in each of the two risky assets.
Assume now that in the “crisis” state assets do not change their yield, but the two
volatilities increase to 0.3 and the correlation to 0.6. Thus, now we still have pus — rl =

(0.01,0.01) and
ST _ < 0.09  0.054 )
2449 —

0.054 0.09
For the same agent than before, this gives the optimal portfolio
1
h (Zo38) " (pg — r1) ~ (0.0771,0.0771)

T 1-01

so, under the ”crisis” state, the agent will diminish his(her) investment down to 7.71% in
each of the two risky assets.

The aim of this paper is to present a way to make the above argument (and optimal
portfolios) rigorous. In particular, in Section 2 we will define the regime-switching model,
frame the utility maximization problem in this context and present a classical way to solve
it, namely the dynamic programming approach with Hamilton-Jacobi-Bellman (HJB) equa-
tion, which in this framework becomes a system of differential equations. In Section 3 we
will derive a mutual fund theorem, which generalizes the classical one holding in diffusion
models (see e.g. [5]). In Sections 4, 5 and 6, respectively, we analyze more in detail the
classical cases of exponential, logarithm and power utility functions, generalizing classical
results.

2 The model

As in [4], we begin by assuming that the bond price B; satisfies
dBt = ’I“Btdt,

for some r > 0, and that there are m € N states of the world and d (non-defaultable) risky

assets, with values in D := (0,00)?. Let the stock prices S; = (S},. .., S?) satisfy
dSt = d1ag (St)(,u,,t_ (t, St) dt + Z;,Zt_ (t, St) th), (2)
dne = >pi=1 (G — F) gy (me— ) AN,

where, for each i = 1,...,m, p; : [0,7] x D — R%, %, : [0,T] x D — R%¥9 are functions
such that (¢,s) — diag (s)ui(t,s) and (¢,s) — diag (s)X;(t,s) are C! on [0,T] x D, W is
a Brownian motion and N = (N*J )i<k,j<m is a multivariate F-adapted point process such
that

(N}, has (P,F)-intensity A¥ (¢, Sy) (3)

with bounded C' functions A/ : [0, T] x D — [0,00); W and N are independent and are
both defined on a probability space (€2, F,P). This implies (see [4]) that for all (¢,s,k) €
[0,7]x D x {1,...,m} there is a unique strong solution (S,7n) to Equation (2) starting from
(St,m) = (s, k), up to a possibly finite random explosion time. Thus, we also assume that

P{S, € D forallue [t,T]} =1 for all (¢,s,k) € [0,T] x D x {1,...,m}  (4)



Remark 2.1. As in [14] (and implicitly in [2, 3, 4, 7, 8]), we assume that the process 1 is
observable: in fact, if we assume that the Xs are distinct, then the local quadratic variation-
covariation of the risky assets S in any small interval to the left of t will yield ¥, exactly.
Hence, even if S is not Markovian, (S,n) is jointly so.

We now build a self-financing portfolio with initial capital Xy > 0, with the following
dynamics:

dXt = (’/Tt . M'f]t— (t, St) + (Xt — Tt - 1)7”) dt -+ Wtsz (t, St)th (5)

where A

T = S;0; (6)
is the wealth invested in the i-th risky asset, with #/ being the number of i-th stocks in
hand at time t. An alternative definition of X, more usual when we have the additional

constraint X; > 0 (for example when dealing with logarithmic or power utility function) is
the following:

dXt = Xt [(ht . ,um7 (t, St) + (1 — ht . l)T) dt + hthf (t, St)th] (7)
where gigi .
i oty m

ht - Xt - Xt (8)

is, as in the Introduction, the proportion of wealth invested in the i-th risky asset, with 6}
being the number of i-th stocks in hand at time t.
We define
J(t,z, s,m;m) == B[U(X5"5")]

and the value function
V(t,x,s,n) = sup J(t, z,s,m;m). (9)
TEO

where (Xb@smh ghz.smih pta.smh) is the 3-dimensional controlled Markov process starting
from (z, s,n) at time ¢ with the dynamics defined by Equations (2) and (5) with the control
m € Olt,T], where O[t,T] is the set of admissible controls, i.e. predictable processes on
[t, T] such that Equation (5) has a unique strong solution X»*77 for each initial condition
(z,5,m) at time ¢ such that E[U(X5"*"™)] € R, (e7"*X[T), € M?([t,T]) and (7,U(XT)), €
M2 ([, 7))

As already noticed, the three state variables (X,S,n) in (2) and (5) form a Markov
process, with infinitesimal generator given by

j=1

forallm e R4 t € [0, 7],z €R,s€ D, k=1,...,m, where
1
LTV = raVp+ (up —rl) -7V + §||7rEkH2Vm,

1
LTV = w5V, + St (381 2E5Ve,) + 78 (581 Vi



with 5 := diag s for all s € D, gx(t,s) = g(t, s, k) for g = p, 0, Vi, V, and V,,, are the scalar
derivatives with respect to the variables t and x, while V; is the gradient with respect to the
vector s = (s',...,5%), Vi is the Hessian matrix and Vi, is the gradient of V, with respect

to s. The operator A™ is linked to the process (X, S,n) via the so-called Dynkyn formula

T
E[f(T7 X%: ST777T)] - E[f(t7Xt7r> Stﬂh)] =E [/t Aﬂuf(ua 7X17¢r? Suv 77u) du (11)

for f regular enough.

We can now write the ”integro-differential” Hamilton-Jacobi-Bellman (HJB) equation
related to the utility maximization problem (9) above in a similar manner following the
arguments of [19], and obtain

VF 4 supA™V =0 (12)
where Vi(t,x,s) := V(t,x,s,1), V(t,x,5) := (V(t,2,5,1),...,V(t,z,5,m)) and the "inte-
grals” are on the space {1,...,m}, and final condition

VT, x,5) = U(z), (x,s,k) e Rx D x{l,...,m} (13)

Solving for #* which maximizes the Hamiltonian, we obtain

g (SRED TN — r1)VE + 5VE
= — v . (14)

Notice that if V' is independent of s, then the HJB equation simplifies to

VE 4 sup LTVE iw [Vj - vk} ~0 (15)
h s

and the optimal portfolio reduces to a Merton-type one
= — 5 (SeZ0) " (g, — 1), (16)

The rigorous link between the utility maximization problem (9) and the HJB equation
(12) is given, as usual, by the following verification theorem. In order to present it, we
follow the results in [11] and [13]. First define

D { f =(f1,--, fm) € CY%(0,T] x R x D;R™) such that } (17)

o Vt € [0,T], the Dynkyn formula (11) holds Vr € O[t,T] |-
The usual choice for possibly discontinuous Markov processes is D := CZ([0, T] x R), the C?
functions vanishing at infinity: in fact for this space it is always possible to prove that the
Dynkyn formula holds. However, this space is too small for our purposes, as typical utility
functions are unbounded, so we have to define D more generally, as done also in [20].

We can now state the following verification theorem, which is a particular case of [13,
Theorem II1.8.1].



Theorem 2.2 (Verification Theorem). Let K € D be a classical solution to (12) with final
condition (13), and assume that there exists an admissible control m* € O[t,T| such that

m, € argmax A" K (u, X7, , Sy, M) P-a.s. for all u € [t,T).

Then K(t,x,s,k) = J™ (t,x,s, k) = VF(t,x,s).

Thus, the utility maximisation problem boils down to finding a regular solution of the
HJB equation. The usual procedure for this is to guess a particular solution for a given
utility function U and to see whether this particular candidate satisfies the Verification
Theorem above. Since the most challenging task in doing this is usually to check whether
this candidate solution belongs to D, here we present a technical lemma which will be used
in the following sections.

Lemma 2.3. If the ¥ are bounded in (t,s), then V € D if, for allt € [0,T] and = € O[t, T,
we have that for all k,j=1,...,m,
T
B | [ IVt X Smml + V0. XSSP dt] < oo (1)
i

T
E[/ \V(t, Xy, S1,5) — V(t, Xy, St k)| N9 (£, Sy) dt] < 4oo. (19)
t

Proof. For t € [0,T] and 7 € ©[t, T] we have
av(t, X[, Se,me) = ATV (¢, X[, St, m—) dt + dM,
where the process M is defined by Mj := 0 and the dynamics
dMy = VymXy dWy + Vidiag S¢Y dWy +

+ Z [V(ta Xt7 St7j) - V(ta Xt7 St7 k)]l{k}(nt*)(dNtk] - )\k](tv St) dt)
J,k=1

The lemma follows from the fact that the Dynkyn formula holds if M is a martingale.
Sufficient conditions for this are Equation (19) and

T
B [[ HV?C(taXt’Stvnt)ﬂuz(%XmSu?nu)HZ + [| Vs (u, X, Su, nu)diag Sy X(u, Xu75ua77U)||2 du| < +o0
i

If the X are bounded in (¢, s), then this is implied by Equation (18). O

Remark 2.4. The requirement that the ¥j are bounded in (¢, s) is quite natural: in fact,
since the diffusion coefficient (conditioned to 1, = k) in Equation (2) is diag (S;) Xk (¢, St),
a classical sufficient condition to have a unique solution is to require it (and the drift) to
be Lipschitz and with sublinear growth with respect to S;: this is morally equivalent to the
fact that the > are bounded.

A first consequence of Theorem 2.2 is a generalization of the classical mutual fund
theorem (see e.g. [5]). This result is obtained in the case when p, X do not depend on S,
and is valid with any utility function U such that Equation (15) has a smooth solution.



Corollary 2.5 (Mutual fund theorem). If u, ¥ and A do not depend on S and
Equation (15) has a smooth solution V- = (V*)y, then the optimal portfolio strategy is given
by the feedback control #t; := ﬁk(t,Xt,St)\k:m_, where the functions 7%, k = 1,...,m are
defined as in Equation (16).

Proof. Since the u, ¥ and A* do not depend on S, as well as the final condition U(x),
we can search for a solution of the form V¥(t,z), thus V¥ = VE = V% = 0 and the optimal
strategy in Equation (14) becomes Equation (16). Substituting this in Equation (12), we
obtain Equation (15): if this equation has a smooth solution, then the Verification Theorem
2.2 applies, and the theorem follows. O

Remark 2.6. Roughly speaking, results known as "mutual fund theorems” (for a much
more general tractation see [21]) say that the optimal portfolio consists of a possibly dynamic
allocation between two fixed mutual funds: in this particular situation, the first fund consists
only of the risk-free asset B, while the second fund is given by the fixed vector

(Zﬂtf (t)zgt_ (t>)71(ﬂnt7 (t) - Tl)

for all ¢ € [0,T], which does not depend on the particular utility function used nor on the
individual prices of the risky assets, but still depends on time ¢ and on the state 7;—. The
amount of this fund to be taken is given by the scalar

_ :Ent7 (tv Xt)
Vxnwt_ (ta Xt)

which is typically positive as the functions V* are typically increasing and concave.

Of course, the major assumption of Theorem 2.2 and Corollary 2.5 is to have a smooth
solution V. This is satisfied in the following three particular cases, which are quite standard,
namely the exponential, logarithmic and power utility functions: what really happens is that
in some of these cases one obtains results also with more general assumptions.

3 Exponential utility

We now analyze the particular case when U(x) = —ae™**, with o > 0.

Lemma 3.1. Assume that U(x) = —ae™ ", with a > 0, and that for all k = 1,...,m
the functions g, ZkE;‘g are locally Lipschitz and bounded, ¥y, is nonsingular for all (t,s),
S g is bounded and \¥7 € CE([0,T] x D) for all k,j=1,...,m. Then:

1. There exists a unique classical solution C := (C*)p_1  m € C’;’z([O,T] x D;R™) for
the following system of PDEs:

1 - - e—r(T—t) m Y P ) 1
Cl +rs- O + Str (FLE]5Ck) - —— ; (e $(CH=C) _ 1) N2t | =
CH(T)=0
(20)
where the functions ¢ and z; are defined as

(t) = "I 2ty ) == (it s) — )T (S8, )T (8, 9)) " (ua(t, s) — 1) (21)



2. The function
VR, 2, 5) = —ae—@¢®@—C*(t9) 22)

with ¢(t) == e"T=Y | belongs to D and satisfies the HIB equation (15).
3. The optimal portfolio strategy ¥ is given by

(S, STk, S)T) T (e (t, S) — 1) + ag(t)diag (Sp)CE(t, Sy)
e ad(t) k= (23)

Proof. Point 1. follows from [4, Theorem 2.4]. For point 2., the partial derivatives of V¥
are given by

(V= [Cf +re—rCF] agV*
V'zk — _a¢vk

Vi, = (ag)*V*

VE = ChagV*

Vi = [agCs @ CF + CllagV*
Vi, = —Célag)’V*.

In order to prove V' € D, we check Equations (18-19): firstly,
T

B | [ IVt X0 Sl + V(e Xe Se) - Sl | =
7

T T
= EU g (£)U (X3)e@ ¢St 1|12 dt%ﬂz[/ lap(t)V (t, X¢, Sty me)Cs(t, Xe, Some) - Se|? dt]
t t

Since C' and ¢ are bounded, the first addend is finite since 7 € O[t,T], and by the same
argument the second addend reduces to

T _ T _ 1/2 T 1/2
ME [ / |e—ad(OXT g, |2 dt] < M(T - DE [ / ¢~ 200(0X] dt} E [ / 15,12 dt}
t t t

for a suitable M: the final product is finite by standard SDE estimates (see for example
[13, Appendix D], so Equation (18) is satisfied. As concerns Equation (19), it reduces to

T ) T
5 [ / ¢—adXT | b7 (1)) _ adtICHES) |k (1 g,) dt} < ME [ / —ad()X7 dt]
t

t

for a suitable M: as before, this quantity is finite, so also Equation (19) is satisfied. Thus,
V € D by Lemma 2.3. Substituting its derivatives in the operators LT and L7, appearing
in Equation (12), we get

[ 1
LIVE = gV |—ro— (u—r1)-mt 2a¢||7rzk||ﬂ |
i 1
LTVFE = agV* |50k + St 5%k 21 5lapCh @ CF 4 CE)) — amzk(szk)ch}
: 1 1
= agV* |30k + §a¢H§C§zkH2 + gt (52 2FsCk) — aqﬁka(éZk)TC’f]

8



The maximizer in Equation (14) becomes

e (Ek3D) (ke — 1) 4+ agsCE

o
Plugging all into Equation (12) and dividing by a¢V*, we obtain Equation (20), which is
satisfied by C. Finally, point 3. follows from the 7% just obtained. O

Remark 3.2. Point 2. is not a surprise here: in fact, in the exponential case one can check
right from the definition of V' in Equation (9) and from the dynamics of X in Equation (5)
that

V(t,xz,s,mn) = e*“‘z’(t)xV(t, 0,s,m)

for all (¢,z,s,n), so that the value function V is (exp-)affine in x.

As a particular case, we can see that the mutual fund Theorem 2.5 holds true in this
situation.

Corollary 3.3. If \*/ and z,% do not depend on s for allk,j =1,...,m, then the discounted
wealth invested in the risky assets is given by

T\—1
(Tt _ (Zg(t, S)Zg(t, Sp)" )~ (ux(t, Sp) —r1) (24)
@ k:nt,
Moreover, if also ug and X do not depend on s for allk =1,...,m, then the above optimal
discounted wealth invested in the risky assets only depends on (t,m:—).
Proof. In this case, the solution of the system of ODEs
—r(T—t) | ™ _ o
e o (CF—
cF — — Z; (e HOT=CT) 1) P 52;% = rC*,
]:
CH(T) =0
is also solution of Equation (20), so that Cy = 0. Thus,
i = (Zk(t, Se)Zk(t, S0) ")~ (ur(t, Sp) — 1)
Old)(t) k:nt,
and by multiplying for ¢(¢) we obtain the desired result. O

4 Logarithmic utility

In this and the following section, as we will have the constraint X; > 0 for all ¢ € [0, 7], as
definition of strategy we adopt h (the proportion of wealth in the risky assets) instead of .
This means that in the infinitesimal generator Equation (10) we must substitute LZ" 4 L/
to L + L.

In the case of a logarithmic utility function, the optimal portfolio is of the general form
in Equation (14) even when py, ¥; and A\¥/ depend on S.



Proposition 4.1. Assume that U(x) = logx, and that for allk = 1,...,m the functions puy,
Zng are locally Lipschitz and bounded, ¥y, is nonsingular for all (t,s), E;l,uk s bounded
and \¥ € CH([0,T) x D) for allk,j =1,...,m. Then:

1. There exists a unique classical solution C := (C*)p_1  m € C’I}’z([O,T] x D;R™) for
the following system of PDEs:

1 1 i , 4
CF + 1+ upsC* + St (3% ST50%) + 52’3 +° (CJ - C’f) A=,
j=1

(25)
cH(T) = o.
where the functions ¢ and z,% are defined as in Equation (21).
2. The function
VE(t,2,5) = logx + CF(t, s) (26)
belongs to D and satisfies the HJB equation (15).
3. The optimal portfolio proportion ilf s given by
iLt = (Ek‘(t7 St)zk(t7 St)T)il(Mk(tv St) - Tl) ‘k:"]tf (27)

Proof. Analogously as before, point 1. follows from [4, Theorem 2.4]. For point 2., the
partial derivatives of Vi are now given by
1 1
Vi=Ct  Vi=— Vi=-— Vi=CE Vg=0G Vi =0,

In order to prove V' € D, we check Equations (18-19): firstly, Equation (18) reduces to

T T
E[/ e dt] +E[/_ ICs(t, Suome) - Sill? dt]
t t

Since C' is bounded, the second term is finite, and the first term is finite by definition of
Olt, T]. Equation (19) reduces to

T
E [ [ 10t510) ~ C s mINe.5) dt} < 400
t

which is true, due to the boundedness of C' and of the A\*J. Thus, V € D. Substituting its

derivatives in the operators LZ" and LZ" appearing in Equation (12), we get
1
LEWE = v+ (g —rl) - h— 5thkH?,
1
L2k = sct + St (55p2fsCk)

The maximizer in Equation (14) becomes
W = (S0 ™ (s — 1)

Plugging all into Equation (12), we obtain Equation (25), which is satisfied by C. Finally,
point 3. follows from the h* just obtained. O

10



This result in some sense extends the result of Merton [18], in the sense that the optimal
portfolio has the form of the Merton optimal portfolio, even if the coefficients pi and g
can depend on the price of the risky assets S in general. If they do not depend on ¢ and S,
however, we retrieve the usual ”constant proportions” result, which follows.

Corollary 4.2. If p, and X do not depend on (t,s) for all k =1,...,m, then the optimal
portfolio proportions in the risky assets are given by

}Alt = (Ekzg)il(ﬂk - Tl)‘k:mf
which only depends on n;_.

Proof. The proof is straightforward from point 3. of Proposition 4.1. O

5 Power utility

In the case of a power utility function, we do not get general results as in the two previous
cases, unless we assume that py, ¥ and A* do not depend on s.

Proposition 5.1. Assume that U(xz) = 27/, with v < 1, v # 0, and that for all k,j =
1,...,m the functions ui, X and N9 do not depend on s; besides, s, ZkEg are locally
Lipschitz and bounded, Sy, is nonsingular for all t, ¥; . is bounded and \¥ € C}([0,TY).
Then:

-----

following system of ODFEs:

11 1 & o .
CFtr+ = 22+ = (eﬂcﬂ_c)—l M=,
t 2(1-9)"" 7; ) (28)
ck(T) = o.
where the functions ¢ and z,% are defined as in Equation (21).
2. The function
(ec)”
Vit @, s) = - (29)
belongs to D and satisfies the HIB equation (15).
3. The optimal portfolio proportion iL,’f s given by
~ 1 _
he = (S TR()) 7 (ur(t) — 1) (30)
-7 k=n¢—

Proof. Analogously as before, point 1. follows from [4, Theorem 2.4]. For point 2., the
partial derivatives of Vj are now given by

1—

11



In order to prove V' € D, we check Equations (18-19): firstly, Equation (18) reduces to

T
E [ﬁ H’)/V(t, Xtastant)htHQ dt:|
t

which is finite by definition of O[¢, T]. Equation (19) reduces to
T4 ; . ' T
E [/ — X7 — M) \RI (¢) dt] < ME [/ X, dt]
t 7 t

for a suitable M, since C' and the A* are bounded. This quantity is finite by definition of
O[t,T]. Thus, V € D. Substituting its derivatives in the operators L¥" and L¥" appearing
in Equation (12), we get

1
LihvE = vk (r + (e = r1) - h = (1~ 'y)||h2k||2) :
Lavh =0
The maximizer in Equation (14) becomes

ik () (e — 1)

(1—=7)
Plugging all into Equation (15) and dividing by Aka, we obtain Equation (28), which is
satisfied by C. Finally, point 3. follows from the h* just obtained. O

Also this result in some sense extends the result of Merton [18], in the sense that the
optimal portfolio has the form of the Merton optimal portfolio. If ux and ¥ do not depend
on t, we again retrieve the usual ”constant proportions” result, which follows.

Corollary 5.2. If uy and X do not depend on (t,s) for all k =1,...,m, then the optimal
portfolio proportions in the risky assets are given by

7 1 T\—1

hy = i(zkzk) (g — 1)

1 - k:”l’]t,

which only depends on n;—.

Proof. The proof is straightforward from point 3. of Proposition 4.1. O

Remark 5.3. If y;,, 31 or A¥ depend also on s, then Equation (28) must be modified as
follows:

1 — :
-y (ev(CJ—Ck) _ 1) P
V=

1 o 1 1
+<uk e rl)) 5Cs + 5tr (S5SE8C) + 57 7502 =0, (31)

1 1
Ck - 2
AT A

—_

1 - -

Ck(T) = 0.

12



i.e. the additional terms in the second line must be included, one of which is a nonlinear
function of the gradient Cs. This is a quasilinear system of PDEs, to which the results of
[4] do not apply, and that in general needs a theory which is more complex and beyond the
scopes of this paper.

We are now able to reconsider the initial Example 1.1 and to make it rigorous.

Example 5.4 (Example 1.1 continued). Assume d = 2 and let p —r1 = (0.01,0.01)
fork=1,2 and

0.04  0.004
( 0.004 0.04 ) Jork=1,
Zk =
0.09  0.054
< 0.054 0.09 ) for k=2,

Then the optimal portfolio strategy for an investor with U(x) = ¥/~ with v = 0.1, by
Equation (33) is given by
A 1

= (0.2525,0.2525)1,, —1} + (0.0771,0.0771) 1, o
k:m,

Thus, our optimal investor always switches between holding 25.25% of its wealth in each of
the two risky assets in the "normal” state, and 7.71% in each of the two risky assets during
a “crisis” state.
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